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Appendix S1 Supplementary figures and tables24
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Figure S1.1: Illustration of agreement between simulations of the stochastic lattice model and
the pair approximation of dynamics therein. The y-axis shows non-trivial equilibrium val-
ues of three state variables: p01 (empty–occupied pair frequency), p11 (occupied–occupied pair
frequency), and p1 (singlet frequency; overall population density). Each panel plots these equi-
librium population frequencies as a function of one of five model parameters (γ, m, s, D,
F ). Lines show pair approximation equilibrium predictions; points show simulation results (6
values per parameter), with error bars indicating ±1 SD of temporal variation (50 snapshots
recorded every 10 time steps after a 500-step burn-in). Simulations use a 50 × 50 cell lattice
with ∆t = 0.01. Ancillary parameters: γ = 0.5, m = 0.5, s = 0.5, D = 0.1, F = 0.4, G = 0.05.
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Figure S1.2: Illustration of agreement between simulations of the stochastic lattice model and
the pair approximation of invasion dynamics therein. Each panel shows the invasion growth
rate (λi) as a function of one of two model parameters (γjj , mj). Simulations use a 100× 100
cell lattice with ∆t = 0.1; in each replicate, the resident equilibrates for 1000 time steps (100
time units), then the invader is introduced at 1% density. Invasion growth rate is measured
after a 200-step post-introduction burn-in (20 time units, for invader spatial structure to form)
and before invader density exceeds 5%. Lines show numerical pair approximation results; the
dashed line indicates λi = 0 (invasion threshold). Points and error bars represent mean ±1 SE
of simulation results across 30 replicates. Ancillary parameters: γjj = 0.5, mj = 0.5, s = 0.5,
Dj = 0.1, Fr = 0.65, Fi = 0.5, Gj = 0, γir = γri = 0.
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Figure S1.3: Host dispersal (mj) and pathogen dispersal (s) both increase the invasion growth
rate (λi), but the marginal benefit of increasing one parameter diminishes when the other is
already high. This negative interaction effect can be seen as increased concave-down curvature
in the λi versus mj relationship at higher values of s. Pair approximation results; ancillary
parameters: Fi = 0.5, Fr = 0.65; Di = Dr = 0.1; Gi = Gr = 0; γii = γrr = 0.5; γir = γri = 0.
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Figure S1.4: Dispersal limitation acts as an equalizing mechanism — it slows the rate of com-
petitive exclusion in certain circumstances — but also weakens aspatial stabilizing mechanisms.
Here, fecundity is density-dependent according to Fj = F0j − F1j pj (a stylized mechanism not
characteristic of corals), where F1j controls the strength of negative density dependence. When
density dependence is absent (F1j = 0), the equalizing effect dominates: λi decreases with host
dispersal mj . For sufficiently large F1j , λi increases with mj , demonstrating that dispersal
limitation generically weakens aspatial coexistence mechanisms. Pair approximation results;
ancillary parameters: F0,i = F0,r = 0.3; Di = 0.2, Dr = 0.15; s = 0; Gi = Gr = 0; γii = γrr = 0;
γir = γri = 0.
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Figure S1.5: Increasing pathogen dispersal (s) reduces resident density without altering spatial
structure, consistent with increased pathogen pressure on sites available for recruitment. Panel
A: The invasion growth rate λi increases with s, crossing zero from negative to positive. Panel
B: Resident singlet (p1) and pair (p01, p11) frequencies at equilibrium; p1 declines with s while
relative pair structure changes little. Panel C: Resident conditional probabilities (q0|x, qx|x)
are approximately flat across all values of s, confirming that spatial structure is unchanged.
Panel D: Invader conditional probabilities as a function of s; the invader sees more empty
neighbors as s increases. Lines represent pair approximation (PA) theory; points and error bars
represent the mean ±1 SE of IBM simulation results across 50 replicates. Simulations use a
200 × 200 cell lattice with ∆t = 0.1. In each replicate, the resident equilibrates for 1000 time
steps (100 time units), then the invader is introduced at 0.2% density. IGR is measured after
a 100-step post-introduction burn-in (10 time units, for invader spatial structure to form) and
before invader density exceeds 2%. Ancillary parameters: mj = 1, γjj = 1, Dj = 0.1, Gj = 0,
Fr = 0.5, Fi = 0.235, γir = γri = 0.
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Figure S1.6: Removing pathogen self-dispersal (to the focal adult’s own site) eliminates the
positive effect of pathogen dispersal on coexistence under global host dispersal, supporting the
explanation that local pathogens are “wasted” on occupied sites (see main text). Invasion
growth rate (λi) as a function of pathogen dispersal (s) for different levels of host dispersal
(m), using an alternative pathogen model where pathogens disperse only to z neighboring sites
(denominator z instead of z+1). Unlike the standard model (Fig. ??), λi is flat or decreasing in
s when m = 1. Dashed line indicates λi = 0 (invasion threshold). Pair approximation results;
ancillary parameters: Fi = 0.5, Fr = 0.65; Di = Dr = 0.1; Gi = Gr = 0; γii = γrr = 0.5;
γir = γri = 0.
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Figure S1.7: The positive effect of pathogen dispersal on coexistence largely disappears when
pathogens disperse only to the z neighboring sites, excluding the focal adult’s site. Invasion
growth rate (λi) heatmap as a function of host dispersal (mj) and pathogen dispersal (s), using
an alternative pathogen model where the local suppression denominator is z instead of z + 1.
Compare with Fig. ??, which uses the standard model. Color scale: blue indicates positive
λi (invasion possible), red indicates negative λi (invasion fails). Black contour marks λi = 0
(invasion threshold). Pair approximation results; ancillary parameters: Fi = 0.25, Fr = 0.5;
Di = Dr = 0.1; Gi = Gr = 0; γii = γrr = 1; γir = γri = 0.
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(0, 1) → (1, 1)

