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SUPPLEMENTARY NOTE I. INTRODUCTION: THE WORK SUMMARY

Precision parameter estimation is central to modern science and engineering. In a metrological task, an unknown parameter 6
(e.g., a time interval, phase shift, rotation angle, field strength, or concentration) is encoded into measurement statistics, and one
aims to infer 6 from observed data. A standard operational quantifier of statistical sensitivity is the Fisher information (FI) [.
For a measurement outcome z with conditional probability p(x|6), the FI is defined by

FO) = Y p(el6) (5 (elt)) 1)

In the asymptotic limit, FI governs achievable precision through the Cramér-Rao bound [2} [3].

Quantum metrology seeks to exploit genuine quantum features to enhance estimation precision beyond what is achievable
by “most classical” strategies. In the conventional framework, the ultimate bound is often characterized in terms of quantum
Fisher information (QFI), which is defined by optimizing over all measurements [4} 5]. However, the measurement that attains
the bound can be difficult to identify or experimentally infeasible to implement in realistic settings, motivating complemen-
tary approaches based on operational and experimentally accessible criteria. A particularly appealing direction is to employ
Fl-based criteria, including FI inequalities, as experimentally accessible witnesses of nonclassical resources and metrological
advantage [6-9].

A representative example is a classical FI inequality that appears when one estimates a total parameter either directly or by
dividing the process into intermediate segments. Let us consider a parameter decomposition as

aab = eac + 0cb7 (2)

which is naturally associated with an intermediate description of a process. Under the classical assumptions that amount to a
causal-path structure together with statistical independence of the estimation parameters, the following inequality is satisfied:

F(0ap)™" 2 F(fac) ™" + F(0e) " 3)



One may define the violation statistic
Vi=F(0u) " = F(0ae) " — F(0) ", )

and an observed value V' < 0 indicates a violation of Eq. (3). Such violations arise, for instance, in simple quantum dynamics
when one attempts to characterize the evolution with a specific sequence of intermediate states. Crucially, the correct inter-
pretation of a violation is not “quantumness in general” but the failure of the underlying classical assumptions used to derive
Eq. (3).

In this work, we elevate this observation into a general principle and propose a unified framework: FI inequalities of the
type in Eq. (3) are most naturally understood as tests of classical causal models. The bridge is provided by Bayesian networks
and conditional independence. A classical causal model is specified by a directed acyclic graph (DAG) (possibly with latent
variables), which implies a family of conditional-independence relations [10]. When a metrological protocol is assumed to admit
a description within such a model class, those conditional-independence relations translate into constraints on the achievable FI.
Thus, violating an FI inequality is equivalent to falsifying the corresponding classical causal model class. To emphasize the
generality, we introduce the notion of causal Fisher-information inequalities (CFIIs): given a classical causal model class M
defined by a DAG-induced set of conditional independences, CFlls are the FI constraints that must hold for any experiment
whose statistics admit a realization within M. The trajectory-based inequality in Eq. (3) is then a special case associated with a
causal-path (Markov-chain-like) model class.

Theorem S1 (Causal Fisher-information inequalities (informal statement)). Consider a family of parameterized experiments
specified by conditional distributions {p(x|s,8)}, where s denotes an experimental context (measurement choice, intermediate
intervention, segmentation strategy, or control setting). Let M be a classical causal model class defined by a DAG that imposes
conditional-independence constraints among the relevant variables, together with regularity assumptions ensuring that the pa-
rameter dependence factorizes consistently with the model. Then, there exists a family of inequalities among the corresponding
Fisher informations that must be satisfied by any data compatible with M. Any experimental violation of these inequalities
certifies that no model in the class M can reproduce the observed statistics.

This causal-model perspective has two immediate consequences. First, it provides a systematic route to generalization: rather
than focusing on a specific hypothesis such as a discrete trajectory decomposition, one may start from an arbitrary causal
model class M, derive its associated CFIIs, and use experimental data to test (and potentially falsify) M. Second, it reframes
nonclassical resources in metrology: what appears as contextuality, non-Markovianity, or incompatibility can be interpreted as
the collapse of a classical causal description, and such collapse can be harnessed as an information-theoretic resource.

SUPPLEMENTARY NOTE II. GENERAL FRAMEWORK

Here we present a general operational framework that unifies (i) standard parameter estimation, (ii) experiments involving
multiple contexts (measurement choices, interventions, segmentations), and (iii) classical causal model classes specified by
conditional-independence constraints. Throughout, we focus on a single real parameter # for clarity. The generalization to
multi-parameter estimation can be formulated by replacing FI with the Fisher information matrix [11} [12]].

A. Operational setting: parameterized experiments with contexts

We consider an experiment in which an unknown parameter 6 is encoded into outcome statistics. The experimenter can choose
an experimental context (or setting) s € S, where s may represent a measurement choice, a control operation, an intermediate
intervention, or a segmentation strategy. For each context s, the experiment produces an outcome x in an outcome set X
according to a conditional distribution

p(xls, 6). 5)

We allow X, to depend on s to incorporate, for example, different output alphabets for different measurement settings. For
notational simplicity, we present the formulas for discrete outcomes; continuous outcomes are treated by replacing sums with
integrals.

A data set consists of independent samples collected under possibly multiple contexts. Let Sp C S denote the set of contexts
used in the protocol. For each s € Sp, we collect N, independent outcomes

x5,17x5727"' 7xS,N5' (6)

The total number of samples is

N = Z N;. (7

sESP



Assuming conditional independence of samples given (s, #), the likelihood function is

L(0|D) = H Hp (54]s,0), 8)

seSp i=1

and the log-likelihood is

«8|D) =

©))

seSp i=1

An estimator is a function of the data, denoted as § = 6(D).

B. Fisher information under multi-context sampling

For each context s, the Fisher information is defined by [1]]

F0) = Y plels.0) (g mptals0) (10)

rEX,

The quantity F;(6) characterizes the local sensitivity of the outcome distribution for context s with respect to 6.

When data are collected under multiple contexts, the relevant statistical model is the product distribution associated with
Eq. (8). The corresponding Fisher information of the full data set, denoted by F)p(6), is obtained from the score dy¢(0|D). A
basic property of FI is the additivity for independent samples, which yields a simple decomposition across contexts [1].

Theorem S2 (Additivity of Fisher information across contexts). Assume that conditioned on (s,0) all outcomes {x;;} are
independent and distributed as p(x|s,0). Then, the Fisher information of the full data set D satisfies

= Z N,F,(6). (11)

sESp
Proof. —From Eq. (9),

N,

B}
—0(6|D) = ) Zae In p(zs i]s,0). (12)

seSp i=1

Taking the expectation over the product distribution and using the independence, the cross terms vanish because the score has
zero mean under standard regularity conditions. Thus, one obtains Eq. (TT). O

Theorem [S2| shows that the sample allocation { N} determines the effective FI through a linear combination of {F(6)}. It
is convenient to introduce weights ¢, := N, /N, so that

SFo(0) = 3 0.F0) (13)

seSp

In the asymptotic regime, an unbiased estimator § satisfies the Cramér—Rao bound [2, 3]

1
Fp(0)

Var(6) > (14)

Hence, for a fixed total budget IV, the performance comparisons between protocols must specify the sample allocation across
contexts.



C. Quantum realization of the conditional model

The operational model in Eq. (5) includes the quantum experiments as a special case. Let the probe be prepared in a quantum
state 5(0) that depends on 6. A context s specifies a measurement (and possibly additional control operations), represented by a

POVM {Mﬂs}we& satisfying MI‘S >0and )] oy Mﬂs = 1. Here, the outcome statistics are given by the Born rule,

plels. ) = Tr|AL,.,p(0)|. (1s)

For a pure-state model, p(0) = [1(8) X (6)].

Sequential or adaptive protocols can also be included by enlarging the context and outcome spaces. For example, a con-
secutive measurement producing an outcome pair (a,b) can be treated as a single outcome = = (a,b) for a context s that
specifies the corresponding measurement instrument. Thus, the multi-context framework in Sec. naturally accommodates
both conventional single-setting metrology and protocols that integrate data from multiple settings.

D. Classical causal models with conditional independence

We next formalize the notion of a classical causal explanation of experimental statistics. A classical causal model is specified
by a directed acyclic graph (DAG) G whose nodes correspond to random variables [10]. Let V = { X3, Xo, - - - , X, } denote the
set of model variables, and let pa(X;) denote the set of parents of node X; in G. The defining property of a Bayesian network
is the factorization of the joint distribution:

pler,xa, -, x) = [ pla;lpata;)). (16)
j=1

The factorization implies conditional-independence (CI) relations. For three sets of variables U, V' and W, the CI statement
U L V|W means

p(u, v|w) = p(ulw)p(v|w), (17

for all values u, v and w with p(w) > 0. A DAG G induces a collection of CI constraints (e.g., via d-separation), and the set of
distributions satisfying Eq. (L) is equivalently characterized by these constraints together with positivity conditions.

In metrology, the experimenter controls the context S and the parameter 6 is unknown. To connect the causal models to
the operational distributions p(z|s, #), we treat S as an exogenous variable that can be set by the experimenter, and we allow
latent variables A to represent unobserved degrees of freedom. A parameterized causal model generates a family of conditional
distributions p(v|s, §) over V. In the most general form considered here, the model assumes the existence of A such that

n

p(v, Als,0) H (xjlpa(z;),s,0, ), (18)

where v = (x1,--+ ,zy) and X is a value of A. The operational distribution p(x|s, ) of an observed outcome variable X is
obtained by marginalization over unobserved variables.

Definition S1 (Causal model compatibility). Let X be the observed outcome variable and let p(z|s, 0) be an operational model.
We say that p(z|s, 0) is compatible with a classical causal model class M(QG) if there exist (possibly latent) variables V \ {X}
and A and a family of joint distributions p(v, M|s, 0) that factorize as in Eq. for the DAG G, such that the induced marginal
equals the operational model for all contexts and parameter values,

p(z|s,0) ZZp v, Als, 6). (19)

v\z A

Definition [ST] formalizes the statement that observed statistics admit a classical causal explanation within a specified model
class. Different choices of GG and different restrictions on how 6 enters Eq. define different notions of classicality [[10,[13}114].
In particular, trajectory-based (Markov-chain-like) models and context-free (noncontextual) models correspond to different CI
structures and lead to different testable constraints.



E. Causal Fisher-information inequality framework

Given a causal model class M, the set of compatible operational models {p(z|s, #)} is constrained by the CI relations implied
by M. Since FI is a functional of p(x|s, #), these constraints induce relations among the Fisher informations {F,(6)}. This
motivates the following general definition.

Definition S2 (Causal Fisher-information inequality). Fix a causal model class M and a finite set of contexts Sy C S. A causal
Fisher-information inequality (CFII) is an inequality of the form

G ({Fs(0)}ses,) =0 (20)
that holds for all 0 and for every operational model p(x|s,0) compatible with M in the sense of Deﬁnition

CFIIs are model-dependent: the function G depends on the causal assumptions encoded in M. In the following, we derive
explicit CFIIs for several broad classes of causal models. The central operational message is that if experimentally estimated
Fisher informations violate a CFII, then the observed statistics are incompatible with the assumed classical causal model class.
This provides a general route to interpret FI-inequality violations as falsification of classical causal explanations, and it sets the
stage for viewing such “causal-model collapse” as a metrological resource.

SUPPLEMENTARY NOTE III. CAUSAL FISHER-INFORMATION INEQUALITIES (CFII)

The general framework in Sec. [[I| emphasizes a simple but powerful idea: once a statistical model is required to arise from
a classical causal structure, the likelihood is no longer an arbitrary function of the parameter. It must factorize according to
the causal graph, and this factorization enforces quantitative restrictions on the Fisher information that can be observed at the
endpoints of the experiment. We call such restrictions “causal Fisher-information inequalities (CFIIs).”

Here, we derive the CFlIs that constitute the backbone of our framework. The derivation is intentionally constructive: we
isolate two universal principles—a multi-parameter Cramér—Rao geometry and a causal data-processing law—and then show
how they fuse into a striking “series law” for Fisher information along a causal path. The conclusion is conceptually sharp:
inverse Fisher information behaves as an information-resistance that must accumulate along classical causal bottlenecks. Hence,
whenever an experiment exhibits a precision that beats this accumulation rule, the assumed classical causal model is not merely
implausible; this is impossible by mathematics alone.

A. Effective Fisher information for causal parameters

CFlIs are most naturally expressed in terms of the causal parameters, which are often not the primitive parameters of the
model but rather functions of them. In particular, in causal networks, the parameter of interest is frequently an additive quantity
accumulated along edges (e.g., a total delay, a total phase, a total action), while each causal module contributes its own parameter.

