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I. COMPARISON BETWEEN ENTANGLING1

OPERATIONS IN CQED2

Entanglement between bosonic modes can be gener-3

ated either by applying linear operations to non-classical4

states or by engineering nonlinear interactions between5

the modes themselves. A paradigmatic example of the6

former is the beam-splitter (BS) operation [1], which is7

a purely linear (Gaussian) transformation that can gen-8

erate entanglement when acting on non-classical states9

such as single-photon or squeezed states. However, the10

BS is not an intrinsically entangling operation: when11

applied to classical states, such as vacuum or coherent12

states, it does not generate entanglement. Moreover, the13

BS does not generally preserve the individual code spaces14

of the oscillators, as it redistributes excitations between15

the modes. For example, when each oscillator is encoded16

in the single-photon manifold, the logical basis state17

|1, 1⟩ BS−−→ |2, 0⟩+ |0, 2⟩√
2

, (1)

thereby leaving the encoded subspace. The final state18

in Eq. 1 is a NOON state with N =2, which belongs to19

the class of Gaussian-entanglable (GE) states, defined as20

those states that can be generated by Gaussian opera-21

tions acting on separable states [2]. However, GE states22

are a limited subset of all possible entangled states. For23

example, higher-order NOON states withN ≥ 3, essential24

for quantum metrology applications, are non-GE. Hence,25

intrinsically nonlinear operations are a necessary ingre-26

dient to generate arbitrary entangled states [3].27

The standard approach to generating entanglement be-28

tween bosonic modes in cQED exploits the nonlinear dis-29

persive interaction between the oscillators and an ancil-30

lary superconducting qubit. Two prominent examples31

are the swap–wait–swap protocol [4, 5], in which a side-32

band transition transfers an excitation from one oscil-33

lator to the ancilla and the resulting dispersive interac-34

tion imprints a conditional phase on the second oscilla-35

tor, and the geometric-phase protocol [6], where the an-36

cilla is driven around a closed trajectory in phase space37

conditioned on the photon occupations of the cavities,38

thereby acquiring a conditional geometric phase. Al-39

though these protocols implement nonlinear entangling40
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gates, they temporarily populate the ancillary element41

and do not preserve the individual code spaces of the42

oscillators throughout the operation. Consequently, they43

are susceptible to ancilla-induced errors and decoherence.44

In this work, we demonstrate an alternative approach45

to entangling linear bosonic modes by dynamically en-46

gineering a direct nonlinear interaction between them.47

Unlike previous methods, our protocol preserves the code48

space of each oscillator throughout the gate while keeping49

the ancillary nonlinear element only virtually populated.50

A comparison of these approaches is presented in Table I.51

II. EXPERIMENTAL DEVICE AND SYSTEM52

PARAMETERS53

The experimental device used in this work con-54

sists of two oscillators in the form of the standard55

three-dimensional stub cavities, Alice and Bob, ma-56

chined out of high-purity (4N6) aluminum. They57

are coaxial λ/4-resonators with cut-off frequencies58

around fcut ∼ 600MHz and stub lengths of 16.5mm and59

15.3mm, which correspond to frequencies of 4.12GHz60

and 4.41GHz, respectively. The external surface layer61

(∼ 0.15mm) of the device has been chemically removed62

with aluminium etchant type A to reduce fabrication im-63

perfections, achieving Q factors of ∼ 2·107 and ∼ 3 ·107,64

respectively. Each oscillator is capacitively coupled to a65

standard auxiliary transmon that is used for state prepa-66

ration and readout. The electromagnetic field distribu-67

tions were simulated using Ansys HFSS, and the Hamil-68

tonian parameters were determined using the energy par-69

ticipation ratio (EPR) approach provided by the python70

package pyEPR [10]. The Hamiltonian of both cavities71

and their side chips has the form72

Hi/ℏ = ωiî
†î+ ωqi q̂

†
i q̂i + ωrri r̂

†
i r̂i

− αqi

2
q̂†i q̂

†
i q̂iq̂i −

Ki

2
î†î† î̂i

− χi qi î
†î q̂†i q̂i − χqi rri q̂

†
i q̂i r̂

†
i r̂i,

(2)

where î = â, b̂, for both oscillators. All the parameters of73

the Hamiltonian and their physical meaning are summa-74

rized in table II.75

To allow for fast initial state preparation and fast to-76

mography, both oscillators couple to the respective auxil-77

iary transmons in the strong dispersive coupling regime.78
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Dispersive coupling Beamsplitter Direct cross-Kerr

Underlying mechanism Swap - wait - swap
Geometric phase

Four-wave mixing
Three-wave mixing

Raman transition

Crucial dynamics â†â ĉ†ĉ& b̂†b̂ ĉ†ĉ â†b̂+ â b̂† â†â b̂†b̂

Code-space preserving No No Yes

Ancilla excitation Yes No (0−2%) No (<1%)

Nonlinear process Yes No Yes

References [4–7] [1, 8, 9] This work

TABLE I. Entangling operations between bosonic modes in cQED. Comparison of representative two-mode entangling
protocols for bosonic oscillators, including their underlying implementation mechanism, the interaction dynamics they rely on,
whether they preserve the code space of each oscillator throughout the gate, whether they involve ancillary excitations, and
whether they implement an intrinsically nonlinear interaction.

Parameter Description Value
ωa/2π Alice frequency 4.12GHz
ωqa/2π Transmon A frequency 5.65GHz
ωrra/2π Resonator A frequency 7.20GHz
αqa/2π Transmon A anharmonicity 118.3MHz
Ka/2π Alice self-Kerr 1.3 kHz
χa qa/2π Transmon A - Alice disp. shift 0.77MHz
χqa rra/2π Transmon A - Resonator A disp. shift 0.6MHz
ωb/2π Bob frequency 4.41GHz
ωqb/2π Transmon B frequency 5.18GHz
ωrrb/2π Resonator B frequency 7.32GHz
αqb/2π Transmon B anharmonicity 137.9MHz
Kb/2π Bob self-Kerr 2.4 kHz
χb qb/2π Transmon B - Bob disp. shift 2.16MHz
χqb rrb/2π Transmon B - Resonator B disp. shift 0.45MHz
ωc/2π Coupler frequency 5.22GHz
αc/2π Coupler anharmonicity 196MHz
χa/2π Coupler - Alice disp. shift 0.8MHz
χb/2π Coupler - Bob disp. shift 0.5MHz
ωrrc/2π Coupler readout frequency 7.49GHz
χc rrc/2π Coupler - readout disp. shift 0.8MHz

TABLE II. Hamiltonian parameters of the device. The
parameters of the coupler and its readout resonator corre-
spond to the operating flux-bias point used in Figures 3 and
4 of the main text.

The strength of this dispersive coupling is chosen such79

that the inherited self-Kerr non-linearity of the cavity80

modes, Ka/b, is in an acceptable range of 1-3 kHz. All81

the states used in the main text are prepared using nu-82

merically optimized Gradient Ascent Pulse Engineering83

(GRAPE) pulses [11] of 2µs length. Tomography is per-84

formed either by sampling the Wigner function and mea-85

suring the parity of the cavity state at different points86

in phase space using a standard Ramsey technique, or by87

using the Optimized Reconstruction via Excitation Num-88

ber Sampling (ORENS) technique [12]. See Section X for89

further details.90

A. Coupler frequency arrangement91

Both oscillators are capacitively coupled to a flux-92

tunable asymmetric Superconducting Quantum Interfer-93

ence Device (SQUID) [13] that acts as the coupler in94

these experiments. While flux-tunability is not strictly95

necessary for our protocol, it provides valuable flexibil-96

ity by allowing us to avoid frequency configurations that97

may introduce unintended higher-order transitions and98

to explore different coupler frequencies within a single99

cooldown.100

As the auxiliary transmons do not participate in the101

main dynamics of the engineered cross-Kerr coupling, we102

now focus only on the Hamiltonian of the coupler and103

both oscillators, given by:104

Hc/ℏ = ωaâ
†â− Ka

2
â†â†ââ

+ ωbb̂
†b̂− Kb

2
b̂†b̂†b̂b̂

+ ωcĉ
†ĉ− αc

2
ĉ†ĉ†ĉĉ

− χaâ
†âĉ†ĉ− χbb̂

†b̂ĉ†ĉ− Kab

2
â†âb̂†b̂

+ ωrrC r̂
†r̂ − χc rrc ĉ

†ĉr̂†r̂,

(3)