Sp. 1 fills empty next to Sp. 1

(a) 0 1 1 1
Local from focal Sp. 1:

(1−m1)F1 ϕF S(1)
1

(b) 0 1

1

1 1
Local from non-focal Sp. 1:

q1|01 (1−m1)F1 ϕF S(2)
1

(c) 0 1 1 1
Global Sp. 1 larvae:

m1 F1 p1 S(1)
1

(d) 0 1 1 1
Growth from focal Sp. 1 (no JC):
G1 ϕG

(e) 0 1

1

1 1
Growth from non-focal Sp. 1 (no JC):

q1|01 G1 ϕG

(0, 2) → (2, 2)

Sp. 2 fills empty next to Sp. 2

(f) 0 2 2 2
Local from focal Sp. 2:

(1−m2)F2 ϕF S(1)
2

(g) 0 2

2

2 2
Local from non-focal Sp. 2:

q2|02 (1−m2)F2 ϕF S(2)
2

(h) 0 2 2 2
Global Sp. 2 larvae:

m2 F2 p2 S(1)
2

(i) 0 2 2 2
Growth from focal Sp. 2 (no JC):
G2 ϕG

(j) 0 2

2

2 2
Growth from non-focal Sp. 2 (no JC):

q2|02 G2 ϕG

(0, 0) → (0, 1)

Sp. 1 fills empty next to empty

(k) 0 0

1

1 0
Local from non-focal Sp. 1:

q1|00 (1−m1)F1 ϕF S(3)
1

(l) 0 0 1 0
Global Sp. 1 larvae:

m1 F1 p1 S(4)
1

(m) 0 0

1

1 0
Growth from non-focal Sp. 1 (no JC):

q1|00 G1 ϕG

(0, 0) → (0, 2)

Sp. 2 fills empty next to empty

(n) 0 0

2

2 0
Local from non-focal Sp. 2:

q2|00 (1−m2)F2 ϕF S(3)
2

(o) 0 0 2 0
Global Sp. 2 larvae:

m2 F2 p2 S(4)
2

(p) 0 0

2

2 0
Growth from non-focal Sp. 2 (no JC):

q2|00 G2 ϕG

(0, 1) → (1, 2)

Sp. 2 fills empty next to Sp. 1

(q) 0 1

2

2 1
Local from non-focal Sp. 2:

q2|01 (1−m2)F2 ϕF S(5)
2

(r) 0 1 2 1
Global Sp. 2 larvae:

m2 F2 p2 S(6)
2

(s) 0 1

2

2 1
Growth from non-focal Sp. 2 (no JC):

q2|01 G2 ϕG

(0, 2) → (1, 2)