Let X be an observation (possibly multivariate) generated by a regular parametric model p(xz|@) with a d-dimensional param-

eter @ = (01,...,04)". We define the score vector and Fisher information matrix as
sx(x]0) := Vg Inp(z|0), (21
Fx(8) i= Eupo[sx(2[0)sx (]6)"). (22)

We assume standard regularity conditions so that E[sx| = 0 and differentiation can be interchanged with integration.
The causal quantity of interest is modeled as a scalar function g(€). In our applications the crucial case is the linear causal
parameter

© = 9(6) = u’0, @)

for some fixed vector u € R%. The appropriate single-number measure of information about © in a multi-parameter model is
the effective Fisher information defined by [[11} [12]]

-1

F(0) = (uTFX(e)*lu) , (24)

whenever F x (8) is invertible on the support of u. When d = 1 and u = 1, this reduces to the standard Fisher information. Now
we can state that:



Theorem S3 (Cramér—Rao bound for a linear causal parameter). Let X ~ p(x|@) and let © = u’ 0 be the causal parameter in
Eq. . For any unbiased estimator ©(X), one has
A 1
Var(0©) > u’Fx(0) 'u = o (25)
Fx(8)
Proof. —Let r(X) := ©(X) — ©. The unbiasedness implies E[r] = 0. Under the regularity assumptions,
0 _.~ A 0
E =
S ElO /dw@(m)ao
where s; is the ith component of the score vector in Eq. . Since E[O] = © = u”'0, we have dy,E[O] = u;. Using E[s;] = 0,
Eq. yields

p(el0) = E[0 5:(X10)] 26)

i

E[T(X) si(X\a)} = . 27)
Then, by letting s = sx (X [0) and u = (u1,...,uq)”, consider the nonnegative quantity
E [(r - aTs)Q} = E[r?] — 2a”E[rs] + a’E[ss”]a > 0. (28)
By Eq. and Eq. (22), this becomes
Var(0) — 2aTu + a’Fx (8)a > 0. (29)
Minimization of the right-hand side over a gives the choice a = F x(0)~'u and yields
Var(é) > uTFX(B)_lu. (30)
This is Eq. (25), and the identity with Eq. (24) is immediate. O

B. Causal data processing for Fisher information

A causal model is not only a factorization; it is also a directional constraint: information can only flow forward through the
causal arrows, and any omission of variables corresponds to a stochastic post-processing that is independent of the parameter.
Such processing cannot create information. We provide the following theorem:

Theorem S4 (Data-processing inequality for the Fisher information matrix). Let X ~ p(x|0) and let Y be generated from X
through a Markov kernel p(y|x) that does not depend on 6:

p(016) = [ daplyia)p(alo) G1)
Then, the Fisher information matrices satisfy
Fy(0) X Fx(0), (32)
where =< denotes the positive-semidefinite order.

Proof. —Letsx = VgInp(|6) and sy = Vg Inp(y|@). Differentiating Eq. (31), we have

Vo p(y]0) = / d p(yle) Vop(2|6) = / dz p(y|2)p(z|0)sx (]6). (33)
Dividing by p(y|@), we obtain
sy (4]6) = m / dz p(yla)p(x]0)sx (1) = E[sx (X[0) | Y =y, (34)

where the conditional expectation is taken with respect to the joint distribution p(z, y|0) = p(y|x)p(z|0).
For any fixed vector v € R4,

vIFy (0)v = E[(VT5y(Y|0))2] = E[(VTE[SX|Y])2]
< E[E[(v7sx)*|Y]] = E[(vTsx(X[0))°] = vIFx(0)v, (35)

where the inequality follows from the fact that conditional expectation is an L?-contraction. Since Eq. holds for all v, we
obtain Eq. (32).



An immediate consequence is that effective Fisher information for any causal parameter cannot increase under a causal coarse-
graining.

Corollary S1 (Monotonicity of effective Fisher information). Under the assumptions of Theorem[S4] for any u one has
F(9) < FY(6). (36)

Proof. —By Theorem Fy <X Fx. For positive definite matrices, the inversion reverses the order, hence F;,l > F)_(l.
Therefore, u’ Fy,'u > u’F'u, and Eq. follows from Eq. . O

C. The CFII for a causal path: inverse FI accumulates

We now arrive at the core inequality. Consider three nodes A — C — B forming a causal path. Operationally, A labels
the preparation (or initial condition), C' labels an intermediate state (possibly unobserved), and B labels the final measurement
record. A classical causal-path hypothesis asserts that the joint conditional distribution factorizes as

p(cvb|a,9aca0cb) :p(c|a70ac)p(b|cv ch)a 37

which is equivalent to the conditional independence A L B | C together with modular dependence of parameters: 6,. appears
only in the A — C module, and 0., appears only in the C — B module.
The causal parameter of interest is the fotal parameter accumulated along the path,

eab = Hac + ecb- (38)

This is precisely the form encountered whenever the parameter corresponds to an additive generator under composition (time
translations, phase shifts, accumulated action, etc.). We will show that Eq. and Eq. (38) force a stringent bound on the
precision available at the endpoint.

To express the bound in a way that is both causal and operational, we introduce the local Fisher informations

Fac(eac) = Ec|a,9aC [(89(1c 1I1p(C|(Z, 0ac))2}a (39)
Fu(8) := Eqjag,. [Epjess [ (8., p(ble,04)) 7] (40)

Here, the second definition explicitly acknowledges that the information in the C' — B module may depend on which interme-
diate value c occurs, and hence must be averaged over the distribution induced by the upstream module (so in general it can also
depend on 6, through p(c|a, 04¢)).

We also define the endpoint effective Fisher information for estimating 6,;, from B alone, in the two-parameter model in
Eq. . Let O = (04, 0c)T and u = (1,1)7, so that §,;, = u” . Then, we have

F'P gy .= FW(9) = (uTFB(O)flu)il. 1)

When the model is effectively one-parameter (no nuisance degrees of freedom), F;f) reduces to the usual Fisher information
from p(bla, 0,p). The advantage of Eq. is that it remains meaningful for the genuinely causal situation where the path is

described by modular parameters. We now construct the following theorem:

Theorem S5 (CFII for a classical causal path). Assume the causal-path factorization Eq. and the additive causal parameter
in Eq. (38). Then, the effective Fisher information at the endpoint satisfies

(F20) " = (Fucltoo))

Proof. —We proceed in two steps: first we evaluate the information about 6,;, when the intermediate variable C' is accessible,
and then we invoke causal data processing when C' is discarded.

-1

+ (Fcb(o))_l. 42)

Step 1: joint record (C, B) yields the “series law” bound.
From Eq. (37), we have
Inp(c,bla, bac, 0cb) = Inp(cla, bac) + Inp(ble, Ocy).- 43)
Hence, the score components are

80ac IHP(Q b|CL, 9(107 901)) = aGM IHP(C‘CL 9ac)7
9o, Inp(e,bla, Oue, Oep) = Op,, Inp(ble, Oep). (44)



The Fisher information matrix for the joint record (C, B) has the entries

because the cross term vanishes: i.e.,
E [(&)M lnp) (8961, lnp)] = Egja6,. [((%ac ln p(ca, aaC))Eblc,Gcb [3gcb In p(ble, QCb)H =0, (46)

since the conditional expectation of a score is zero. Now set u = (1,1)7 so that 6,;, = u”6. By Theorem the following
holds:
1 1

i V>l 1 _
Var(6,) > u F(C,B) (0)""u Fou(6ue) + Fun(0) @7

Equivalently, the effective Fisher information for 6, contained in the joint record (C, B) is upper bounded by

(CB) gy . p(u) _ 1 L\t
FSP(0) = F&),0) = <Fac(9ac) +Fcb(0)> . (48)

Step 2: discarding C' cannot increase information about 6.

The endpoint record B is obtained from (C, B) by the 8-independent coarse-graining that simply forgets C. By Corollary

Fy(0) < Fip™(0). (49)
By taking the inverse of both sides and using Eq. (48], we obtain
-1 1 1
FPe) " > 50
( ab ( ) - Fac(eac) * F‘cb(e)7 ( )
which is Eq. #2). The proof is completed. O

The inequality in Eq. (42) is the archetypal CFII: it converts a causal claim—"“the process admits a classical intermediate node
C with modular parameters”—into a quantitative constraint on observable precision. Here, we remark:

Remark S1 (Inverse Fisher information as information-resistance). Eq. (#2)) admits a physical reading that will guide the rest
of this study. We here define the information-resistance R := F~'. Then, Eq. states that along a classical causal path, the
resistances must add:

Rz(zf) 2 Rac + Rcb~ (51)

In a classical causal model, the information must traverse the intermediate bottleneck C, and each module imposes an unavoid-
. . . _ . . B L

able resistance. Therefore, if an experiment exhibits an endpoint precision such that Réb) < Rgc + Rep, the conclusion is

unambiguous: the assumed classical causal-path model cannot reproduce the statistics. In this sense, a violation of Eq. (42) is

not a mere metrological curiosity; it is a certificate of causal-model impossibility.
The causal-path CFII extends immediately to longer chains.

Corollary S2 (CFII for an N-step causal chain). Consider a chain Xg — X1 — --- = Xy with modular parameters 0;_1 ;
and factorization

N
plar,. .. xn |20, 0) = [ plaj | zj-1,0;-1;), (52)
j=1
and define the additive causal parameter Ogn = Zjvzl 0;j—1,5. Then,
(Xw) -1 X -1
(FON (9)) >y (ijl,j(gj—l,j» : (53)
j=1

where FO(])\?N ) is the endpoint effective Fisher information for 0y from X alone.

Proof. —Apply Theorem [S5)iteratively, or proceed by induction by grouping the last two links into a single effective module.
Each application adds one more term of the form Fj__lL ; on the right-hand side. O
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D. Series-parallel composition and the network view

The path inequality already reveals the essential mechanism: modularity forces the orthogonality of score contributions, and
causal coarse-graining prevents the hidden information from being resurrected at the endpoint. However, the realistic causal
models often combine modules not only in series but also in parallel (multiple conditionally independent branches providing
information about the same causal parameter). The resulting picture is that Fisher information obeys composition laws reminis-
cent of electrical networks: Fisher informations add in parallel, while inverse Fisher informations add in series. This analogy is
not decorative; it is the algebraic heart of how CFlIs scale to complex causal architectures.

We record the parallel law in a form suited for later use:

Theorem S6 (Parallel composition: additivity of Fisher information). Let Y1 and Yo be conditionally independent given 6, i.e.,
p(y1,92|0) = p(y1|0)p(y2|0). Then, the Fisher information satisfies

Fiyi,v2)(0) = Fy, (0) + Fy, (0). (54)
Moreover, any coarse-graining Z = I'(Y1, Ya) produced by a 0-independent map obeys

Proof. —From Inp(y1,y2|0) = Inp(y1]0) + Inp(y=|6), the score is the sum of independent score contributions. Thus, by
taking the expectation of the square, we obtain Eq. (54). The coarse-grained bound in Eq. (53) is an immediate application of
Theorem[S4]in the one-parameter case. O

Taken together, Theorem[S_3] (series law) and Theorem@ (parallel law) allow one to derive CFIIs for any causal architecture
that can be built from series and parallel compositions of independent modules. In particular, one can assign each module an
information-resistance R = F~! and reduce the causal graph exactly as one reduces a resistor network: series resistances add,
parallel resistances combine harmonically. The endpoint Fisher information is then upper bounded by the effective conductance
of this reduced network, and the corresponding endpoint resistance is lower bounded by the effective resistance. This network
viewpoint will be exploited in later sections to construct families of testable inequalities tailored to specific causal hypotheses,
and to interpret their violation as a collapse of classical causal explanation.

SUPPLEMENTARY NOTE IV. VIOLATION = IMPOSSIBILITY OF THE CLASSICAL CAUSAL MODEL (MODEL
FALSIFICATION)

The inequalities derived in Sec. look, at first glance, like technical bounds on Fisher information. Their true significance is
far sharper. A CFII is not merely a limit on precision; it is a logical constraint imposed by a classical causal explanation. Once a
causal model class is fixed, the inequality becomes a necessary condition for compatibility. Consequently, a violation is not an
invitation to interpret; it is a mathematical verdict. Here, we formalize this verdict and explain why it is physically dramatic: a
CFII violation means that the classical causal narrative literally cannot generate the observed statistics.

A. From inequality to falsification: the logical structure of CFIIs

Recall from Definition [S1] that a classical causal model class M specifies which families of operational distributions
{p(x|s,0)} are admissible, by requiring that they arise from a DAG factorization (possibly with latent variables) together
with the associated conditional-independence relations. Definition [S2]then introduced a CFII as an inequality

G ({Fs(0)},es,) =0 (56)

that holds for all § and for every operational model compatible with M.
To turn this into a falsification principle, we separate two objects. First, we fix a finite set of contexts Sy and consider the
vector of Fisher informations

F(0) := (Fs(0)) scs, - (57
Second, we define the feasible region of Fl-vectors admitted by the model class.
Definition S3 (Feasible FI region). For a fixed 6, the feasible FI region of a model class M is the set
Qrm(0) :={F(0) : {p(x|s, 0)}ses, is compatible with M} . (58)
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A CFII is precisely the statement that 2, () is contained in the half-space defined by G > 0.

Theorem S7 (CFII violation implies causal-model impossibility). Fix a model class M, a context set Sy, and a function G
such that Eq. (56) holds for all operational models compatible with M. Let an experiment produce operational distributions
{Pexp (8, 0) } ses, with Fisher informations Feyx,(0). If for some 0 one has

G (Fexp(0)) <0, (59
then {pexp(x|$,0)}ses, is not compatible with M. Equivalently, Fex,(6) ¢ Qaq(0).

