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Seismic analytical reliability analysis of triangular rock wedge slope stability  

  

Abstract 

 The reliability analysis of rock slope stability serves as an effective method for assessing prevalent 

uncertainties in geotechnical and geometrical parameters. This study investigates an analytical solution 

known as Jointly Distributed Random Variables (JDRV) for the reliability analysis of rock slope stability 

under planar sliding conditions, accounting for uncertainties across all stochastic variables involved in the 

analysis, including rock parameters, seismicity, and geometry. In this context, the stochastic parameters 

selected include shear strength, unit weight, and geometric parameters, which are modeled using truncated 

normal distributions. Conversely, the horizontal seismic coefficient is represented using an exponentially 

truncated distribution. The statistical results from the JDRV method reveal that it occupies a position 

statistically similar to that of the First Order Second Moment (FOSM) method, while also demonstrating 

superior performance compared to the Monte Carlo Simulation (MCS) method. Notably, the JDRV method 

offers significant reductions in computational time and costs associated with determining safety factor 

probability density functions (PDFs) in comparison to MCS. Furthermore, this study emphasizes the 

importance of considering all variables as stochastic parameters. The findings indicate that when all 

variables are treated as stochastic, a lower reliability index or a higher probability of failure is observed. 

Additionally, the sensitivity analysis reveals that the friction angle of sliding surfaces is the most influential 

parameter in rock slope stability analysis. 

 Keywords: Analytical reliability analysis, Jointly distributed random variables, Monte Carlo 

simulation, Rock wedge slope stability, Seismic stability analysis 

1. Introduction 

            In mountainous areas, earthquakes are one of the most common causes of slope instability. 

Therefore, rock slope stability must be assessed under seismic conditions, which has prompted 

researchers to develop several approaches to estimating its stability. It has been observed that 

rock slope stability is stochastic rather than deterministic due to uncertainty regarding many 

parameters affecting its stability. This renders the reliability analysis of rock slopes an effective 

method for quantifying the uncertainties associated with slope engineering. In other words, the 

stability of a rock slope can be assessed based on the distribution of the controlling parameters. 

 Regarding rock slope stability, two main stochastic approaches are often developed. Two 

common approaches account for uncertainties associated with joint/fracture geometrical 

properties and uncertainty associated with rock material characteristics. Due to uncertainty 

regarding fracture geometry within the rock mass, stochastic fracture networks have been 

developed, which are well documented and widely discussed [1-4]. A second approach frequently 

employed in the analysis of rock slope stability involves estimating the probability of slope failure 

while incorporating uncertain parameters into the stability assessment [5, 6]. 

 Stochastic analyses of the slope were performed by six major methods: MCS [7], Response 

Surface Method (RSM) [8], Random Finite Element Method (RFEM) [9], Geostatistics [10], 

approximate methods [11-13], and analytical methods [14]. Analytical methods employ 

mathematical expressions to represent the PDFs of input variables. In this study, the JDRV method 

allows for the derivation of a mathematical expression for the safety factor density function by 

analytically integrating the PDFs within a slope stability analysis model. [5, 15]. 

 In quantitative analysis, the MCS method involves randomly generating points to represent 

uncertainties associated with probability computation. It can also be applied to solving problems 
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that cannot be addressed analytically, such as slope stability problems on rock slopes. Tamimi et 

al. [16] developed a correlation-based method for assessing the reliability of rock slopes through 

the use of analytical and simulation techniques. Park et al. [17] implemented the probabilistic 

method to analyze rock slope stability in a practical setting. Jimenez-Rodriguez et al. [18] 

presented an approach based on a general systems methodology for analyzing rock slope 

stability. By integrating discrete rigid finite element theory, plastic limit analysis, stochastic 

programming, and MCS, Li et al. [19] formulated a new method to assess rock slopes with multiple 

failure modes. However, the randomness of seismic loading is not considered. Johari and Lari [20] 

analyzed the stability of rock wedges using a system reliability approach and taking into account 

related failure modes. Tiwari and Latha [21] proposed a method for evaluating the reliability of 

rock slopes, taking into account the uncertainty in peak parameters and residual resistance. Their 

approach employs a quantitative risk assessment system based on geological strength index 

values. 

 As a substitute for the MCS method, the RSM method employs an approximate model in 

place of the numerical model, enabling the system to be estimated and the uncertainty 

propagated to be analyzed. Li et al. [22] introduced a stochastic RSM for reliability assessment 

that utilizes non-normal variables associated with rock slope stability concerning planar failures. 