Sp. 1 fills empty next to Sp. 2

(t) 0 2

1

1 2
Local from non-focal Sp. 1:

q1|02 (1−m1)F1 ϕF S(5)
1

(u) 0 2 1 2
Global Sp. 1 larvae:

m1 F1 p1 S(6)
1

(v) 0 2

1

1 2
Growth from non-focal Sp. 1 (no JC):

q1|02 G1 ϕG

Death Transitions

(w) 1 1 0 1
(1, 1) → (0, 1), death of either Sp. 1:
2D1 total

(x) 2 2 0 2
(2, 2) → (0, 2), death of either Sp. 2:
2D2 total

(y) 0 1 0 0
(0, 1) → (0, 0), death of Sp. 1:
D1

(z) 0 2 0 0
(0, 2) → (0, 0), death of Sp. 2:
D2

(aa) 1 2 0 2
(1, 2) → (0, 2), death of Sp. 1:
D1

(ab) 1 2 1 0
(1, 2) → (0, 1), death of Sp. 2:
D2

JC Suppression Factors

Species 1 Suppression Factors:

S(1)
1 = 1 −

[
s(γ11p1 + γ12p2) + (1−s)

γ11[1+(z−1)q1|01]+γ12(z−1)q2|01
z+1

]
(into (0, 1) from focal or global)

S(2)
1 = 1 −

[
s(γ11p1 + γ12p2) + (1−s)

γ11[2+(z−2)q1|01]+γ12(z−2)q2|01
z+1

]
(into (0, 1) from non-focal Sp. 1)

S(3)
1 = 1 −

[
s(γ11p1 + γ12p2) + (1−s)

γ11[1+(z−2)q1|00]+γ12(z−2)q2|00
z+1

]
(into (0, 0) from non-focal Sp. 1)

S(4)
1 = 1 −

[
s(γ11p1 + γ12p2) + (1−s)

γ11(z−1)q1|00+γ12(z−1)q2|00
z+1

]
(into (0, 0) from global)

S(5)
1 = 1 −

[
s(γ11p1 + γ12p2) + (1−s)

γ11[1+(z−2)q1|02]+γ12[1+(z−2)q2|02]

z+1

]
(into (0, 2) from non-focal Sp. 1)

S(6)
1 = 1 −

[
s(γ11p1 + γ12p2) + (1−s)

γ11(z−1)q1|02+γ12[1+(z−1)q2|02]

z+1

]
(into (0, 2) from global)

Figure S1.8: Complete enumeration of all local transitions affecting pair configurations in the two-species model. Left column: Transitions
converting (0, 1) → (1, 1) (species 1 fills empty next to conspecific, rows a–e) and (0, 2) → (2, 2) (species 2 fills empty next to conspecific, rows f–j).
Middle column: Transitions converting (0, 0) → (0, 1) or (0, 2) (either species fills empty next to empty, rows k–p) and (0, 1) → (1, 2) (species
2 fills empty next to heterospecific, rows q–s). Right column: Transitions converting (0, 2) → (1, 2) (species 1 fills empty next to heterospecific,
rows t–v) and all death transitions (rows w–ab).
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Appendix S2 Two-Species Pair Dynamics25

This appendix provides a derivation of the pair approximation equations for the two-species26

Janzen-Connell model. We derive all suppression factors, recruitment and growth rates, and27

assemble the complete system of differential equations.28

S2.1 General Structure of Two-Species Suppression29

In the two-species model, the suppression experienced by a recruiting larva of species i depends30

on the weighted contributions of both conspecific and heterospecific neighbors, with weights31

determined by the suppression matrix γ. Recall that the general recruitment probability for32

species i landing at an empty site with κ1 species-1 neighbors and κ2 species-2 neighbors is33

Recruitment prob. =

(
1−

[
s(γi1p1 + γi2p2) + (1− s)

γi1κ1 + γi2κ2
z + 1

])
. (S2.1)

When deriving pair dynamics, we must compute expected suppression over uncertain neighbor-34

hood configurations. The suppression factor for a given recruitment context takes the general35

form36

S = 1−
[
s(γi1p1 + γi2p2) + (1− s)