Proof. —Assume, toward contradiction, that {pexp(|s, 0)}ses, is compatible with M. Then, by the definition of CFIL, Eq.
must hold for this operational model at the same 6. Hence, Q(FCXP(G)) > 0, contradicting Eq. . Therefore, the operational
model cannot be compatible with M, and the FI-vector lies outside the feasible region. O

Theorem [S7|is logically simple, but its meaning is profound. The experimental task is to estimate FI (or effective FI) from
observed statistics; the theoretical task is to derive CFIIs from explicit causal assumptions; the conclusion is model falsification.

B. The causal-path witness: when information seems to appear from nowhere

The abstract falsification principle becomes physically vivid in the archetypal case of a causal path A — C' — B. Here,
the classical claim is that the endpoint record B can only depend on the past through the intermediate bottleneck C, and that
parameter dependence is modular, as encoded in Eq. (37). Theorem [S5|then states that the endpoint effective Fisher information
for the additive causal parameter 6., = 0,. + 6.5 obeys

(F2(0) " > (FuclBue)) ™ + (Fa(8) " (60)

This inequality is the mathematical form of a narrative: information must traverse C, and every traversal adds an irreducible
information-resistance.
For experimental falsification, it is convenient to package Eq. into a single witness.

Definition S4 (Causal-path violation statistic). For a causal-path hypothesis with parameters @ = (0,.,00)7, let us define

-1
Voutn(6) = (F(0)) = (Faclac)) ™" = (Fu(8) " (61)
Then, we can construct the theorem:

Theorem S8 (Causal-path falsification criterion). If an operational model is compatible with the classical causal-path assump-

tions of Sec. then
Vpath(e) 2 0 (62)

for all admissible 0. Therefore, if an experiment yields Viain(6) < 0 for some 0, then no classical causal-path model in that
class can reproduce the observed statistics.

Proof. —The nonnegativity in Eq. is algebraically equivalent to Eq. (60), which holds by Theorem S5|under the causal-path
assumptions. The contrapositive implication is an instance of Theorem[S7] O

At this point the physical implication can be stated without qualification. A negative value of V},,¢, means that, at the endpoint
B, one can estimate the total causal parameter more precisely than would be permitted if the parameter were truly accumulated
through two independent causal modules connected in series. In the information-resistance language of Remark [S1] the experi-
ment behaves as if the series connection had developed an “active element” that cancels the resistance. Classically, such behavior
is forbidden because every causal module is a passive channel: it may preserve information, but it cannot conjure additional in-
formation about # that was not already present in its input. A violation therefore confronts us with a dramatic conclusion: either
the intermediate bottleneck C' does not exist as a classical variable, or the process does not decompose into independent causal
modules, or some hidden influence bypasses the assumed causal constraints. In every case, the classical causal story collapses.
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C. What exactly is falsified?

A central virtue of the causal interpretation is the precision about what is, and is not, concluded from a violation. A CFII is
derived under the explicit assumptions: a DAG factorization, its implied conditional-independence relations, and a modular pa-
rameter dependence consistent with the causal decomposition. Hence, a violation falsifies the conjunction of these assumptions.
However, it does not claim that the world is “quantum” in the abstract; it claims something sharper:

the observed statistics cannot be generated by any member of the specified classical causal model class.

This distinction is not semantic. The different notions of “classicality” correspond to different model classes M, and thus to
different feasible regions 2 (#). A violation identifies which classical causal explanations are ruled out, while leaving open the
possibility that a larger class of models (with weaker conditional-independence requirements, additional latent memory nodes,
or explicit context dependence) may still explain the data. This is exactly why CFIIs are powerful scientific instruments: they
do not merely quantify precision, they map which causal explanations remain tenable.

In the causal-path setting, for instance, V,an < 0 rules out the existence of any intermediate classical bottleneck C' that simul-
taneously (i) renders A and B conditionally independent given C' and (ii) supports a modular decomposition of the parameter
into (04, 0.p) with additive causal parameter 6,;,. In dynamical quantum experiments, this naturally resonates with the failure of
a trajectory-like description by a fixed series of intermediate states, where the true evolution may involve coherence across seg-
ments that cannot be represented by a single classical node C. In such a case, a coherent superposition, for example, a qubit state
|1} evolving under a Hamiltonian H, can exhibit statistics that invalidate the classical path decomposition precisely, because
the causal bottleneck cannot capture phase-sensitive interference effects. The inequality detects this failure at the level of Fisher
information: the putative resistance of a classical bottleneck is overcome by interference, and the only consistent conclusion is
that the classical bottleneck model is impossible. We will explicitly show this example later.

D. Statistical certification from finite data

Theoremsandare the statements about true Fisher informations, i.e., about the underlying distributions. In experiment,
Fisher information must be estimated from a finite set of samples. Here, we present a statistically principled route to certify the
CFII violations with controlled confidence.

We assume that, for each context s € Sy and a fixed parameter value 6 (e.g., a calibrated or controlled setting), we can evaluate
the score

9,
Ls(x|0) == %lnp(x\s,ﬁ). (63)

This is standard in the metrological models where the encoding p(z|s, 6) is known up to the value of 8, and it can also be achieved
operationally by local calibration. Given i.i.d. outcomes {x“}f\;l sampled from p(z|s, 6), let us consider the estimator

N,

~ 1 z
Fu(0) = 5 > o(ws,]0)%. (64)

S i=1

By construction, E[F(0)] = Fs(#) whenever the score has finite second moment.

Theorem S9 (Consistency and asymptotic normality of F(6)). Assume E[(4(X|0)*] < oo for each s € Sy, where X ~
p(z|s, ). Then:

Fy(0) — Fi(0) (65)
in probability as Ny — 0o, and moreover
VN (Fu(0) = Fi(0)) = N (0,0209)). (66)
where

02(0) := Var (£,(X10)?). (67)

Proof. —Define the i.i.d. random variables Yy ; := {4 (x, ;|0)%. Then, FS(G) is the sample mean of Y ;:

N 1 X
Fo(0) = 5 D _Yair (68)
S i=1
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Since E[Y; ;] = E[(s(X0)?] = F.(6) and E[Y?;] = E[{s(X|0)"] < oo, the weak law of large numbers implies Eq. . The
central limit theorem for i.i.d. variables with finite variance yields

Ns
V(R0 = Fi0)) = 5= 3 (s EVl) = A (0 Var(Yoa). (©9)
which is Eq. (66) with Eq. (67). O

Theorem [S9| provides an operational route to confidence intervals for each F(6), and, crucially, for any smooth function G
of the FI-vector. We now translate it to a violation test. Let F(0) := (F5(0))ses,, and define the plug-in estimator

G(6) =G (). (70)

Assume that outcomes are sampled independently across contexts, so that the estimators {ﬁ' s(6)} are asymptotically indepen-
dent.

Theorem S10 (Asymptotic certification of CFII violation). Assume the conditions of Theorem [S9|for all s € Sy, and assume
G is continuously differentiable on an open neighborhood of F(0). Let Ny — oo with fixed proportions qs := Ns/N where
N =3 cs, Ns. Then,

VN (G(0) - G(F(0))) = N (0,7%(0)) (71)
where

2 N L (9G] Y

)= — (8FS F(9)> 20). (72)

Proof. —From Theorem S9] the vector
VN (E0) - F(0)) = (VN (£(0) - F(0))) 73
s€50
has asymptotically normal components with variances scaled by g:
2

VN (Fs(a) - Fs(0)> - \/y VN, (Fs(e) - FS(9)> =N (o, s (9)) . (74)

ds

The independence across contexts yields an asymptotically normal vector with diagonal covariance matrix whose sth diagonal
entry is 02(6)/qs.
Since G is continuously differentiable, a first-order Taylor expansion gives

G(6) — G(F(6)) = VG(F(6))" (F(6) — F(0)) + . (75)

where the remainder 7y satisfies 7y = o, (||F — F||). Multiplying by /N and using the multivariate central limit theorem
together with Slutsky’s theorem, we obtain Eq. (7I). The variance is the quadratic form of the gradient with the asymptotic
covariance matrix, which reduces to Eq. , because the covariance is diagonal. O

Theorem [S10]makes the falsification program experimentally concrete. Under the null hypothesis that the data are compatible
with M, one must have G(F(#)) > 0. If an experiment yields G(6) significantly below zero compared to its standard error
7(0)/V/'N, then the classical causal model class is rejected with controlled significance. In other words, one can attach to a CFII
violation the same statistical seriousness as to any hypothesis test in physics.

For the causal-path witness, G can be chosen as G = Vja¢h in Eq. @, and the derivative factors entering Eq. take a

simple form. Writing F} = Fa(f), Fy = F,., and I3 = F_, one has
OVpath 1 OVpath 1 OVpath 1

_ = = —. 76
oF, ~ FP oF R 0R 2 (76)

Substituting Eq. || into Eq. li yields an explicit asymptotic variance for Vpath. Thus, the inequality, originally a statement
about causal structure, becomes an experimentally testable boundary with quantitative confidence.
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E. Why this matters

What makes CFII-based falsification distinctive is that the rejected object is not a phenomenological fit but a “causal expla-
nation” of how information about # may propagate through an experiment. The content of a violation is therefore structural:
it tells us that no classical model with the assumed conditional independences can account for the data, even if that model is
allowed arbitrary internal parameters and arbitrary hidden variables. When a CFII is violated, the classical causal narrative does
not merely require refinement; it ceases to exist. This is precisely the point at which the story becomes metrological. Once a
classical causal model collapses, the “extra” information that defeats the classical resistance law cannot be treated as an accident.
It is the signature of a nonclassical resource that bypasses the classical bottleneck.

We will show, in later sections, how such violations can be interpreted not only as witnesses but as resources, and how
they encompass as special instances contextuality-based protocols in which the failure of a noncontextual causal condition is
converted into enhanced precision. The dramatic moral is that, in metrology, impossibility results are not dead ends. They are
signposts that point to where Nature stores her most useful nonclassical advantages.

SUPPLEMENTARY NOTE V. FROM WITNESS TO RESOURCE: “CAUSAL-MODEL COLLAPSE” AS A METROLOGICAL
RESOURCE

Sections [[TI] and [[V] established the conceptual backbone of this work: a CFII is a necessary condition for the existence of
a classical causal explanation, and its violation is a rigorous falsification of that explanation. At this stage, however, we ask a
practical question: if a CFII violation certifies that a classical causal story fails, what does that buy us in metrology? Is it merely
a diagnostic statement about “nonclassicality,” or does it translate into a concrete improvement of estimation performance?

Here, we answer with an engineering-level message. A CFII violation is not only a witness; it is a resource certificate. It
certifies that the experiment possesses an information flow that cannot be routed through the assumed classical bottlenecks, and
this surplus information is directly convertible into smaller estimation error. The conversion is quantitative, and it is operational:
it does not require philosophical interpretation, only a well-defined estimator. The same inequality that collapses the classical
causal story simultaneously exposes a metrological advantage that the classical story would have declared impossible.

A. Classical causal precision bounds from CFIIs

A CFII is an inequality among Fisher informations. Since Fisher information is the curvature controlling Cramér—Rao-type
bounds, each CFII immediately induces a precision bound that holds whenever the classical causal model class is valid. This is
the sense in which CFIIs serve as causal benchmarks for metrology. We formulate the statement in a general form first, and then
specialize it to the causal-path inequality.

Theorem S11 (Classical causal precision bound induced by a CFII). Fix a model class M and a finite set of contexts Sy. Assume
that a CFII of the form

G ({Fu(0)}yes,) 20 (7

holds for all operational models compatible with M. Let an estimator 0 be constructed from N i.i.d. repetitions of an experiment
that uses only contexts in Sg. Then, for any operational model compatible with M and for any unbiased 0, the mean-square

error satisfies a model-dependent lower bound
S 1 1
- N FC1(0) ’

Var() (78)

where F1(0) is any quantity that upper bounds the achievable per-sample Fisher information under the constraint in Eq. .
In particular, if the CFII can be algebraically rearranged into
Ferr(0) < Fu(0), (79)

Sor a suitable effective Fisher information Feg(0) relevant to the estimation strategy, then Eq. follows with F).

Proof. For N i.i.d. repetitions, the Fisher information is additive, hence the total Fisher information equals /N times the per-
sample Fisher information (Theorem [S2]in Sec. [[I). For any unbiased estimator, the Cramér-Rao bound gives

A 1 1
V. > —
al0) 2 ¥ ey

(80)
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where F.g denotes the per-sample Fisher information appropriate to the statistical model used in the protocol. If the operational
model is compatible with M, then its Fisher informations must satisfy the CFII as in Eq. (77). If Eq. implies an upper
bound in Eq. on F,g, then by substituting Eq. into Eq. (80), we obtain Eq. (78), completing the proof. O

Theorem is conceptually simple but practically sharp: it tells us that a causal model class defines a precision frontier.
Any protocol consistent with the model must live above that frontier. The moment an experiment falls below it, the classical
model is not merely disfavored; it is logically incompatible with the achieved precision.

The causal-path case makes this concrete. Under the classical causal-path hypothesis of Sec. Theorem [S5|states that

(FP0)) " 2 (FaelBue)) ™ + (Fal0)) ™" (81)

Here, we define the classical benchmark Fisher information by the harmonic composition

-1

FP0(0) i= ((Fuclbue)) ™ + (Fu(6) ") (82)
Then, Eq. (81) is precisely the upper bound
F,)(8) < FP"(0) (83)

that Theorem requires. Thus, if a process genuinely decomposes into two independent causal modules in series, the
achievable per-sample Fisher information about the total parameter can never exceed the harmonic mean in Eq. (82)). This is the
classical “series penalty” expressed in metrological language.

