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Abstract

Let H be a real Hilbert space. We prove a weak convergence result for projective splitting
method with deviations for a finite sum of monotone inclusion problems. At each iteration,
our algorithm incorporates a deviation vector which can be chosen in the same dimension as
the underlying space. This provides additional flexibility as well as potential for speeding up
the convergence better than the traditional baseline methods. The only condition required for
convergence is that the norm of this deviation vector is bounded by a quantity that can be
computed online. We apply our result to a robust proton therapy treatment planning problem,
where numerical experiments on a head-and-neck cancer patient dataset confirm the theoretical
convergence behaviour and demonstrate a significant improvement over the classical inertial
algorithm in both convergence speed and stability. Our result extends and complements several
existing results in the literature.

Keywords: Splitting Methods; Monotone Operators; Inclusion Problems; Convex Optimiza-
tion.
2020 Mathematics Subject Classification: 47H05; 49J25; 49M27; 47N10.

1. Introduction

For a real Hilbert space H, consider the following monotone inclusion problem of finding a point
z ∈ H such that

0 ∈
n∑

i=1

Ti(z), (1.1)

where Ti : H⇒ H, i = 1, . . . , n, are maximal monotone operators.

The monotone inclusion problem (1.1) provides a unified framework for a broad class of problems
arising in different areas of nonlinear analysis such as large-scale optimization, variational in-
equality problems, split feasibility problems and saddle-point problems, see, for example, [8, 25].
For instance, when n = 2 in (1.1), T1 := NC , where NC denotes the normal cone operator to a
nonempty closed convex set C ⊂ H, and T2 is single-valued, then, problem (1.1) becomes the
variational inequality problem (VIP) studied in [6]. Convex optimization problems, see, e.g.,
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[17, 18] can be formulated as special cases of (1.1) through their first-order optimality condi-
tions. Moreover, the fixed point problem considered in [41], can also be naturally recovered
from problem (1.1).

Other important problems arising in applications such as compressed sensing, machine learning,
reinforcement learning, signal and image processing can be cast as the inclusion (1.1), see, e.g.,
[2, 5, 22, 38]. In particular, the inclusion in (1.1) is equivalent to the (feasibility) problem of
finding a point in an extended solution set

S :=

{

(z, w1, . . . , wn−1) ∈ H
n : wi ∈ Tiz ∀i ∈ {1, . . . , n− 1},−

n−1∑

i=1

wi ∈ Tnz

}

, (1.2)

of (1.1). We shall use (1.2) in section 3 to formulate the abstract projection splittting algorithm.

Several methods have been proposed for approximating solutions of (1.1) in the case n = 2,
see, for example, [3, 6, 7, 8, 10, 23, 29, 39]. These include operator splitting schemes such
as the forward-backward method [23, 29], Douglas-Rachford method [35], Peaceman-Rachford
method [30], and the double-backward splitting method [12]. However, recent advancements
have extended the forward-backward method to handle problems involving three to four opera-
tors, see, e.g., [10, 11, 31]. The aforementioned splitting methods for the sum of two operators
can still be applied for n > 2 through product space reformulation, see, e.g., [34]. The product
space reformulation, however, is neither computationally nor memory efficient, especially when
n is large, which is the case in most applications such as large scale optimizations that arise in
machine and reinforcement learning.

A recent approach for solving the inclusion problem (1.1)that does not require product space
reformulation is the projective splitting method introduced by Eckstein and Svaiter in [14]. This
method belongs to a broader class of separator-projection algorithms for identifying a member
of a closed and convex solution set, say, S. At each iteration k, the algorithm constructs an
affine function φk : H

n → R that defines a hyperplane, which separates the current iterate from
the extended solution set S, see [13, 14, 21]. The next iterate is then obtained by projecting the
current iterate onto this hyperplane, gradually moving towards the solution set. This process
generates a sequence of iterates that converges weakly to an element of S.

This approach addresses inclusion problems involving a finite sum of maximal monotone oper-
ators (where n > 2) without resorting to the product space reformulation. A crucial step in
this method involves selecting the points (xk

i , y
k
i ) from the graph of Ti, i = 1, 2, .., n, at each

iteration k, for the construction of the affine function φk.

The authors in [13] and [14] used a proximal step to compute (xk
i , y

k
i ) from the graph of Ti

′s,

which involves evaluating the resolvent operator (I + ρTi)
−1, i = 1, 2, ..., n, where ρ > 0, and

I is the identity operator. We remark that computing the resolvents of each operator Ti at
each iteration k may be time-consuming and prohibitively expensive, especially for large-scale
problems. Moreover, in practice, it is usually not the case that all the resolvents of the operators,
{Ti}

n
i=1, can be readily computed.

To address this problem, the authors in [17] incorporate double forward steps for Lipschitz
continuous operators while maintaining backward steps for operators in which their resolvent
is relatively easy to evaluate, and weak convergence of the algorithm was established. A recent
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improvement in [19] reduces the two forward steps to a single forward step under cocoercivity
assumption. These advancements offer flexibility in the projective splitting framework and
reduce computational cost. For more recent results on this approach, see, [18, 20, 21, 24].
The authors in [26] extended the projective splitting framework by incorporating inertial effects.
They developed a projective splitting-type algorithm that has both inertial and relaxation ef-
fects, and additionally, with inexact subproblem solutions within a relative-error criterion.

