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ABSTRACT

It is well-known that solar plasmas exhibit a spectral plethora of collective oscillatory modes, alongside fluctuations, actively illuminating
involved dynamical and helioseismic phenomena. In this study, a linear acoustic fluctuation analysis is performed to explore the
stability of nonthermal x-modified viscoturbulent inhomogeneous solar plasmas. The intrinsic fluid turbulence effects are properly
incorporated using a modified Larson logabarotropic equation of state. The analysis yields a generalized linear cubic dispersion
relation describing the self-gravitationally bounded solar interior plasma fluctuations. We explore the influence of key physical
parameters—including the nonthermality index, electron temperature, dynamic viscosity, and thermal conductivity—on the fluctuation
dispersion signatures. The Routh—Hurwitz stability criterion is systematically applied to assess the plasma stability features. Both the
distinct classes of helioseismic modes, g-modes and p-modes, are methodically characterized. While, the g-modes can induce large
changes to the solar parameters, they cease to exhibit oscillatory behaviours beyond approximately 2.4 x 108 m from the solar core. In
contrast, the p-modes propagate throughout the Sun. The excitation of the ubiquitous five-minute oscillations is illustratively analysed
and observationally validated. This investigation indicates that electron nonthermality spectral index « and thermal conductivity
enhance mode propagation, whereas the plasma viscosity and electron temperature act as damping factors. The radially outward
energy flux of the photospheric p-modes is estimated to lie in the range of 10° — 10° W m~2. These p-modes are shown to contribute
substantially to chromospheric spicule formation via the longitudinal-to-transverse mode conversion mechanism. The x-modified
fluctuations studied here fairly align with the prior solar observational predictions.

1 Introduction

The morphodynamics and evolution of the solar interior remain among the most enduring and incompletely understood
challenges in solar physics. Distinct types of waves and oscillation modes pervade the solar plasma across all spatiotemporal
scales'™*. These waves serve as powerful diagnostic tools, offering critical insights into the dynamic and structural properties of
the solar interior®>~"_ In this context, probing the Sun and its interior in light of the collective helioseismic waves has been one
of the engaging topics among the solar researchers for decades. These collective non-radial modes are produced in the form of
standing acoustic waves excited stochastically by turbulence at the convective zone!%!!. Subsequently, these modes get trapped
within the solar interior and are sustained by the restoring forces of solar thermal (acoustic) pressure.

Depending on the driving physical mechanisms, helioseismic waves are broadly classified into two categories: (i) Thermal
pressure-driven acoustic waves (pressure modes or p-modes) and (ii) Buoyancy-driven internal gravity waves (gravity modes
or g-modes)'?~1°. The p-modes are high-frequency waves that propagate throughout much of the solar interior, reflecting off
deeper layers before returning to the surface, thereby conveying diagnostic information about subsurface solar structure > 14,
Precise spectroscopic Doppler shift observations have already detected the five-minute oscillation of solar surface> %17,

Helioseismology, through detailed analysis of p-modes, has significantly advanced our understanding of the solar interior
structure, as depicted in the standard solar models (SSMs)"-37. Besides, the g-modes—characterized by their long wave-
lengths and low frequencies—get trapped beneath the radiative zone and hence remain extremely challenging to detect at the
surface' 1718 Many solar problems including precise modelling of the deep convection zone, understanding the emergent
acoustic energy flux and its interaction with chromosphere, characterizing nonthermality effects, and explaining the mechanisms
of coronal acoustic heating are still not explored properly. A comprehensive investigation of these collective helioseismic
modes in nonthermal plasma conditions could offer us a new window to delve into the mysterious features of the Sun.

Spicules are high-energetic dynamic jet-like structures that erupt from the solar photosphere and extend through the
chromosphere into the lower corona'®!. They exhibit transverse oscillations and play vital roles to transport mass and energy
into the corona and solar wind. Despite extensive research, the exact mechanisms underlying their origin and dynamics remain
unresolved. Transverse Alfvénic fluctuations and horizontal magnetic flux tube motions have been considered a promising
energy carrier to the spicules’'. A good number of recent research reports>' >3 have speculated that the photospheric p-mode
oscillations may also drive the spicules via mode conversion mechanism. This longitudinal-to-transverse mode conversion
occurs near the equipartition region (in chromosphere) where the normal acoustic (longitudinal) speed and normal Alfvén
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Figure 1. A schematic diagram depicting the mode conversion from longitudinal p-modes to transverse spicule oscillation
modes. The black dashed curve represents the equipartition layer formed near the chromosphere.

(transverse) speed become exactly equal. It involves p-mode interaction with magnetic flux tubes that excites both sausage
(longitudinal) and kink (transverse) waves>*, allowing energy leakage from the solar interior into the chromosphere. As depicted
in Figure 1, this leakage can thereby generate power shocks that further form transverse spicule oscillations'®-?!-22, Key aspects
of this wave energy transfer mechanism remain unclear. In this study, we theoretically investigate the acoustic energy flux
generated by collective photospheric p-modes and shed some light on the diverse features of the modal energy transformation
mechanism that contribute to the chromospheric spicule phenomenon.

Recent space missions—including the Parker Solar Probe (PSP), Solar Terrestrial Relations Observatory (STEREO), and
Solar Orbiter (SoLO)—have provided extensive in situ observations of the inner heliosphere, offering valuable insights into
solar plasma dynamics and heliospheric processes. In addition, space-based observatories such as the Solar and Heliospheric
Observatory (SOHO), Wind, and the Solar Dynamics Observatory (SDO) have also detected a wide range of wave modes
and oscillations on the solar surface. These observations are complemented by ground-based networks, including the Taiwan
Oscillation Network (TON), the Global Oscillation Network Group (GONG), and the Birmingham Solar Oscillations Network
(BiSON), which together enhance our understanding of solar interior structure, magnetic activity, and energetic particle
dynamicsl’s’ 11,25, 26.

It is noteworthy that the space and astrophysical plasmas generally exist in stationary (time invariant) statistical states out of
thermal equilibrium, i.e., athermal®®2°, They often exhibit large-scale inhomogeneities and turbulence due to the presence of
free energy sources of diversified origins. Therefore, the Maxwell-Boltzmann distribution becomes inadequate to describe
the long-range interactions in the collisionless nonextensive space plasmas with plasma coupling parameter, I' << 1. Such
non-Maxwellian suprathermal particle velocity distribution is observed ubiquitously in the solar wind**3!). Observations from
multiple missions unveil that the solar electrons often form suprathermal tails, deviating from Maxwellian distributions due to
reduced collisions among faster electrons with longer mean free paths>>33.