where the experimental parameters associated with each105

mode used in Figures 3 and 4 in the main text are sum-106

marized in table II.107

To engineer the Raman-assisted interaction described108

in the main text, we parametrically drive the coupler109

at a frequency ωd ≈ωc ± |ωb − ωa|. Drive frequencies110

closer to the coupler frequency translate into a higher111

effective drive strength ξ. Thus, we design the oscil-112

lator frequencies ωa and ωb at close spectral proximity113

(ωb − ωa) /2π≈ 284MHz. Since this detuning is compa-114

rable to the coupler anharmonicity, we chose to drive the115

a†b|g⟩⟨e|+h.c. rather than the ab†|g⟩⟨e|+h.c. transition,116

in order to avoid driving the coupler in its straddling117

regime. Both processes are suitable to generate the de-118

sired cross-Kerr dynamics.119
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Placing the coupler frequency above the cavities al-120

lows us to tune the coupling regime of the system from121

essentially decoupled to almost resonant, as we increase122

the biasing flux. Coupler frequencies close to the cavi-123

ties result in an increased always-on natural cross-Kerr,124

decreasing the on/off ratio of the gate. On the other125

hand, when the coupler is close to its upper sweet spot,126

we observe a drop in both oscillators dephasing times.127

We attribute this to photon shot noise caused by ther-128

mal excitations in the coupler and readout mode. Since129

the strength of the coherent exchange interaction g1 is130

proportional to the dispersive shift of both cavities, we131

must consider the tradeoff between gate speed and on-off132

ratio. Balancing these considerations, we typically oper-133

ate at the coupler frequency range of 5.1±0.2GHz, where134

the natural cross-Kerr Kab is below the kHz level.135

B. Coupler flux delivery136

Introducing magnetic flux while preserving the coher-137

ence of the cavities in a superconducting package is a138

challenging task [14]. Here, we follow the approach139

in [9], where an on-chip superconducting pick-up loop [15]140

transfers flux from a nearby magnetic coil to the SQUID.141

The loop works as a transformer, where the magnetic flux142

originating from a small superconducting coil threads the143

pick-up loop, inducing a screening current which then bi-144

ases the SQUID loop.145

The magnetic coil generating the initial magnetic field146

consists of ∼ 500 turns of NbTi superconducting wire147

(SC-54S43-0.178mm wire from Supercon) coiled around148

an OFHC copper spool of 1 cm length and 4.5mm diam-149

eter. The terminals of the coil are soldered to the DC150

lines at the mixing chamber (MXC) stage of the dilution151

refrigerator. The spool is thermally anchored to the lid152

of the cavities, which is also made of OFHC copper, and153

is thermally anchored directly to the MXC stage using154

a copper braid. We observed a maximum MXC stage155

temperature of 26mK when passing a current of 60mA.156

The design of the SQUID chip is shown in Fig. 1(a).157

The geometry of the pick-up loop was optimized using158

Ansys Maxwell to maximize the flux delivered to the de-159

vice while minimizing the current required in the coil.160

Further, we also verify that the design preserves the Q161

factors of both cavities and does not introduce undesired162

modes in the system. The final configuration consists of 4163

distinct sections: (i) a circular region optimized to only164

collect the magnetic flux piercing the chip; (ii) a con-165

striction to avoid collecting the returning field; (iii) the166

long sections of the transformer, spaced out to reduce the167

loop self-inductance; and (iv) a narrowed section near the168

SQUID loop to avoid interfering with the junction fabri-169

cation during the lithography step.170

The length of the pick-up loop is chosen to balance171

two effects. First, it needs to be long enough such that172

the copper coil and spool are spatially separated from173

the cavities, both for ease of assembly and to prevent the174
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FIG. 1. SQUID coupler tunability. (a) Layout of the
SQUID coupler chip, with the pick-up loop transformer (left),
the SQUID (middle), and its readout resonator (right). (b)
Readout frequency as a function of the current applied to
bias the SQUID. Solid line shows the fit used to extract the
current-flux relation. (c) SQUID frequency as a function of
current. Solid line shows the fitted frequency.

electric field of the cavity TEM modes from leaking out175

through the aperture of the coil, which would degrade the176

cavity lifetimes. Second, the parasitic resonant modes177

of the transformer, currently at 6.2GHz and 8.1GHz,178

decrease in frequency as its length increases, potentially179

interfering with other modes in the system. Finally, the180

loop formed by both junctions of the SQUID, which has181

an area of 800µm2, is placed at a distance of ∼ 50µm182

from the flux transformer, see inset in Fig. 1(a). The183

transformer has a width of 10µm at its narrowest point,184

ensuring that it remains superconducting even with large185

induced currents.186

To mitigate the dephasing of the flux-tunable cou-187

pler, we compromise on the frequency tunability range by188

making both junctions asymmetric. Given the junctions189

Josephson energies EJ1
and EJ2

, the effective Josephson190

energy of the SQUID is191

EJ (Φext) = EJ,Σ cos

(
π
Φext

Φ0

)√
1 +

EJ,∆

EJ,Σ
tan2

(
π
Φext

Φ0

)
,

(4)
where EJ,Σ =EJ1

+EJ2
and EJ,∆ =EJ1

−EJ2
. The mea-192

sured frequency of the asymmetric SQUID as a function193

of the applied current on the coil is shown in Fig. 1(c).194

Due to the increased attenuation of the drive line at lower195

frequencies and the reduced dispersive coupling to its196

readout resonator, we cannot measure the coupler fre-197

quency for values below 4.7GHz. However, by fitting the198

SQUID readout resonator frequency as a function of the199

applied current through the coil, we extract the relation200

between the current and the flux in the SQUID loop,201

with 42.89mA corresponding to half a flux quantum, see202

Fig. 1(b). Finally, to extract the whole tunability range203

of the SQUID and the individual Josephson energies of204

both junctions, we consider the coupler-resonator Hamil-205

tonian,206
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Ĥc/ℏ = 4EC n̂
2 − EJ (Φext) cos ϕ̂+ ωrrc r̂

†r̂

+ g(ĉ− ĉ†)(r̂ − r̂†)
(5)

where EC is the charging energy of the SQUID, n̂ and207

ϕ̂ are the charge and phase operators, respectively, ωrrc208

is the readout resonator frequency and g is the SQUID-209

resonator coupling strength. Fitting the frequencies of210

these two modes as a function of flux, constrained by211

the measured anharmonicity and the current-flux rela-212

tion, we obtain the parameters shown in Table III. This213

allows us to determine the full SQUID tunability, span-214

ning 4.3GHz to 5.7GHz, see solid line in Fig. 1(c), as215

well as the SQUID asymmetry, EJ1
/EJ2

≈ 3.7, which216

closely matches the designed asymmetry during fabrica-217

tion. These are the parameters used in Floquet simula-218

tion in Section VI.219

Parameter Value Description
EJ1 19.0± 0.1GHz Josephson energy
EJ2 5.2± 0.1GHz Josephson energy
EC 181.4± 0.1MHz Charging energy
g 0.10± 0.02GHz Coupling constant

ωr0/2π 7.484± 0.002GHz Resonator frequency

TABLE III. Hamiltonian parameters of the SQUID
coupler. Parameters were fitted to reproduce the resonator
and coupler flux tunability as a function of the applied cur-
rent, with the additional constraint of reproducing the exper-
imental anharmonicity of the coupler.