In this work, we propose a novel variant of the projective splitting method that incorporates a
deviation vector at each iteration, offering greater algorithmic flexibility and the potential for
significant performance gains. To guarantee convergence, we require only that the deviation
vector’s norm be bounded by a readily computable quantity that can be evaluated online. This
approach builds upon and extends previous developments in this direction for splitting methods
[4, 32]. A notable advantage of our framework is its compatibility with learning-based strategies:
the deviation vector can be selected via neural networks, as it resides in a subspace of the
same dimension as the ambient space. This high-dimensional flexibility enables the algorithm
to exploit problem-specific structure and learn optimization strategies from data, potentially
achieving faster convergence and better robustness in practice. This stands in sharp contrast to
inertial acceleration techniques, where the inertial parameter is confined to a one-dimensional
subspace, thereby severely limiting the design space for algorithmic enhancements. By lifting
this dimensional constraint, our approach opens new avenues for data-driven algorithm design
and adaptive optimization strategies.

The rest of the paper is structured as follows: Section 2 presents preliminary lemmas and
definitions. Section 3 introduces an abstract projective splitting framework with deviations,
alongside results that depend only on the framework’s abstract structure. Section 4 presents
a general projective splitting framework with deviations and provides the proof of the main
convergence result. Section 5 presents numerical experiments, in which we apply our algorithm
to a robust proton therapy treatment planning problem on a head-and-neck cancer patient
dataset. Finally, Section 6 contains the Conclusion and Further Research, while Section 7
contains statements and declarations.

2. Preliminaries

In this section, we present some basic definitions, lemmas and fundamental assumptions that
would be used in the proof of our main results. To that end, throughout this work we denote
by ⇀ the weak convergence in H and Gr(T ) the graph of T. Let Hn := H×H× · · · × H

︸ ︷︷ ︸
n-times

be

endowed with the following norm and inner product:

∥(z,w)∥2 := ∥z∥2 +
n−1∑

i=1

∥wi∥
2, where w = (w1, w2, ..., wn−1) ∈ H

n−1, z ∈ H,

and

⟨(z,w), (p,q)⟩ := ⟨z, p⟩+
n−1∑

i=1

⟨wi, qi⟩,

where z, p ∈ H, w,q ∈ Hn−1, respectively. Let S be the extended solution set (also known as
Kuhn-Tucker set) of problem (1.1) defined by

S :=

{

(z, w1, . . . , wn−1) ∈ H
n : wi ∈ Tiz ∀i ∈ {1, . . . , n− 1},−

n−1∑

i=1

wi ∈ Tnz

}

, (2.1)
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it is easy to see that z∗ solves (1.1) if and only if there exists (w∗
1, w

∗
2, ..., w

∗
n−1) ∈ H

n−1 such
that (z∗, w∗

1, w
∗
2, ..., w

∗
n−1) ∈ S.

Since each Ti is maximally monotone, then the solution set S is closed and convex, see, e.g.,
[17]. In the sequel, we shall assume that S ̸= ∅.
At iteration k, let (xk

i , y
k
i ) ∈ H

2, i = 1, 2, ..., n, and let φk : H
n → R be defined by

φk(z, w1, ..., wn−1) :=
n−1∑

i=1

⟨z − xk
i , y

k
i − wi⟩+

〈

z − xk
n, y

k
n +

n−1∑

i=1

wi

〉

=
n∑

i=1

⟨z − xk
i , y

k
i − wi⟩, (2.2)

where wn := −
n−1∑

i=1

wi, then φk defines a half space Hk ⊆ H
n which contains the set S if the

points (xk
i , y

k
i ) are appropriately chosen for i = 1, . . . , n. The new iterate, pk+1, is obtained by

projecting the previous iterate, pk, onto the half space, Hk. The key important question in the
above process is how to choose the points (xk

i , y
k
i ) ∈ H

2 so that the function φk has the desired
properties.

We denote the resolvent of T by JT
ρ := (I + ρT )−1, where I is the identity map and ρ > 0.

Clearly,
x = JT

ρ (t) ⇐⇒ x+ ρy = t, for some y ∈ Tx.

Next we give some important properties of the separator map, φk, defined in (2.2).

Lemma 2.1. [14] Let φk be defined as in (2.2). Then the following hold:
1. φk is affine on Hn and

φk(z, w1, . . . , wn−1) = ⟨z, v
k⟩+

n−1∑

i=1

⟨wi, u
k
i ⟩ −

n∑

i=1

⟨xk
i , y

k
i ⟩,

where vk =
∑n

i=1 y
k
i and uk

i = xk
i − xk

n, i = 1, 2, ..., n− 1.
2. If yki ∈ Tix

k
i for all i = 1, . . . , n, then φk(z, w1, . . . , wn−1) ≤ 0 for all (z, w1, . . . , wn−1) ∈ S.

3. The gradient of φk with respect to the inner product ⟨·, ·⟩ on Hn is:

∇φk =

(
n∑

i=1

yki , x1
k − xn

k, x2
k − xn

k, . . . , xn−1
k − xn

k

)

. (2.3)

Lemma 2.2. Let H be real Hilbert space and xi ∈ H, i = 1, · · · , n. Then, the following equality
holds: ∥

∥
∥
∥

n∑

i=1

xi

∥
∥
∥
∥

2

≤ n

n∑

i=1

∥xi∥
2

Lemma 2.3. Let H be real Hilbert space and x, y ∈ H. Then, the following equalities hold:
1. 2⟨x, y⟩ = −∥x∥2 − ∥y∥2 + ∥x+ y∥2.