The astrophysical non-Maxwellian (nonthermal) systems are governed by the Tsallis nonextensive statistical mechanics*.
Since the solar electron distributions have high-energy tails, the distribution function (f(v)) often follows an inverse power
law f(v) oc v™*, such as the kappa distribution (k-distribution) function containing the nonthermality spectral index %3233,
The family of this kappa velocity distribution has been first introduced by>2. The k-distribution—extensively known as the
g-exponential or the g-Maxwellian distribution—is well-recognized for appropriately modelling the suprathermal constitutive
species of space plasmas®>33-37. The possible realistic values of the nonthermality spectral index, «, lie in the range as
3/2 < k < oo. For k — 3/2, the system approaches the farthest state from the equilibrium, i.e., “anti-equilibrium"; while, for
Kk — oo, the system reverts to the Maxwell distribution®%-33:36:38

Viscosity is a key factor to define the solar plasma dynamics, as it influences the momentum and energy transformation
within the fluid. Its effect in the solar plasma has been first studied by Noble and Scarf>°. Later, Whang et al.** have observed
that the viscosity acts as an energy dissipative source in the interplanetary medium, reducing both heat flow and the system’s
total energy. Several recent reports have considered the solar plasmas as viscous fluid to describe its dynamics*!>4>. Therefore,
the viscosity effect must be sincerely incorporated in order to conduct a proper investigation of the solar plasma dynamics.

In this theoretical work, we systematically investigate the collective waves and oscillation features over the «-distributed
solar interior plasma model. The novelty of our analyses lies in the systematic incorporation of the conjoint action of fluid
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viscosity and thermal conductivity along with the nonthermal electron distribution effect to study the entire solar plasma
spatiotemporal regime. Here, our main focus is to see the non-trivial effects of the constitutive suprathermal electrons on the
helioseismic modes elaborately. Besides, we critically analyse diverse characteristics of the g-mode and p-mode in conformity
with the existing numerous observational scenarios. It is clearly obtained from our report that the effects of nonthermality,
electron temperature, thermal conductivity, and fluid viscosity play significant role in the wave propagation dynamics on the
solar interior plasma regimes.

The structural layout of this manuscript is methodically organized as follows. Apart from the introduction part as in
Section 1, the model configuration and formalism details are offered in Section 2. The kappa-distributed parametric fluctuation
features in the solar interior regime are described in Subsection 2.1. Section 3 is devoted to discuss the stability criteria analysis
of the entire solar plasma dynamics by applying the Routh—-Hurwitz (R-H) criterion. In Section 4, we depict the main results
and discussions along with a reliability comparison and validation analysis with the astronomical solar observations reported
extensively in the literature. The main conclusions drawn from our systematic investigation, together with futuristic scope in
the helioseismic direction, are finally highlighted in Section 5.

2 PHYSICAL MODEL FORMALISM

In this semi-analytic study, we consider an inhomogeneous nonthermal solar plasma model that is quasi-neutral, viscoturbulent
(viscous + turbulent), and thermally conductive. Within the self-gravitating solar interior, the thermal plasma pressure
(p; = nkgT) significantly dominates over magnetic pressure (p,, = B>/2u0) and hence the plasma S-parameter (8 = p,/pm)
becomes very high (>> 1)!:3. Consequently, the magnetic field exerts negligible effects on the collective helioseismic
modes**~4¢. Therefore, magnetic field effects are excluded herein to isolate the dependence of modal features on the underlying
physical properties of the adopted solar model. For a reasonable approximation, the Sun is assumed to be spherically symmetric,
thereby ignoring the effects of rotation and magnetic field. It comprises mainly of suprathermal (inertialess) electrons and
non-isothermal (inertial) ions. This solar plasma itself originates from the thermonuclear fusion of its primary constituents:
Hydrogen (92%) and Helium (8%)"-3%2%. The lighter unbounded electrons are treated as nonthermal («-distributed) particles,
whereas, the heavier bounded ions are considered as an inhomogeneous non-isothermal inertial fluid.

In this adopted model, plasma turbulence—causing outward irregularities in pressure and velocity—and fluid viscosity—
offering inward resistance to flow—are carefully incorporated*®*’. Owing to the dominance of plasma pressure over magnetic

pressure, the solar interior is typically approximated as magnetic field-free and modelled as a polytrope. The polytropic equation

71 .
L4y ); where, K, is
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of state (EoS) for the effective plasma fluid pressure with density p(r) is given as p(r) = Kpp(r)"? = K[,p(r)(

the polytropic constant, y, = (1 + n;l) denotes the polytropic exponent, and n,, = (7p - 1)_l implies the polytropic index
For a special case of isothermal condition, v, = 1 and hence, the corresponding isothermal homogeneous fluid pressure becomes
pwn = nkpTyw; where, Ty, is the homogeneous (9,7, = 0) time-invariant (9,7, = 0) fluid temperature (in K) and n denotes
the constituent particle number density. kg refers to the Boltzmann constant, physically signifying the temperature-energy
conversion factor (kg = 1.38 x 10723 JK~!). In this adopted inhomogeneous solar plasma configuration, the non-isothermal
ionic fluid pressure is given as p4(r,t) = n;(r,H)kg T;(r,t); where, T;(r,t) is the inhomogeneous (0, T; # 0) time-variant (0,T; # 0)
fluid temperature and n;(r,7) denotes the inhomogeneous time-variant ion number density.

Inhomogeneities in solar plasma—specifically density and temperature gradients—give rise to the turbulence pressure in the
system'>%. The active isotropic fluid turbulence pressure is modelled by the Larson logabarotropic EoS: pu:b = poln{o(r,£)/po};
where, pg = nokg Ty is the mean (equilibrium) isothermal fluid pressure, p(r, ) refers to the inhomogeneous fluid material
volumetric density, and py denotes the mean the mean solar fluid density*”-4>->°. The net pressure of the non-isothermal
inhomogeneous turbulent solar plasma ionic fluid is thus p = (ps + pwrb). For mathematical tractability, effects such as the
heliospheric magnetic field (HMF), gyro-fluid interaction, non-ideality, differential rotation, vorticity, viscoelasticity, bulk
viscosity, and tidal forces are neglected.

For our semi-analytic investigations, we adopt standard notations and typical values of key physical parameters relevant to
solar plasma dynamics'-32, as listed in Table 1. A standard Jeans normalization scheme!3:3:4-46:31 "adopted in the present
astrophysical analysis along with the corresponding definitions of variables and characteristic solar plasma scales, is summarized
in Table 2. The adoption of Jeans normalization is primarily motivated by the need to consistently incorporate self-gravitational
effects into the plasma-fluid description of the Sun. The Sun is believed to have originated through the gravitational collapse of
primordial matter resulting from density inhomogeneities, a process fundamentally associated with Jeans instability. Even
after its formation, the Sun remains a self-gravitating system whose structure and evolution are governed by the interplay
between gravitational and thermodynamic processes. The associated Jeans length and Jeans time scales characterize the balance
between pressure-driven restoring forces and gravitational attraction, thereby providing a physically meaningful framework for
nondimensionalizing the governing equations of a self-gravitating plasma medium. Furthermore, the use of Jeans normalization
enables the fundamental role of gravity in large-scale plasma dynamics to be incorporated in a natural and self-consistent
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Table 1. Representative solar physical parameters

Physical parameter Symbol Magnitude
Electron mass me 9.31x 1073 kg
Ton (proton) mass m; 1.67x 107" kg
Electron charge ge=—e -1.6x1071°C
Ion (proton) charge qi=+e +1.6x1071°C
Electron temperature T, 10°K (x 10%eV)
Ton temperature T; 10°K (~ 10eV)
Solar core temperature T, 107K (~ 10%eV)
Boltzmann constant kg 1.38x 1078 JK!
Vacuum permittivity £0 8.85x10712C?kg™ ' m~3s?
Vacuum permeability Uo 4% 107 kgms 2 A2
Universal gravitational constant G 6.67x 107" m3kg~!s72

Table 2. Adopted astrophysical normalization scheme

Normalized parameter Normalizing parameter Magnitude
Radial distance (§ = %) Jeans length (1j) 3.1x108m
Time (T = T—’J) Jeans time (T_] = a)J‘l) 10%s
Population density (Ne(i) = ";—f)’)) Mean SIP density (r) 1030 m—3
Mach number (M = VL’:) Sound phase speed (Cy) 3.1x10°ms™!
Gravitational potential (‘I’ = %) Sound speed squared (C?) 9.61x10'9m?s~2
Electrostatic potential ((D = k;?e) Thermal potential (kBTT‘) 102JC!

manner. It is noteworthy that the Sun itself serves as a standard normalization reference in astrophysics through quantities such
as the solar mass, solar radius, and solar luminosity, which are widely employed to describe the properties and evolutionary
behavior of other stellar systems in a scale-invariant framework 3.