B. Violation-certified gain: witness-to-resource transition

We now convert the previous statement into a resource claim. Recall the causal-path violation statistic

Voun(®) = (FL0)) "~ (Fuelue)) ™ — (Fa(0))" (34

The inequality in Eq. is equivalent to Vj,atn (€) > 0. Here, a negative value V.t < 0 can be interpreted as the impossibility
of the assumed classical causal-path model. Now we show that the same quantity also certifies a quantitative metrological gain.

To state the gain in the most operational form, we consider N i.i.d. repetitions of the endpoint experiment producing outcomes
By, ..., By distributed as p(b|@), and let 0, be an estimator of 0, = 0,. + 0., constructed from {B;}¥_,. Here we provide
the following theorem:

Theorem S12 (Violation-certified precision enhancement). Assume that Fa(f) (0) is the per-sample effective Fisher information

for estimating 0, from endpoint data B in the model under consideration. Define the classical benchmark F C(lp ath)(B) by
Eq. (82). If Vpawn(0) < O, then

FP(0) > FF™™(8), (85)
and consequently the Cramér—Rao bound for any unbiased estimator satisfies

1 1 1 1

1 L1 L (86)
NrEe)  NEF™ )
Moreover, defining the resistance quantities
-1 —1
Ru(0) = (F3)(0)) . Ra(8) = (F"™(©)) . (87)
the violation directly yields the certified improvement factor
(0 (0

Rab(e) o Rc1(9) + Vpath<6>

Proof. —If Vyan(0) < 0, then by Eq. (84), we have
-1

(FP @) " < (Fye) 59)

Taking reciprocals preserves the strict inequality because both sides are positive, proving Eq. (83). By substituting these infor-
mations into the Cramér—Rao bound, we obtain Eq. (86). Finally, Eq. follows from the definition Vyatn = Rap — Ra. O
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Theorem [S12]is the operational heart of the “witness-to-resource” transition. It says that the same numerical quantity that
falsifies a classical causal explanation also provides a quantitative performance guarantee: the endpoint experiment achieves a
precision that no member of the classical causal-path model class can match, even in principle.

Remark S2 (Negative V.1 is a metrology enhancement resource). The result is dramatic when expressed in the resistance
language. In a classical causal narrative, resistances add. The total estimation error behaves as if the parameter had to pass
through two passive resistors in series. A negative Va1, means that the experiment contains an element that cancels part of
this series resistance. In classical circuitry that would require an active device. Here the “active device” is not an additional
energy source; it is the collapse of a classical causal description. Metrologically, the collapse is a resource because it converts
structural impossibility into reduced error.

C. Achievability: efficient estimators harvest the resource

A resource certificate is meaningful only if the improved bound is not a mirage. Theorem [S12] compares two Cramér—Rao
bounds, but does not yet guarantee that the smaller bound can be approached by an explicit estimator. We therefore record
a standard but essential fact: under regularity conditions, maximum likelihood estimation asymptotically achieves the Fisher
information bound. This is the mechanism by which causal-model collapse becomes practically harvestable.

Theorem S13 (Asymptotic efficiency of maximum likelihood estimation). Consider X1, ..., Xy, the i.i.d. samples drawn from
a regular one-parameter family p(x|0) with true parameter value 0. Let

N
In(0) = Inp(X;|0) (90)
i=1

be the log-likelihood and define the maximum likelihood estimator Onir, by the score equation

0

%EN(QAML) = 0. oD

Assume that Oy, — 0 in probability and that the following identities hold with finite moments:

E [880 lnp(X|9)} =0, E [(59 lnp(Xlé’))2

where F(0) is the per-sample Fisher information. Then,

VN (s~ 0) = N (o, er)) , 93)

2

= F(0), and E [—aaéﬂlnp(XG)] = F(0), (92)

and consequently,

N 1 1 1

Proof. —Define the score and observed information

o? o2
I0) =~ g8 = 3 (- s p(xil) ). ©5)

The defining Eq. reads Sy (Ayir) = 0. By Taylor’s theorem,
0= S (O) = Sn(68) = Jn (@) (B —0), (96)

where ~ lies between éML and 0. By rearranging, we have

VN (éML - 9) - (]bJN(éN)) - <15N(0)> . 97)
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We then analyze the two factors. First, by Eq. (92) and the central limit theorem, we can find

N
() = jﬁi_zlsmie) = N (0,F(6), ©8)
where s(X10) = 0y Inp(X16).
Second, by the law of large numbers and Eq. (92)),
1 1 &
NJN(Q) =N Zj(Xi|9) — F'(0) 99)

i=1

in probability, where j(X|0) = —83 Inp(X|6). Since O, — 6 in probability by assumption, also fy — 6 in probability.
Under continuity of j(X6) in 6 and dominated convergence sufficient to exchange limits and expectations, Eq. extends to

1 -
NJN(GN) — F(0) (100)
in probability. Therefore, by Slutsky’s theorem,
1y (On) - Lo (101)
NINEN F(6)
in probability.
Finally, by combining Eq. (98), Eq. (101}, and Eq. via Slutsky’s theorem, we can attain
R 1
N(e —9);» 0,—— |, 102
VN (b, N < ol 9)) (102)
which is Eq. (93)). The variance statement Eq. (94)) follows. O

Theorem [ST3| supplies the missing bridge from principle to practice. If an experiment exhibits a violation-certified increase
in Fisher information, then an explicit estimator (maximum likelihood, or any asymptotically efficient alternative) can harvest
that increase into reduced error. The point is practical: “causal-model collapse” certifies that there exists a working estimation
procedure whose asymptotic performance beats the classical causal benchmark.

D. Mechanism: Fisher-information synergy from correlated score contributions

We established that the CFII violation implies a gain and that the gain is achievable. We now expose the structural mechanism
behind the gain in a way that is independent of any particular physical platform. The mechanism is the emergence of “synergy”
between the causal modules, visible as off-diagonal terms of the Fisher information matrix. These off-diagonal terms are
precisely what classical modularity forbids, as made explicit by the vanishing cross term in Eq. (46).

Consider a two-parameter description @ = (61,6,)” of a process and an observation Y distributed as p(y|6;, 02). Let the

Fisher information matrix be
Fi(6) J(0)
Fyv(0) = 103

where

F1(8) = E[(9p, Inp(Y]01,02))°],
F»(8) = E[(p, Inp(Y]01,62))°],

J(8) = E[(8g, Inp(Y'[61,62)) (g, Inp(Y|61,62))]. (104)
The quantity J(8) is the covariance between the score contributions of the two parameters. In a classical causal-path model with
modular parameter dependence, this covariance vanishes by construction (as shown explicitly in Eq. (#6)). When it does not

vanish, the two modules are not independent in the sense required by the classical causal decomposition.
We now compute the effective Fisher information for the additive parameter

© =01+ 0-. (105)
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Letu = (1,1)7. By the definition of Eq. (24)),
u _ —1
FM(0) = (u"Fy(0) 'u) . (106)
We then provide the theorem:

Theorem S14 (Synergy formula and the condition for beating the series law). Assume Fy (0) in Eq. is positive definite,
i.e, F1Fy — J? > 0. Then the effective Fisher information for © = 61 + 05 is
u FFy— J?
@) = 12—~ 107
v (0) F+F,—2J (107

Moreover, comparing to the classical series benchmark

-1
1 1 FFy
Fseries 0)=— + = == 5 108
(©) (F 1 F 2) Fy + Fy (108)
one has
Fx(/U)(a) > Fieries(0) (109)
if and only if
2F1(6)F2(0)
0<JO) < —7+—F4. (110)
M NOESAC)
Finally, for fixed Fy and F5, the supremum ofFi(/u) over J under F1Fy — J? > 0 is
sup F™ (0) = min {Fy(6), F»(6)} . (111)
J
Proof. —We first compute F;l. For a 2 x 2 matrix in Eq. l| with the determinant F; F» — J2, one has
_ 1 F —J
Fy(0)'= —= : 112
v(6) FIF,— J? <—J F1> (112)
Therefore,
1
Tr-1
F =——(F1+F, -2 113
u Yu FlFQ_J2(1+ 2 J)a ( )
and Eq. follows by inversion.
To compare with the series benchmark in Eq. (I08), we define the resistance quantities
-1 Fl + F2 - 2J
Rer(0) = (FV(0)) = o222,
(0) = (F(0) = S
_ )+ Fy
series 0) = Fseries 0 ! = . 114
Ruares(6) = (Pari(0) " = (114)
The inequality F: 5(/u) > Fieries 18 equivalent to Reg < Rgeries- A direct algebraic manipulation yields
J(J(Fl + FQ) — 2F1F2>
Rseries - Re = 115
& F\Fy (J2 — FyFy) (113)
Since Fy F, — J? > 0, the denominator in Eq. (115)) is negative. Therefore, Rycries — Reft > 0 holds if and only if
J(J(Fy + Fy) —2F1 Fy) <0, (116)

which is equivalent to the strict range in Eq. (IT0). This proves the condition for beating the series law.

For the optimization over J, observe from Eq. (114)) that maximizing Fx(/u) is equivalent to minimizing R.g over J with
J?2 < I\ Fs. By differentiating R.g with respect to J, we have

9 —2(J - F)(J - F)
Rt = 2.
oJ (J2 — I\ Fy)

(117)

If i, # Fg, the unique stationary point in the allowed interval ‘J | <VFFyis J = min{F 1, Fo}, and substituting this value

into Eq 7) yields r™ = min{ Fy, F5}. In the symmetric case F; = Fy, =: F, Eq. simplifies to F () = (F+J)/2,
whose supremum over TJ ] < F'is F, approached as J — F'~. Hence, in all cases, the supremum equals Eq. ( . O
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Theorem [S14]reveals a unifying mechanism. In a classical modular causal decomposition, score contributions are orthogonal
and J = 0, forcing the harmonic series penalty. Causal-model collapse manifests as a nonzero .J, and when J is positive in the
range in Eq. (TI0), the effective resistance for the total parameter drops below the classical series value. The gain is therefore not
mysterious: it is the information-theoretic shadow of an interference-like correlation between modules that classical causality
forbids.

Remark S3 (The synergy in the Fisher information geometry). This interpretation is precisely what makes the framework prac-
tical. The designer does not need to guess which “quantum resource” is present in a vague sense. The design target is concrete:
engineer the experiment so that the score contributions for the would-be causal modules become positively correlated. In quan-
tum dynamics, such correlations naturally arise when an attempted segmentation into independent modules is inconsistent with
coherent evolution. In contextual schemes, they arise when the statistics cannot be embedded into a context-free causal model.
In both cases, the resource is the same mathematical object: synergy in the Fisher information geometry.

E. Scaling intuition: cancelling the series penalty in long chains

The causal-path CFII already carries a message that is easy to miss if one reads it only as a bound on precision: the familiar
“series penalty” is not a law of nature, but a law of a model class. In a strictly classical causal chain, the information about
an additive parameter must traverse a sequence of causal bottlenecks, and the CFII forces the inverse Fisher information to
accumulate. Once the classical causal modularization collapses (as certified by a CFII violation), the bottleneck accounting
rule stops being applicable, and the very same experiment can exhibit an endpoint sensitivity that would be mathematically
impossible under the classical causal narrative.

Why the 1/N dilution appears classically

To isolate the scaling, consider an /N -parameter description @ = (1, ...,0x)" and an additive causal quantity
N
©=> 0,=u"6, u=(1,...,1)" (118)
j=1

The appropriate single-number information about © in a multi-parameter model is the effective Fisher information
-1
FW@) = (u"F@O)'u) (119)

where F(0) is the Fisher information matrix (FIM). This definition is not cosmetic: it is precisely the Cramér—Rao geometry for
estimating the sum direction in parameter space.

In a strictly modular classical chain, the segments behave as independent “causal modules” in the precise sense used to
derive the causal-path CFII: score contributions associated with different segments are orthogonal, hence the FIM is diagonal
(or block-diagonal in more general modular networks). For the simplest equal-strength case, one may write

Fa(8) = Fly, (120)
so that F;' = (1/F)1x (Here, 1 is the N x N identity matrix) and therefore
N F
—1y — (w) _
u'Flu= 7 =5 (121)

This is exactly the classical “series penalty”: when one tries to estimate the tofal parameter accumulated over N modules
whose information contents are comparable, the effective information about the total parameter scales as 1/N. Equivalently,
the information-resistance R := F'~! grows linearly with V. The physical picture is the one we emphasized in the causal-path
CFII: a classical chain is a sequence of passive mediators, and passive resistances in series must add.