2. 2⟨x, y⟩ = ∥x∥2 + ∥y∥2 − ∥x− y∥2.

Lemma 2.4. Let H be real Hilbert space and a, b, c, d ∈ H. Then the following inequality holds:

2⟨a− b, c− d⟩ = ∥a− d∥2 + ∥b− c∥2 − ∥a− c∥2 − ∥b− d∥2
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Lemma 2.5. [1] Let H be a real Hilbert space, A : H ⇒ H and B : Hn−1 ⇒ Hn−1 be maximal
monotone operators. Let G : H → Hn−1 be a bounded linear operator. Let ak ∈ A(rk) and
bk ∈ B(sk) be such that rk ⇀ r∞ and bk ⇀ b∞, for some r∞ ∈ H and b∞ ∈ Hn−1. If
ak +G∗bk → 0 and Grk − sk → 0, then b∞ ∈ B(Gr∞) and −G∗b∞ ∈ A(r∞).

Lemma 2.6. [27] Let H be a real Hilbert space, ∅ ̸= S ⊆ H. Let {pk} be a sequence in H such
that every weak cluster point of {pk} belongs to S and limk→∞ ∥p

k − p∥ exists for every p ∈ S.
Then, {pk} converges weakly to a point in S.

3. An Abstract Projective Splitting Framework with Deviation

In this section, we first begin by presenting the main abstract projective splitting framework
of this paper. This framework is described using an arbitrary affine separator φk without
specifying how this separator is constructed. The motivation stems from the fact that the
monotone inclusion in (1.1) can be reformulated as a problem of finding a point in the extended
solution set, S, given in (2.1). In the next section, we introduce Algorithm 2, which provides
selection rule for the points (xk

i , y
k
i ) from the graph of Ti, i = 1, · · · , n, in order to explicitly

construct the affine separator φk.

Algorithm 1: Abstract Projective Splitting with Deviations

Step 0: Let p1, v1 ∈ Hn, 0 < ϵ < 1, 0 ≤ ξk < 1− ϵ, ϵ ≤ βk ≤ 2− ϵ
2
. Let k ← 1.

Step 1: Define

p̂k = pk + vk (3.1)

Step 2: Define an affine function, φk, such that ∇φk ̸= 0, and φk(p) ≤ 0 for all p ∈ S.
Let p̃k+1 be the projection of p̂k on to the halfspace Hk = {p ∈ H

n : φk(p) ≤ 0}, i.e.,

p̃k+1 = p̂k −
max{0, φk(p̂

k)}

∥∇φk∥2
∇φk (3.2)

Step 3: Choose some relaxation parameter βk and set

pk+1 := pk + βk(p̃
k+1 − p̂k) (3.3)

Step 4: Choose vk+1 such that

βk+1

2− βk+1

∥vk+1∥2 ≤ ξkl
2
k, where (3.4)

lk := βk(2− βk)∥p̃
k+1 − pk −

(1− βk)

2− βk

vk∥2 (3.5)

Step 5: Let k ← k + 1 and go to step 1.

We make the following remarks:

Remark 3.1.
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(i) Observe that using (3.2), the update in step 3 can be re-written as

pk+1 = pk − βk

max{0, φk(p̂
k)}

∥∇φk∥2
∇φk.

(ii) If vk = 0, then Algorithm 1 reduces to a well-known linear separator-projection method
for finding a point in the solution set S, see [14].

We now prove the following results, which solely rely on the abstract structure of Algorithm 1
and do not require a particular construction of φk.

Lemma 3.2. Let {pk}, {vk}, {l2k} be the sequences generated by Algorithm 1, and let p∗ ∈ S.
Then, the following results hold:
(a) ∥pk+1 − p∗∥2 + l2k ≤ ∥p

k − p∗∥2 + βk

2−βk
∥vk∥2.

(b) ∥pk+1 − p∗∥2 + l2k ≤ ∥p
k − p∗∥2 + ξk−1l

2
k−1.

(c) The sequence {l2k} is summable, i.e.,
+∞∑

k=1

l2k <∞ and vk → 0.

(d) limk→∞ ∥p
k − p∗∥2 exists.

(e) The sequences {pk}, {p̂k} and {vk} are bounded.

Proof. (a) Let k ≥ 1, and let p∗ ∈ S. Since p̃k+1 is the projection of p̂k onto Hk, then it can be
written as

p̃k+1 = (I + γkNHk
)−1(p̂k), (3.6)

where I denotes the identity map, NHk
denotes the normal cone to Hk, and γk > 0. So, we have

p̂k − p̃k+1

γk
∈ NHk

(p̃k+1) (3.7)

From Step 2 of Algorithm 1, we have that S ⊆ Hk ∀ k ≥ 1. Since p∗ ∈ S ⊆ Hk, we have
NHk

(p∗) ̸= ∅ for each k ≥ 1. Consequently,

0 ∈ NHk
(p∗) ∀k ≥ 1. (3.8)

Monotonicity of NHk
, (3.7) and (3.8) imply

〈
p̂k − p̃k+1

γk
, p̃k+1 − p∗

〉

≥ 0. (3.9)

Step 3 of Algorithm 1 implies

p̂k − p̃k+1 =
1

βk

(pk − pk+1). (3.10)

Substituting (3.10) into (3.9), we have

1

γkβk

⟨pk − pk+1, p̃k+1 − p∗⟩ ≥ 0.