C. System coherences220

Each transmon and its readout resonator are addressed221

through a shared coupling port, whose position is opti-222

mized in Ansys HFSS to suppress radiative decay of the223

transmons into the measurement lines, thereby achieving224

intrinsic Purcell filtering [16]. This approach preserves225

transmon coherence without the need for on-chip Pur-226

cell filters, reducing chip size, mitigating susceptibility227

to vibrations, and enabling a more compact device. The228

coherence times of both side transmons and the SQUID229

coupler are shown in Table IV. The coupler coherence230

times depend strongly on the it frequency configuration,231

with T1 times ranging from 50µs at the lowest-measured232

frequency to 10µs at its upper sweet spot, where the233

coupler hybridizes more strongly with its readout res-234

onator. On the other hand, the dephasing times range235

from up to 20µs at the flux sweet spot to 1µs at the236

most sensitive location. The coupler coherence times in237

the configuration used to obtain the final data for Fig-238

ures 3 and 4 in the main text are shown in Table IV.239

Importantly, although the coupler is operated near its240

most flux-sensitive point, its intrinsic decoherence does241

not significantly affect the quality of the gate, since the242

Raman-assisted interaction is mediated through virtual243

processes that avoid populating its excited states.244

In contrast, cavity decoherence directly limits the245

Param. Value (µs) Param. Value (µs) Param. Value (µs)
T1qa 25 T1qb 50-60 T1c 50
T ∗
2qa 18 T ∗

2qb 40-50 T ∗
2c 2.5

TE
2qa 22 TE

2qb 50 TE
2c 10

T1a 700-900 T1b 800-1000
T2a 500-600 T2b 700-900

TABLE IV. Device coherence times. Coherence times for
the coupler are quoted at the flux point used in the main
text. Transmon T ∗

2 were measured with a standard Ramsey
technique, while TE

2 times were obtained via a Hahn-echo
experiment. Oscillator T1 times were measured by fitting the
decay of both coherent states and single photons. Oscillator
T2 times were measured through a Ramsey experiment using
SNAP pulses.

achievable quality of the engineered cross-Kerr interac-246

tion. The cavities are designed to be internal Q limited,247

with coupling ports designed to have coupling quality fac-248

tors on the order of ∼ 109. Good care was also taken to249

minimize the cavity photon field from leaking into the coil250

used to bias the SQUID. We measured cavity T1 times251

both by initializing a coherent state and measuring its252

characteristic decay, and by loading a photon in the cav-253

ity using SNAP pulses and fitting an exponential decay.254

Both methods give consistent results with average single-255

photon lifetimes of 800µs and 900µs for Alice and Bob,256

respectively. The cavity T2 times were measured using257

a standard Ramsey technique, where they are initialized258

in (|0⟩ + |1⟩)/
√
2 using SNAP pulses and, after a vari-259

able wait time, they are displaced by D(α= − 0.8eiωt).260

This displacement maximizes the overlap with vacuum261

for |0⟩ + |1⟩) and minimizes it for |0⟩ − |1⟩), and ω is a262

fixed virtual detuning that facilitates extracting the T2263

dephasing time by fitting the data to an exponentially264

decaying sinusoid.265

D. Auxiliary transmon readout266

Both the auxiliary transmons and the SQUID coupler267

are measured using Cavity Level Excitation and Reset268

(CLEAR) readout pulses [17] applied to their respec-269

tive readout resonators. In contrast to a conventional270

constant-amplitude readout pulse, the CLEAR proto-271

col employs a sequence of five piecewise-constant seg-272

ments: two ring-up segments, one steady-state segment,273

and two ring-down segments. This pulse shaping offers274

high-fidelity state discrimination while significantly re-275

ducing the residual photon population after the mea-276

surement pulse. Compared to standard square pulses,277

CLEAR pulses achieve faster resonator reset and there-278

fore support reduced measurement-induced backaction279

and shorter experimental cycle times. The amplitudes280

and duration of the individual CLEAR drive segments281

are optimized running an algorithm that minimizes the282

population of the resonator after the CLEAR pulse given283

the decay time of the resonator 1/κ and the dispersive284
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shift to the transmon χ.285

In addition to CLEAR pulse shaping, our readout is286

typically optimized to differentiate between states |g⟩287

and |f⟩, which improves the separation of the histogram288

counts for the same integration time compared to dis-289

criminating between |g⟩ and |e⟩, as χgf ≈ 2χge. After290

each experimental sequence we map the |e⟩ population291

to the |f⟩ state using a σ = 24ns gaussian pulse. The re-292

sulting confusion matrices for both auxiliary transmons293

used in the tomography and state preparation steps are:294

MRO,A =

(
P (g|g) = 97.5% P (e|g) = 2.5%
P (g|e) = 2.8% P (e|e) = 97.2%

)

MRO,B =

(
P (g|g) = 95.9% P (e|g) = 4.1%
P (g|e) = 6.4% P (e|e) = 93.6%

)

E. Chip fabrication295

The ancillary transmon chips and the SQUID coupler296

chip are fabricated in aluminum on a sapphire substrate.297

A HEMEX sapphire wafer is cleaned in a 2:1 piranha298

solution for 20 minutes and rinsed in de-ionized (DI)299

water for another 20 minutes. It is then quickly rinsed300

in methanol and blown-dry with nitrogen. The wafer is301

coated with 700 nm of MMA and 200 nm of PMMA re-302

sist by spinning it for 100 seconds at 2000 rpm and bak-303

ing it for 5 minutes at 200◦C. A ∼ 10-nm discharge gold304

layer is sputtered in a Cressington sputterer at 30mA305

for 30 seconds. The design is patterned using a Raith306

electron-beam lithography machine. The gold layer is re-307

moved in a KI solution and rinsed in DI water, prior to308

developing the resist in a 3:1 mixture of DI water and309

isopropanol at 6◦C for 2 minutes. The wafer is then310

loaded into an Angstrom Engineering double-angle evap-311

orator and pumped to 10−8 mbar, after which the resist312

is ion milled in a mixture of 85% O2 and 15% Argon, at313

400V for 15 s at -20◦ and 15 s at 20◦ to clean any resist314

residues. We deposit two aluminum layers of 20 nm and315

30 nm thickness at -20◦ and +20◦, respectively, separated316

by an oxidation step with a mixture of 85% O2 and 15%317

Argon at 20mbar for 20 minutes. Before unloading the318

wafer, a final capping layer with the same oxidation con-319

ditions is performed to grow a more controlled surface320

oxide. The remaining resist is then lifted off in NMP at321

90◦C for 3 hours, then rinsed in acetone and methanol.322

Finally, a protective layer of AZ1512 photoresist is spun323

at 2000 rpm and baked at 80◦C for 1 minute, and the in-324

dividual chips are diced on an Accretech machine with a325

resin blade at 15000 rpm. The chips are finally cleaned in326

NMP, acetone and methanol, blown-dry and inserted into327

the waveguides using an aluminum clamps with indium328

wire to improve thermalization.329

III. SNAP PULSES330

We use Selective Number-dependent Arbitrary Phase331

(SNAP) pulses [18] to prepare the oscillators in Fock state332

|1⟩ and the superposition state (|0⟩+|1⟩)/
√
2, to measure333

the single-photon decay rate and dephasing rate of the334

oscillators, respectively. The SNAP pulses consist of an335

initial displacement of the oscillators by α1, a phase, θn,336

imparted on the transmon state conditioned on the oscil-337

lator having n photons, and a final displacement of the338

oscillators by α2. All parameters used can be found in339

Table V. Oscillator displacements were performed using340

100 ns constant pulses with 32 ns cosine ramps at the res-341

onant frequency of the oscillators. The conditional θn =π342

phases were realized by driving the transmons through a343

full 2π-rotation around the Bloch sphere, using gaussian344

pulses of σa =960 ns and σb =400 ns, applied at the res-345

onance frequency of each transmon conditioned on the346

oscillator containing n photons.347

Transition α1 θ0 θ1 α2

|0⟩ → |1⟩ 1.14 π 0 −0.58

|0⟩ → |0⟩+|1⟩√
2

0.56 π 0 −0.24
|0⟩−|2⟩√

2
→ |0⟩ -0.35 π π 1.04

TABLE V. Different SNAP parameters used in the
main text. First row corresponds to the creation of a sin-
gle photon in the oscillators, used to measure their decay
time. Second row corresponds to the creation of a superposi-
tion state in the oscillators, used to measure their dephasing
time in a Ramsey experiment. Last row corresponds to the
pulse used in the direct cavity-cavity parity mapping, shown
in Fig. 4(c) of the main text.

In the direct parity mapping protocol described in348

Fig. 4(c) in the main text, we use a SNAP pulse to map349

the even and odd superposition states of Bob to350

|0⟩ − |2⟩√
2

→ |0⟩

|0⟩+ |2⟩√
2

→ 0.9 |1⟩+ 0.4 |2⟩+ . . .