γi1E[κ1] + γi2E[κ2]
z + 1

]
, (S2.2)

where E[κ1] and E[κ2] denote the expected number of species-1 and species-2 neighbors, respec-37

tively. Unlike the single-species case, we must now compute expected neighbor counts for both38

species in each recruitment context, leading to six distinct suppression factors per species.39

The expected number of neighbors of each species is computed by decomposing neighbors40

into “certain” neighbors, whose states are determined by the pair configuration or larval source,41

and “uncertain” neighbors, whose states follow conditional probabilities. For a focal empty42

site in a (0, j) pair, there are z neighbors in total: one focal neighbor (in state j) and z − 143

non-focal neighbors. Certain neighbors include the focal neighbor, whose state is known from44

the pair type, and—if recruitment originates from a non-focal conspecific—the larval source.45

Uncertain neighbors are the remaining non-focal sites, whose species composition follows the46

conditional probabilities q1|0 = p01/p0 and q2|0 = p02/p0 under the pair approximation. The47
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expected neighbor counts are therefore:48

E[κ1] = (certain species-1 neighbors) + (uncertain neighbors)× q1|0 (S2.3)

E[κ2] = (certain species-2 neighbors) + (uncertain neighbors)× q2|0 (S2.4)

S2.2 Suppression Factors49

Species 1 recruiting into (0, 1) pairs (adjacent to conspecific). The suppression factor50

S(1)
1 applies when larvae arrive from the focal conspecific or from the global pool. There is51

1 certain species-1 neighbor (the focal conspecific), 0 certain species-2 neighbors, and z − 152

uncertain non-focal neighbors. The expected neighbor counts are E[κ1] = 1 + (z − 1)q1|01 and53

E[κ2] = (z − 1)q2|01, which results in the suppression factor54

S(1)
1 = 1−

[
s(γ11p1 + γ12p2) + (1− s)

γ11[1 + (z − 1)q1|01] + γ12(z − 1)q2|01

z + 1

]
. (S2.5)

The suppression factor S(2)
1 applies when larvae arrive from a non-focal conspecific. There are55

2 certain species-1 neighbors (the focal conspecific plus the larval source), 0 certain species-256

neighbors, and z − 2 uncertain non-focal neighbors. The expected counts are E[κ1] = 2 + (z −57

2)q1|01 and E[κ2] = (z − 2)q2|01, which results in the suppression factor58

S(2)
1 = 1−

[
s(γ11p1 + γ12p2) + (1− s)

γ11[2 + (z − 2)q1|01] + γ12(z − 2)q2|01

z + 1

]
. (S2.6)

Species 1 recruiting into (0, 0) pairs (adjacent to empty). The suppression factor S(3)
159

applies when larvae arrive from a non-focal conspecific. There is 1 certain species-1 neighbor60

(the larval source), 0 certain species-2 neighbors, and z− 2 uncertain non-focal neighbors. The61

expected counts are E[κ1] = 1 + (z − 2)q1|00 and E[κ2] = (z − 2)q2|00, which results in62

S(3)
1 = 1−

[
s(γ11p1 + γ12p2) + (1− s)

γ11[1 + (z − 2)q1|00] + γ12(z − 2)q2|00

z + 1

]
. (S2.7)

The suppression factor S(4)
1 applies when larvae arrive from the global pool. There are 0 certain63

species-1 neighbors, 0 certain species-2 neighbors, and z−1 uncertain non-focal neighbors. The64

expected counts are E[κ1] = (z − 1)q1|00 and E[κ2] = (z − 1)q2|00, which results in65

S(4)
1 = 1−

[
s(γ11p1 + γ12p2) + (1− s)

γ11(z − 1)q1|00 + γ12(z − 1)q2|00

z + 1

]
. (S2.8)
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Species 1 recruiting into (0, 2) pairs (adjacent to heterospecific). The suppression66

factor S(5)
1 applies when larvae arrive from a non-focal conspecific. There is 1 certain species-167

neighbor (the larval source), 1 certain species-2 neighbor (the focal heterospecific), and z − 268

uncertain non-focal neighbors. The expected counts are E[κ1] = 1 + (z − 2)q1|02 and E[κ2] =69

1 + (z − 2)q2|02, which results in70

S(5)
1 = 1−

[
s(γ11p1 + γ12p2) + (1− s)

γ11[1 + (z − 2)q1|02] + γ12[1 + (z − 2)q2|02]

z + 1

]
. (S2.9)