Within the framework of RFEM, elasto-plastic finite element analysis is integrated with 

random fields produced using the local average subdivision method. Significant efforts to 

implement this approach have been made by researchers such as Griffiths et al. [23], Gravanis et 

al. [24], and Liu et al. [25]. Griffiths et al. [23] investigated the probability of slope failure by 

employing finite element methods combined with the first-order reliability method, without 

considering spatial variations, as well as utilizing the more sophisticated probabilistic analysis 

tools available in RFEM. Gravanis et al. [24] proposed an analytical method for calculating the 

failure probability of rock slopes subjected to planar sliding, taking into account the influence of 

spatial variability on slope stability. Liu et al. [25] utilized RFEM to assess a three-dimensional 

slope, incorporating spatially random soil variability. To ensure that the two-dimensional 

analysis results, derived from the most conservative section, remain adequately conservative, a 

new methodology was introduced for identifying the most critical section. 

Based on a spatially correlated random variation model, geostatistics is an estimation 

technique. As a result of geostatistical modeling and block analysis, Young [26] developed a 

method for estimating the local probability of failure in open pit slopes. Mayer and Stead [27] 

demonstrated that conventional probabilistic design principles cannot adequately simulate 

spatial heterogeneity using statistical upscaling techniques. In geostatistical methods, spatial 

dependencies are assessed through variograms, while probabilistic approaches tend to overlook 

these inherent correlations. To assess the impact of correlation among shear strength parameters 

on the reliability of rock slopes, Aladejare and Wang [28] developed a Bayesian approach to 

describe rock properties along with a reliability-based design approach for the probabilistic 

analysis of rock slope stability. Meanwhile, Liu et al. [29] employed the geostatistical method to 

represent the spatial variability of the mechanical parameters of rock masses. 

Approximate methods for calculating the safety factor generally necessitate the variance, 

mean, and performance function of the input variables. Utilizing the widely used spreadsheet 

platform, Low [30] conducted a reliability analysis and developed a reliability-based design for a 

two-dimensional joint rock slope employing the first-order reliability method. Additionally, Park 

et al. [31] derived an equation for wedge failure through the point estimation method. 

 The most important methods for assessing the stability of rock slopes during earthquakes 

include the Newmark sliding block analysis [32], the pseudo-static method [33, 34], the Makdisi-
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Seed analysis [34, 35], and the Nonlinear analysis approach [34]. Due to simplicity and utility, the 

pseudo-static method has been commonly employed in the seismic stability analysis of rock 

slopes. 

      According to Johari et al. [36], the JDRV method is applicable for assessing the reliability 

of pseudo-static stability in rock slopes experiencing planar sliding. Zhao et al. [37] conducted a 

dependable analysis of rock slopes using MCS, applying the nonlinear Barton-Bandis failure 

criteria along with a modified pseudo-dynamic method. Zhao et al. [38] studied the nonlinear 

Barton-Bandis failure criterion in the context of a three-dimensional wedge system subjected to 

pseudo-static earthquake forces. Meanwhile, Zhang et al. [39] utilized the pseudo-static approach 

to model seismic loads, employing the simplified Bishop method to assess the stability factors of 

rock slopes containing weak layers. 

In spite of several different types of research on stochastic rock slope stability, utilizing 

various methods and taking into account the uncertainty in parameters, it has not been possible 

to simultaneously investigate the uncertainties in geometrical, seismic, and rock parameters, 

particularly using an analytical approach. By applying the JDRV method in this study, 

computational costs, time, and accuracy of reliability evaluations of the stability problems of 

wedges with plane sliding are reduced significantly, while by combining fundamental relations 

in the JDRV method with Jacobian equations, the PDF equation of the rock slope safety factor is 

determined using fundamental relations in the JDRV method. 

To evaluate the accuracy and efficiency of the proposed method, the MCS and FOSM results 

have been compared. Comparisons have been made based on the reliability indices of these 

approaches. Two different approaches have been used to conduct sensitivity analysis on rock 

slope stability using the proposed method. A sensitivity analysis based on the JDRV method was 

applied to the analysis of rock slope stability as a function of parameter changes. The first 

approach involves increasing the coefficient of variation (COV) of six stochastic input parameters 

with the assistance of the standard deviations and means of the parameters. (e.g., new COV = old 

COV + 0.1×COV). As for the second approach, the mean friction angle, as well as parameters 

related to geometry, such as the triangular wedge coordinates (y), are taken into account as 

variables. Alternatively, other input parameters are maintained at a constant value. 

2. Rock slope triangular wedge with plane sliding  

 As part of the stochastic stability analysis in the present study, the triangular wedge with 

plane sliding of the rock slope is considered. Fig. 1 illustrates a typical figure of this rock slope 

with its parameters. In this figure, N is the normal force applied at the base of the slice, and T is 

the rock shear strength. 