Although the solar plasma is intrinsically stratified, the present formulation employs a local approximation in which
background variations are assumed to be weak over the perturbation scale. Within this regime, the Jeans scaling offers an
effective normalization to capture the coupled effects of compressibility, nonthermality, and dissipation, without explicitly
resolving the global stratification of the Sun.

2.1 Nonthermal solar plasma fluctuations

This work aims to study the solar plasma fluctuation dynamics in the presence of fluid viscosity, turbulence, thermal conductivity,
and nonthermal kappa («) spectral effects. The suprathermal (athermal) electron population density obeys the relevant
nonthermal power-law of population distribution?®-3%-36:32:33 ~ Accordingly, the electron thermostatistical distribution law in the
normalized form with all the customary notations is given as

—Kk+1/2

ey

Here, the solar plasma quasi-neutrality condition, N, =~ N; = N, is a direct natural consequence of the electrostatic Poisson
equation on the gravitational Jeans spatial scales, A3 — oo, against the electrostatic Debye screening scales, Ap — 0 such that

N,=N-= [1 —cD(K—3/2)*‘]
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Ap/Ay = 10720 ~ 0 asymptotically>*>3. The symbol, «, denotes the nonthermality spectral index measuring the degree of
nonthermality (non-extensivity) of the solar suprathermal electrons.

The evolutionary dynamics of the constitutive ions in the self-gravitating solar plasma system can be well described by
the full inertial response in the continuum framework of viscoturbulent fluid. The normalized ion hydrodynamic equations
including continuity (material density conservation), momentum (force density conservation), and the plasma heat flow (energy
conservation) equations can be described in the assumed spherical symmetry (polar and azimuthal contributions ignored) with
all the customary notations (Table 1) respectively as

8N +NOM + MOgN + (2/€)MN =0, @)
N (0-M + MO¢M) + er,0¢ Py + NOg® + Ng = e [0 M + (2/€)0:M — (2/€7) M. 3)
(0-Py + MO:Py) +y P [0eM + 2/E)M| - (y = D) iy, |03 + (2/€) 0T | = @y = 1)/ (poy). “)

Here, () denotes the linear partial differential operator with respect to Jeans-normalized time (radial space). Then, Py(&,7) =
[Ps(&,7) + Purn(é,7)] = [N(E,T)TN(E,T) + In{N(&,7)}] stands for the total (non-isothermal + turbulent) effective normalized
pressure of the considered inhomogeneous solar plasma system lying initially in a hydrostatic homogenous quasi-neutral
equilibrium configuration. ETO_I =T./Ty and Ty = T;/Ty represent the normalized electron and ion temperatures, respectively.
Ty is the solar mean (equilibrium) temperature (in K), treated as the temperature normalizing parameter. @ denotes the
normalized electrostatic potential in the plasma. g, = 0¥ implies the Jeans-normalized self-gravitational acceleration; where,
¥ denotes the Jeans-normalized self-gravitational potential.

Clearly, Equation (3) represents the Navier—Stokes equation, with only dynamic (shear) viscous effect, but with no bulk
viscous effects. The dimensionless (normalized) parameter, neg = 17/ (minou)yl%), denote the coefficients of effective dynamic
(shear) viscosity arising because of the collisional energy exchange processes among the constitutive ionic species. Here, the
viscosity normalizing parameter is the Jeans (critical) viscosity, given as 1y = m;nowy /l?. The notation, 7, represents the zeroth-
order dynamic viscosity coefficient of the plasma ion fluid and can be given with all the usual notations as n = 0.96n;kg Tt (in
kgm~!s~! or Pas); where, 1, = 1273/ 2sozml.l/ 2e=4(In A)'n7 (kg T;)*/* (in seconds) refers to the typical Coulombic relaxation
time for the solar ions*>>%37. The parameter, €, denotes the vacuum permittivity. The logarithmic notation, In A, denotes the
Coulomb logarithm that reflects the dominance of small-angle over large-angle Coulomb collisions.

As in Equation (4), the dimensionless (normalized) parameter, K;h = KkTh/ (nokB a)J/lJZ), stands for the coeflicient of effective
thermal conductivity arising because of the thermal energy exchange processes among the constitutive ions. Here, the
conductivity normalizing parameter is the Jeans (critical) thermal conductivity, given as ktpy = nokaJ/l%. The notation, Ty,
denotes the zeroth-order thermal conductivity of the considered plasma system. It can be given in the usual notations as
kth = 3.9n;k3 Tit,m?" (inkgms™ K~! or Wm™ K1)*57_ The thermodynamic term, Q = V- g, represents the divergence of
effective heat flux defining the heat source type (outward flux, Q > 0) or sink type (inward flux, Q < 0) characteristic of the
solar plasmas. The notation, y, denotes the well-known specific heat ratio that can be obtained as y = 5/3 for the considered
singly ionized solar plasmas.

The self-gravitational Poisson equation describing the gravitational potential distribution caused by the gravitating plasma
density fields'-?) finally closes the system as

]—K+1 /2

Oegs +(2/6) gy = [1 - (k—3/2)" 5)

The Jeans-normalized solar self-gravity is denoted as g, = 9¢'¥. The (2/&)-term appears in all of the governing equations due to
the “geometrical curvature effect” which arises as we consider the spherical geometry (¢ - oo) configuration to define our
model.