Using Lemma 2.4 and rearranging the resulting inequality gives

∥pk+1 − p∗∥2 − ∥pk − p∗∥2 ≤ ∥pk+1 − p̃k+1∥2 − ∥pk − p̃k+1∥2. (3.11)

Again, Step 3 of Algorithm 1 implies

∥pk+1 − p̃k+1∥2 = ∥pk − p̃k+1∥2 + 2βk⟨p
k − p̃k+1, p̃k+1 − p̂k⟩+ β2

k∥p̃
k+1 − p̂k∥2. (3.12)
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Substituting (3.12) into (3.11), we have

∥pk+1 − p∗∥2 − ∥pk − p∗∥2 ≤ 2βk⟨p
k − p̃k+1, p̃k+1 − p̂k⟩+ β2

k∥p̃
k+1 − p̂k∥2

= β2
k∥p̃

k+1 − p̂k∥2 + 2βk⟨p̂
k − p̃k+1, p̃k+1 − p̂k⟩

+ 2βk⟨p
k − p̂k, p̃k+1 − p̂k⟩

= β2
k∥p̃

k+1 − p̂k∥2 − 2βk∥p̃
k+1 − p̂k∥2 + 2βk⟨p

k − p̂k, p̃k+1 − p̂k⟩

= −βk(2− βk)∥p̃
k+1 − p̂k∥2 + 2βk⟨p

k − p̂k, p̃k+1 − p̂k⟩. (3.13)

Now, using the definition of p̂k from Step 1 of Algorithm 1, we have

p̃k+1 − pk = p̃k+1 − p̂k + p̂k − pk = p̃k+1 − p̂k + vk. (3.14)

Using Step 4 of Algorithm 1 and (3.14), we have

l2k = βk(2− βk)∥p̃
k+1 − p̂k + vk −

(1− βk)

2− βk

vk∥2

= βk(2− βk)∥p̃
k+1 − p̂k +

vk

2− βk

∥2

= βk(2− βk)∥p̃
k+1 − p̂k∥2 + βk(2− βk)∥

vk

2− βk

∥2 + 2βk(2− βk)

〈

p̃k+1 − p̂k,
vk

2− βk

〉

= βk(2− βk)∥p̃
k+1 − p̂k∥2 +

βk

2− βk

∥vk∥2 + 2βk⟨p̃
k+1 − p̂k, vk⟩. (3.15)

Now, adding l2k to both sides of (3.13) and using (3.15), we have

∥pk+1 − p∗∥2 + l2k ≤ ∥p
k − p∗∥2 +

βk

2− βk

∥vk∥2, (3.16)

which is the desired result in (a).

(b) The result follows by applying (3.4) in Step 4 of Algorithm 1 to (3.16) obtained above.

(c) From (b) we have

l2k − ξk−1l
2
k−1 ≤ ∥p

k − p∗∥2 − ∥pk+1 − p∗∥2. (3.17)

So, for fixed N ∈ N, we have

N∑

k=1

l2k −
N∑

k=1

ξk−1l
2
k−1 ≤ ∥p

1 − p∗∥2 − ∥pN+1 − p∗∥2. (3.18)
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But
N∑

k=1

l2k −
N∑

k=1

ξk−1l
2
k−1 =

N∑

k=1

l2k −
N−1∑

k=0

ξkl
2
k

=
N∑

k=1

l2k −
N∑

k=1

ξkl
2
k − ξ0l

2
0 + ξN l

2
N

=
N∑

k=1

l2k(1− ξk)− ξ0l
2
0 + ξN l

2
N

≥ ϵ

N∑

k=1

l2k − ξ0l
2
0 + ξN l

2
N . (3.19)

In the last inequality, we have used the assumption that 1− ξk ≥ ϵ. Using (3.19) together with
(3.18), we have

ϵ

N∑

k=1

l2k ≤ ξ0l
2
0 + ∥p

1 − p∗∥2 − ∥pN+1 − p∗∥2 − ξN l
2
N ≤ ξ0l

2
0 + ∥p

1 − p∗∥2, (3.20)

which implies that
∞∑

k=1

l2k < +∞, and consequently, l2k → 0 as k → +∞. To prove the second part

of (c), that is vk → 0, we first have from the assumption on βk and ξk in Step 0 of Algorithm 1
that

ϵ

2− ϵ
≤

βk

2− βk

and ξk ≤ 1− ϵ.

Now, using Step 4 of Algorithm 1 we have

0 ≤
ϵ

2− ϵ
∥vk∥2 ≤

βk

2− βk

∥vk∥2 ≤ ξk−1l
2
k−1 ≤ (1− ϵ)l2k−1. (3.21)

Since l2k → 0 as k → +∞, we conclude that vk → 0 as k → +∞.

(d) Let p∗ ∈ S. Using the fact that ξk < 1 in (b), we have

∥pk+1 − p∗∥2 + l2k ≤ ∥p
k − p∗∥2 + l2k−1.