 
Fig. 1. Triangular wedge with planar failure surface in pseudo-static slope analysis 
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For this slope, the equation for determining the safety factor based on the limit equilibrium 

method can be expressed as follows [34]: 

ab h

h

cL [Wcos( ) F sin( )]tan( )
FS

Wsin( ) F cos( )

+  −  
=

 + 
 (1) 

where:  

W A=   (2) 

h h
F k W=  (3) 

FS: Factor of safety against sliding  

A: Wedge area 

W: Weight of the rock wedge resting on the failure surface 

Fh: Horizontal earthquake inertial forces  

kh: Dimensionless horizontal pseudo-static coefficients  

c: Cohesive strength along the sliding surface  φ: Friction angle of the sliding surface   β: Angle of the failure surface, measured from horizontal  γ: Unit weight of the rock 

 This study considers the triangular wedge coordinate [x] to be the origin coordinate from 

a geometric standpoint, whereas c, γ, φ, and kh are assumed to be stochastic. For this purpose, all 

the mentioned parameters are randomly generated. Furthermore, the controlling geometry 

parameters, like coordinates of the triangular wedge ([y], [z]), are randomly generated to 

compute the effective parameters  within the equation. The angle of the failure surface (β) and 

also the length of the failure plane (Lab) can be calculated by the coordinates of the triangular 

slope, while Heron's formula can be used to calculate the area (A) from the coordinates of the 

triangular slope. According to this statement, the area of a triangle whose sides have lengths a, b, 

and c is [41]: 

2

a b c
s

+ +
=  (4) 

( )( )( )A s s a s b s c= − − −  (5) 

where: 

A: Area of wedge 

s: Semi-perimeter 

a: Length of side xy 

b: Length of side yz 

c: Length of side xz 

3. Jointly distribution random variables method  

JDRV is a stochastic analysis method that offers several advantages over MCS, such as: 

- Stability of Results: In JDRV, the mean and standard deviation of the results remain constant 

regardless of the number of simulations performed. As a result of this stability, results are 

consistent and reliable, making it easier to interpret and compare them. 

- Efficiency: In contrast to MCS, where calculations must be repeated for each simulation, 

JDRV requires fewer iterations, allowing it to save computational time and resources. 
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- Convergence: The convergence rate of JDRV is typically faster than that of MCS. As a result, 

fewer simulations are required to reach convergence with JDRV, reducing the overall 

analysis time. 

- Accuracy: JDRV typically delivers more precise estimates of the mean and standard 

deviation than MCS, thanks to its stability and convergence characteristics. This enhanced 

accuracy is especially advantageous in addressing complex or high-dimensional issues. 

 Overall, the JDRV method offers improved stability, efficiency, convergence, and accuracy 

compared to Monte Carlo Simulation, making it a valuable analytical tool in various fields of 

research and analysis. 

 In this approach, the probability density functions of the input variables and their statistical 

interrelationships are formulated mathematically. Theorems 1-4 provide statistical and 

probabilistic relationships between parameters [6, 14, 42, 43]. 

Theorem 1  

 Z1, Z2, …, Zn are right continuous random variables with marginal fZ1(z1), fZ2(z2), …, fZn(zn) 

densities. The joint PDF distribution of Z1, Z2, …, Zn are independent if and only if all Z1, Z2, …, Zn, 

fZ1, Z2, …, Zn (Z1, Z2, …, Zn) are defined as follows: 

=
1 2 nZ1,Z2,...,Zn 1 2 n z 1 z 2 z n

f (z ,z ,...,z ) f (z )f (z )....f (z )  (6) 

Theorem 2 

 If Z1, Z2, …, Zn are continuous random variables in which the joint probability density are 

specified by fZ1, Z2, …, Zn(Z1, Z2, …, Zn) and let T1=g1(Z1, Z2, …, Zn), T2=g2(Z1, Z2, …, Zn),…, Tn=gn(Z1, Z2, …, 
Zn) define a one-to-one transformation between (Z1, Z2, …, Zn) and (t1, t2, …, tn). Let t1=g1(Z1, Z2, …, 
Zn), …, tn=gn(Z1, Z2, …, Zn) can only be solved for (Z1, Z2, …, Zn) in terms of (t1, t2, …, tn) as Z1=h1(t1, t2, …, tn), Z2=h2(t1, t2, …, tn),…, Zn=hn(t1, t2, …, tn). Then the joint probability of t1, t2, …, tn is:  

=
1 2 n 1 2 nT ,T ,...,T 1 2 n 1 2 n z ,z ,...,z 1 1 2 n n 1 2 n

f (t ,t ,...,t ) J(t ,t ,...,t ) f (h (t ,t ,...,t ),...,h (t ,t ,...,t ))  (7) 

   
    