A selective π-pulse to Bob’s auxiliary transmon condi-351

tioned on Bob being in vacuum hence maps (|0⟩−|2⟩)/
√
2352

and (|0⟩ + |2⟩)/
√
2 to |e⟩ and |g⟩, respectively. The dis-353

placement amplitudes used to implement this transfor-354

mation were obtained via a Nelder–Mead optimization355

that maximizes the probability of the final state being356

either in vacuum or not vacuum. The parameters of the357

SNAP sequence are listed in the last row of Table V.358

IV. WIRING DIAGRAM359

The microwave signals to drive the oscillators, auxil-360

iary transmons, coupler, and readout resonators of our361
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device are directly generated from digital waveforms via362

Direct-Digital-Synthesis (DDS) by a Digital-to-Analog363

Converter (DAC) of a Quantum Machines OPX1000364

Field-Programmable Gate Array (FPGA). We also place365

band-pass filters at the output line of the OPX1000,366

which increased the transmon coherence times signifi-367

cantly. Additionally, a RF switch (HMC-C058) placed on368

the coupler line provides an additional layer of noise pro-369

tection. Importantly, most of the coupler drive line at-370

tenuation at the MXC stage is replaced by a Mini-circuits371

5500+ low-pass filter and Mini-circuits 5500+ high-pass372

filter, which provide -30 dB attenuation at 5.0GHz but373

only -10 dB at 5.5GHz to be able to drive the coupler374

strongly, while still providing at least 60 dB attenuation375

at the oscillator frequencies and 35 dB at the resonator376

frequency.377

Readout is performed using the standard reflection378

technique. The reflected signal, amplified by a High-379

Electron mobility transistor (HEMT - LNF-LNC48C) as380

well as a ZVA-183-S+ room temperature amplifier, is di-381

rectly sampled by a high-speed Analog-to-Digital Con-382

verter (ADC) of the OPX1000 FPGA. The digital signal383

is then downconverted and separated into I and Q com-384

ponents. The DC current sent to the coil is generated in385

a YOKOGAWA GS200 DC voltage/current source. To386

shield our device from external electromagnetic noise it387

is placed in a standard Cryoperm shield and anchored388

directly at the MXC plate. The schematic of the wiring389

can be seen below in Fig. 2390

V. ANALYTICAL DERIVATION OF THE391

ENGINEERED DYNAMICS392

393

The Hamiltonian of the two oscillators and the SQUID394

coupler is395

H(t)/ℏ = ω̃a â
†â+ ω̃b b̂

†b̂

+ ω̃c ĉ
†ĉ− EJ(Φext)

(
cos ϕ̂+

1

2!
ϕ̂2
)

+ ϵ(t)(ĉ+ ĉ†),

(6)

where ω̃a and ω̃b are the bare (uncoupled) oscillator fre-

quencies, ω̃c =
√

8EJ(Φext)EC is the Josephson plasma
frequency of the coupler, ϵ(t) is the time-dependent drive
on the coupler and

ϕ̂ = ϕc (ĉ+ ĉ†) + ϕa (â+ â†) + ϕb (b̂+ b̂†)

is the quantized phase of the coupler, that considers the396

participation of both oscillator fields in the junction.397

The zero-point fluctuations of the coupler in the junc-

tion is defined as ϕc =
(
2EC/EJ(Φext)

)1/4
, while the

zero-point fluctuations of the oscillators in the junction
are approximated by ϕa ≈ ga

∆a
ϕc and ϕb ≈ gb

∆b
ϕc. Con-

sidering a drive of the form ϵ(t)= 2ε cos (ωd t+ ϕd), we
can go to the displaced frame ĉ → ĉ + ξe−iωdt with

ξ= ε/(ωd − ω̃c), where the drive term is absorbed into
the phase variable through

ϕ̂ = ϕc (ĉ+ĉ
†+ξe−iωdt+ξ∗eiωdt)+ϕa (â+â†)+ϕb (b̂+b̂

†).

By expanding the cosine in Eq. 6 up to fourth order398

in ϕ̂, and keeping all the terms that are naturally on-399

resonance, we obtain the full Hamiltonian of the system400

Ĥ0 = ωa â
†â− Ka

2
â†â†ââ

+ ωb b̂
†b̂− Kb

2
b̂†b̂†b̂b̂

+ ωc ĉ
†ĉ− α

2
ĉ†ĉ†ĉĉ

− χa â
†â ĉ†ĉ− χb b̂

†b̂ ĉ†ĉ−Kab â
†â b̂†b̂,

(7)

where Ka and Kb are the cavity self-Kerrs inherited from401

the coupler non-linearity, α is the coupler non-linearity402

(anharmonicity), χa and χb are the coupler-cavity cross-403

Kerrs (dispersive shifts), and Kab is the residual always-404

on cavity-cavity cross-Kerr. All these terms produce405

Lamb and Stark shifts on the bare mode frequencies,406

which get renormalized as407

ωa = ω̃a −
χa

2
−Ka −

Kab

2
− χa|ξ|2

ωb = ω̃b −
χb

2
−Kb −

Kab

2
− χb|ξ|2

ωc = ω̃c − α− χa

2
− χb

2
− 2α|ξ|2,

where the last term of each equation corresponds to the408

drive-induced AC Stark shifts.409

By moving to a frame rotating at ωaâ
†â+ωbb̂

†b̂+ωcĉ
†ĉ410

and restricting the coupler basis to the first two energy411

levels {|g⟩, |e⟩}, we find that the drive frequency412

ωd = ωc + ωb − χb − ωa +∆, (8)

where ∆ is the detuning to the resonance condition, suc-413

cessfully actives the dynamics given by414

Hd(t) = g1e
it∆â†b̂|g⟩⟨e|+ g∗1e

−it∆âb̂†̂|e⟩⟨g|, (9)

which corresponds to Eq. 2 in the main text. The415

strength of this interaction is given by416

g1 = EJϕ
2
cϕaϕbξ

∗ ≈ √
χaχbξ

∗. (10)

We measured the coherent exchange rate, g1, for different417

effective drive strengths |ξ| obtained from the coupler AC418

Stark shift, as shown in Fig. 3(a). The slope of the inter-419

action rate is in very good agreement with the prediction420

of Eq. 10 using the experimentally measured dispersive421

shifts (solid line).422

To find an analytical equation for the engineered cross-423

Kerr, we diagonalize the interaction term of Eq. 9, by424

applying a time-independent Schrieffer-Wolff transforma-425

tion (SWT) [19, 20] in the rotating frame of the drive.426
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FIG. 2. Experimental wiring setup. Schematic of the RF components and connections at room temperature and inside the
Bluefors dilution refrigerator. Most of the attenuation for the coupler drive line is replaced by a low-pass filter in series with a
high-pass filter that act as a 5-7GHz band-pass filter.

This is equivalent to applying a time-dependent SWT in427

the rotating frame of the coupler, which is also equivalent428

to performing a second-order RWA [21].429

In the rotating frame of the drive, the diagonal part of430

the Hamiltonian reads431

Ĥ ′
0/ℏ = ωa â

†â− Ka

2
â†â†ââ

+ ωb b̂
†b̂− Kb

2
b̂†b̂†b̂b̂

+ (ωc − ωd) ĉ
†ĉ− α

2
ĉ†ĉ†ĉĉ

− χa â
†â ĉ†ĉ− χb b̂

†b̂ ĉ†ĉ−Kab â
†â b̂†b̂,

(11)

while the perturbation is given by432

V̂ /ℏ = g1â
†b̂|g⟩⟨e|+ g∗1 âb̂

†̂|e⟩⟨g|. (12)

The SWT consists of finding an anti-Hermitian generator Ŝ = −Ŝ† that satisfies433

V̂ =
[
Ĥ ′

0, Ŝ
]
, (13)

which transforms the Hamiltonian to434

Ĥ ′ = eŜ
(
Ĥ ′

0 + V̂
)
e−Ŝ = H ′

0 + V̂ +
[
Ŝ, Ĥ ′

0

]
+
[
Ŝ, V̂

]
+

1

2!

[
Ŝ,
[
Ŝ, Ĥ ′

0

]]
+ · · · ≈ Ĥ ′

0 +
1

2

[
Ŝ, V̂

]
(14)

By choosing a generator of the form435
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Ŝ = β
(
â†b̂|g⟩⟨e| − âb̂†|e⟩⟨g|

)
, (15)

we can solve Eq. 13 to find the expression for β. Since the commutator436 [
Ĥ ′

0, â
†b̂|g⟩⟨e|

]
=
(
ωd − ωc + ωa − ωb −Ka(n̂a − 1) +Kbn̂b + χa(n̂a − 1) + χb(n̂b + 1)−Kab(n̂b − n̂a + 1)

)
â†b̂|g⟩⟨e|

depends on the number of photons in both cavities, we expand the transformation generator as437

Ŝ =
∑
na,nb

βnanb

(
|na, nb, g⟩⟨na − 1, nb + 1, e| − |na − 1, nb + 1, e⟩⟨na, nb, g|

)
, (16)

where438

βnanb
=

√
na(nb + 1) g1

ωd − ωc + ωa − ωb −Ka(na − 1) +Kbnb + χa(na − 1) + χb(nb + 1)−Kab(nb − na + 1)
. (17)