2.1.1 Linear stability analysis

A local linear normal mode perturbation analysis is employed to study the collective wave and oscillation features on the
entire solar plasma regime relative to its defined hydrostatic homogeneous equilibrium. Accordingly, the Eulerian perturbation
treatment is applied systematically. We denote the equilibrium quantities (homogenous, static) with subscript “0”” and the
corresponding linear (1% order) perturbation (inhomogenous, non-static) with subscript “1”, given parametrically in an explicit
mathematical form as
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Here, the local equilibrium values of the relevant physical parameters are given as No =1, My =0, @9 =0, g0 =0, and Ty = 1.
Accordingly, the linearized perturbed forms of the governing equations (Equations (1)-(5)) can be respectively cast as

Ni = a®y, @)
0.y +a7 [0 My +(2/€) My | =0, (8)
0-My = —€r,0: Ty - (1+2€7,0) 0¢®1 = gy + et [6§M1 +(2/€)0:M, — (2/§2)M1] , )
0: Ty +200:®y +y[0: My +(2/6) My | - (y = ) kiy [ 03T w1 +(2/)0¢Tn1 | =0, (10)
0851 +(2/8) 851 = @@y (11)

Now, we assume an infinitesimal perturbation is growing homologously in the form of spherically symmetric (radial
dependency) waves defined in a generalized form for all the perturbed solar parameter as F (¢,7) ~ (1/€)exp[—i (Q7r — K&)].
Here, such perturbation is also referred to as the Eulerian perturbation at a given spatiotemporal point>. The considered
spherically symmetric perturbations enable us to get rid of the polar and azimuthal contributions in the same model. Q = w/wj
and K = k/kjy are the Jeans-normalized angular frequency and the Jeans-normalized angular wavenumber of the considered
local linear perturbation, respectively. Now, operating linear spatiotemporal differentiation on F| enables us to transform the
direct coordination space (£,7) into the Fourier (inverse) space (K, ), given with the linear Fourier operator transformations as
0r = (=iQ), 0¢ — (iK—-1/¢), and (9? - (2/§2 - K?-2iK, /f). It transforms the linearized equations (Equations (7)—(11)) into
the corresponding algebraic forms, cast respectively as

M; = iaQGK +1/&) @y, (12)
i~ nesr (K +2/67)| My = K = 1/€) er, Ty + (1 + 2€7,0) (K = 1/£) @1 + g5 (13)
Ty = i0QQ2-y)[(y - Dy K2 -] @y, (14)
gs1 = a(iK+1/&)7 @y, (15)

Now, substituting Equations (12), (14), and (15) in Equation (13), we get the following generalized linear cubic dispersion
relation for the solar plasma fluctuations as

A3+ A0 +A1Q+A) =0; (16)

Aj

Il
—_

a7
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Az = il (K> +2/6%)+(y - D&y K. (18)

A =[1=(y = Dneary K> (K* +2/€) - (ver, +o7") (K> +£72)]. (19)

Ao = ily=D)[1-(2er, +a7")(K* +€72)| ki, K. (20)

Equation (16) provides a local approximation-based description of solar (in)stability dynamics relative to the equilibrium state.
The notation, @ = (2« — 1) / (2x — 3), emerges as a thermostatistical index, capturing the deviation of solar plasma behaviour
from the classical Boltzmann—Gibbs extensivity. Analytically, it is evident that the modal dispersion features are governed by
the interplay of several effects, such as geometrical curvature (via Ag, A1, and A3), viscoturbulence (via A| and A3), thermal
conductivity (via Ag, A1, and Ay), thermo-plasmicity (via Ap and A1), and plasma nonthermality (via Ag and A;). Apart from
the above, the inner details of the plasma multi-parametric dependencies of the helioseismic dispersion behaviours can be
explicitly analysed through the functional windows of the diverse dispersion coefficients expressed with Equations (17)-(20).
Overall, the obtained cubic dispersion relation expressed by Equation (16) encapsulates the diverse behaviors of the fundamental
helioseismic (g- and p-)modes.

3 STABILITY CRITERIA ANALYSIS

Let us now analyse the dynamical stability of the nonthermal x-modified solar plasma system using the Routh—-Hurwitz (R-H)
criterion®®. Guillemin®” has identified the necessary and sufficient conditions under which any polynomial becomes a Hurwitz
polynomial. According to the Guillemin criterion, for any polynomial to be a Hurwitz one, all the involved coefficients of the
given polynomial should necessarily be positive. In a characteristic equation, if any coefficient is zero or if any coefficient
is negative, then at least one root has a zero or positive real part, indicating the system to be neutrally stable or unstable,
respectively. While, the positive coeflicients—denoting a Hurwitz—are necessary, they alone do not provide a sufficient
condition for stability.

When this condition is met, system stability is assessed by constructing an array called Routh array from the coefficients of
the Hurwitz polynomial. According to the Routh—Hurwitz (R-H) criterion, the number of roots of the characteristic equation
with positive real parts (unstable) is equal to the number of sign changes in the first column of the Routh array®’. Thus, for a
system to be stable, all the involved dispersion coefficients in the first column must have the same sign.

Substituting Q = io- in Equation (16), we obtain the characteristic equation of the system as

a30° + a0 +ayo+ag = 0; 2D
as =1, (22)
ar = [ner (K2 +2/82) +(y = Dy K7 (23)
ar = = [1=(y = Dnenkiy, K> (K> +2/8%) = (ver, + o7 ) (K* +£72)]. (24)
ap=—(y—D[1-(2ep, + o) (K? +£72)| k3, K. (25)

Equation (21) is a polynomial in o, representing the same general dispersion relation for the considered system as expressed
earlier in Equation (16), but in an alternative algebraic form.

It is noteworthy that, if (ZeTO +a")(K 2 +§’2) > 1, all the coefficients of Equation (21), given in Equations (22)-(25),
become positive. Thereby, it represents a Hurwitz polynomial satisfying the necessary condition for stability of the system.
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Table 3. Routh array

o3 as aj 0
o2 a ap 0
0'l . ul u us
0'0 . Vi 1% V3

In order to investigate the (in)stability criteria of the system, the Routh array is constructed and shown in Table 3.
Here, the elements of the third and fourth rows are constructed as

uy = —(apaz —ayaz) faz; up = 0; u3 = 0.
v1 = —(auz —aouy) /uy = ap; vz = —(axu3 —0) /uy;v3 = 0.

As a3 = 1(>0), in order to satisfy the sufficient condition for stability, a;, u;, and v; should be positive. For this, the
considered system should obey the inequality given as (ZETO + a‘l)(K2 +§‘2) > 1. Using all the judicious values of the solar
parameters, such as er, = 0.1, k = 2, we calculate and find the stability criterion for the self-gravitating solar spatiotemporal
regime as (K2 +&72) > 2. Hence, putting £ = 2.25 (solar surface), we can analytically predict that, for K > 1.4, the nonthermal
viscoturbulent inhomogeneous solar surface region becomes stable. Thus, the R-H criterion provides a unique way to find the
solar plasma stability condition.

4 RESULTS AND DISCUSSIONS

A systematic numerical analysis, based on normal-mode analysis of the governing hydrodynamic equations, yields a generalized
cubic dispersion relation (Equations (16)) that characterizes the k-modified helioseismic modes in the self-gravitating solar
interior plasma. The solution of this dispersion relation produces three roots; among these, the physically relevant branch
corresponding to nonthermal fluctuations is analysed in detail. The resulting dynamical features of the coupled solar plasma
system are illustrated through colour-spectral profiles in Figures 2—16.

4.1 Nonthermal solar plasma stability features

Using suitable input values, we perform a detailed numerical analysis to examine the stability characteristics of the system.
Figure 2 presents 3D profile of the Jeans-normalized angular real frequency part Q, as a function of the Jeans-normalized radial
distance ¢ and Jeans-normalized angular wavenumber K, describing the dynamics of nonthermal helioseismic fluctuations. A
magnified view is shown in the right panel. The adopted parameters are 7. = 0, K:;“h =0,k=2,€er,=0.1,and y = 5/3. The
results reveal that the collective waves exhibit strongly dispersive nature at ultra-low £-values. An asymptotic trend emerges
near ¢ = 0 (the heliocentre), suggesting a singularity-like nature at the heliocentre. At the surface (¢ = 2.25), no propagation is
observed for very long gravitational-like waves with 0 < K < 1.4. It thereby concretizes the fact that the solar internal longer
waves with lower Q,, known as the “gravity modes” (g-modes), are confined to the solar interior and cannot propagate to the
surface. Moreover, for small K-values, the waves are dispersive, while increasing K leads to non-dispersive behaviour. Beyond
the heliocentre, the waves frequency shows negligible £-dependency at fixed K.