   
   =  
 
 
   
    









1 1 1

1 2 n

2 2 2

1 2 n1 2 n

n n n

1 2 n

z z z

t t t

z z z

t t tJ(t ,t ,...,t )

z z z

t t t

 (8) 

where: 

In general. |J(t1, t2, …, tn )|represents the absolute of J( t1, t2, …, tn ) 

Theorem 3 

 Suppose the joint PDF of continuous random variables Z1, Z2, …, Zn is fZ1, Z2, …, Zn (Z1, Z2, …, Zn), 

then the marginal PDF of Zi will be as follows:  
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− +=  i 1 2 n

zi

Z i z ,z ,...,z 1 2 n 1 2 i 1 i 1 n

R

f (Z ) ... f (z ,z ,...,z ) dz dz ... dz dz ... dz  
(9) 

Theorem 4 

 In the case of Z, a random variable characterized by its probability density function of fz(z), and T, a function of z with the form of T = g(z), T’s probability density can be derived as 

follows: 

−
−= 

1
1

T z

dg (t)
f (t) f (g (t))

dt
 (10) 

Generally, this relationship is applicable to functions g(z) that are monotonically increasing or 

decreasing. 

4. First order second moment method 

 FOSM is an approximate technique that employs the Taylor series expansion of the function 

under consideration. The expansion is truncated at the linear expression (first order). By utilizing 

this modified expansion along with the first two moments of the random variables, the first two 

moments of the dependent variable (specifically the second moment) can be derived. This 

method focuses solely on the random variables and does not take into account the shape of the 

probability density function (PDF). The mean and standard deviation of a function are computed 

using the means and standard deviations of the input variables, as illustrated in the following 

equation. [44]: 
n

Function j

j 1

E g(E(x ))
=

  (11) 

n
2 2 2

Function j

j 1 j

g
( ) (x )

x=


  

  (12) 

where: 

xj: Variables to be input 

g(xj): The Function of the input variables, xj 

n: Numbers of variables 

EFunction: Mean σ2
Function: Variance 

5. Assessment of the reliability of rock slope stability based on plane sliding 

 A safety factor relationship was examined in this study using the equation Eq. (13), while 

the probability density function was independently derived using Eqs. (6) through (10). Appendix 

A contains the methods used to derive these equations. 

1 5 2 6 7 4 2 6 7 3

2 6 7 4 2 6 7

k k [k k cos(k ) k k k sin(k )]k
FS

k k sin(k ) k k k cos(k )

+ −
=

+
 (13) 

where: 
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1

2

3

4 h

5 ab

6

7

k c

k

k tan( /180)

k k

k L

k A

k

=
 = 
 = 
 =
 =
 =


= 

 (14) 

 To determine the safety factor of triangular wedges in rock slopes experiencing plane 

sliding, a MATLAB program was created to compute the PDF and Cumulative Density Function 

(CDF) based on the derived mathematical functions k1 to k7, fK1(k1) to fK7 (k7), and Eqs. (A.1) to 

(A.15). While Eq. (A.14) lacks analytical solutions, it must be addressed numerically. 

Furthermore, the safety factor for rock slopes can also be calculated using MCS along with 

Equations (B.1) to (B.9) for comparison purposes. As the input data is a combination of normal 

and exponential distributions, the results of (B.1) to (B.9) were coded in the same computer 

program. The difference between JDRV and MCS is that skewness is taken into account in the 

equation obtained as a result of the inherent analytical analysis. However, in MCS, the appropriate 

function must be fitted to the output of the problem. Therefore, the MCS results should be 

analyzed in terms of an epsilon-skew-normal distribution [45]. 

5.1. Stochastic parameters 

 Six input parameters are defined as random variables to calculate the uncertainty in rock 

slope stability. The selected parameters are the controlling geometrical parameters such as 

triangular wedge coordinates (y, z), horizontal pseudo-static coefficients (kh), apparent cohesion (c), sliding surface friction angle (φ), and rock unit weight (γ). The friction angle, apparent 
cohesion, unit weight, and triangular wedge coordinates mentioned earlier are modeled using a 

normal truncated distribution. In addition, the horizontal pseudo-static coefficient is modeled 

with an exponential truncated distribution. An important point to note is that cohesion and 

friction angle are negatively correlated [46]. However, for mathematical convenience, they are 

considered uncorrelated variables. The described stochastic processes are listed in Tables 1 and 

2. 