Finally, solving Eq. 14 leads to439

Ĥ ′ = Ĥ ′
0 +

∑
na,nb

βnanb

√
na(nb + 1) g1

(
|na, nb, g⟩⟨na, nb, g| − |na − 1, nb + 1, e⟩⟨na − 1, nb + 1, e|

)
. (18)

With these analytical results, we can see that when we440

parametrically drive this dynamics, the energies of the441

states |1⟩|0⟩|g⟩ and |1⟩|1⟩|g⟩ are shifted by442

∆E10 =
g21
∆
, (19)

∆E11 =
2 g21

∆+ χb +Kb −Kab
≈ 2 g21

∆+ χb
. (20)

Eq. 19 shows that in presence of the parametric drive,443

despite Bob being in vacuum, the state |+⟩|0⟩|g⟩ will444

acquire a phase at a rate ∆E10. Hence, it is impor-445

tant to track the frame of the oscillators (on software)446

for any subsequent operation. For instance, the frame is447

tracked as a virtual detuning applied to the displacement448

pulses used for Wigner tomography. The phase acquired449

by the state |+⟩|0⟩|g⟩ was also experimentally measured450

as a function of the detuning ∆, see green markers in451

Fig. 3(b), which agrees with the prediction of Eq. 19 (solid452

green line). Finally, the total cross-Kerr induced in the453

0/1 photon subspace is thus454

gab = E11 − E10 − E01 + E00

= −Kab +∆E11 −∆E10

= −Kab +
g21
∆

∆− (χb +Kb −Kab)

∆ + (χb +Kb −Kab)
,

(21)

where Eij refers to the energy of the state |i⟩|j⟩|g⟩ and455

Kab is the always-on residual cross-Kerr. We measured456

the cross-Kerr gab by tracking the oscillations of |+⟩|1⟩|g⟩457

in the frame where |+⟩|0⟩|g⟩ does not oscillate, at differ-458

ent drive powers for a fixed detuning of ∆ = −5 MHz, see459

blue markers in Fig. 3(c). Notice that at different drive460

powers, the AC Stark shifted frequency of the coupler is461

different, which subsequently modifies the coherent ex-462

change frequency ωe. The solid blue line corresponds463

to the analytical behavior of Eq. 21, which underpredicts464

the measured interaction strength. We believe this dis-465

crepancy arises because the analytical model does not ac-466

count for the enhanced hybridization between the modes467

under the strong drive, which renormalizes the dispersive468

shifts and the detunings. A full Floquet simulation (or-469

ange triangles) reproduces the experimental observations470

in very good agreement. For more details on the Floquet471

simulation, see Section VI.472

The analytical model still qualitatively captures the473

asymmetric behavior of the engineered cross-Kerr be-474

tween positive and negative detunings, see purple mark-475

ers in Fig. 3(d). The green (yellow) dotted line cor-476

responds to −∆E10 (+∆E11), which diverges at ∆ =477

0 (∆≈−χb). The solid purple line is the sum of both,478

which qualitatively reproduces the main features ob-479

served in the experimental data. For a quantitative480

agreement, it is desirable to model the system using Flo-481

quet theory, as shown in Fig. 2(b) of the main text.482

VI. FLOQUET SIMULATIONS483

In the presence of strong parametric drives, the sys-484

tem is governed by a time-periodic Hamiltonian in which485

the drive-induced shifts of the energy level give rise to486

unintended multi-photon transitions between the oscilla-487

tors and higher levels of the coupler, beyond the coher-488

ent exchange interaction considered analytically. This489

scenario is appropriately addressed within the Floquet490

formalism [8, 22, 23]. We perform Floquet simulations491

using the QuTiP python package [24] to analyze the ef-492

fects of the parametric drive on the subsystem composed493
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FIG. 3. Analytical predictions based on the SWT. (a)
Coherent exchange rate, g1, as a function of the effective drive
strength, |ξ| (red circles). The analytical prediction of Eq. 10
is in close agreement (solid line). (b) Phase rate acquired by
the state |+⟩|0⟩|g⟩ (green circles) as a function of the detun-
ing ∆ to the coherent exchange condition. Analytics corre-
spond to the prediction from Eq. 19 (solid line). (c) Cross-
Kerr strength (blue circles) measured at a fixed ∆=−5MHz,
as a function of drive power. Analytical prediction (solid line)
based on Eq. 21 under-predicts the strength by a factor of 2.
However, a full Floquet simulation (orange triangles) is in very
good agreement with the data. (d) Cross-Kerr strength (pur-
ple circles) as a function of the detuning ∆=−5MHz. The
purple line corresponds to the sum of the yellow and green
lines, which exhibit discontinuities at ∆=0 and ∆≈−χb, re-
spectively.

of the SQUID coupled to both cavities, ignoring the side494

auxiliary transmons. The Hilbert spaces are truncated to495

dimension D=12 for the SQUID and D=4 for the cav-496

ities. The full Hamiltonian considered in the simulation497

is498

H/ℏ = 4EC n̂
2 − EJ (Φext) cos ϕ̂

+ ωaâ
†â+ ωbb̂

†b̂

− gac(â
† − â)(ĉ† − ĉ)

− gbc(b̂
† − b̂)(ĉ† − ĉ)

+ ϵ cos (ωdt ) (ĉ
† + ĉ),

(22)

where the coupler charging and Josephson energies are499

those obtained by fitting the experimental data, and sum-500

marized in Table III; the oscillator frequencies are those501

measured experimentally through two-tone spectroscopy;502

the capacitive coupling strength between the oscillators503

and the SQUID are taken as ga/2π = 43.07MHz and504

gb/2π = 22.56MHz, to reproduce the experimentally505

measured dispersive shifts; and the drive amplitude ϵ is506

calibrated to reproduce the measured coupler AC Stark507

shift.508

The 200 ns cos2 ramps for the parametric drive ensure509

that the undriven eigenstates adiabatically map onto Flo-510

quet modes. For a given drive frequency ωd and ampli-511

tude ϵ, we label each Floquet mode by the eigenstate of512

the undriven system with which it has the highest over-513

lap. The Floquet quasienergies, defined modulo ωd, are514

unfolded into real energies by adding or subtracting inte-515

ger multiples of ωd such that they lie within ±20% of the516

energy of their corresponding undriven eigenstate. The517

cross-Kerr between the cavities is then obtained as the518

difference in the transition energy of Alice when Bob is in519

vacuum or in |1⟩. The cross-Kerr strength obtained from520

Floquet simulations, as a function of drive amplitude and521

detuning, is in very good agreement with the experimen-522

tal data, see triangle markers in Fig. 3(c) and solid line523

in Fig. 2 of the main text, respectively. In the latter case,524

deviations at large detunings arise from the proximity of525

a single-cavity transition between |0⟩|1⟩|g⟩ and |0⟩|0⟩|f⟩,526

which significantly enhances Bob’s self-Kerr and its cross-527

Kerr coupling to Alice [25]. We attribute this discrepancy528

to uncertainties in some Hamiltonian parameters, par-529

ticularly gb, which were calibrated solely from indepen-530

dently measured experimental observables without addi-531

tional fitting.532

VII. CALIBRATION OF COHERENT533

EXCHANGE RATE534

To confirm the location of the coherent exchange in-535

teraction ωe, and calibrate the exchange strength, g1, we536

measure the population of Alice, Bob, and the coupler,537

as a function of the drive duration and frequency (ωd),538

as shown in Fig. 4.539
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FIG. 4. Coherent exchange of excitations between the
coupler and the oscillators. Left: probability of finding
Alice in vacuum. Middle: probability of finding Bob in vac-
uum. Right: probability of the coupler being excited. Sys-
tem was initialized in |1⟩|0⟩|g⟩. ∆=0 corresponds to ωd =ωe,
where exchange occurs in ∼ 200 ns. The coupler configuration
corresponds to Fig. 2(a) in the main text.