This implies that the sequence {∥pk+1−p∗∥2+ l2k} is non-increasing and bounded below. There-
fore, it converges. But from the first part of (c) above we have that l2k → 0 as k → +∞.

Therefore, limn→∞ ∥p
k − p∗∥2 exists.

(e) From (c) and (d) we have that the sequences {vk} and {pk} are bounded, respectively.
Consequently, {p̂k} is bounded. This completes the proof of the lemma. □
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4. A General Projective Splitting Framework with Deviations

We now present Algorithm 2, which gives a detailed description of Algorithm 1, illustrating how
the affine separator φk is constructed, through the choice of the points (xk

i , y
k
i ) from the graph

of Ti, i = 1, · · · , n.

Algorithm 2: Projective Splitting with Deviations for Solving (1.1)

Step 0: Let p1 = (z1, w1
1, . . . , w

1
n−1), v

1 = (v10, v
1
1, v

1
2, · · · , v

1
n−1), 0 < ϵ < 1, 0 ≤ ξk < 1− ϵ,

ϵ ≤ βk ≤ 2− ϵ
2
. Let k ← 1.

Step 1: Define

ẑk = zk + vk0 (4.1)

ŵk
i = wk

i + vki , i = 1, · · · , n− 1, (4.2)

ŵk
n = −

n−1∑

i=1

ŵk
i . (4.3)

Step 2: Choose scalars ρki > 0 and compute (xk
i , y

k
i ), i = 1, · · · , n satisfying

ρki y
k
i + xk

i = ẑk + ρki ŵ
k
i , yki ∈ Ti(x

k
i ) (4.4)

Step 3: If xk
i = xk

n, i = 1, · · · , n, and
∑n

i=1 y
k
i = 0, STOP. Otherwise, define

φk(p̂
k) =

n∑

i=1

⟨ẑk − xk
i , y

k
i − ŵk

i ⟩ (4.5)

θk =
max{0, φk(p̂

k)}

∥
n∑

i=1

yki ∥
2 +

n−1∑

i=1

∥xk
i − xk

n∥
2

(4.6)

Step 4: Choose some relaxation parameter βk ∈ [β, β] and define

zk+1 = zk − βkθk

n∑

i=1

yki (4.7)

wk+1
i = wk

i − βkθk(x
k
i − xk

n), i = 1, · · · , n− 1. (4.8)

Step 5: Choose vk+1 such that

βk+1

2− βk+1

∥vk+1∥2 ≤ ξkl
2
k, where (4.9)

l2k := βk(2− βk)

∥
∥
∥
∥
p̃k+1 − pk −

(1− βk)

2− βk

vk
∥
∥
∥
∥

2

(4.10)

Step 6: Let k ← k + 1 and go to step 1.
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Remark 4.1.

(i) We remark that Step 2 of Algorithm 2, which specifies how to chose the points (xk
i , y

k
i )

from the graph of Ti, i = 1, · · · , n, is the key distinction between Algorithm 2 and
Algorithm 1.

(ii) Similar to how ŵk
i is defined in (4.2), i = 1, · · · , n− 1, ŵk

n can also be written as

ŵk
n = wk

n + vkn,

where

wk
n := −

n−1∑

i=1

wk
i and vkn := −

n−1∑

i=1

vki . (4.11)

This can be easily seen by substituting (4.2) into (4.3).

(iii) If Algorithm 2 terminates at Step 3, then ∇φk = 0, where ∇φk is defined as in (2.3).
Moreover, since yki ∈ Tix

k
i for i = 1, · · · , n, we take

pk+1 = (zk+1, wk+1
1 , · · · , wk+1

n−1) := (xk
n, y

k
1 , · · · , y

k
n−1) ∈ S,

where S is as defined in (2.1).

Next, we present some key results used in the proof of convergence of Algorithm 2.

Lemma 4.2. Let {pk}, p̂k and ŵk
n be the sequences generated by Algorithm 2. Suppose for

i = 1, · · · , n,

0 ≤ ρ ≤ ρki ≤ ρ <∞ ∀ k ≥ 0.

Then,

φk(p̂
k) ≥

1

2
min{ρ, ρ−1}

n∑

i=1

(
∥yki − ŵk

i ∥
2 + ∥xk

i − ẑk∥2
)
.

Proof. Let i ∈ {1, · · · , n}. Using Lemma 2.3 (1) and equation (4.4) of Algorithm 2, we have

〈
xk
i − ẑk, ρki (y

k
i − ŵk

i )
〉
=

1

2
∥xk

i − ẑk + ρki (y
k
i − ŵk

i )∥
2 −

1

2
∥ρki (y

k
i − ŵk

i )∥
2 −

1

2
∥xk

i − ẑk∥2

= −
1

2

(

(ρki )
2∥yki − ŵk

i ∥
2 + ∥xk

i − ẑk∥2
)

. (4.12)

So that,

〈
ẑk − xk

i , y
k
i − ŵk

i

〉
=

1

2

(

ρki ∥y
k
i − ŵk

i ∥
2 + (ρki )

−1∥xk
i − ẑk∥2

)

≥
1

2

(

ρ∥yki − ŵk
i ∥

2 + (ρ)−1∥xk
i − ẑk∥2

)

≥
1

2
min{ρ, ρ−1}

(

∥yki − ŵk
i ∥

2 + ∥xk
i − ẑk∥2

)

. (4.13)

Summing up both sides of (4.13) from i = 1, · · · , n, we have

φk(p̂
k) ≥

1

2
min{ρ, ρ−1}

n∑

i=1

(
∥yki − ŵk

i ∥
2 + ∥xk

i − ẑk∥2
)
.