 

 

Table 1. Norm-truncated stochastic parameters 

Parameters Mean Standard deviation COV 

c(kPa) 10.0 2.0 0.200 φ(Deg.) 35.0 5.0 0.143 γ(kN/m3) 

y(m) 

z(m) 

26.0 

45.0 

15.0 

1.0 

2.0 

2.0 

0.038 

0.045 

0.134 

 

Table 2. Truncated exponential parameters for stochastic processes 

Parameters λ Mean=1/λ Standard deviation Minimum Maximum 

kh 10.00 0.10 0.10 0.01 0.16 
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6. Illustrative example 

 To illustrate the effectiveness and precision of the proposed method, an illustrative 

example based on plane sliding as the output variable is presented. For verification of the results 

of the present method with the MCS, the final PDF for the safety factor is calculated utilizing the 

same data for both methods. For this purpose, 108 simulations are conducted for MCS. A summary 

of the results is presented in Figs. 2 to 7.  

6.1.    Comparing the safety factor stability distribution by the JDRV and MCS 

 This sub-section compares the PDF and CDF of safety factor distribution obtained by the 

JDRV and MCS in three approaches: (1) rock slope parameters, (2) rock slope parameters and 

seismic effect, and (3) rock slope, geometric parameters, and seismic effect (all stochastic 

variables).  

 Based on the approach that considers rock slope parameters, Figs. 2 and 3 display the PDF 

and CDF of the safety factor, respectively. Fig. 2 indicates that the results of the proposed method 

are very close to MCS. Although the results show a low difference in the peak values. However, 

Fig. 3 illustrates a perfect match between the CDF of the proposed method and MCS. Fig. 4 and 5 

demonstrate PDF and CDF of the safety factor of rock slope stability with plane sliding considering 

the rock slope parameters and seismic effect, respectively. Fig. 4 shows the relevant results of the 

proposed method according to MCS and also indicates that the mean result of the JDRV method 

is higher than MCS. However, Fig. 5 indicates a perfect match between the proposed method and 

MCS, like the approach to rock slope parameters. Figs. 6 and 7 illustrate the PDF and CDF of the 

stability rock slope safety factor with triangular plane sliding surface based on the rock slope, 

geometric parameters, and seismic effect (all stochastic variables), respectively. Fig. 6 shows the 

relevant results of the JDRV method concerning MCS. Although the results show a slight difference 

in the peak values, and indicate that the mean result of the JDRV method is higher than MCS. Fig. 

7 demonstrates an ideal match between the proposed method and MCS. However, it shows a 

slight difference in high CDF values. The evaluation of the safety factor stability distribution using 

the proposed method reveals an excellent agreement with the results from MCS, demonstrating 

that the proposed method possesses both commendable accuracy and efficiency. 

  
Fig. 2. The PDF of the safety factor accounts for the 

uncertainties associated with the parameters of the 

rock slope 

Fig. 3. The CDF of the safety factor considering 

uncertainties of rock slope parameters 
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Fig. 4. The PDF of the safety factor takes into 

account the uncertainties in the rock slope 

parameters as well as the seismic effects 

Fig. 5. The CDF of the safety factor considering the 

uncertainties of rock slope parameters and seismic 

effect 

  
Fig. 6. The PDF of the safety factor is derived from 

the uncertainties associated with rock slope 

parameters, geometric factors, and seismic effects 

Fig. 7. The CDF of the safety factor based on the 

uncertainties of rock slope, geometric parameters, 

and seismic effect 

6.2.    Determination of the safety factor stability probabilistic specification by 

FOSM 

 The derivation of mathematical functions required for the FOSM method is provided in 

Appendix B. Table 3 summarizes a step-wise procedure of the FOSM method for evaluating the 

safety factor of rock slope stability considering all stochastic parameters, including rock slope, 

geometric parameters, and seismic effect, based on the Eqs. (11) and (12).  The first column of this 

table lists the desired parameters, while the second and third columns present the corresponding 

mean values and standard deviations of the parameters as detailed in Tables 1 and 2. Columns 4 

and 5 are derived based on the mentioned FOSM Equations and the obtained relations in 

Appendix B. The mean and variance values, accounting for uncertainties in the rock slope, 

geometric parameters, and seismic effect analysis, are 1.0010 and 0.0298, respectively. 
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7. Sensitivity analysis 

 To assess the impact of parameter changes on rock slope stability, a sensitivity analysis 

using the JDRV method was performed. This analysis considers the uncertainties associated with 

the rock slope, geometric parameters, and seismic effects, all of which are treated as stochastic 

variables. Two distinct approaches are presented for the analysis.  

 In the first approach, the COV of six stochastic input parameters is increased based on the 

standard deviation and mean values (e.g., the new COV = old COV + 0.1×COV). The influence of 

changes in each parameter is examined by varying one parameter while keeping the other 

stochastic input parameters within their defined ranges. 