What changes under causal-model collapse: off-diagonal Fisher synergy

The CFII derivation identifies the microscopic reason behind the series penalty: modularity forces score orthogonality and
therefore removes off-diagonal entries of F. Under causal-model collapse, those orthogonality relations need not hold. The
score contributions from different segments become correlated, and the FIM develops off-diagonal structure. This is the multi-
segment analogue of the two-segment “synergy”” mechanism discussed in Sec.[V D} the gain is the information-geometric shadow
of correlations between score contributions that the classical causal model forbids.
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To see how such correlations can cancel the series penalty in a transparent and analytically solvable way, it is useful to
introduce a minimal toy model that cleanly separates diagonal “local information” from off-diagonal “collective synergy.” Thus,
let us consider an “equal-information, equal-correlation” FIM of the form

F@O)=F((1-¢)ly+edn), (122)
where J v is the all-ones matrix. This corresponds to a score vector s = (s1,...,sy)’ whose covariance is F = E[ss”] with
E[s}] = F, Elsis;] =Fe (i #j), (123)

so that € directly quantifies the uniform pairwise correlation of segment-wise score contributions. For 0 < ¢ < 1, F is positive
definite (and hence invertible), while ¢ — 1 corresponds to an almost perfectly correlated score structure.

There are two equally instructive ways to compute F(W): an eigenmode decomposition and a direct inversion.

Eigenmode viewpoint: The vector u is an eigenvector of J ;v with eigenvalue IV, and any vector orthogonal to u is an eigenvector
of J v with eigenvalue 0. Hence, u is an eigenvector of F with eigenvalue F(1—e+¢N), while the (N —1) orthogonal directions
have eigenvalue F'(1 — ). Since the total parameter © lives exactly in the u direction, the relevant information for estimating ©
is controlled by the inverse eigenvalue along u, yielding

N

TF 0 —1 — . 124
wF(6)"u F(1—¢c+4¢N) (124)
Therefore, the effective Fisher information becomes
— F(l1- N 1-—
FO)(9) = (u'F(6) 'u) t_ % —F (5+ N€> _ (125)

Direct inversion viewpoint: One may also verify Eq. (124) by explicitly inverting Eq. (122). By using J%, = NJy and a short
algebra, we have

1 1 B €

and contracting with u yields u” F~'u in Eq. (124).
Eq. @]} makes the scaling mechanism completely explicit. When € = 0 (no synergy), one recovers the classical harmonic
scaling F™) = F//N. When ¢ > 0is fixed and N becomes large, the second term (1—¢)/N dies out and one finds the saturation

lim FM(0) = Fe, (127)
N—oc0
namely, an O(1) effective Fisher information for the total parameter © even for arbitrarily long chains. In the extreme synergy
limit ¢ — 1 (maximal correlation compatible with invertibility), Eq. yields F(") — F, i.e., the chain behaves as if there
were no series penalty at all.

It is worth pausing on what this means physically. The equicorrelated matrix has a simple interpretation: it decomposes the
information geometry into one “collective mode” along u and (/N —1) “relative modes” orthogonal to it. Ase — 1, the collective
mode becomes highly informative, while the relative modes become poorly conditioned (the eigenvalue F'(1 — €) tends to 0).
This captures an important metrological moral: the same correlations that make the sum parameter © easy to estimate can make
the individual segment parameters hard to disentangle. In other words, the synergy is not magic that creates information about
everything, but it is a geometric reallocation of information into the direction that the estimation task actually cares about.

From scaling intuition to operational design

The relevance to our causal perspective is immediate. A long chain is precisely the regime where classical causal reason-
ing would insist that precision must become hopelessly diluted, because each causal module adds an irreducible information-
resistance. A large CFII violation is precisely the regime where Nature declares that this dilution narrative is not merely pes-
simistic but structurally wrong for the observed statistics. In such a regime, the causal-model collapse is not only a philosophical
diagnosis; it is a design instruction: engineer the experiment so that the would-be segment-wise score contributions become
positively correlated, thereby generating off-diagonal Fisher synergy and converting a classically series-limited architecture into
an effectively collective sensor.



21
F. CFII-guided metrological design

The results above suggest a practical methodology for metrological design. A CFII is derived from an explicit classical causal
hypothesis. If the hypothesis were true, it would impose a precision frontier (Sec. [V A). If the experiment violates the CFII,
the violation simultaneously (i) falsifies the hypothesis (Sec. and (ii) certifies a precision gain that can be harvested by an
efficient estimator (Sec.[VBJand Sec.[V C). Thus, a CFII is more than a test; it is a metrology design compass.

The most important practical implication is that the “resource” is self-certified. To claim a metrological advantage, one
typically must compare to a theoretical bound (such as a QFI benchmark) and argue that the implementation truly adheres to the
assumptions behind that bound. In contrast, a CFII-based certification proceeds internally: it compares the achieved endpoint
information to a causal benchmark derived from an explicit classical model. When the inequality is violated, the classical
benchmark is not merely beaten; it is proven inapplicable. The very data that achieve the enhanced precision also certify that the
enhancement arises from causal-model collapse. This is precisely the kind of internal certification that is valuable in practical
sensing, where device imperfections often blur the meaning of idealized theoretical limits.

Equally important is that the mechanism identified in Sec.[V D]translates into a concrete control objective. A classical causal
decomposition forces the score covariance J to vanish. A metrological protocol that aims to exploit causal-model collapse
should therefore be designed to generate positive score correlations between the would-be causal modules, while maintaining
estimator stability (regularity of the likelihood and positivity of the effective statistical model used by the inference procedure).
When these conditions are met, the improvement factor in Eq. (88)) becomes the experimentally measurable figure of merit:
by tuning preparation, controls, and measurement contexts to push V., deeper below zero, one directly tunes the achievable
estimation error.

SUPPLEMENTARY NOTE V1. EXAMPLES: COHERENT DYNAMICS BEYOND THE CLASSICAL CAUSAL-PATH
FRONTIER

In the preceding sections, we established that a Fisher-information inequality becomes a causal inequality once one commits
to a classical causal model class. In particular, under the causal-path hypothesis A — C' — B with a modular (segment-wise)
parameterization, Fisher information must obey a strict series law. When the series law is violated, the conclusion is that the
entire classical causal-path explanation is falsified.

Here we illustrate these messages in an elementary coherent-dynamics setting. A single qubit undergoing a coherent rotation
violates the causal-path CFII even with a fixed, simple projective readout. We then show that the resulting causal-path collapse
is visible in Fisher-information landscapes, estimator-level performance, and adversarial classical benchmarks that optimize the
intermediate split time.

A. Unified benchmark: CFII gap and its metrological meaning

We start with an additive parameter decomposition
eab = aac + 9cb7 (eac; 9cb > 0)7 (128)

and let F'(#) denote the (classical) Fisher information of the chosen readout statistics for estimating 6 after an evolution of
duration 6.
Under the classical causal-path model class formalized in Sec. the causal-path CFII reads

F(0a) ™" > F(0ae) ™" + F(0e) ", (129)
and the violation statistic is defined by
V(Oacy 0cb) = F(0ap) ™" — F(0ae) ™" — F(0) " (130)

The causal-path hypothesis requires V (0, 0.5) > 0 for all admissible splits. Thus, V' < 0 is a model-falsification certificate in
the precise sense of Sec.

To connect the witness to the operational precision, we define the classical causal-path benchmark Fisher information for a
given split,

Fc(lpath)(eacyacb) = (F(eac)_l + F(ecb)_l)71 . (131)
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Then, Eq. (129) is equivalent to F'(6,5) < Fc(lpath). Since the Cramér—Rao bound gives A6 > 1/4/NF(0) for N ii.d.
samples [2} 3], the causal-path model predicts an error floor

1
Ab. > . (132)

\/NF (Path) (9 . 0p)

In contrast, the actual experiment yields

1
A > ———. (133)
NF(Oup)
Here we package the advantage by the error-ratio indicator
AB 1 FP™ (9, 64)
G(0ue,Oc) =1 = -1 Za  Neer Teb) ) 134
( b) 1= log (Agd) 5 og( F ) (134)

Note that G < 0 is exactly the metrological-gain regime. Thus, we can summarize as:

Theorem S15 (Witness—resource equivalence for the causal-path CFID). For F(0,p), F(0uc), F(0cp) > 0, the following state-
ments are equivalent:

V(Hac; ch) < Oa F(eab) > Fc(lpath) (9ac» ch)a G(9a07 00b> < 0. (135)
Proof. By definition,
V(0ac,0cp) < 0 <= F(0ap) " < F(ac) ™" + F(0e) "
= F(0u) > (F(0e) "+ F(0) ") " = EF™ (04, 0p). (136)
By substituting this inequality into Eq. (134), we obtain
F(path) (90,(:, 9 )
F(Oup)
The proof is completed. O

F(fa5) > FP*™ (6,0, 0.) <= <1 <= G(Bae,0) < 0. (137)

Theorem [S15]is the operational core and summary of Sec.[V] Thus, a CFII violation is simultaneously a falsification of the
classical causal-path model class and a guaranteed precision advantage relative to that class.

B. Single-qubit coherent rotation

We begin with a single qubit evolving under a coherent unitary rotation. We cast a simple model:

A= %% U(9) = e 0 = ¢=1092/2, (138)
We prepare a (pure) probe state
[(9, ) = cosg 0) + et sing 1), (139)
and perform a fixed projective measurement in the &, basis,
Mo = [0)0], M =[1)1]. (140)
Writing the binary probabilities as po(6) = 1+Z(9) and p1(0) = 1_%@, one finds
2(9) = cos ¥ cos 0 + sin ¥ sin ¢ sin 6. (141)

For binary statistics, the Fisher information is given by

2 BZ
= > pml® ( 1npm(9)) :ﬂ (142)

e 1—2(0)2’

where the removable singularities at z(6)? = 1 are treated by continuity.

Then, we provide the result that shows that the causal-path CFII can be violated in a maximally clean way: no entanglement,
no post-selection, no measurement optimization. A single fixed projective measurement suffices, yet the classical causal-path
model collapses deterministically.
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Result S1 (Deterministic single-qubit collapse of the causal-path model). Fix ¢ = /2 in Eq. . Then, the Fisher informa-
tion of the readout in Eq. is constant,

FO)=1 (v0), (143)
and the causal-path CFII gap in Eq. ({I30) satisfies
V(lac,0cp) = =1 (Vac,bcp > 0). (144)
Equivalently, F C(lp ath) _ % and the achieved Fisher information exceeds the classical causal-path benchmark such that:
F(0a)

-9 (145)
Fc(lpath) (9(107 ecb)

The deterministic point makes the causal content unmistakable. A classical causal-path narrative demands that information
about 6,;, must traverse an intermediate classical mediator C' and therefore pay a series penalty. The coherent qubit rotation
refuses: it yields twice the Fisher information permitted by any such bottleneck.

This advantage is not merely a bound-level statement. At the deterministic point, the endpoint model is a simple binary
fringe po(0) = cos?((0 — ¥)/2). With N i.i.d. samples, a maximum-likelihood estimate is obtained by matching the frequency
Do = no/N and inverting

= 9 + 2 arccos v/ Do, (146)

on an interval where the mapping is one-to-one. Asymptotically, the estimator achieves Af ~ 1/v/N, whereas the classical
causal-path frontier predicts Af > v/2/v/N.

C. Generic regimes, numerical landscapes, and adversarial benchmarks

The deterministic result above might appear as a special symmetric point. Its true role is conceptual: at that point the
Fisher information is constant, and the classical series law fails uniformly for every split. The natural question is what happens
away from such a symmetry. The answer is that the uniform collapse deforms into structured regions of collapse rather than
disappearing. Thus, here we show: (i) a representative landscape where V' < 0 and the metrological advantage G < 0 persist
broadly, (ii) estimator-level achievability of the advantage, and (iii) robustness against an “adversarial” classical benchmark that
optimizes the split time to help the classical model as much as possible.

(1) Representative landscape: V < 0 and G < 0 in a generic single-qubit setting

The CFII gap V' and the gain indicator G for a representative nontrivial single-qubit setting are visualized in Fig.[I} a generic
probe (9, ) = (0.7, 0.37) with &, readout.

By Theorem the negative region in the V' landscape is exactly the negative region in the G landscape. Hence, the
figure simultaneously shows where the classical causal-path explanation fails and where the metrological advantage over that
explanation is guaranteed.

(ii) Achievability: the gain is not only a bound, but an estimator-level reality

Fig.[2] demonstrates that the gain is operationally attainable. For the deterministic point of Result[ST] the endpoint likelihood
is a simple binary fringe, and a maximum-likelihood estimator saturates the Cramér—Rao bound asymptotically. The Monte-
Carlo RMSE scaling shows the RMSE approaching 1/+/ N F(0,;) while staying strictly below the classical causal-path bound

1/4/N Fc(lpath) by the predicted factor /2 in standard deviation.

(iii) Adversarial classical benchmark: optimizing the split time

A skeptical classicalist might attempt the following escape: “Perhaps the CFII violation occurs only because we chose an
unfortunate split time ¢.. If we pick a different intermediate time, maybe the inequality recovers.” Within the causal-path
hypothesis, this intuition is already inconsistent: a trajectory-like classical mediator should exist at any intermediate time, so
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(b) log-error ratio G
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Supplementary Fig. 1. Representative single-qubit landscapes for the generic setting (¢, ) = (0.7, 0.37) with 6, readout. (a) V (0qc, Ocb)
in Eq. (clipped). (b) G(0ac,bcp) in Eq. (134) (clipped), where G < 0 certifies an operational precision advantage over the classical

causal-path benchmark.