The suppression factor S(6)
1 applies when larvae arrive from the global pool. There are 0 certain71

species-1 neighbors, 1 certain species-2 neighbor (the focal heterospecific), and z − 1 uncertain72

non-focal neighbors. The expected counts are E[κ1] = (z − 1)q1|02 and E[κ2] = 1 + (z − 1)q2|02,73

which results in74

S(6)
1 = 1−

[
s(γ11p1 + γ12p2) + (1− s)

γ11(z − 1)q1|02 + γ12[1 + (z − 1)q2|02]

z + 1

]
. (S2.10)

The six suppression factors for species 2 follow by interchanging species indices. Specifically,75

S(1)
2 and S(2)

2 apply to recruitment into (0, 2) pairs and use conditional probabilities q1|02 and76

q2|02; S
(3)
2 and S(4)

2 apply to recruitment into (0, 0) pairs and use q1|00 and q2|00; S
(5)
2 and S(6)

277

apply to recruitment into (0, 1) pairs and use q1|01 and q2|01.78

S2.3 Recruitment and Growth Rates79

The recruitment rates combine contributions from local and global larval sources, each weighted80

by the appropriate suppression factor and conditional probability. For species 1 recruiting into81

(0, 1) pairs, local larvae arrive from both the focal conspecific and non-focal conspecifics, while82

global larvae arrive from the larval pool:83

R(1)
01 = S(1)

1 [(1−m1)F1 ϕF +m1 F1 p1] + S(2)
1 (1−m1)F1 ϕF q1|01. (S2.11)

For recruitment into (0, 0) pairs, there is no focal conspecific contribution:84

R(1)
00 = S(3)

1 (1−m1)F1 ϕF q1|00 + S(4)
1 m1 F1 p1. (S2.12)

13



For recruitment into (0, 2) pairs, the focal neighbor is a heterospecific and cannot contribute85

conspecific larvae:86

R(1)
02 = S(5)

1 (1−m1)F1 ϕF q1|02 + S(6)
1 m1 F1 p1. (S2.13)

The recruitment rates for species 2 follow the same structure:87

R(2)
02 = S(1)

2 [(1−m2)F2 ϕF +m2 F2 p2] + S(2)
2 (1−m2)F2 ϕF q2|02 (S2.14)

R(2)
00 = S(3)

2 (1−m2)F2 ϕF q2|00 + S(4)
2 m2 F2 p2 (S2.15)

R(2)
01 = S(5)

2 (1−m2)F2 ϕF q2|01 + S(6)
2 m2 F2 p2. (S2.16)

The growth rates are not subject to Janzen-Connell suppression. For species 1, growth into88

(0, 1) pairs includes contributions from both the focal conspecific and non-focal conspecifics:89

G(1)
01 = G1

(
ϕG + ϕG q1|01

)
. (S2.17)

Growth into (0, 0) pairs includes only contributions from non-focal conspecifics:90

G(1)
00 = G1 ϕG q1|00. (S2.18)

Growth into (0, 2) pairs similarly includes only contributions from non-focal conspecifics:91

G(1)
02 = G1 ϕG q1|02. (S2.19)

Note that unlike the post-pair-approximation forms, G(1)
00 ̸= G(1)

02 because the conditional prob-92

abilities q1|00 and q1|02 may differ.93

The growth rates for species 2 follow by symmetry:94

G(2)
02 = G2

(
ϕG + ϕG q2|02

)
(S2.20)

G(2)
00 = G2 ϕG q2|00 (S2.21)

G(2)
01 = G2 ϕG q2|01. (S2.22)
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S2.4 Assembly of the Differential Equations95

The differential equations for pair frequencies are derived by enumerating all transitions that96

create or destroy each pair type. Figure S1.8 displays the complete set of transitions for the97

two-species model, organized by pair type and demographic process. Combining all transitions98

yields the following system of five differential equations:99

dp01
dt

= D1p11 +D2p12 + p00(R(1)
00 + G(1)

00 )−D1p01 − p01

[
(R(1)

01 + G(1)
01 ) + (R(2)

01 + G(2)
01 )

]
(S2.23)

dp02
dt

= D2p22 +D1p12 + p00(R(2)
00 + G(2)