 In Fig. 8, the variations in the factor of safety distributions are illustrated. The findings of 

this study suggest that the internal friction angle of the sliding surface, along with geometric 

parameters that govern rock slope stability—specifically the coordinates of the triangular wedge 

(y)—exert the most significant influence on the stability of rock slopes. According to Fig. 9, the 

internal friction angle of the sliding surface, as well as the controlling geometrical parameters 

(the triangular wedge coordinates (y)), predicted a lower probability of failure than other factors. 

Also, Table 4 summarizes the effect of controlling parameters considering an increased COV of 

each parameter to the amount of 10% and being stochastic, while the other controlling 

parameters were considered deterministic. The first column of the table delineates the desired 

parameters, while the second column presents the COV of the safety factor, which accounts for 

the effects of individual parameter changes. In this analysis, one input parameter is incrementally 

increased, with all other parameters held constant. The third column illustrates the ratio between 

the COV of the safety factor derived from each specific parameter change and the COV of the 

original model, wherein the COV of all stochastic parameters is uniformly increased. 

 In conclusion, considering the internal friction angle, horizontal pseudo-static coefficients, 

and the coordinates of the triangular wedge (y) as stochastic variables alone can cover the effect 

of the uncertainty of all parameters to an acceptable extent. Furthermore, acceptable results with 

less computational cost and time can be obtained. 

 

 

 

 

 

 

Table 3. Results from the FOSM method for the slope safety factor 

Parameters (xi) Mean (µxi) Standard deviation (
ix

 ) 
xi

i
FS x


   

i

2 2

i x
( FS x )    

c(kPa) 10.00 2.0000 0.0076 2.3363e-4 γ(kN/m3) 26.00 1.0000 -0.0029 8.6343e-6 tan(φ)(Rad.) 0.01 0.0015 1.3205 0.0133 

kh 0.10 0.1000 -2.0192 0.0145 

Lab(m) 54.09 1.6600 0.0014 5.5151e-6 

A(m2) 450.00 42.4000 -1.6986e-04 5.1870e-5 β(Rad.) 0.59 0.0200 -2.0219 0.0017 

 Mean of FS = 1.0010   
Sum = Variance of 

FS = 0.0298 
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   The second approach considers the mean friction angle as a variable, along with parameters 

governing the geometry, such as the triangular wedge coordinates (y). To achieve this objective, 

the means of the other stochastic input parameters are maintained constant, as detailed in Table 

1. Specifically, the means of parameters “φ” and “b” are varied within their respective minimum 

and maximum values. As expected,  Fig. 10 demonstrates that increasing the friction angle 

decreases the probability of failure. Furthermore, Fig. 11 illustrates that with increasing the 

controlling geometry parameters like coordinates of the triangular wedge (y), the probability of 

failure has a downward trend.   

 The reliability index of the safety factor for the stability of a rock slope exhibiting planar 

sliding is calculated using Eq. (15). This calculation is valid under the assumption that the 

distribution of the FS follows a normal distribution [45]. 

FS

1 E(FS)−
 =


 (15) 

where:  

E(FS): The mean value of the safety factor σFS: The standard deviation of the safety factor 

 The probability of failure for the safety factor in the second approach is calculated using Eq. 

(16) [45]. 

f
P ( ) 1 ( )=  − = −   (16) 

where: 

 : The normal cumulative density function 

Table 4. Sensitivity analysis of the ratio of COV variations of the safety factor, considering 

being stochastic of each of the parameters 

Parameters COV COV/COVorginal(%) φ 0.1869 88.04% 

c  0.0171 8.05% γ 0.0028 1.32% 

kh 0.0861 40.56% 

y (Coordinate) 0.0377 17.75% 

z (Coordinate) 0.0065 3.06% 

Original 0.2123 - 
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Fig. 8. Variation of the PDF of the FS in the sensitive 

analysis 

Fig. 9. Variation of the CDF of the FS in the sensitive 

analysis 

  
Fig. 10. Sensitivity analysis of φ versus probability 

of failure 

Fig. 11. Sensitivity analysis of coordinates of the 

triangular wedge (y) versus probability of failure 

8. Results and Discussion 

 This section provides a comparative analysis of the MCS, JDRV, and FOSM methods to 

evaluate the efficiency and accuracy of the proposed method in determining the PDF of the safety 

factor for rock slope triangular wedges experiencing planar sliding. Furthermore, it examines the 

results derived from various approaches to analyzing rock slope stability under conditions of 

planar sliding, including (1) rock slope parameters, (2) rock slope parameters and seismic effect, 

and (3) rock slope, geometric parameters, and seismic effect (considering all stochastic 

variables), simultaneously has been done. Also, the reliability assessment between the mentioned 

approaches has been investigated. The results are shown in Figs. 13 to 16. Information regarding 

the comparison between methods is summarized in Table 5. Furthermore, the probability of 

failure and reliability indices for the various approaches are presented and compared in Tables 6 

and 7, respectively. 
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8.1.    Comparison of the statistical results of the JDRV, FOSM methods, and MCS 

 This sub-section compares the statistical results obtained from the JDRV, FOSM, and MCS 

methods. The proposed method has been evaluated for its efficiency and accuracy in relation to 

the results produced by the two other methods. 