□
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Lemma 4.3. Let {pk}, p̂k and ŵk
n be the sequences generated by Algorithm 2. Then, the following

inequality holds:

(φk(p̂
k))2

α∥∇φk∥2
≥ φk(p̂

k) ≥ α∥∇φk∥
2, (4.14)

for some α > 0.

Proof. Let k ≥ 1. Then,

∥
∥
∥
∥

n∑

i=1

yki

∥
∥
∥
∥

2

=

∥
∥
∥
∥

n∑

i=1

(ŵk
i − yki − ŵk

i )

∥
∥
∥
∥

2

=

∥
∥
∥
∥

n∑

i=1

(ŵk
i − yki )

∥
∥
∥
∥

2

≤ n

n∑

i=1

∥ŵk
i − yki ∥

2

≤ 2n
n∑

i=1

∥ŵk
i − yki ∥

2, (4.15)

where we have used (4.3) in the second equality, and Lemma 2.2 in the first inequality. On the
other hand, using Cauchy-Schwarz inequality, we have

n−1∑

i=1

∥xk
i − xk

n∥
2 ≤ 2

n−1∑

i=1

∥xk
i − ẑk∥2 + 2

n−1∑

i=1

∥ẑk − xk
n∥

2

≤ 2
n−1∑

i=1

∥xk
i − ẑk∥2 + 2(n− 1)∥ẑk − xk

n∥
2

≤ 2n
n∑

i=1

∥xk
i − ẑk∥2. (4.16)

Using (2.3), (4.15) and (4.16), we have

∥∇φk∥
2 =

∥
∥
∥
∥

n∑

i=1

yki

∥
∥
∥
∥

2

+
n−1∑

i=1

∥xk
i − xk

n∥
2

≤ 2n
n∑

i=1

(

∥ŵk
i − yki ∥

2 + ∥xk
i − ẑk∥2

)

. (4.17)

Equation (4.17) implies

n∑

i=1

(

∥ŵk
i − yki ∥

2 + ∥xk
i − ẑk∥2

)

≥
1

2n
∥∇φk∥

2. (4.18)
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Lemma 4.2 together with (4.18) yields

φk(p̂
k) ≥

1

2
min{ρ, ρ−1}

n∑

i=1

(

∥yki − ŵk
i ∥

2 + ∥xk
i − ẑk∥2

)

≥
1

2
min{ρ, ρ−1}

1

2n
∥∇φk∥

2

=
min{ρ, ρ−1}

4n
∥∇φk∥

2. (4.19)

Define α :=
min{ρ,ρ−1}

4n
. Then, (4.19) becomes φk(p̂

k) ≥ α∥∇φk∥
2, which is the second part of

the inequality in (4.14). The first part of the inequality is obtained from the second. □

Lemma 4.4. Let {pk}, p̂k and ŵk
n be the sequences generated by Algorithm 2. Then, the following

result holds:
max{0, φk(p̂

k)}

∥∇φk∥
→ 0.

Proof. We first observe that Lemma 3.2 (d) implies that the sequence {pk − p∗} is Cauchy. In
particular, ∥pk+1 − pk∥ → 0. Also, using Step 3 of Algorithm 1 together with the lower bound
on βk given in Algorithm 1, we have

0 ≤ ϵ∥p̃k+1 − p̂k∥ ≤ βk∥p̃
k+1 − p̂k∥ = ∥pk+1 − pk∥ → 0,

which implies that ∥p̃k+1−p̂k∥ → 0. Consequently, the result follows from Step 2 of Algorithm 1.
□

Lemma 4.5. Let {pk}, p̂k and ŵk
n be the sequences generated by Algorithm 2. The following

results hold:
(a) φk(p̂

k)→ 0 and ∥∇φk∥
2 → 0.

(b) ∥ẑk − xk
i ∥

2 → 0 and ∥yki − ŵk
i ∥

2 → 0, i ∈ {1, · · · , n}.

(c) ∥zk − xk
i ∥

2 → 0 and ∥yki − wk
i ∥

2 → 0, i ∈ {1, · · · , n}.

(d) Every weak cluster point of {pk} belongs to S.

(e) If every weak cluster point of {pk} belongs to S, then the sequence, {pk}, converges weakly
to some element in S.

Proof. (a) Since φk(p̂
k) ≥ 0 from Lemma 4.2, then by Lemma 4.4, we obtain φk(p̂

k)
∥∇φk∥

→ 0.

Consequently, Lemma 4.3 yields

0 ≤ φk(p̂
k) ≤

(φk(p̂
k))2

α∥∇φk∥2
→ 0.

Thus, φk(p̂
k)→ 0. To obtain the second part of (a), we use Lemma 4.3 and the first part of (a)

to obtain
0 ≤ α∥∇φk∥

2 ≤ φk(p̂
k)→ 0.

This implies that ∥∇φk∥
2 → 0. That is ∥

n∑

i=1

yki ∥
2 and

n−1∑

i=1

∥xk
i − xk

n∥
2 both go to zero as k tends

to infinity.
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(b) This result follows directly from Lemma 4.2 and the first part of Lemma 4.5 (a).