00 )−D2p02 − p02

[
(R(2)

02 + G(2)
02 ) + (R(1)

02 + G(1)
02 )

]
(S2.24)

dp11
dt

= 2p01(R(1)
01 + G(1)

01 )− 2D1p11 (S2.25)

dp22
dt

= 2p02(R(2)
02 + G(2)

02 )− 2D2p22 (S2.26)

dp12
dt

= p01(R(2)
01 + G(2)

01 ) + p02(R(1)
02 + G(1)

02 )− (D1 +D2)p12. (S2.27)

These equations are not closed because the script-letter rates (R, G)—which signal dependence100

on triplet-level conditional probabilities qk|ij—cannot be expressed purely in terms of pair fre-101

quencies; recall that qk|ij = pkij/pij , where pkij is the frequency of triplet configurations with a102

central site in state i, one neighbor in state j, and another neighbor in state k.103

We apply the standard pair approximation by replacing qk|ij with qk|i = pik/pi for all pair104

types (i, j). Under this approximation, the growth rates satisfy G(1)
00 = G(1)

02 and G(2)
00 = G(2)

01105

under the pair approximation, since the contribution from non-focal neighbors no longer depends106

on the focal neighbor’s state.107

The effective demographic rates under the pair approximation are denoted with roman108
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letters (i.e., R → R, G → G, S → S):109

R
(1)
01 = S

(1)
1 [(1−m1)F1 ϕF +m1 F1 p1] + S

(2)
1 (1−m1)F1 ϕF q1|0 (S2.28)

R
(1)
00 = S

(3)
1 (1−m1)F1 ϕF q1|0 + S

(4)
1 m1 F1 p1 (S2.29)

R
(1)
02 = S

(5)
1 (1−m1)F1 ϕF q1|0 + S

(6)
1 m1 F1 p1 (S2.30)

G
(1)
01 = G1

(
ϕG + ϕG q1|0

)
(S2.31)

G
(1)
00 = G

(1)
02 = G1 ϕG q1|0 (S2.32)

with analogous expressions for species 2 (obtained by interchanging species indices). The sup-110

pression factors S
(k)
i are the pair-approximation versions of S(k)

i , with all conditional probabili-111

ties replaced by q1|0 and q2|0. The full system can then be written as Eq. ??–Eq. ?? in the main112

text.113

The empty pair frequency follows from the normalization constraint114

p00 = 1− 2p01 − 2p02 − p11 − 2p12 − p22. (S2.33)

Appendix S3 Perturbation theory115

S3.1 Setup116

The invasion growth rate is approximated with an expansion in two parameters about zero: the117

recruitment suppression parameter γ and the reciprocal of the number of neighbors ϵ = 1/z.118

The zeroth order gives the mean-field limit: γ = 0 and ϵ = 0 correspond to no JC effects119

and infinite connectivity, thus all pair frequencies become products of singlet frequencies (i.e.,120

p01 = p1(1− p1), p11 = p21), and q1|0 = p1. For analytical tractability, the perturbation analysis121

imposes the following simplifying assumptions beyond those of the full pair approximation: (i)122

species are symmetric, sharing demographic parameters D, F , m, and G; (ii) clonal growth is123

absent (G = 0); (iii) heterospecific suppression is absent (γij = 0 for i ̸= j), so only conspecific124

pathogens suppress recruitment; and (iv) both species share the same conspecific suppression125

intensity γii = γ.126
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S3.1.1 Mean-field equilibrium127

In the mean-field limit (γ = 0, ϵ = 0), the resident equilibrium density is simply p
(0)
1 = 1−D/F .128

When JC suppression is present (γ > 0) but connectivity remains infinite (ϵ = 0), the nontrivial129

single-species equilibrium is130

p∗1 =
1 + γ −

√
(γ − 1)2 + 4Dγ/F

2γ
. (S3.1)

S3.1.2 Eigenvalue perturbation131

The perturbation approach requires that both the resident equilibrium and Jacobian also be132

expanded in powers of γ and ϵ: the resident pair frequencies take the form p0r = p
(00)
0r +133

γp
(10)
0r + ϵp

(01)
0r + . . ., with an analogous expansion for prr, and the Jacobian is expanded as134