The experiment starts by preparing the state |1⟩|0⟩|g⟩540

through a numerical GRAPE pulse on the side transmon541

qa and Alice. A microwave drive is applied to the cou-542

pler with variable duration t and frequency ωd. After the543

drive pulse, the system populations are measured. The544

coupler population is obtained via direct dispersive read-545

out of its readout resonator, while the cavity populations546

are measured using selective π-pulses on their auxiliary547

transmon, conditioned on each cavity being in vacuum.548

The cavity data is normalized by the selective π-pulse549
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contrast, and the coupler population is corrected by the550

readout contrast.551

The data exhibits the characteristic chevron pattern552

expected for a coherent exchange between |1⟩|0⟩|g⟩ and553

|0⟩|1⟩|e⟩. At zero detuning, the populations oscillate si-554

nusoidally in time with a frequency 2g1 while detuning555

from the exchange condition leads to faster oscillations556

with reduced contrast. A line cut yields the oscillations557

shown in Fig. 2(a) of the main text, from which we can558

extract g1/2π=1.024± 0.004MHz.559

VIII. EXTENSION TO MULTI-PHOTON CODES560

Due to the bosonic enhancement factor in the coupling561

strength, we can increase the gate speed by populating562

higher Fock states in the control cavity. We demonstrate563

this by measuring the phase acquired by the |+⟩ state564

during gate operation when the control cavity is in |2⟩565

and comparing it to the equivalent case when the control566

is in |1⟩. The phases acquired as a function of time for567

both cases are shown in Fig. 5(a). Representative Wigner568

tomography snapshots at selected times for initial state569

|+⟩|2⟩ are shown in Fig. 5(b). We observe that the CZ570

gate time is reduced from ∼ 5.5µs to ∼ 2.5µs.571

It is important to note that the gate time is reduced572

by more than a factor of two as the resonant condition573

is shifted by nχb when the control cavity is prepared in574

|n⟩ in accordance with Eq. 8. Since the gate detuning575

is defined with respect to the single-photon case and is576

kept constant for both experiments, the effective detun-577

ing becomes smaller for the two-photon state, leading to578

a gate rate that exceeds the simple factor-of-two scaling579

expected from bosonic enhancement alone. This entails580

that when the engineered dynamics is applied to multi-581

photon states, we must account for this difference in ef-582

fective detuning appropriately.583

IX. PAULI BARS FOR OTHER STATES584

Here, we present the reconstructed two-cavity density585

matrices in the Pauli decomposition, after applying 0 to586

6 CZ gates to the initial states |+⟩|0⟩, |1⟩|+⟩ and |+⟩|+⟩,587

see Fig. 6. For the initial state |+⟩|+⟩ we further distin-588

guish between the case of drive on and off (i.e. gCZ =0).589

These data complement Fig. 3 of the main text, where590

the state fidelity is shown as a function of applied gates.591

The density matrices are reconstructed from the mea-592

surement data using ORENS and Bayesian inference, see593

Section X for further details. The colored bars corre-594

spond to the experimentally reconstructed Pauli coeffi-595

cients. The black outlined bars indicate the ideal val-596

ues, while the dashed lines show the expected coeffi-597

cients obtained from numerical simulations. The sim-598

ulations are performed using the effective Hamiltonian599

Heff = gab a
†a b†b with a gate time of 5.5µs. We perform600

the simulations including the experimentally-calibrated601
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FIG. 5. Bosonic enhancement of the gate rate. (a)
Phase acquired by the target cavity initialized in |+⟩ during
the gate when the control cavity is prepared in |0⟩, |1⟩ and
|2⟩. The gate time is reduced from ∼ 5.5µs to ∼ 2.5µs when
populating the control cavity with two photons. (b) Repre-
sentative Wigner tomography snapshots of the target cavity
at selected times for the initial state |+⟩|2⟩.

cavity decoherence parameters when the drive is on, with602

T1a =210µs, Tϕa =70µs, T1b =388µs and Tϕb =52µs.603

See Section XI for further details.604

Furthermore, Fig. 7 shows the reconstructed Pauli de-605

compositions after a single CZ gate applied to the initial606

states |−⟩|−⟩, |i⟩|i⟩ and |−i⟩|−i⟩, which ideally produce607

maximally entangled states under the engineered interac-608

tion. As above, the Pauli coefficients are obtained from609

measurements using ORENS combined with Bayesian in-610

ference. The experimental results are compared to both611

the ideal states (black outline) and to numerical simula-612

tions including decoherence (dashed lines) using the same613

effective Hamiltonian and parameters described above.614

X. QUANTUM STATE RECONSTRUCTION615

We perform quantum state reconstruction following616

the Optimized Reconstruction with Excitation Number617

Sampling (ORENS) protocol. We extended the scheme618

in Ref. [12] for reconstructing two-mode cavity states. It619

involves applying a set of optimized displacement points620

on both cavities and performing photon number measure-621

ments. The measurement results are then processed to622

estimate the two-mode density matrix. Up to this point,623

the resulting density matrix might not be physical due to624

the presence of noise in the experimental data. Thus, we625

employ Bayesian inference to get a statistically accurate626

and physical estimated density matrix. The following627

two sections provide details on the implementation of the628

ORENS protocol and the Bayesian inference procedure629

used to obtain the final estimated density matrix.630
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FIG. 6. Reconstructed density matrices after several CZ gates. Reconstructed two-cavity states in the Pauli operator
representation after 0–6 applied CZ gates, for the initial states (a) |+⟩|0⟩, (b) |1⟩|+⟩ (b), and (c) and (d) |+⟩|+⟩ with drive
on and off, respectively. Black outlines indicate the ideal values and dashed lines the numerical simulations including cavity
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A. State reconstruction via ORENS631

ORENS enables efficient quantum state tomography632

using the theoretical minimum number of measured633

single-valued observables, which are excitation (photon)634

number measurements performed after a set of optimized635

phase-space displacements. For reconstructing a single636

bosonic mode of dimension D, the least number of ob-637

servables is Nobs =D2−1. These are obtained using Nobs638

optimized displacement points, each followed by a mea-639

surement of a single photon number n. The set of ob-640

servables can be written as Xi =tr(|n⟩⟨n|D̂†(αi)ρD̂(αi)),641

where i=1, 2, · · · , Nobs and {αi} is the set of optimized642

displacement points obtained by minimizing the mea-643

surement matrix via a gradient descent algorithm [12].644

An arbitrary density matrix ρ of dimension D can645

be parametrized by its D2 real parameters (without the646

normalization condition). In our case, we take the di-647

agonal elements of ρ as well as its real and imaginary648

off-diagonal (upper triangular) elements, which we shall649

arrange in a vector form Y⃗ . The parameters (Y⃗ ) and650

observables (also arranged in a vector form X⃗) are lin-651

early related [26]. In our case, we write this as Y⃗ =MX⃗.652

Here, M is a mapping matrix, which can be computed653

given the set of optimized displacement points {αi} and654

photon number n to be measured. To get an estimate655

of the parameters Y⃗est, given the experimental data X⃗,656

we apply the inverse of the matrix equation Y⃗est =M+X⃗657

with M+ =(M†M)−1M† being the left Moore-Penrose658

pseudoinverse. From the estimated parameters, we then659

construct the density matrix ρLS. Given this density ma-660

trix, which might be unphysical, we employ Bayesian in-661

ference to get the final physical density matrix (see next662

section).663

To reconstruct a two-mode cavity state in the present664

case, we use a total dimension of D=4 (2 for each mode)665

and D=9 (3 for each mode) for the case of 0/1 encoding666

and 0/2 encoding, respectively. This truncation is justi-667
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dinal states. Reconstructed two-cavity states in the Pauli
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fied by the absence of any observed population in |2⟩ and668