Figure 3 portrays the colourspectral profile of the Jeans-normalized imaginary angular imaginary frequency part Q; as a
function of the Jeans-normalized radial distance & and the Jeans-normalized angular wavenumber K. A zoomed-in view is
shown in right panel. The imaginary component of the frequency governs the growth (Q; > 0, destabilizing) or decay (€2; < 0,
stabilizing) of wave amplitude, indicating the (in)stability of helioseismic modes. Near the heliocentre, ; ~ 0 across all K,
indicating purely oscillatory modes without any growing nature of instability and a metastable state of the heliocentre. Beyond
¢ > 1, the long-wavelength modes (low-K) exhibit strong growth rates, indicating gravitationally instability within the solar
interior. This behaviour is consistent with the well-established picture that buoyancy-driven g-modes are trapped within the
radiative zone and do not propagate to the outer layers.

In Figure 4, we illustrate the profiles of the Jeans-normalized real frequency part €2, and imaginary frequency part Q; as
functions of K for different indicated values of the nonthermality spectral index « at the solar surface (¢ = 2.25). The propagation
frequency of the collective waves increases as x enhance, indicating that x acts as an accelerating parameter. Simultaneously,
the growth rate decreases with increasing «, demonstrating its stabilizing influences. Thus, as the system transitions from a
strongly nonthermal state (k = 2) toward a near-thermal state (x > 1), the waves become more propagatory and the system more
stable. For k = 2, the system shows stable characteristics for K > 1.4. Modes with K € [0, 1.4] do not propagate at the surface,
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Figure 2. Colourspectral profile of the Jeans-normalized angular real frequency (£2,) as a function of Jeans-normalized radial
distance (¢) and the Jeans-normalized angular wavenumber (K) associated with the nonthermal solar plasma fluctuations. A
zoomed-in view is shown in the right panel.
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Figure 3. Colourspectral profile of the Jeans-normalized angular imaginary frequency (€2;) as a function of Jeans-normalized
radial distance (£) and the Jeans-normalized angular wavenumber (K) associated with the nonthermal solar plasma fluctuations.
A zoomed-in view is shown in the right panel.

confirming their gravitational (g-mode) nature and confinement within the solar interior.

Figure 5 presents similar profiles for different indicated values of the solar equilibrium-to-electron temperature ratio er,.
Actually, €7, conveys the reciprocal effect of normalized electron temperature. Increasing er, significantly enhances the
propagation frequency €,, while simultaneously reducing the growth rate ;. Thus, e, acts both as an accelerating and
stabilizing parameter. It reveals that the electron temperature induces decelerating and destabilizing effects on the helioseismic
modes.

Figure 6 depicts similar profiles for different indicated values of effective shear viscosity r.f. With increasing viscosity, the
waves become less propagatory due to enhanced energy dissipation. The growth rate decreases significantly with increasing 7,
indicating that viscosity acts as both a decelerating and stabilizing agent. This behaviour is consistent with viscous damping in
fluid systems.

In Figures 7-9, we extend this analysis across different radial positions, demonstrating that the qualitative behaviour remains
consistent throughout the spatial domain. The nonthermality parameter « and the temperature parameter €7, continue to exhibit
accelerating and stabilizing effects, whereas viscosity consistently acts as a decelerating and stabilizing mechanism, thereby
confirming the robustness of the model across different solar interior regions.

Figure 10 presents the same analysis (as shown in Figure 4) for the deep interior region (¢ = 0.5), where long-wavelength
gravitational modes are found to propagate more efficiently, while shorter wavelengths exhibit stronger propagatory characteris-
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Figure 4. Profiles of the Jeans-normalized angular real frequency (€2,) and Jeans-normalized angular imaginary frequency (Q;)
as functions of the Jeans-normalized angular wavenumber (K) for different values of the nonthermality spectral index (k)
associated with the nonthermal solar plasma fluctuations.
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Figure 5. Profiles of the Jeans-normalized angular real frequency (€2,) and Jeans-normalized angular imaginary frequency (€;)
as functions of the Jeans-normalized angular wavenumber (K) for different values of the solar equilibrium-to-electron
temperature ratio (er,) associated with the nonthermal solar plasma fluctuations.
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Figure 6. Profiles of the Jeans-normalized angular real frequency (2,) and Jeans-normalized angular imaginary frequency (£2;)
as functions of the Jeans-normalized angular wavenumber (K) for different values of the effective shear viscosity (7ef)
associated with the nonthermal solar plasma fluctuations.
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Figure 7. Profiles of the Jeans-normalized angular real frequency (Q,) and Jeans-normalized angular imaginary frequency (€2;)

as functions of the Jeans-normalized radial distance (£) for different values of the nonthermality spectral index («) associated
with the nonthermal solar plasma fluctuations.

Figure 8. Profiles of the Jeans-normalized angular real frequency (Q2,) and Jeans-normalized angular imaginary frequency (£2;)
as functions of the Jeans-normalized radial distance (¢) for different values of the solar equilibrium-to-electron temperature
ratio (er,) associated with the nonthermal solar plasma fluctuations.
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Figure 9. Profiles of the Jeans-normalized angular real frequency (Q2,) and Jeans-normalized angular imaginary frequency (£2;)

as functions of the Jeans-normalized radial distance (¢) for different values of the effective shear viscosity (17.f) associated with
the nonthermal solar plasma fluctuations.
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Figure 11. Profiles of the Jeans-normalized phase-velocity (V) and Jeans-normalized time period (7,) as functions of the
Jeans-normalized angular wavenumber (K) for different values of the nonthermality spectral index (k) associated with the
nonthermal solar plasma fluctuations.

tics. In this regime, variation in k has negligible influence on the growth rate Q;, indicating a metastable state dominated by
gravitational equilibrium.

Figures 11-13 delineate the profiles of the Jeans-normalized phase velocity V), and Jeans-normalized time period 7, as
functions of K for different indicated values of the k-index, er,, and 7q, respectively. The phase velocity increases with
and er,, while decreasing with increasing viscosity, indicating that waves propagate faster as the system approaches thermal
equilibrium, whereas viscous dissipation reduces the propagation speed. The combined effects of turbulent pressure and
self-gravitational confinement further contribute to the reduction of phase velocity. On the other hand, the time period decreases
with increasing « and ey, particularly in the long-wavelength regime. Whereas, increasing viscosity leads to a significant
increase in the time period, indicating slower oscillations in dissipative environments.

Figure 14 further demonstrates, in the deep interior region (¢ = 0.5), the long-wavelength g-modes propagate with higher
phase velocity and exhibit longer oscillation periods compared to shorter-wavelength modes.