Estimator-level gain

SN ® Monte-Carlo MLE
\\ —— actual CRB, F=1
SN —— classical path CRB, Fg=1/2
10—1 .
w
n
=
o
10724+

102 103
sample size N

Supplementary Fig. 2. Achievability of the advantage for the deterministic single-qubit point. Monte-Carlo RMSE of a simple MLE (markers)
versus sample size N (log-log), compared to the quantum CRB 1/1/NF(04) (solid) and the classical causal-path bound 1/4/ N Fc(lpath)

(dashed). Here F = 1 and Fy = 1/2.

the CFII must hold for every split. Nevertheless, to make the comparison maximally conservative, we now give the classical

causal-path model the power to choose the split that benefits it the most.
For a fixed total interval ,;, define the split-optimized classical benchmark

F(04) i=  max  (F(Bae) ™" + F (B —

0<0ac<bap
We also define the optimized gain ratio
F(Oap)
T(0an) = (opt)
Fcl (aab)
and the corresponding optimal split fraction
* eac ea
3 (b o= Do),
ab

where

0% (04p) € arg max
ac(0ab) g0<6ac<9ab

(F(0ac) ™" + F(Oap

-1

Oac) ") (147)
(148)

(149)

— ) ) (150)
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Split-optimized classical benchmark

Supplementary Fig. 3. Adversarial (split-optimized) classical benchmark for the representative single-qubit setting used in Fig.[I] Top: the

ratio I'(6ap) = F(8at)/F, C(lo Pt) (fap) from Eq. (148). The dashed line I" = 1 is the most generous classical causal-path frontier once the split
is optimized; I' > 1 certifies the split-robust causal-model collapse (Result[S2). Bottom: the optimal split fraction A\*(6as) = 6. /6as from

Eq. (T49).

The line I'(f,,) = 1 is the most generous classical causal-path frontier once the split is optimized. Here, we can prove the
following result:

Result S2 (Split-robust collapse under the optimized classical benchmark). Fix 0, and define Fc(lO PY) (0up) by Eq. . If the
following holds

['(0ap) > 1, (151)
then the causal-path CFII is violated for every admissible split 0., = 04c + Ocp:
V(lac,0cp) <0 Vac € (0,0ap), bct, = ap — bac- (152)
In particular, no choice of intermediate time t. can restore a classical causal-path explanation for that 0,y
Proof. —For each admissible split, let us define the split-dependent benchmark
FF*™ (Bacs 0) = (F(6ac) ™' + F(6) ") (153)
By definition of the maximum in Eq. (T47)),
Fc(lp ath) (e, Oc) < Fc(l0 pt) (04p) for all admissible splits. (154)
If T'(04p) > 1, then F'(64p) > Fc(f)pt) (04p). By combining with Eq. , we obtain
F(8) > FL™ (8ac,6cp)  for all admissible splits. (155)
This is equivalent to V (64c, 6c) < 0 by the definition of Eq. (I30). Thus, the proof is completed. O

Fig. 3|shows I'(6,5) and A*(0,;) for the generic single-qubit setting used in Fig. 1] The top panel shows that T'(6,5) exceeds
unity over wide ranges of 6, even after the split is optimized. This is precisely the “even an adversarial classical benchmark
cannot catch up” regime: the causal-path explanation collapses regardless of how one tries to place the intermediate classical
mediator.
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D. Chain-amplified gain in long causal-path decompositions

The classical causal-path narrative is, in fact, far more committal than the existence of one intermediate node. If the evolution
is truly describable by a classical trajectory-like mediation, then every refinement of the path into more intermediate bottlenecks
must also admit a consistent classical causal decomposition. This observation leads to a stronger and more dramatic test (as
already discussed in Sec. : instead of a single split 6,5, = 04 + 0.5, Wwe impose an entire discrete chain of K segments, and
ask whether the classical “series law” can survive such a refined causal claim.

From a single split to a K -step causal chain

Fix a total interval 0., > 0 and choose intermediate times tg = t, < t; < --- < tx_1 < tx = tp, so that the total parameter
decomposes additively as

K
Oub=> 0i1j, Oj1;:=t;—t;1>0. (156)
j=1

For the same measurement used in Sec. let F'(#) denote the (classical) Fisher information of the endpoint measurement
statistics after evolution duration #. The K-step causal-path hypothesis asserts that the information about 6,;, must traverse
K — 1 intermediate classical bottlenecks in series, with modular parameter dependence on each link. By the N-step chain CFII
(Corollary [S2), this implies the multi-split series law

K
F(far)™ 2 ) F(Bj-1,) 7" (157)
j=1
It is convenient to package this into a K -step violation statistic,
K
Vic(Oo.1, - 0k —1.k) = F(0ap) ™" = > F(0;_15)", (158)
j=1

so that the classical causal-path model class requires Vx > 0 for all admissible partitions of 6,;,. The corresponding K-step
classical benchmark Fisher information is the harmonic-series composition

—1

K
F 001, 0k k) = | Y FO;1)7" ] (159)
j=1

Hence, Vi < 0 is again a witness-resource certificate: it simultaneously falsifies the K -step classical causal-path class and
certifies a precision gap relative to that class.
Here we summarize our result:

Result S3 (Chain-amplified collapse and gain for the single-qubit coherent example). Assume that, for the fixed readout em-
ployed in Sec. the Fisher information is constant,

FO)=Fy>0 (V6>0). (160)
Then, for every integer K > 2 and for every admissible partition 0, = ZJK:1 01,5 with 8;_1 ; > 0, the K-step causal-path
CFlIl is violated uniformly:
K-1
VK(90717~-~79K—17K) = — 7 < 0. (161)
0
Equivalently, the K -step classical benchmark equals
F
Fi (B0, Ok -15) = 72, (162)

and the certified gain ratio is exactly linear in the chain depth,
F(Oup)
FC(IK)(90,1, o0k k)

T (8as) = =K. (163)
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In particular, for Ny i.i.d. repetitions of the endpoint experiment, the classical causal-path model predicts an error floor

1 K
NGy > —=\xr (164)
K s
\/ NF 0
whereas the actual coherent-dynamics readout achieves asymptotically
1 1
(165)

T NF(0n) VNFy
thus beating the K -step classical causal-path frontier by a factor V'K in standard deviation.

Proof. —Under the assumption F'(6) = Fp, one has F(6,,) = Fy and F(0;,_1 ;) = Fp for all segments. By substituting into
the definition of Vi, we find

K
1-K  K-1
Vk=F =) Fl= TR <0, (166)

proving the uniform violation. Similarly,
—1

K —1

B K Fy
E Fl == == 167
=’ <F0> K’ {aen

and therefore I'yx = Fy/(Fyo/K) = K. The error statements follow from the Cramér—Rao scaling Af ~ 1/1/N F applied to
the endpoint Fisher information and to the classical benchmark Fisher information. O

Result[S3]applies immediately to the deterministic coherent point established earlier. For the single-qubit setting of Sec.
at o = /2, Result[S1]yields F'(¢) = 1 for all , hence Fy = 1 and the chain-amplified violation reads

Vi =—(K-1), F = % I'x = K. (168)
The metrological meaning is clear: the endpoint statistics behave as if the total parameter were estimated without suffering the
classical series dilution, whereas any classical K -step causal-path explanation must pay a 1/K penalty in Fisher information.

In the causal language of this work, increasing K does not correspond to increasing experimental resources. Rather, it cor-
responds to tightening the classical causal claim. A K-step causal-path model asserts the existence of K — 1 intermediate
classical mediators such that the parameter dependence modularizes across the chain. Each additional mediator is a new bot-
tleneck and therefore contributes an additional information-resistance term F'(6;_; ;)~! that must add in series. The coherent
dynamics violates the modularity that enforces this orthogonality of score contributions, and the consequence is as dramatic as
it is quantitative: the more finely one insists on discretizing a classical trajectory, the more severely the classical series law is
contradicted.

Adversarially optimized multi-split benchmarks

One may extend the “adversarial benchmark” logic of Sec.[VIC{iii) from a single split to an entire partition. Let us define the
K -split-optimized classical benchmark by

-1

K
(K,opt) —

ES (Bap) = oy, TAX > F(0;-15)" : (169)

S 01,=0 J=1

and the corresponding optimized gain ratio

o F(aab)

F(I(pt) (eab) = . (170)
Fc(lKlropt) (eab)

In the constant Fisher information coherent point of Result the optimization is powerless: since F'(§) = Fj for all segment
lengths, every partition yields the same harmonic value Fy/ K, and therefore

Fy

FC(IK,opt) (Oup) = 2 F(Igpt)(eab) — K. (171



28

Thus, the chain-amplified collapse is not only split-robust; it is partition-robust.
More generally, whenever the chosen readout yields a bounded Fisher information F'(6) < F},.x over the relevant domain of
segment lengths, the classicalist cannot evade the series penalty even by optimizing the entire partition:
-1 -1

K K
O Fmax
FP (0) =max | S FO;, )7 | <[ Y Fk] = s (172)
Jj=1 j=1

Hence, a 1/ K dilution of the classical benchmark is an unavoidable consequence of insisting on K passive classical bottlenecks.
Whenever the coherent dynamics maintains an O(1) endpoint Fisher information for the total parameter (as it does at the
deterministic point, and approximately does in broad regions of the generic landscape), the gain relative to the K-step causal-
path frontier is naturally amplified with chain depth.

SUPPLEMENTARY NOTE VII. AI-ASSISTED ADVERSARIAL FINITE-DATA STRESS TEST

The examples in Sec. [V establish the CFII violation analytically and show that the resulting gain is estimator-achievable. In
this section, we add a numerical stress test designed to address a more practical question: can the negative witness be certified
from noisy finite data even when a flexible classical causal adversary is allowed to optimize its hidden mediator and stochastic
kernels? The answer is affirmative. The purpose of the simulation is not to replace the theorems, but to make their operational
content harder to dismiss: we deliberately give the classical causal-path model a strong, differentiable, Al-optimized adversary
and verify that it can saturate, but not cross, the CFII frontier.

A. Noisy coherent-fringe data generator

We use the same binary readout structure as in the coherent single-qubit example, but include two elementary imperfections:
visibility loss and symmetric readout error. The simulated endpoint probabilities are

_ 1+ Zﬂ/(@) p(.y) _ 1— Z,y(@>

)
i (0) = == B0 = —, (173)
where
zy(0) = nee % cos(6 — Po), mr=1-—2¢. (174)
Here v is a dimensionless dephasing-rate parameter and ¢, is a symmetric readout-error probability. The derivative is
0z~ (0
%(0) = Zgé ) = e [y cos(6 — o) + sin(f — do)] , (175)
and the binary Fisher information is
£ (0)?
F,(0) = 7t —. 176
’Y( ) 1— 27(9)2 ( )
The numerical results below use
T = g K=4, 95=0, e =0.02 (177)

and compare the endpoint experiment at 7" with an equal K-segment classical causal-chain benchmark. The equal-segment
witness and gain ratio are

Vi(y) = F,(T)' -~ KF,(T/K)™!, (178)
F,(T)
Pr(y) = ——~1—4—. (179)
E(T/K)/K
For example, at v = 0.25 one obtains
F(T) =0.4202, F,(T/K)=0.8065 Vg =—2.5799, T =2.0841. (180)

The optimized coherent advantage disappears only when I' i reaches unity; for the parameters above this crossing occurs near
v~ 0.444.
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B. Finite-shot FI estimation and delta-method certification

For the binary model in Eq. (173)), the score values are explicit:

5(0) 5(0)

s0(0) = ———=, s1(0) = ————. 181
o(®) 1+ 2,(0) 1(6) 1—2,(0) (189
Given NN, independent samples in a context 0, the plug-in FI estimator is
1 &
o 2
F, = o ;sm(es) . (182)
This is the concrete version of the score estimator discussed in Sec. [V DI Let
pas = Y p(0:)s2(0:)". (183)
x=0,1
Then
5 H4,s — F, 92
P, : 184
Var(Fy) = N (184)
Applying the delta method to R, = F, ! gives
M4 s F52
Var(R,) ~ B2 s 185

For the equal-segment K -chain test with independent data in each context, the standard error of

Vi = Z F(T/K)~ (186)
is therefore
~ o par—F} M4T/K_F72‘/K

SE(Vk)* ~ — 187
( K) NSF% N F;L“/K ( )

We report the certification significance as
go__Vx (188)

SE(Vk)

For v = 0.25 and N, = 10® shots per context, Eq. (187) gives SE = 0.2121 and hence Z = 12.17. A direct finite-shot

Monte-Carlo simulation gives a 95% interval approximately [—3.06, —2.22] for ‘7K, well separated from the classical boundary
at zero.

C. Classifier score estimation

The previous subsection used the analytic score only to make the certification transparent. In an actual complex experiment,
the likelihood and score may not be available in closed form. We therefore also implement a classifier likelihood-ratio estimator,
a standard simulation-based inference idea [15]. Suppose that one can generate or collect samples at two nearby parameters
0 + 6 and 6 — §. A binary classifier trained with equal class priors to distinguish these two sample sets has an optimal logit

. p(z]0 + 6)
z) =log "2 (189)
g*(x) & (@l —9)
For small 6,
I@) _ 0 op(al0) + O(5?) (190)
26 00 ’

so the FI can be estimated by averaging the squared classifier score. For the binary readout considered here, a saturated neural
classifier is equivalent to a two-logit model over x = 0, 1. The closed-form finite-sample estimate used in the code is

1 og (n4,2 + )/ (Ny 4 2a)
20 7 (n_—p+a)/(N_- +2a)

where n , are the counts of outcome x in the § £ § training samples and « is a smoothing parameter. In the reported figure we
used § = 0.10 and o = 5. The same formula is replaced by a neural network logit when z is high-dimensional.