|3⟩ after the gate, within readout error. The displacement669

operations we apply are of the form {D̂a(αi)⊗ D̂b(αj)},670

where {αi} refers to the optimized displacements ob-671

tained via optimization for the single-mode tomography672

case. For the 0/1 and 0/2 encoding, we use a total of 25673

and 100 different displacements, respectively. This ex-674

ceeds the theoretical minimum ofD2−1 in both encoding675

scenarios, providing an overcomplete set of observables676

that improves robustness to uncertainties and reduces677

the averaging required per observable. After each dis-678

placement, we measure the probability of observing the679

joint photon number |n⟩a ⊗ |n⟩b in the two-mode cav-680

ity state. This is obtained through individual single-shot681

measurements of photon number |n⟩ in Alice and Bob,682

by applying selective π-pulses on their side transmons683

at frequencies ωqa−nχa qa and ωqb−nχb qb , respectively,684

and measuring the resulting excited state probabilities.685

By correlating the outcomes of these measurements for686

each experimental run, we obtain the joint probability of687

observing |n⟩a ⊗ |n⟩b photons.688

Note that as we use parametrization with D2 parame-689

ters (without enforcing the normalization condition), the690

density matrix obtained via linear inversion (least square)691

ρLS might not have unit trace and positive eigenvalues.692

We shall keep ρLS as a data-driven estimator that faith-693

fully reflects the measurement outcomes, and use it solely694

as the reference point for a subsequent Bayesian inference695

procedure that restores physicality in the final estimated696

density matrix.697

Two-mode state reconstruction has previously also698

been achieved by measuring the joint parity ⟨P̂a⊗P̂b⟩ [27].699

However, this approach requires closely matched disper-700

sive shifts χ between transmon and both cavities, placing701

stringent constraints on the hardware. One can in prin-702

ciple perform separated single shot parity measurements703

for P̂a and P̂b, and correlate them to get ⟨P̂a ⊗ P̂b⟩, as704

we did for photon number in this work. However, the705

traditional parity measurement π/2-wait-π/2 is known706

to suffer from coherent as well as incoherent errors [12].707

A standard technique employed to counter this problem708

is to perform a corrected parity measurement, in which709

⟨P̂ ⟩corr =(⟨P̂ ⟩ − ⟨P̂ ⟩rev)/2 is measured. Here ⟨P̂ ⟩rev is710

obtained using a π/2-wait-(−π/2) sequence. Implement-711

ing this technique in our device would require correlating712

4 different measurements: P̂a with P̂b; P̂a with P̂B,rev;713

P̂A,rev with P̂b; and P̂A,rev with P̂B,rev, therefore multi-714

plying the number of required measurements by a factor715

of 4. This tomography method adds a factor of 2N to the716

total number of displacement points for N -mode state re-717

construction, which is certainly less favorable compared718

to the method implemented in this work.719

B. Bayesian inference720

To obtain a physical (positive semidefinite) estimated721

density matrix, a standard technique consists of perform-722

ing linear inversion (as explained in the previous sec-723

tion) followed by maximum likelihood estimation [28].724

However, this method suffers from the problem, that the725

estimated physical density matrix often has zero eigen-726

values [29]. This is not justified by finite measurement727

statistics, as the absence of observed events cannot sup-728

port the conclusion that the corresponding probabilities729

are exactly zero. Instead, we employ Bayesian inference,730

which gives a statistically more accurate estimate. In-731

corporating Bayes’ rule, Bayesian inference provides a732

posterior probability distribution given the measured ex-733

perimental data and prior knowledge. The posterior dis-734

tribution can then be used (sampled) to get an estimate735

for any function of the density matrix. We follow an effi-736

cient Bayesian inference protocol introduced in Ref. [30].737

We use uniform prior, i.e., no prior assumption on the738

density matrix, such that the posterior distribution is739

proportional to the pseudo likelihood function740

L(ρ) ∝ exp

(
− N

2
||ρ− ρLS ||2

)
(23)

where || · || is the Frobenius norm and N is the to-741

tal number of events (number of repetitions times num-742
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ber of applied displacements). We then draw a total of743

RT samples according to the Crank-Nicolson Metropolis-744

Hastings procedure, with a thinning parameter T = 27745

to reduce serial correlation in the subsequent samplings746

and keep only R = 210 samples. The final reconstructed747

state is given by the Bayesian mean estimator:748

ρBME =
1

R

R∑
r=1

ρr (24)

where {ρr} are the retained physical density matrices749

sampled from the posterior distribution. We calculate750

the fidelity between the density matrix ρBME and a target751

density matrix ρtar using:752

F =

(
Tr
√√

ρtarρBME
√
ρtar

)2

, (25)

where ρtar is the target density matrix generated by sim-753

ulating the numerical GRAPE pulses under realistic de-754

coherence mechanisms, followed by propagation through755

an ideal gate model with no decoherence, where the ef-756

fective Hamiltonian used is Ĥeff = gab â
†â b̂†b̂. This pro-757

cedure isolates the sources of gate imperfections, such758

as system decoherence and spurious coupler excitations,759

from errors of the state preparation and measurement. A760

quantitative error budget is provided in Section XII.761

XI. DRIVE-INDUCED DECOHERENCE762

A. Strong drive effects on cavity coherences763

In this work, we drive the coupler with a strong764

microwave tone to activate the cross-Kerr interaction.765

When operating in the Raman regime, the coupler is766

never physically populated, thereby mitigating errors767

arising directly from its decoherence mechanisms. Nev-768

ertheless, we observe a substantial reduction of the oscil-769

lator coherences as a function of both the drive strength770

and the detuning from the resonance condition described771

in the main text. To quantify the cavity properties un-772

der this strong drive, we characterize the driven single-773

photon lifetime of the oscillators by loading a photon in774

Alice (Bob) and replacing the delay time by a strong775

off-resonant drive applied to the coupler. We observe a776

degradation of T1 times from 700–900µs (800–1000µs)777

to ∼ 210µs (∼ 390µs). The dephasing time of the oscil-778

lators was characterized via a Ramsey experiment where779

Alice (Bob) is initialized in a superposition (|0⟩+|1⟩)/
√
2780

and the delay time is replaced with a strong off-resonant781

drive. We observe a reduction in the oscillator T ∗
2 times782

from 500–600µs (700–900µs) to ∼ 40µs (∼ 60µs).783

The observed reduction in coherence is consistent with784

previous reports in strongly driven cQED systems [8, 31,785

32]. We attribute the enhanced oscillator decay to drive-786

induced dissipation [23, 32], arising from the dressing of787

the coupler by the off-resonant coherent exchange inter-788

action. A simple model of this effect can be obtained789

by considering the first-order perturbative correction to790

the coupler decay operator, |g⟩⟨e|→ |g⟩⟨e| +
[
Ŝ, |g⟩⟨e|

]
,791

where Ŝ is the SWT generator introduced in Section V.792

The resulting commutator generates an additional term793

β ab†
(
|g⟩⟨g| − |e⟩⟨e|

)
. Likewise, dressing the coupler de-794

phasing operator yields β
(
a†b|g⟩⟨e|+ab†|e⟩⟨g|

)
. Operat-795

ing the coupler away from its sweet spot, where T c
ϕ ∼ 2µs,796

may therefore lead to an effective oscillator dressed de-797

cay time of T a,b
1 ∼β−2T c

ϕ ∼ 200µs, consistent with the798

observed driven coherence times. In addition, the ap-799

plied drive induces AC Stark shifts of the coupler tran-800

sitions, which can approach the cavity frequencies at801

large drive amplitudes. Furthermore, the off-resonant802

drive enhances hybridization between the modes, thereby803

increasing the inherited cavity decay [25, 33]. Similar804

to [32], there is a tradeoff between the gate time, which805

scales with ∆, and the sideband-dressed oscillator decay,806

which scales as ∆−2. While this simple model provides807

a qualitatively consistent description of our observations,808

a more rigorous treatment is required to systematically809

account such drive-induced decoherence effects. This re-810

mains an active area of research and lies beyond the scope811

of the present work.812

We further attribute the degradation of the oscilla-813

tor dephasing time to two distinct mechanisms. First,814

dressed dephasing [33], arising from an elevated an-815

cilla temperature in the Floquet basis. This contribu-816

tion depends primarily on the drive-coupler detuning817

(∼ 280MHz) and is therefore insensitive to the inter-818

action detuning (∆∼ 6MHz), resulting in a nearly flat819

photon-shot noise spectrum [32]. Second, the interplay820

between the enhanced oscillator decay rates and the di-821

rect cross-Kerr coupling between the oscillators leads to822

an additional, cross-Kerr dependent dephasing channel.823

B. Driven coupler decoherence824

When the system is driven at the resonance condition,825

we observe a coherent exchange of excitations between826

the states {|1⟩|0⟩|g⟩, |0⟩|1⟩|e⟩}, as shown in Fig. 2(a) of827

the main text. The corresponding coupler population os-828

cillations are presented in Fig. 8. In the presence of deco-829

herence, dephasing reduces the oscillation contrast, while830

energy relaxation skews the dynamics toward the ground831

state. Following [8], we model the coupler oscillations as832

a function of the drive duration using833

P0(t) = Ae−κ1t
(
1 + e−κϕt cos(2g1t+B)

)
+ C, (26)

where A, B, and C are amplitude, initial phase and off-834

set fitting parameters to compensate for state prepara-835

tion and measurement (SPAM) imperfections; κϕ denotes836

the effective dephasing rate within the exchange sub-837

space; and κ1 characterizes population decay to the vac-838

uum state. From this fit, we extract effective coherence839
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FIG. 8. Coherent coupler oscillations. Experimentally
measured exchange oscillations of the coupler mode (green
markers), used to fit Eq. 26 and extract the corresponding
decay and dephasing times. The right panel shows a zoomed-
in view of the first 2µs of the oscillations. The solid line
corresponds to master-equation simulations using the cavity
and coupler decoherence rates, with the coupler dephasing
time measured via a CPMG sequence.