(c) Let i ∈ {1, · · · , n}. We observe that

∥zk − xk
i ∥ ≤ ∥v

k∥+ ∥ẑk − xk
i ∥. (4.20)

Using the result in the second part of Lemma 3.2 (c) and the first part of Lemma 4.5 (b) in
(4.20), we have the first part of the result. Similarly, since

∥yki − wk
i ∥ ≤ ∥y

k
i − ŵk

i ∥+ ∥v
k∥, (4.21)

using the result in the second part of Lemma 3.2 (c) and the second part of Lemma 4.5 (b) in
(4.21), we have the second part of the result.

(d) Observe that {pk} is bounded by Lemma 3.2 (e). Let {pkj} be a subsequence of {pk} such
that pkj ⇀ p∞, i.e.,

zkj ⇀ z∞ and w
kj
i ⇀ w∞

i , i = 1, · · · , n. (4.22)

Lemma 4.5 (c) together with (4.22) imply

x
kj
i ⇀ z∞ and y

kj
i ⇀ w∞

i , i ∈ {1, · · · , n}. (4.23)

Now, define

A : H⇒ H, B : Hn−1
⇒ Hn−1 and G : H → Hn−1

by

A : = Tn, B := T1 × · · · × Tn−1 and G := (G1, · · · , Gn−1), (4.24)

where Gi : H → H and Gi = I for all i ∈ {1, · · · , n− 1}, I denotes the identity map. The
adjoint of G is G∗ : Hn−1 → H such that for any y = (y1, .., yn−1) ∈ H

n−1, x ∈ H, it satisfies

⟨G∗y, x⟩ = ⟨y,Gx⟩,

which as a result, gives us that G∗y =
n−1∑

i=1

yi. Now, for any i ∈ {1, · · · , n}, we have, from Step 2

of Algorithm 2 that yki ∈ Ti(x
k
i ). This, in particular, implies that

ykjn ∈ Tnx
kj
n .

Again, using the notation of B in (4.24), we have that, for any i ∈ {1, · · · , n},

yki ∈ Ti(x
k
i ) =⇒ (y

kj
1 , y

kj
2 , · · · , · · · ykjn ) ∈ B(x

kj
1 , · · · , xkj

n ).

Moreover, equation (4.23) implies that

xkj
n ⇀ z∞ and (y

kj
1 , y

kj
2 , · · · y

kj
n−1) ⇀ (w∞

1 , w∞
2 , · · · , w∞

n−1).

Using the consequence of the second part of Lemma 4.5 (a) and the fact that G∗y =
∑n

i=1 yi,
we have

ykjn +G∗(y
kj
1 , y

kj
2 , · · · y

kj
n−1) = ykjn +

n−1∑

i=1

y
kj
i =

n∑

i=1

y
kj
i → 0.

Again, using the consequence of the second part of Lemma 4.5 (a), we have

Gxkj
n − (x

kj
1 , x

kj
2 , · · · , x

kj
n−1)→ 0.
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Now, take

rkj := xkj
n and r∞ := z∞ (4.25)

bkj := (y
kj
1 , · · · , y

kj
n−1) and b∞ := (w∞

1 , w∞
2 , · · · , w∞

n−1) (4.26)

akj := ykjn and skj := (x
kj
1 , · · · , x

kj
n−1). (4.27)

Then, using Lemma 2.5, we conclude that

b∞ ∈ B(Gr∞) and −G∗b∞ ∈ Ar∞. (4.28)

Using the notations in (4.25)-(4.27) together with those in (4.24), (4.28), we have

w∞
i ∈ Ti(z

∞), i = 1, · · · , n− 1 and −
n−1∑

i=1

w∞
i ∈ Tnz

∞,

which implies that p∞ = (z∞, w∞
1 , · · · , w∞

n−1) ∈ S.

(e). In view of Lemma 4.5 (d) and Lemma 3.2 (d), the result follows directly from Lemma 2.6.
□

Theorem 4.6. Let {pk} = {(zk, wk
1 , · · · , w

k
n−1)} be a sequence generated by Algorithm 2. If

Algorithm 2 terminates via Step 3, then its final iterate is a member of the extended solution set
S. Otherwise, if Algorithm 2 produces an infinite sequence of iterations without terminating via
Step 3, then there exists p̄ = (z̄, w̄1, · · · , w̄n−1) ∈ S, such that zk ⇀ z̄ and yki ⇀ w̄i, i = 1, · · · , n.
Furthermore, xk

i ⇀ z̄ and yki ⇀ w̄i, i = 1, · · · , n, where wk
n = −

∑n−1
i=1 wk

i .

Proof. Let {pk} be a sequence generated by Algorithm 2. We consider the case where Al-
gorithm 2 runs indefinitely and does not terminate at Step 3, since the case of termination
at Step 3 has already been addressed in Remark 4.1. The fact that {pk} converges to some
p̄ = (z̄, w̄1, · · · , w̄n−1) ∈ S follows from Lemma 4.5 (d) and (e). Consequently, Lemma 4.5 (c)
gives

xk
i ⇀ z̄ and yki ⇀ w̄i, i = 1, · · · , n− 1.