Figure 15 reveals the temporal evolution of the normalized perturbation (F) for various helioseismic modes under the
thermal and nonthermal conditions across various spatial depths. The g-mode (K = 0.5) displays purely oscillatory behaviour
in the deep interior but shows exponential growth near the surface, indicating large-scale instability without effective wave
propagation. Conversely, the p-modes (K = 1.5,5) retain their periodic nature with minimal damping as they propagate outward.
Shorter-wavelength p-modes oscillate at higher frequencies than longer-wavelength g-modes, consistent with helioseismic
theory. Furthermore, thermal plasmas exhibit higher oscillation frequencies compared to nonthermal cases, owing to enhanced
effective inertia associated with the larger population of low-energy electrons.

4.2 Helioseismic modal energy flux

We analytically examine the characteristics of the outward radiant energy flux density (f;-) associated with the helioseismic
modes in the solar surface regime. The radiant energy flux density of the upward-propagating longitudinal helioseismic modal
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Figure 12. Profiles of the Jeans-normalized phase-velocity (V) and Jeans-normalized time period () as functions of the
Jeans-normalized angular wavenumber (K) for different values of the solar equilibrium-to-electron temperature ratio (er,)
associated with the nonthermal solar plasma fluctuations.
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Figure 13. Profiles of the Jeans-normalized phase-velocity (V) and Jeans-normalized time period (7,,) as functions of the
Jeans-normalized angular wavenumber (K) for different values of the effective shear viscosity (1) associated with the
nonthermal solar plasma fluctuations.
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Figure 14. Same as Figure 11, but for the solar interior spatial regime at & = 0.5.
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Figure 15. Temporal evolution of normalized perturbation (F|) as a function of the Jeans-normalized time (7) for various
values of the Jeans-normalized solar radial distance (¢). The left column illustrates results for the thermal (Maxwellian)
distribution, while the right column corresponds to the nonthermal one.

oscillations at the solar surface can be expressed in the unit of W m~2 as*?

1
@k = 5psvp, 7, (26)

where pjy is the local surface fluid density, v, . denotes the modal phase velocity of radially outward acoustic waves at the
surface, and v, represents the associated velocity amplitude. To nondimensionalize the flux, the Jeans-normalized radiant
energy flux density is defined as

f r 1 * 2
C3 = Ep Vpsvr’ (27)

N

Fr(Q,K) =

where pg is the mean solar density, p* = py/pp is the normalized surface density, V), is the normalized surface phase velocity,
and V, is the normalized velocity amplitude.

Figure 16 illustrates the profile of F, as function of K for different values of the «, er,, 7., and (d) p™ at the solar surface
(€ =2.25). Notably, the parameters «, er,, and p* intensify the energy flux radiating outward. In contrast, increasing viscosity
leads to a substantial reduction in F, due to enhanced dissipative losses. These results indicate that nonthermal effects and
thermal energy coupling facilitate efficient outward energy transport, while viscous dissipation suppresses it. Near the solar
surface, p-modes play a crucial role in radiating energy from the interior resonant cavity into the overlying atmospheric layers.
This outward energy transport can trigger the excitation of various wave modes and oscillatory structures in the chromosphere
and corona.

The present analysis reveals that the radiant energy flux density lies in the range of f, = 10° — 10° W m~2. Observational
studies'® %01 report energy flux values of the order 10° — 10* W m~2 associated with transverse spicule oscillations. This
correspondence strongly suggests that the p-modes possess adequate potential to significantly contribute to spicule formation,
likely through partial conversion of longitudinal acoustic energy into transverse wave modes.

Moreover, the results indicate pronounced damping of longitudinal p-modes near the photospheric layer, implying substantial
leakage of acoustic energy into the overlying atmosphere. This supports the widely accepted scenario in which photospheric
p-mode oscillations supply energy to the chromosphere and lower corona, where mode conversion processes can generate
high-frequency transverse oscillations. Such energy redistribution mechanisms may play a significant role in chromospheric
heating and could contribute to the long-standing problem of coronal heating.

Moreover, the results indicate pronounced damping of longitudinal p-modes near the photospheric layer, implying substantial
leakage of acoustic energy into the overlying atmosphere. This supports the widely accepted scenario in which photospheric
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Figure 16. Profiles of the Jeans-normalized modal radiant energy flux density (F,) as a function of the Jeans-normalized
angular wavenumber (K) for different indicated values of the nonthermality spectral index (k), solar equilibrium-to-electron
temperature ratio (er, ), effective dynamic viscosity (7ef), and normalized surface fluid density (o*) associated with the solar

surface plasma fluctuations at & = 2.25.

15/25



Transverse Solar wind
spicule oscillations
(fr=10°-10*Wm?2)

Radiative zone

(Trapped g-mode) — 1 Solar corona

Shorter p-mode — Longer p-mode

Longitudinal p-modes

r= - m™
105 — 10 W m? Chromosphere

Figure 17. A schematic diagram of the Sun depicting g-modes, p-modes, and spicule oscillations in different solar constitutive
concentric zones. The shorter p-mode and longer p-mode are indicated with square dotted and long dashed lines, respectively.
The g-mode is trapped inside the radiative zone in the adjacent concentric spherical layer surrounding the solar core.

p-mode oscillations supply energy to the chromosphere and lower corona, where mode conversion processes can generate
high-frequency transverse oscillations. Such energy redistribution mechanisms may play a significant role in chromospheric
heating and could contribute to the long-standing problem of coronal heating.

Figure 17 presents a schematic representation of the Sun and its concentric zones, illustrating the propagation characteristics
of helioseismic modes. Shorter p-modes (dotted curves) propagate efficiently near the surface, while longer ones (dashed
curves) penetrate deeper into the interior. In contrast, low-frequency g-modes remain trapped beneath the radiative zone. The
schematic also highlights the generation and upward propagation of high-energy transverse spicules from the photosphere to
the chromosphere and lower corona.

Overall, the graphical analyses (Figures 2—15) demonstrate that the inclusion of k-distributed suprathermal electrons
significantly modifies the modal characteristics of helioseismic waves compared to classical thermal models. Additionally, the
combined effects of plasma turbulence, viscosity, electron temperature, and thermal conductivity introduce rich and previously
unexplored features in solar plasma fluctuation dynamics. The present study thus provides new theoretical insights into
the behaviour of both g- and p-modes within a x-modified framework, contributing to an improved understanding of solar
interior—atmosphere coupling.

A concise summary of the spatial characteristics of the various wave modes is presented in Table 4, while a synoptic
overview of the modal properties is provided in Table 5. The roles of different stabilizing and destabilizing agents governing
the solar plasma dynamics are summarized in Table 6.