times of κ−1
1 =94± 3µs and κ−1

ϕ =28.0± 0.4µs. Because840

the excitations involved in the interaction are delocalized841

across both cavities and the nonlinear coupler, these rates842

cannot be directly interpreted as averages of the individ-843

ual cavity coherence times, in contrast to Ref. [8].844

Instead, we perform full master equation simulations845

using the independently measured cavity and coupler de-846

coherence rates. Importantly, using the bare coupler de-847

phasing time extracted from Ramsey experiments pre-848

dicts a significantly faster decay of the oscillations than849

is observed experimentally. This discrepancy indicates850

that the relevant coherence properties during the ex-851

change process differ from those inferred from static mea-852

surements. It is well established that, under continu-853

ous driving, the effective coherence times of supercon-854

ducting transmons are modified relative to their free-855

evolution values [34, 35]. To account for this, we adopt856

a coupler T2 time of 13µs, corresponding to the ex-857

perimentally measured decoherence time obtained via858

a Carr–Purcell–Meiboom–Gill (CPMG) sequence [36].859

This choice is justified by the fact that the continuous860

drive effectively rotates the transmon Bloch vector, pro-861

ducing dynamics analogous to a repeated echo sequence.862

With this modification, the simulations are in very good863

agreement with the experimental data, as shown in the864

right panel of Fig. 8 and in Fig. 2(a) of the main text.865

XII. ERROR BUDGETING866

In this section, we break down and estimate the differ-867

ent sources of infidelity affecting our experimental data.868

To this end, we perform full master equation simulations869

in which individual error mechanisms are introduced one870

at a time, allowing us to isolate their respective contri-871

butions. While this approach provides a useful estimate872

of each contribution to the infidelity, it does not cap-873

ture potential correlations between error channels. We874

therefore also present simulations that incorporate all er-875

ror sources simultaneously for comparison. Overall, both876

approaches yield a consistent reproduction of the exper-877

imentally measured values.878

We begin by considering errors arising from SPAM in879

an idealized setting without decoherence. We simulate880

the numerical GRAPE pulses used to prepare the initial881

states using the Hamiltonian of Eq. 2, followed by an ap-882

plication of a single CZ gate, modeled by the effective883

Hamiltonian884

Heff = gaba
†ab†b− χa a

†a |e⟩⟨e| − χb b
†b |e⟩⟨e|. (27)

We then simulate the ORENS tomography using a pulse-885

based description, with realistic selective π-pulses and886

displacement operations, while neglecting readout errors.887

The infidelity of the reconstructed simulated final state888

is quantified as 1 − |⟨ψsim|ψtarget⟩|2, where |ψtarget⟩ de-889

notes the ideal state after the gate (e.g. |1⟩|−⟩ for an890

initial state |1⟩|+⟩). The infidelity obtained from this891

decoherence-free simulation (see turquoise bars in Fig. 9)892

arises primarily from imperfections in the state prepara-893

tion, that generate small populations outside the 0/1 sub-894

space, which cannot be captured by the D=2 ORENS895

tomography. These leakage populations are sufficiently896

small not to be detected in experiments.897

We then repeat the previous analysis, now including898

decoherence during both the initial state preparation and899

the ORENS tomography protocol. In addition, measure-900

ment errors are incorporated by applying the confusion901

matrices described in Section IID to the expected excited902

state populations of the side transmons. This contribu-903

tion constitutes the dominant source of infidelity in our904

experiments (see red bars in Fig. 9) and is ultimately905

limited by the coherence times of the side transmons.906

We also consider infidelities arising from residual coupler907

population after the gate (green), corresponding to the908

residual excitations shown as green crosses in Fig. 2(b)909

of the main text, as well as from the driven decoher-910

ence of Alice (orange) and Bob (purple) during the gate,911

using the values described in Section XI. Each of these912

contributions is simulated by including only a single er-913

ror mechanism at a time, without accounting for SPAM914

errors. Finally, we compute the total infidelity by in-915

cluding all decoherence channels simultaneously (dotted916

lines). In some cases, this results in a lower infidelity than917

that obtained by summing the individual contributions,918

indicating that certain error mechanisms are not inde-919

pendent. For instance, cavity decoherence can partially920

suppress spurious populations outside the tomography921

subspace, thereby mitigating their contribution to the922

total infidelity. For the states in the 0/2 subspace, we fur-923

ther simulate the effect of post-selection by projecting the924

simulated states into the even-parity subspace (dotted925

lines) before passing them into the ORENS tomography926

simulation. Overall, for a single gate, the SPAM errors927

dominate the infidelity, whereas for increasing numbers928

of gates (Fig. 3(e) in the main text), cavity decoherence929

becomes the leading error mechanism.930
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XIII. CROSS-KERR IN 3-WAVE MIXING931
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FIG. 10. SQUID and SNAIL susceptibilities. Real part
of the susceptibility of a (a) SQUID, (b) SNAIL, quantifying
the coupler response to a probe at ω when driven at ωd. The
SNAIL, biased at its Kerr-free point, exhibits fewer spurious
resonances than the SQUID for the same drive amplitude.

The Raman-assisted protocol presented in this work932

employs a SQUID coupler and concatenates two 4-933

wave mixing processes to engineer an effective 6th-order934

Hamiltonian term (involving 2 drive photons). While this935

activates the desired cross-Kerr interaction, it also intro-936

duces parasitic effects. The always-on dispersive coupling937

between the cavities and the coupler modifies the effective938

drive detuning from the coherent exchange condition as a939

function of the cavities photon number. In addition, AC940

Stark shifts arising from the 4-wave mixing dynamics can941

lead to undesired frequency collisions under strong drives.942

Finally, the nonlinear mixing between all the modes that943

participate in the coupler junction gives rise to a spec-944

trum of spurious transitions that constrains the choice945

of drive parameters. Although spurious transitions in-946

volving cavity modes are spectrally narrow, sufficient de-947

tuning is required to suppress off-resonant second-order948

processes.949

To mitigate these imperfections, we envision replac-950

ing the SQUID coupler with a tailored 3-wave mix-951

ing element. For example, a linear inductive coupler952

(LINC) [37] or a Superconducting Nonlinear Asymmet-953

ric Inductive eLement (SNAIL) biased to the operating954

point where it only exhibits 3- and 5-wave mixing [38].955

For the remainder of this section we focus on the latter956

as a concrete example. The SNAIL Hamiltonian is957

HS/ℏ=ωsŝ
†ŝ+ g3

(
ŝ+ ŝ†

)3
+ g5

(
ŝ+ ŝ†

)5
+ · · · , (28)

where ŝ is the annihilation operator of the SNAIL mode,958

and g3 and g5 are its third- and fifth-order nonlinearities.959

Coupling the SNAIL to both oscillators and driving at a960

frequency ω
(S)
d = ωc − ωa engineers the interaction961

Ĥ
(3)
d /ℏ = g3

(
â†ŝ+ âŝ†

)
. (29)

At this same resonant condition, the 5-wave mixing term962

Ĥ
(5)
d /ℏ = g5

(
â†b̂†b̂ŝ+ âb̂†b̂ŝ†

)
(30)

is also resonant. As in the SQUID case, driving with963

a detuning ∆ from this resonance activates a Raman-964

assisted interaction between Ĥ
(3)
d and Ĥ

(5)
d , yielding an965

effective Hamiltonian966

ĤS
eff/ℏ =

g3g5
∆

â†â b̂†b̂
(
|g⟩⟨g| − |e⟩⟨e|

)
. (31)

Here we assume that, despite operating at its Kerr-free967

point, the SNAIL retains a small but finite anharmonic-968

ity from its 3-wave mixing term. Provided the drive am-969

plitude and bandwidth remain small compared to this970

anharmonicity, leakage to higher excited states is sup-971

pressed, and the coupler can be approximated as an ef-972

fective two-level system, with ŝ = |g⟩⟨e|.973

Using a 3-wave mixing element would not only solve974

the problem of photon-number–dependent cross-Kerr975

couplings, but also significantly reduce drive-induced fre-976

quency shifts and suppress many of the spurious multi-977

photon processes inherent to 4-wave mixing. To illustrate978

the latter, we compare the susceptibility χ(ω, ω+ωd) of979

a SQUID and a SNAIL coupler, following the procedure980

of [25], see Fig. 10. Here, the susceptibility characterizes981

the frequency-converting response of the coupler, relat-982

ing a probe at frequency ω to a response at ω+ωd, where983

ωd is the drive frequency. When the cross-Kerr drive is984

on, the SNAIL exhibits fewer activated resonances across985

the probe frequency spectrum, resulting in a significantly986

cleaner susceptibility profile.987
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