 Figs. 13 and 14 illustrate the PDF and CDF of the FS based on the three methods when the 

rock slope, geometric parameters, and seismic effect (all stochastic variables) are considered 

stochastic variables. As shown in the presented figures, the precision of the JDRV method is 

observed compared to the FOSM method. Fig. 13 demonstrated that the relevant results of the 

JDRV method are closer to MCS with respect to the results of the FOSM method. Also, it indicates 

a significant difference in the peak values between the proposed and FOSM methods. The results 

show that FOSM is an approximate method, and the obtained equation from this method does not 

consider skewness. The comparison between the methods shows the effectiveness of the 

proposed method. Fig. 14 indicates an ideal match between the proposed method and MCS, too. 

However, this figure shows a slight difference in the high values of the CDF of the JDRV and FOSM 

methods. 

  
Fig. 13. PDFs of the safety factors of all stochastic 

variables by three methods 

Fig. 14. CDFs of the safety factors of all stochastic 

variables by three methods 

 The mean and variance of the FS based on the three methods in the geometric and seismic 

analysis modes are listed in Table 5. It is evident that the results obtained from the JDRV method 

closely align with those produced by the MCS method. Also, one of the advantages of the JDRV 

method concerning MCS is the computational time, as compared in this table. The time required 

to cover the domain for MCS is longer than the JDRV method. 

Table 5. Comparison of the statistical results by the methods 

Methods Mean Standard deviation Time 

JDRV (Analytical) 1.0189 0.2016 3 Days 

MCS (Simulation) 0.9354 0.1992 11 Days 

FOSM (Approximate) 1.0010 0.1726 A few minutes after developing equations 

8.2.    Comparison of the approaches for considering uncertainty variables  

 This sub-section is assigned to the discussion about the determined reliability indices of 

the investigated approaches (1) rock slope parameters, (2) rock slope parameters and seismic 

effect, and (3) rock slope, geometric parameters, and seismic effect (all stochastic variables). This 
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comparison shows the importance of considering all variables as stochastic parameters. The 

results are illustrated in Figs 15 and 16. In addition, information regarding the comparison 

between results and reliability indices of different approaches is summarized in Tables 6 and 7, 

respectively.  

               As a result of the comparison of the PDF and CDF of the safety factor across the three 

stability analysis approaches, the predictions made by the proposed method are illustrated in 

Figs. 15 and 16, respectively. It can be seen that the rock slope, geometric parameters, and seismic 

effect predicted the upper probability of failure concerning the analysis.  The probability related 

to the critical safety factor (Fs = 1) for all three approaches is shown in Fig. 16 and listed in Table 

6.  

  
Fig. 15. PDFs of the safety factor of the approaches Fig. 16. CDFs of the safety factor of the approaches 

 The reliability indices, mean value, and standard deviation of the three approaches are 

listed in Table 7. As a result of considering all variables as stochastic parameters, a lower 

reliability index or greater probability of failure can be achieved regarding stability analysis. 

9. Conclusion 

 Considering the inherent uncertainties associated with seismic, geometrical, and 

geotechnical properties, the stability analysis of rock slopes presents significant challenges. This 

study employs the JDRV method as an analytical solution for the reliability analysis of rock slope 

stability under planar sliding conditions, treating all variables as stochastic parameters, including 

rock slope characteristics, geometric parameters, and seismic effects. To achieve this, the PDF 

Table 6. Comparison of the probability of failure related to the critical safety factor (Fs = 1)  

Approaches Probability of failure 

Rock slope parameters 0.0959 

Rock slope parameters and seismic effect  0.2923 

Rock slope, geometric parameters, and seismic effect 0.4855 

Table 7. Comparison of the reliability index of the slope safety factor by three approaches 

Approaches 
Reliability 

Index (β) 
Mean (μ) 

Standard deviation (σ) 

Rock slope parameters 1.2478 1.2775 0.2224 

Rock slope parameters and seismic effect  0.5895 1.1298 0.2201 

Rock slope, geometric parameters, and seismic effect 0.0938 1.0189 0.2016 
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equation of the rock slope safety factor is derived using the Jacobian approach based on 

fundamental relations inherent to the JDRV method. The PDFs of the safety factor are established 

under three scenarios: (1) considering rock slope parameters alone, (2) incorporating both rock 

slope parameters and seismic effects, and (3) integrating rock slope parameters, geometric 

parameters, and seismic effects, thereby accounting for all stochastic variables. The comparison 

of results obtained from the JDRV method with those from the MCS and FOSM methods 

demonstrates the accuracy and robustness of the JDRV method. The findings of this study can be 

summarized as follows: 

I) The statistical results of JDRV are close to those of the MCS with respect to the results of 

the FOSM method.  