Sas(z) = (191)
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D. Differentiable modular classical adversary

We now describe the Al-optimized classical causal adversary. The adversary is not allowed to abandon the causal assumptions
that define the CFII. It must remain a modular causal path,

p¢(C,b|91,92) = OZ¢(C|91)5¢U)|C, 92)a (192)

with ; = 6,. and 62 = 6.,. However, within this constraint it is made deliberately flexible: c is a latent mediator with L
possible values, b has M possible endpoint outcomes, and the local stochastic kernels are optimized by gradient descent.

Because a CFII is a local Fisher-information statement, it is enough to parameterize the local values and local derivatives of
the kernels. We use softmax tangent models,

ag(clf1) = softmax, [ac + ac(6y — 0(1))] , (193)
By (ble, ) = softmax, [dcb "+ dey (s — 93)] . (194)

All logits and logit-derivatives are trainable variables. At the expansion point, let . = a(c|6?), & = 9o, (c|01) 905 Boe =
B(blc, 09), and Bye = By, B(b|c, 02) g9 The local module Fls are

F:Zz—Q Fcb:ZacZ?}. (195)
c ¢ c b ¢
The endpoint marginal and its derivatives are
Py =Y cBe; 1Py =Y QcBhe, Oopp = Y cBpe. (196)
Thus the endpoint Fisher matrix is
[Fslij = (8"”’;(?’”’), i,j € {1,2}. (197)
b

The effective endpoint FI for the sum direction v = (1,1)7 is
—1

FO = (" Fglu) ™, (198)
with the Moore—Penrose inverse used in singular cases. The adversary attempts to maximize
Fy
(Fac +F,1)
The causal-path CFII proves that every modular adversary must satisfy I',4, < 1. Numerically, we set L = M = 5 and ran 36
independent Adam optimizations [16]. The largest value obtained was

max gy = 0.9999999998, (200)

restarts

Laav = (199)

with mean 0.99988 and minimum 0.99869. Thus the adversary learns to saturate the causal frontier, but it does not enter the
forbidden region where the noisy coherent data lie.

E. Numerical results and interpretation

Fig.[]gives the detailed numerical checks supporting the main-text stress-test figure. Panel (a) shows that increasing -y reduces
the endpoint FI faster than the segment FI, eventually closing the advantage. Nevertheless, a finite noise window remains where
F(T) > F(T/K)/K. Panel (b) shows that this region can be certified with modest sample sizes. Aty = 0.40, the violation
is weaker but becomes a multi-sigma effect once N, is increased to the 10°~10* range. Panel (c) verifies that the classifier
score estimator converges to the analytic FI values as its training sample size grows. Panel (d) displays the finite-shot separation
between the noisy coherent witness and the classical frontier null.

The stress test should be read in the following way. The noisy coherent data are not idealized: visibility loss, readout error,
finite samples, and likelihood-free score estimation are included. The classical comparator is not weak: it is a high-capacity
differentiable modular path with latent mediators and optimized local kernels. Yet the two objects occupy different sides of
the same CFII frontier. This is precisely the desired robustness statement for a PRL-scale claim: the negative witness is not
an artifact of an analytic toy model, nor is it rescued by a flexible hidden-variable path as long as the defining modular causal
assumptions remain in force.
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Supplementary Fig. 4. Details of the Al-assisted finite-data stress test. (a) Actual noisy endpoint FI F'(T'), equal-segment classical benchmark
FC(IK) = F(T/K)/K, and gain ratio ' as functions of dephasing rate . The vertical dotted line marks the 'k = 1 crossing. (b) Delta-
method significance Z = — Vi /SE versus shots per context for representative dephasing rates; horizontal lines mark Z = 3 and Z = 5. (c)

Classifier score-estimator calibration at y = 0.25. Dashed and dotted horizontal lines indicate the analytic Fls for 7" and T'/ K, respectively.
(d) Finite-shot distribution of Vx for the noisy coherent data at v = 0.25 and N = 10°, compared with a classical frontier null centered at
Zero.

SUPPLEMENTARY NOTE VIII. DISCUSSION, OUTLOOK, AND CONCLUSION

This work began from a deceptively simple observation: Fisher information is not merely a figure of merit for parameter
estimation. It is also a geometric object encoding how probability models deform under infinitesimal parameter changes. Once a
probability model is constrained by a classical causal structure, its admissible deformations are constrained as well. The resulting
constraints are Fisher-information inequalities of a fundamentally different kind: they are causal Fisher-information inequalities
(CFlIs). Their violation is therefore not a numerical surprise, but a logical collapse in the underlying classical causal narrative.

Figure [3]is intended as a compressed map of the entire witness-to-resource program developed in this SI: a classical causal
assumption fixes a precision frontier; a CFII violation certifies that the assumed modular causal mediation is impossible; and
the same negative witness directly quantifies a metrological gain. The schematic also makes explicit why the inverse Fisher
information is the natural quantity to read as an information resistance, because it is the object that adds along classical causal
paths and whose failure to add signals the breakdown of classical mediation.

A. Discussions and remarks
From Fisher-information inequalities to causal-model criteria

The central conceptual step of this work is to elevate Fisher-information inequalities from a metrological statement to a
causal statement. In Sec. [[]HIT] we showed how a classical causal model class (specified by a Bayesian network, conditional
independences, and modular parameterizations) implies the nontrivial inequalities among Fisher informations associated with
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Nonclassical:

Classical Causal Path Fisher Information Synergy
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eab = eac + 0cb

F(Ou) > F{lpat]x) <« A@
0au acb
Rac Rcb

F(path) Af < Aba F(8a)
(cl) Nonzero score covariance cl @
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Supplementary Fig. 5. Schematic summary of the logical flow of the paper. Left: under a classical causal-path description, the total parameter
0o = Oac + Ocp must be mediated through an intermediate classical node C, so inverse Fisher information plays the role of an information
resistance R := F~! and obeys the series law Rf;;l) > Rac + Recy. Center: coherent or otherwise nonclassical dynamics generate Fisher-
information synergy (nonzero score covariance between the would-be modules), so the modular classical decomposition fails and the CFII
witness becomes negative, V' < 0. Right: the same violation is operationally a metrological resource, because it implies F'(0q5) > F;lpath)
and therefore A9 < Af.. For longer decompositions, the classical frontier suffers the 1/ K series dilution, whereas engineered synergy can
maintain an O(1) endpoint sensitivity.

the different parameter segments or experimental conditions. In Sec. we established a sharpened interpretation: A CFII is
a necessary condition for the existence of the assumed classical causal model. Therefore, if the CFII is violated, the appropriate
conclusion is “the assumed classical causal model class is impossible for the observed statistics.” This is what we call causal-
model collapse.

At the same time, the Fisher-information form of these constraints makes the collapse immediately operational. A Fisher
information inequality is an inequality about precision frontiers. Thus, when a classical causal model collapses, it collapses
in a way that can be quantified as a precision gap: there exists a benchmark error floor enforced by the classical model class,
and the experiment achieves a strictly smaller error. This witness-resource equivalence is formalized in Theorem [S15] and
operationalized in the adversarial-benchmark example in Sec.[VIC|

The physical meaning of CFII violation: breaking the series law of classical mediation

The causal-path CFII, expressed in the “series” form, i.e., as highlighted in Fig.[5]
F(eab)_l > F(eac)_l + F(ecb)_17 (9ab = 90,(: + 901))7 (201)

is the prototypical example of the general framework. Its physical meaning is vivid. A classical causal-path explanation asserts
that information about the total parameter 6,, must traverse an intermediate classical mediator C'. That assertion induces a
modular decomposition into two independent estimation segments. In such a modularization, F'~! behaves as an information
resistance, and the resistances in series must add. The inequality Eq. (201) is therefore the unavoidable accounting rule of
classical mediation.

The example in Sec. [VI| shows why coherent quantum dynamics violates this rule. In the single-qubit coherent setting, the
parameter is imprinted in a way that is not compatible with a classical intermediate mediator that would render the two segments
independent in the sense required by the model. When the experiment violates Eq. (201)), it is not that the data misbehave; it is
that the classical causal-path story cannot be sustained without contradicting the observed local information geometry. In this
sense, the CFII violation can be a diagnostic of causal nonclassicality: the incompatibility is not merely with a classical state
space, but with a classical causal modularization.

Relation to earlier trajectory-testing Fisher-information inequalities

Historically, Fisher-information inequalities of the form in Eq. (201) were motivated as the tests of discrete evolution tra-
jectories and intermediate-state hypotheses. That viewpoint already contained the core intuition: inserting the intermediate
states amounts to imposing a conditional-independence-like structure on the statistical description of dynamics. Our framework
clarifies and generalizes this intuition in two decisive ways.
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First, it disentangles the logical content of the inequality from the interpretational language of “trajectory.” The inequality is
not intrinsically about whether the quantum state “really passes through” intermediate states. It is about whether the observed
family of probability distributions is compatible with a classical causal model class whose defining feature is a modular, condi-
tionally independent causal mediation. The trajectories constitute one special narrative within that class, but the causal logic is
more general.

Second, the framework is systematic. Rather than proposing a single inequality for a single hypothesized structure, we provide
a general route from a chosen causal model class (DAG plus independence/modularity assumptions) to a family of testable
Fisher-information inequalities. This shifts the task from ad hoc witness construction to principled causal-model engineering.

Practical implications: designing metrology by causal-model engineering

A distinctive practical implication of the present framework is that it suggests a design principle for quantum sensing that is
not limited to “use entanglement” or “optimize measurements.” One may instead proceed as follows:

« First, identify a classical causal model class that captures the desired operational notion of classicality in the target platform
(for instance, a trajectory-like mediation, a context-free constraint, or a Markovian modular decomposition).

* Second, derive the corresponding CFII constraints.

* Third, design probe states, dynamics, and readout schemes that maximize the violation of those constraints while respect-
ing experimental limitations.

* Finally, turn the violation into a resource by explicitly constructing estimators and benchmarks, as done in Sec.[V]] via the
V-G equivalence and the adversarial split-optimised benchmark.

The crucial point is that this design principle is model-relative and therefore operationally meaningful: it does not claim an
absolute advantage over all conceivable strategies, but a certified advantage over an entire classical causal narrative.

Limitations and methodological remarks

Several caveats are also worth emphasizing.

* First, Fisher information is a local quantity. Our inequalities are therefore statements about local estimation geometry
around a parameter point, and their operational meaning is clearest in asymptotic, regular regimes where maximum-
likelihood estimators saturate Cramér—Rao bounds.

* Second, a failure to observe a violation does not prove the classical causal model. It only establishes consistency. This is
a fundamental asymmetry of model falsification.

* Third, finite-sample implementations require careful statistical treatment. Estimating Fisher information from data in-
troduces bias and variance, and one must propagate uncertainty to obtain confidence intervals for CFII violation. The
Monte-Carlo achievability demonstrations in Sec. are a simple operational check, and developing a full hypothesis-
testing toolkit for CFII violation is an important direction.

* Finally, the causal assumptions are explicit and therefore falsifiable, but also context-dependent. The physical meaning
of a causal-model collapse depends on the chosen model class. This is a feature rather than a bug: it forces clarity about
what is meant by “classical explanation” in each platform.

B. Outlook

The present work opens several concrete extensions.

A first direction is algorithmic. Given a DAG with latent variables and a specified parameter modularization, can one system-
atically enumerate all independent CFIIs, analogously to how entropic inequalities can be algorithmically generated for graphical
models. Such a program would turn CFII derivation into a push-button tool for causal metrology.

A second direction is multiparameter estimation. The Fisher information matrix carries richer geometric content than the
scalar Fisher information. Generalizing CFIIs to matrix inequalities may reveal new causal constraints and new resource regimes,
especially in scenarios where the tradeoffs among parameters are central.
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A third direction concerns noise and open dynamics. Realistic sensors operate under decoherence, and the relevant “classical”
causal narratives may involve additional latent environment nodes or non-Markovian memory. Embedding such effects into
causal graphs and deriving corresponding CFIIs could provide a new route to diagnosing non-Markovianity and to harvesting
memory effects as metrological resources.

A fourth direction is to interface with broader causal notions in quantum theory. The classical causal models used here
are intentionally conservative; one may ask how CFII-like statements extend to quantum causal models, process matrices, or
generalized intervention frameworks [[13|[14} [17]]. This would sharpen the boundary between classical and quantum causality in
information-geometric terms.

C. Conclusion

We have presented a framework in which Fisher-information inequalities become causal-model criteria. For a chosen classical
causal model class, the framework yields testable causal Fisher-information inequalities (CFIIs). Their violation has a dual
meaning: it falsifies the classical causal model class and simultaneously certifies a metrological resource, in the concrete sense
of a precision gap relative to the best performance compatible with that class.

The examples show that this causal reading is not abstract. Even minimal coherent dynamics can cross the classical causal-
path frontier, and the crossing can be made robust against adversarial classical benchmarks. The coQM scheme, discussed in the
appendix, fits naturally into this narrative: NSIT is a classical causal constraint, its violation is a causal-model collapse, and the
collapsed regime can be harvested as a Fisher-information resource.