Table 4. Spatial wave characteristics in different solar plasma regions

Wave type Nature Interior (¢ < 2.25) Surface (¢ = 2.25)
Propagation ~ Strongly propagating (2, ~ 1) Non-propagating (€2, = 0)
Long waves . . . . . .
(Gravitational) Dispersion Dispersive Non-dispersive
Stability Metastable (€2; = 0) Rapidly growing (0 < Q; < 1)

Propagation ~ Strongly propagating (€, > 2)  Strongly propagating (2, > 1)
Short waves

(Acoustic) Dispersion Weakly dispersive Non-dispersive

Stability Metastable (Q; = 0) Metastable (Q2; = 0)

Furthermore, our theoretical speculations of nonthermal solar plasma fluctuations show reasonable agreement with various
solar observations reported in the literature> 7> 11-19-40.33.61=71 " A olimpse of the manifold solar observational and theoretical
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Table 5. Characteristic properties of helioseismic wave modes

Velocity Period Frequency
(ms~!)  (min) (Hz)

K-range A-range

Helioseismic mode (normalized)  (m)

Regime

Gravitational-like (§) K < 1.4 A>108 0<£<08 <10 120-160 <107*
Acoustic-like (p) K>14 A<108 0<é<225 ~10° <50 >1073

Table 6. Parametric effects on the solar plasma oscillations

Parameter Effect
Nonthermality spectral index (k) Stabilizer (accelerating agent)
Electron temperature (7,) Destabilizer (decelerating agent)
Effective dynamic viscosity (7ef) Stabilizer (decelerating agent)

Effective thermal conductivity (&7 Stabilizer (mixed influence)

Th)

data bolstering our analyses are concisely presented in Table 7.

5 CONCLUSIONS

In this study, a comprehensive semi-analytical investigation of acoustic wave fluctuations attributing to helioseismic wave
dynamics in a self-gravitating, «x-distributed nonthermal solar plasma is systematically carried out. It is based on a unified
viscoturbulent and thermally conductive plasma framework without invoking any kind of quasi-classic approximation. By
incorporating suprathermal electron effects through the k-distribution law, along with the ion fluid viscosity and thermal
conductivity, a generalized set of nonlinear hydrodynamic equations is formulated. The subsequent linear normal spherical
mode analysis leads to a cubic dispersion relation of a unique mathematical shape. Its dispersion coefficients encapsulate the
coupled influences of nonthermality, self-gravity, thermal processes, viscosity, and geometrical curvature on the solar plasma
fluctuation dynamics.

It is noteworthy that the modal features of the solar gravitational-like (long-wavelength) and acoustic-like (short-wavelength)
waves are studied illustratively. The manifold features of the helioseismic collective waves and oscillations are investigated.
Applying the Routh—Hurwitz (R-H) stability criterion, the stability behaviours of the solar plasmas under consideration is
assessed analytically, with results in excellent agreement with the numerical findings illustrated in the corresponding graphical
analyses. The plasma system is found to exhibit overall stability across spatiotemporal scales, primarily due to energy dissipation
mechanisms associated with ion viscosity and thermal conduction.

The analysis reveals that nonthermal effects play a pivotal role in modifying the propagation and stability characteristics
of helioseismic modes. In particular, the k-parameter acts as a key regulator of the system dynamics. An increase in «,
corresponding to a plasma state closer to thermal equilibrium, enhances wave propagation and promotes stability. Conversely,
stronger electron nonthermality (x — 1.5) and elevated electron temperature act as destabilizing factors in solar plasma
fluctuation dynamics while exerting a decelerating influence on wave propagation. In contrast, plasma shear viscosity and
thermal conductivity provide dissipative effects that suppress fluctuations and thereby enhance the overall stability of the
system.

The numerical results demonstrate that the long-wavelength gravity modes (g-modes) remain confined within the solar
interior (approximately within 2.4 x 103 m) and exhibit strong instability in the deeper solar regions, while the short-wavelength
pressure modes (p-modes) propagate efficiently toward the surface with relatively stable oscillatory behaviours. In contrast,
near the heliocentre, the system exhibits a metastable state, characterized by purely oscillatory modes, whereas a significant
perturbation growth is observed in the intermediate interior regions due to gravitational effects. The study further establishes that
wave dispersion is highly sensitive to radial position, with strong dispersive characteristics near the core and quasi-nondispersive
behaviour at shorter fluctuation wavelengths.

A key outcome of this work is the evaluation of the helioseismic modal energy flux, demonstrating that the p-modes are
capable of transporting substantial energy from the solar interior towards the solar surface. The corresponding estimated flux
values lie in the range f, ~ 107 — 10® W m~2. These values are found to be consistent with observational predictions associated
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Table 7. Comparison of our predictions with observations

S. No. Item Observation Our prediction

1 Foundation SSM Plasma fluid model

2 Sfl)ﬁjceev(eflo:"gyz?) 10*-5x 10*ms™"! Upto2x10°ms™!

3 Phase velocity in Increases toward centre Peaks near heliocentre

the interior (¢ < 2.25) and decreases with &

4 Phase velocity vs T, Decreases Same trend

5 Phase velocity vs 7. Decreases Same trend

6 Waveler(lignttlér(}g[r))e ndence Long A propagate faster Same trend

7 Propagation vs « Increases Same trend

8 Propagation vs er, Increases Same trend

9 Propagation vs neg Decreases Strongly reduced

10 Surface propagation Short A dominate Same trend

11 Core propagation Long A dominate Same trend

12 Growth in deep interior No amplification Metastable

13 Growth vs « Decreases Same trend

14 Growth vs T, Increases Similar trend

15 Growth Vs 77e Decreases Damped

16 Modal growth Short A stabilize faster Slt“r(z)r:lggélregxrgi‘ggl

17 p-mode dominance Up to the lower corona Consistent

18 g-mode confinement With(i)n<t1;e<r§d>i<a1t io\;erjone, r<24x108m

19 p-mode frequency 3.2-3.5mHz > 1mHz

20 g-mode frequency 0.02-0.1mHz < 0.1mHz

21 g-mode energy Concentrated near heliocentre Peaks near core

” T- 1 relation T 7% 5-7min with ; T ? 8—10min with7

3x10'm<1<4x10"m 3x10'm<1<4x10"m

23 v—k relation v~ 3-6 HE§Z Yiith v 3'7HEI;IZ ‘ivlith
k~10""m k~10""m

24 Spicule phase speed 10°-1.5x 10° ms™! 10*-10°ms~!

25 Spicule energy flux 10°-10*Wm™ fr~10°=10Wm2

26 Applicability Modal parameterization Modal conceptualization




with the spicule dynamics'®-2%-%!. The results strongly support the hypothesis that photospheric p-mode oscillations can provide

sufficient energy to drive transverse spicule motions through mode-conversion processes within the chromospheric layers. The
enhanced damping of longitudinal modes near the surface further indicates efficient leakage of acoustic energy into the upper
solar atmosphere, potentially contributing to chromospheric heating and the coronal energy budget.

Overall, this study highlights the critical importance of incorporating nonthermal plasma effects, viscosity, and thermal
conductivity in modelling solar plasma dynamics. The obtained results provide new insights into the complex interplay between
helioseismic wave propagation, plasma instability, and energy transport processes, thereby advancing our understanding of
solar interior—atmosphere coupling. The present framework offers a robust foundation for future investigations into nonlinear
wave interactions, turbulence-driven energy cascades, and realistic modelling of solar and astrophysical plasmas under
non-equilibrium conditions.

The main concluding remarks derived from our presented theoretic analyses could be summarily given as:

(i) The thermal pressure-driven acoustic waves exist in the high-frequency regime where the self-gravitational fluctuation
levels are gradually reduced. In such situations, all the gravitational interactions get transformed into the purely non-
dispersive acoustic-like fluctuations known as the p-modes. This theoretical investigation provides a precise numerical
derivation of the five-minute oscillation time period of such p-modes in confirmative with the solar observations.