II) The stochastic analysis by the JDRV method reduces the computational time and costs in 

determining the PDFs of safety factors compared to MCS.  

III) It can be concluded from this study that considering all variables as stochastic parameters 

leads to lower reliability indices or a greater probability of failure when considering 

stability analysis. 

IV) The sensitivity analysis reveals that the friction angle of the sliding surface and the 

horizontal pseudo-static coefficients are the most influential parameters affecting rock 

slope stability. 

Appendix A 

 The following appendix is a description of the mathematical functions k1 to k7 and FS, 

along with their domains: 

1

21 mean

k 1 min 1 max

cc

k c1
F (k )= exp(-0.5( ) )          c k c

2

−
 

 
 (A.1) 
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   

 
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1 2

k 3 3 3 2
3 3

min 3 max

180
tan (k )

d 180 180
F (k )=F (k ) ( tan (k )) exp(-0.5( ) )    

dk (1 k ) 2

tan( ) k tan( )

−

−




−
 =

  +  

   

 (A.3) 

4 4

4

4 4

k k 4

k 4 4 4max

k 4min k 4max

exp( k )
F (k )=           0.01 k k

exp( k ) exp( k )

 −
 

− − −
 (A.4) 

mean

5 min max

abab

5 ab 2

k 5 ab 5 ab

LL

k L1
F (k )= exp(-0.5( ) )          L k L

2

−
 

 
 (A.5) 

6

26 mean

k 6 min 6 max

AA

k A1
F (k )= exp(-0.5( ) )          A k A

2

−
 

 
 (A.6) 



 

 

16 

 

7

27 mean

k 7 min 7 max

k1
F (k )= exp(-0.5( ) )          k

2 

−
  

 
 (A.7) 

The following equations can be written using Theorem 2: 

1 5 2 6 7 4 2 6 7 3

1 1 2 3 4 5 6 7

2 6 7 4 2 6 7
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(A.9) 

As a result of Theorem 1, the following equations can be written: 

1 2 3 4 5 6 7 1 2 3 4 5 6 7k ,k ,k ,k ,k ,k ,k 1 2 3 4 5 6 7 k 1 k 2 k 3 k 4 k 5 k 6 k 7
f (k ,k ,k ,k ,k ,k ,k ) f (k )f (k )f (k )f (k )f (k )f (k )f (k )=  

(A.10) 

 

According to Theorem 2, the following equations can be written: 

1 2 3 4 5 6 7u,v ,w ,z,x ,y ,j k ,k ,k ,k ,k ,k ,k 1

2 3 4 5

6 7

F (u,v,w,z,x,y, j) J(u,v,w,z,x,y, j) f (h (u,v, w,z,x,y, j),

h (u,v,w,z,x,y, j),h (u,v,w,z,x,y, j),h (u,v, w,z,x,y, j),h (u,v,w,z,x,y, j),

h (u,v,w,z,x,y, j),h (u,v,w,z,x,y, j))

=

 (A.11) 

where: 
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(A.13) 

Based on Theorem 3, the following equations can be written: 

6 5 34 2 1

6 5 4 3 2 1

U U,V ,W,Z,x ,y ,j
f (u) f (u,v,w,z,x,y, j)dvdwdzdxdydj

    

     

=        (A.14) 

 The integral bounds of the aforementioned equation are established in the following 

paragraphs. Since this integral involves differentials dv, dw, dz, dx, dy, and dj the variables v, w z, 

x, y, and j correspond to the functions k2, k3, k4, k5, k6, and k7. Consequently, the bounds of the 

integral can also be expressed as functions of k2, k3, k4, k5, k6, and k7. To achieve this, k2min, k3min, 
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…, k7min are related to the bounds α1, α2, …, α6 respectively, and k2max, k3max, …, k7max are related to β1, β2, …, β6 respectively. 

1 1min 2min 3min 4min 5min 6min 7min 2 1max 2max 3max 4max 5max 6max 7max
g (k ,k ,k ,k ,k ,k ,k ) u FS g (k ,k ,k ,k ,k ,k ,k ) =   (A.15) 

Appendix B 

 The derivation of the mathematical functions required for the FOSM method is presented 

in this Appendix: 
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The derivative of a function of input variables, xj: 
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