As summarized schematically in Fig.[5] the framework yields a single causal-to-operational pipeline:

classical causal hypothesis == CFII frontier = violation / falsification == certified metrological gain.  (202)

In short, CFIIs unify three themes that are often treated separately: causal inference, nonclassicality, and precision measurement.
They provide a principled route to reinterpreting the nonclassical advantage as the operational signature of classical causal-model
impossibility, and to designing metrological protocols that deliberately exploit that impossibility.

SUPPLEMENTARY APPENDIX A. CONTEXTUAL QUANTUM METROLOGY AS AN NSIT-BASED CAUSAL-MODEL
COLLAPSE AND ITS SCOPE

The main text develops a general principle: Fisher-information (FI) constraints become causal constraints once one commits
to a classical causal model class, and the violation of such constraints simultaneously (i) falsifies that model class and (ii)
certifies a metrological resource. The contextual quantum metrology (coQM) scheme, recently studied in Ref. [18]], provides a
complementary success story in which the “classicality” assumption is not the existence of an intermediate causal bottleneck, but
a context-free causal description encoded by the condition of no-signaling in time (NSIT). This appendix makes the connection,
in a form compatible with the causal language of our work.

The discussion proceeds in the following steps. At first, we introduce the NSIT as a conditional-independence (CI) constraint
induced by a classical causal model. We then show that coQM reduces to conventional metrology when NSIT holds, hence no
enhancement is possible in the context-free regime. Finally, we prove that an NSIT-based framework, by itself, cannot subsume
the general CFII program developed in our work.

1. Preliminaries: two contexts and the NSIT constraint

We consider a parameter estimation problem with a single real parameter 6. A probe state 5(f) is prepared, and the experi-
menter can choose between two “contexts” as below:

S = 0 :perform measurement B only,
S =1 :perform measurement A and then B. (A1)
Let b € B denote the outcome of B , and let a € A denote the outcome of A. The observable data are:
p(b|S =0,0) = p(b|B, ), (A2)
and

pla,b]S =1,0) = p(a,b|A, B,6), p(b|S=1,0)=> p(a,b|S =1,0). (A3)
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The NSIT condition [19] is the requirement that the marginal statistics of B are invariant under the context of whether A is
performed beforehand:

p(blS = 0,0) = p(b[S = 1.6) (V5,0.) (A)

Note that Eq. (Ad) is a constraint directly testable from the measured frequencies. Conceptually, it expresses the absence of a
causal influence of the “selection of A” on the marginal prediction of B.

2. NSIT as a classical causal-model constraint

We now formulate NSIT as a CI constraint, and thereby, as a causal-model class in the sense of our work.
Proposition S1 (NSIT is a conditional-independence constraint). Fix 6 and consider the joint distribution of (S, B) defined by
the operational conditional distributions p(b|S,0) and an exogenous distribution p(s) of the context choice. Then, the NSIT
condition in Eq. (A4) holds for all b if and only if
B1S|6. (AS)

Proof. —Assume NSIT holds. Then p(b|S = 0,0) = p(b|S = 1, 0) for all b, hence p(b|s, #) is independent of s. Therefore

p(b, 510) = p(s)p(bls, 0) = p(s)p(b]6), (A6)
which is exactly B L S|0. Conversely, if B L S0, then p(b|s,0) = p(b|f) for all s, in particular for s = 0 and s = 1. This is
NSIT. O

Proposition[ST|shows that NSIT is not a specifically quantum notion; it is the operational face of a CI constraint. In the causal
language of Sec. it corresponds to a model class Mgt whose defining feature is that the exogenous context variable .S
has no causal arrow into B.

A standard latent-variable embedding makes this explicit. Let A denote a latent variable (a “classical state” prior to measure-
ment), distributed as p(A|#). A minimal noncontextual (context-free) causal model class MygiT can be defined by the DAG
constraints

S—A A—A A—B, S4B, (A7)
together with the factorization
p(a, b, Als,0) = p(A|0) p(als, A, 0) p(b|A, 0). (A8)
By marginalizing over A, we yield
p(bls.0) =D p(AO)p(bIA.0). (A9)
A

which is manifestly independent of s and hence implies NSIT. Thus, NSIT is a necessary consequence of the classical causal
story in Eq. and Eq. (AS). Within the viewpoint of our work, one may take Eq. itself as the defining operational
signature of Mysir.

We can now state that:

Theorem S16 (NSIT violation implies impossibility of the context-free causal model). If there exist § and b such that p(b|S =
0,0) # p(b|S = 1,0), then no model in the class Mgt defined by Eq. (@l) can reproduce the observed operational statistics.

Proof. —Any model in Mgy implies Eq. (A9), hence p(b|s, §) must be independent of s for all (b, #). This is exactly NSIT.
Therefore, if NSIT is violated by the observed statistics, those statistics cannot arise from any member of Mygrr. For more
details, see Ref. [18]]. O

Theorem [S16]is the precise sense in which NSIT violation is a causal-model collapse: it falsifies the entire class of context-
free classical causal explanations that forbid the arrow S — B.
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3. Operational quasiprobability and the reduction under NSIT

The central operational move in coQM is to integrate the two contexts into a single statistical model, the operational quasiprob-
ability (OQ) [18l 20, 21]. The OQ is constructed as

1

w(a, blf) = pla,b|S =1,0) + 5 [p(b]S = 0,6) — p(b|S = 1,0)]. (A10)

Note that OQ is constructed purely from observable probabilities. When NSIT holds, the correction term vanishes and OQ
collapses to an ordinary joint probability.
We then have the following proposition:

Proposition S2 (Reduction of OQ under NSIT). If NSIT in Eq. (A4) holds, then
w(a,blf) = p(a,b|S =1,0) Va,b,0. (A11)
Conversely, if Eq. holds for all a,b, 0, then NSIT holds.

Proof. If NSIT holds, then p(b|S = 0,0) — p(b|S = 1,6) = 0 for all b, §, and Eq. (A10) reduces to Eq. (A11). Conversely,
summing Eq. (A11) over a yields

> w(a,bl6) = p(b|S =1,0). (A12)

But summing Eq. (AT0) over a gives )
S w(a, blo) = p(b}S = 1,0) + %[p(b|5 —0,0) — p(b|S = 1,0)]. (A13)
The two expressions imply p(b|S = 0,0) = p(b|S = 1,6) for all b, 0, i.e., NSIT. O

4. From witness to resource: Fisher-information consequences

Proposition [S2] already exposes the metrological logic. If NSIT holds, OQ does not introduce a new statistical structure; it
merely reproduces the probability of the consecutive measurement. Thus, in the context-free causal regime, coQM cannot create
an advantage. To make this statement quantitative, we now relate the OQ to Fisher information.

In Ref. [[18]], coQM defines the contextual Fisher information (coFI) by treating w(a, b|6) as a statistical model in the parameter
regime where w(a, b|f) > 0:

2
Feo(0) = w(a,b|0) ((;99 Inw(a, b|9)> . (A14)
a,b

For comparison, let F,(#) denote the quantum Fisher information (QFI) of the probe family 5(6), defined as the supremum of
the classical FI over all POVMs on the probe.
Then we have the following theorem:

Theorem S17 (No advantage in the NSIT (context-free) regime). Assume NSIT holds and w(a, b|0) > 0. Then,
Fco(e) = FAB(Q) < Fq(9)> (AIS)

where Fap(0) is the classical FI of the consecutive measurement statistics p(a,b|S = 1,0). Consequently, when coOM is
compared to a conventional strategy using the same total number of samples, no precision enhancement beyond the conventional
QFI benchmark is possible in the NSIT regime.

Proof. —By Proposition NSIT implies w(a,bl#) = p(a,b|S = 1,0). By substituting this into Eq. (A14), we obtain
Feo(8) = Fap(0). The inequality Fap(0) < F,(0) follows from the definition of QFI as the maximum FI achievable by any
measurement on p(6). The consecutive measurement defines a valid measurement scheme on the probe and is therefore included
in the maximization defining F,, (). Thus, Eq. (A15) holds. Finally, if a total of 2N probe uses are available, any conventional
strategy satisfies the Cramér—Rao benchmark A8 > 1/,/2N,F,(6). In the NSIT regime, F, < F, and the effective model
underlying coQM reduces to the consecutive-measurement model; hence coQM cannot produce an error scaling that beats the
conventional benchmark. O
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Theorem [S17]is the rigorous content behind the informal statement “if the causal model does not collapse, there is no resource
to harvest.” In the NSIT regime, the OQ carries no additional information beyond the ordinary probability model, and the Fisher
information cannot exceed the QFI benchmark.

The decisive point is therefore the violation of NSIT. When p(b|S = 0, 6) # p(b|S = 1,0), the correction term in Eq.
becomes nonzero. Then, w becomes a new effective statistical model that integrates two contexts. This is precisely where coQM
can exhibit a precision enhancement.

5. NSIT does not subsume the CFII program

The NSIT condition is an extremely sharp and operationally meaningful constraint, but it constrains only one specific kind
of conditional independence, namely the absence of a causal arrow from a context choice into a marginal prediction. In the
coQM/NSIT setting, one introduces a context variable S (e.g., whether a preliminary measurement A is selected before measur-
ing B) and imposes the constraint

p(b|S =0,0) = p(blS = 1,60) (Vb,0), (A16)

which is nothing but the CI relation B L S|6 in a particular DAG. In other words, NSIT decides whether the marginal statistics
of B are invariant under the context choice .S.

Our CFII program addresses a different question. Given an arbitrary Bayesian network (DAG, possibly with latent variables),
one extracts its CI relations and then derives Fisher-information inequalities implied by the entire causal structure. The causal-
path CFII in our work is not a constraint about context dependence at fixed 6, but a constraint about modularity and additivity
along a causal chain. In particular, the causal-path CFII

F‘((gab)_1 > F(Gac)_l + F(ecb)_la (eab = 90,(: + 901))7 (A17)

encodes the series law of information that follows when a causal-path model enforces (i) a modular decomposition into two
independent estimation modules and (ii) an additive parameter split. NSIT, by itself, does not impose either (i) or (ii), and
therefore cannot be expected to reproduce Eq. (AT7).

The separation can be made completely explicit. We now exhibit an operational model that is perfectly NSIT (hence fully
compatible with the NSIT-based causal class MngrT), yet violates the causal-path CFII everywhere once one attempts to apply
the causal-path modularity logic.

Proposition S3 (NSIT-compatible models can be maximally CFII-violating). There exist operational models for which the NSIT
condition in Eq. ([AI6) holds identically for all 0 (hence the model is compatible with Msit), but for which the causal-path
CFIlI in Eq. (@) is violated for every nontrivial split 04, = 04 + Ocp with 0, > 0 and 0., > 0. Therefore, an NSIT-only
framework cannot subsume the causal-path CFII framework.

Proof. —Consider the binary one-parameter family
p(00) = cos® (£), p(1]0) =sin® (£). (A18)

This family is regular and has constant (classical) Fisher information. Since dpp(0|¢) = —1 sin6 and p(0|6) (1 — p(0]F)) =
i sin? 6, the Fisher information

2
0 ? (9ap(016))
FO) = 3 o006) (510u0000)) = —1 (o) (A19)
g(;l 00 p(0[6)(1 — p(0]0))
where the apparent 0/0 points at § = 0, 7, 27, ... are removable and the continuous extension yields the same constant.

Step 1: enforce NSIT. Introduce a context label S € {0, 1} and define the marginal model of B to be context-independent:
p(blS =0,6) = p(b|S =1,6) =p(bl6) (Vb,6), (A20)

with p(b|#) given by Eq. (A18). Then, Eq. holds identically, i.e., the model is perfectly NSIT, and therefore, compatible
with Mygrr. Operationally, one may realize such an NSIT situation, for example, by letting the “optional” measurement A
commute with (or even coincide with) B and ensuring that no parameter encoding occurs between them; then selecting A does
not disturb the marginal prediction of B.

Step 2: apply the causal-path CFII to an additive split. Now consider an additive decomposition 6., = 0,. + 0., with
Ouc, 0cp > 0 and evaluate the CFII gap

V (Oac, 0c) := F(Oap) ™ — F(fae) ™t — F(0) . (A21)
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Using Eq. (AT9), we obtain
V(0ue,0p) =1—-1-1=-1<0, (A22)
for every nontrivial split. Hence, the causal-path CFII in Eq. is violated everywhere. This proves the claim. O

Proposition [S3|sharpens the scope statement in a causal-model language. NSIT constrains a single arrow—prohibition (S /4
B) and is silent about whether a process admits a modular causal mediation A — C — B with an additive parameter split.
The causal-path CFII, by contrast, is precisely the quantitative footprint of that modular mediation: it is derived from the path
factorization and from the causal data-processing law (Sec. [II). Therefore, an NSIT-based viewpoint cannot be a universal
“generalization principle” for the CFII program.

This also clarifies the narrative hierarchy. coQM (and NSIT) fits naturally as one special instance of our broader causal
perspective: NSIT is one CI constraint, its violation is one type of causal-model collapse, and coQM turns that collapse into
a Fisher-information gain, exactly in the sense of the witness-to-resource transition of Sec.[V] Our CFII framework, however,
is strictly broader: it provides a systematic route from arbitrary classical causal model classes (DAGs + modularity) to testable
Fisher-information inequalities and to resource interpretations of their violations.
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