(i1) Internal buoyancy-driven long gravitational waves having lower frequencies are found to exist at the deeper interior
layers of the sun where the self-gravitational effect is highly active. Near the vicinity of heliocentre, these waves acquire
maximum phase velocity, and beyond this region, they lose energy with the distance. Accordingly, these g-modes get
trapped inside the solar interior, more precisely, within & < 0.8 (r < 2.4 x 103 m), analogous to the case of a spherical
cavity resonator?). Hence, our theoretical analyses exactly resemble the trapping of the internal gravity modes or g-modes
inside the radiative zone. Here, the oscillation time period of this g-mode is obtained as, 7, = 120 — 160 min.

(iii) It is interestingly seen from the parametric variations that all the relevant solar parameters studied in this work, such as
the electron nonthermality power spectral index (k), equilibrium-to-electron temperature ratio (ETO), dynamic viscosity
(1), and thermal conductivity (kTp) of the constitutive ionic fluid are observed to act as stabilizing agents on the entire
solar plasmas. Moreover, « and er, play the role of accelerating agents; whereas, i and 7', act as the decelerating sources
on the solar plasma fluctuation dynamics.

(iv) Since the obtained helioseismic wave modes are linearly stable in broad K-scale, one can introduce nonlinear spherical
analysis to see the solar nonlinear wave structures. Moreover, the consideration of local linear analysis is not proper
to study the characteristic features of an inhomogeneous solar plasma system. Therefore, the inclusion of equilibrium
inhomogeneity effects in our model could be more realistic in the solar-plasma oscillation study.

(v) Incorporating other significant nonextensive nonthermal distributions—such as generalized (r, q) distribution’?, regular-
ized k-distribution’?, and Kaniadakis distribution’*7>—our analysis could offer deeper insights into nonthermal solar
plasma dynamics and associated fluctuations.

(vi) Itis a well-known fact that the temperature of the solar atmosphere increases rapidly from the lower layer (chromosphere)
to the outmost layer (corona), while the density decreases accordingly!-®7¢. The origin of this temperature—density
anti-correlation remains unresolved and requires further investigation. Our suprathermal model may offer valuable

insights into this enigmatic temperature inversion mechanism in the solar coronal regime’®.

(vii) Recent studies suggest that coherent harmonic motion of dark matter may resonantly excite solar (stellar) oscillation
modes’”-78. Its gravitational influence could impact solar plasma stability, paving the way for future investigations using
refined coupled multi-fluid models.

(viii) Solar magnetic activity induces temporal variations in helioseismic data by altering global mode features associated with
acoustic waves and oscillations’®. In this context, our proposed suprathermal model may strengthen the investigative
roadmap of the 11-year solar cycle characteristics by studying p-mode travel times and their evolution features.

(ix) A similar nonthermal analysis can be extensively extended to investigate various possible solar plasma instabilities®,
such as the drag instability, two-stream instability, Rayleigh—Taylor instability, Kelvin—Helmholtz instability, etc.

(x) The solar corona, with temperatures reaching ~ 10° K remains significantly hotter than the solar surface—a long-standing
puzzle in solar physics. One proposed mechanism involves energy transfer via coupling between flux tubes and acoustic
p-modes. Our analysis supports the idea that p-modes contribute to high-frequency transverse spicule oscillations,
consistent with recent findings?!'. These non-radial modes may also play roles in broader solar phenomena such as flares,
coronal mass ejection (CME)}!, and coronal heating mechanism.
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In conclusion, despite the limitations discussed, the present study offers valuable insights into key collective dynamical
processes in the nonthermal inhomogeneous solar interior plasmas, particularly in the presence of internal heating mechanisms
such as fluid viscosity and thermal conductivity. Overall, this work establishes a foundational framework for interpreting
helioseismic wave behaviour under nonthermal and dissipative conditions, and it opens promising avenues for future theoretical
and observational investigations into solar plasma dynamics.
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A Ultra-low frequency (ULF) analysis

At ultra-low frequency (Q << 0) regime, the Jeans-normalized real and imaginary angular frequency parts of the collective
acoustic wave fluctuations propagating on the self-gravitationally bounded solar spatiotemporal scale can be expressed as

Q,~0, (28)

IR B R T
RS D nefrkyy, K2 (K> +2/£%) - (7’€To +0f1)(l(2 +£72)

(29)

B Larson logabarotropic equation of state

Spectroscopic observations suggest that the spectral linewidth in diffused molecular clouds scales with material density
following an empirical power-law relation, as reported in previous studies*’-4%-30, expressed in standard notation as

Avocpfl/z. 30)

This correlation can be interpreted as the effective fluid transport speed in the considered turbulent astrofluid medium cast as

dprum |
Av=vmrb=(d—‘") «pl2, (31)
0

, : 32
dp (32)
d
or, LU _ b, (33)
dp

where, pg is a proportionality constant designating the equilibrium fluid pressure. Integrating Equation (33), the Larson
logabarotropic equation of state for a turbulent astrofluid can be obtained with all the customary notations as

Puaurb = Do ln(ﬁ). (34)
ol

Herem pg denotes the mean (equilibrium) volumetric density of the fluid matter obtained at py,p = 0. It may herewith be
immediately conjectured that py,, = 0, if p = pg. Thus, it is evident that the fluid equilibrium here is far away from being in a
turbulent (intermittent) state.

C Negative energy mode analysis

Cairns has demonstrated a criterion to identify the presence of negative energy wave modes in waveguide systems®?. According
to this criterion, a specific mode is classified as a negative energy wave if it satisfies the condition:
oD
C=Q—<0. 35
aQ (35
Here, C denotes the characteristic function of the corresponding mode, while D (Q2, K) represents the dispersion function for a
given wavenumber K. The dispersion relation of the system is defined by the condition D (€, K) = 0.
The dispersion function for the collective helioseismic modes propagating through the solar plasmas can be expressed using
standard notations as

D(Q,K) = A3 + A0 + A1Q + A, (36)
Hence, the first order differentiation of D(Q, K) with respect to Q is obtained as

dD
0= 3A307 +2A,Q +A;. (37)
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Figure 18. Profiles of the dispersion characteristic function C = Q(dD/0Q) of the solar plasma fluctuations with variation in
the Jeans-normalized angular wavenumber (K) for different judicious indicated values of nonthermality spectral index (x),
temperature ratio (670), effective dynamic viscosity (7ef), and Jeans-normalized radial distance (£).

Hence, for negative energy wave modes to exist in the solar interior plasma, Equation (35) must be satisfied within this regime.
The parametric variations of the characteristic function C with K are depicted in Figure 18. As shown in Figure 18, for different
indicated values of «, er,, and &, the parameter C remains entirely positive across the bounded solar plasma spatiotemporal
scale, indicating the absence of negative energy wave modes. However, for higher values of 7r.g, negative energy modes do
appear, consistent with the constraints of the energy conservation law. As the dynamic viscosity increases, the fluid experiences
greater resistance. It reduces the positive wave energy of collective oscillations, leading to a gradual decrease in wave amplitude
over time. Consequently, negative energy modes emerge, contributing to the overall stability of the system.
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