J = J(00) + γJ(10) + ϵJ(01) + . . ., where corrections to J arise both from changes in the resident135

equilibrium and from the direct dependence of transition rates on γ and ϵ.136

Eigenvalue perturbation theory (Kato, 1995, pp. 79–81) relates the coefficients λ(ij) to cor-137

rections in the Jacobian and, at higher orders, to corrections in the eigenvectors. At zeroth138

order, the dominant eigenvalue λ(00) is obtained directly as the eigenvalue with largest real139

part of the unperturbed Jacobian J(00). Let v and w denote the corresponding right and left140

eigenvectors, respectively, normalized such that w ·v = 1. First-order corrections are computed141

by projecting the first-order Jacobian perturbations onto the dominant eigenspace:142

λ(10) = w · J(10) · v, λ(01) = w · J(01) · v. (S3.2)

For a simple eigenvalue, the second-order correction follows Kato’s biorthogonal left/right143

eigenvector formula (Kato, 1995, Eq. (2.36), p. 81). Second-order eigenvalue corrections in-144

corporate both the direct contribution from the second-order Jacobian perturbation and an145

indirect contribution mediated by the first-order eigenvector correction:146

λ(20) = w · J(20) · v +w · J(10) · v(10), (S3.3)

with analogous expressions for λ(02) and the mixed term λ(11). The requisite first-order eigen-147

vector correction v(10) captures how the dominant eigenvector shifts in response to J(10). This148
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correction is computed as149

v(10) =
∑
k ̸=0

wk · J(10) · v(
λ(00) − λk

)
(wk · vk)

vk, (S3.4)

where the sum runs over all non-dominant eigenvectors vk with corresponding left eigenvectors150

wk and eigenvalues λk.151

S3.2 Results152

All symbolic calculations below were performed in Mathematica (Wolfram Research, Inc., 2024;153

see mathematica/jc pa analytical.nb in the supporting files). The β form of the invasion154

growth rate (Eq. ??) involves two approximations. First, the invasion growth rate is expanded155

through second order in γ and ϵ, yielding coefficients λ(ij) that are exact polynomial functions of156

m, s, D, and F (some of degree four or higher in m). Second, and because analytical expressions157

could not be attained otherwise, these polynomials are Taylor-expanded about m = 0, s = 0158

through second order. The combined approximation is159

λ ≈ β0 + βmm+ βs s− βmmm2 − βmsms. (S3.5)

Each β coefficient receives contributions from multiple perturbation orders (i.e., different160

powers of γ and ϵ). The expressions below give the lowest-order contribution to each coefficient161

— the term with the smallest combined power of γ and ϵ. No s2 term appears because s enters162

the perturbation only through the γϵ cross-term λ(11), which contributes at most linearly in s163

at this order.164

The coefficients βs and βms arise entirely from the γϵ cross-term λ(11) and are therefore165

exact at this perturbation order:166

βs =
Dγϵ (3F +D)(F −D)

F 2
, (S3.6)

βms =
Dγϵ (2F +D)(F −D)

F 2
. (S3.7)

Both are manifestly positive for F > D > 0, confirming that pathogen dispersal promotes167

coexistence (βs > 0) and that increasing pathogen dispersal reduces the marginal benefit of168

host dispersal (βms > 0). That both coefficients require ϵ > 0 (i.e., finite z) reflects the fact169
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that pathogen dispersal mode is irrelevant in the mean-field limit.170

The remaining coefficients receive their leading contributions at O(γ) or O(γϵ). Host-171

dispersal mode is irrelevant in the mean-field limit, so the host-dispersal coefficients are read172

from the spatial cross-term rather than from the pure γ2 term:173

β0 ≈
Dγ(F −D)

F
, (S3.8)

βm ≈ Dγϵ (D + 2F )(D2 −DF + 2F 2)

F 2(D + F )
, (S3.9)

βmm ≈ Dγϵ (D3 +D2F −DF 2 + F 3)

F 2(D + F )
. (S3.10)

All three are positive for F > D > 0: D2 − DF + 2F 2 > 0, and D3 + D2F − DF 2 + F 3 =174

D2(D + F ) + F 2(F − D) > 0. The shared O(γϵ) scaling of βm, βs, βmm, and βms shows175

that dispersal-mode effects arise from the interaction between JC suppression and finite spatial176

neighborhoods.177
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