□

We now present a special case of Algorithm 2 in which the deviation vector is chosen as the
inertial term vk = tk(p

k− pk−1), where the inertial parameter tk is adaptively controlled via the
condition in Step 5 of the Algorithm below:
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Algorithm 3: Projective Splitting with Controlled Inertia for Solving (1.1)

Step 0: Let p1 = (z1, w1
1, . . . , w

1
n−1), v

1 = (v10, v
1
1, v

1
2, · · · , v

1
n−1), 0 < ϵ < 1, 0 ≤ ξk < 1−ϵ,

ϵ ≤ βk ≤ 2− ϵ
2
. Let tk ∈ [0, 1] and k ← 1.

Step 1: Define

ẑk = zk + tk(z
k − zk−1) (4.29)

ŵk
i = wk

i + tk(w
k
i − wk−1

i ), i = 1, · · · , n− 1, (4.30)

ŵk
n = −

n−1∑

i=1

ŵk
i . (4.31)

Step 2: Choose scalars ρki > 0 and compute (xk
i , y

k
i ), i = 1, · · · , n satisfying

ρki y
k
i + xk

i = ẑk + ρki ŵ
k
i , yki ∈ Ti(x

k
i ) (4.32)

Step 3: If xk
i = xk

n, i = 1, · · · , n, and
∑n

i=1 y
k
i = 0, STOP. Otherwise, define

φk(p̂
k) =

n∑

i=1

⟨ẑk − xk
i , y

k
i − ŵk

i ⟩ (4.33)

θk =
max{0, φk(p̂

k)}

∥
n∑

i=1

yki ∥
2 +

n−1∑

i=1

∥xk
i − xk

n∥
2

(4.34)

Step 4: Chose some relaxation parameter βk ∈ [β, β] and define

zk+1 = zk − βkθk

n∑

i=1

yki (4.35)

wk+1
i = wk

i − βkθk(x
k
i − xk

n), i = 1, · · · , n− 1. (4.36)

Step 5: Choose tk+1 such that

t2k+1∥p
k+1 − pk∥2 ≤

2− βk+1

βk+1

ξkl
2
k where (4.37)

l2k := βk(2− βk)

∥
∥
∥
∥
p̃k+1 − pk −

(1− βk)

2− βk

tk(p
k − pk−1)

∥
∥
∥
∥

2

(4.38)

Step 6: Let k ← k + 1 and go to step 1.

Therefore, the following corollary follows.

Corollary 1. Let {pk} = {(zk, wk
1 , · · · , w

k
n−1)} be a sequence generated by Algorithm 3 with

deviation vector vk = tk(p
k − pk−1), where tk satisfies the condition in Step 5 of Algorithm 3.

If Algorithm 3 terminates via Step 3, then its final iterate is a member of the extended solution
set S. Otherwise, if Algorithm 3 produces an infinite sequence without terminating via Step 3,
then there exists p̄ = (z̄, w̄1, · · · , w̄n−1) ∈ S such that zk ⇀ z̄ and yki ⇀ w̄i, i = 1, · · · , n.
Furthermore, xk

i ⇀ z̄ and yki ⇀ w̄i, i = 1, · · · , n, where w̄k
n = −

∑n−1
i=1 w̄k

i .
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5. Numerical Experiments

In this section, we apply our result to robust proton therapy treatment planning problem. We
evaluate the performance of our algorithm on a head-and-neck patient dataset, considering 13
uncertainty scenarios that account for 3mm setup and 3.5% range uncertainties under different
beam configurations. We demonstrate how our Algorithm can be utilized for this class of
problems to determine optimal beam intensities for an effective treatment plan.

Although our main result is formulated in terms of deviation, Algorithm 3, as a special case,
reduces to an inertial-type algorithm, but with a notable distinction. In classical inertial algo-
rithms, the inertial parameter is chosen within the interval [0, 1). In contrast, for Algorithm 3,
the inertial parameter must satisfy the specific condition outlined in Step 5 of the Algorithm.
This additional requirement differentiates Algorithm 3 from classical inertial methods.

All numerical experiments were carried out on MATLAB R2020a version. All programs were
run on a 64-bit OS PC with Intel(R) Core(TM) i7-7600U CPU @ 2.80GHz 2.90 GHz and 16GB
RAM. All figures were plotted using the log log plot command.

Example 5.1. Robust Proton Treatment Planning Problem.

Proton treatment planning has been widely studied for many years, see, e.g., [15, 16, 33, 36, 40].
The sharp dose fall-off of protons allows precise tumor targeting while sparing surrounding
healthy tissues. However, this same advantage makes proton therapy sensitive to uncertainties
such as patient setup errors, anatomical changes, and proton range estimation inaccuracies.
Consequently, the proton treatment planning problem is formulated as a robust optimization
problem, which takes the form of problem (1.1), and the plan is optimized to remain effective
across all possible scenarios [40, 42].

Mathematically, we consider r uncertainty scenarios, including the nominal scenario, labeled
s = 1, . . . , r. Each scenario has a dose influence matrix As ∈ R

m×n
+ , where m is the number of

voxels and n is the number of beamlets. Let asi := (asii1, a
si
i2, a

si
i3, ..., a

si
in) ∈ R

n
+ be row i of As,

i = 1, . . . ,m. Then As = [as1, as2, . . . , asm]⊤. Each voxel has a prescribed dose, which we collect
in a vector p ∈ R

m
+ . For voxels belonging to the target, i.e., the tumor, the prescribed dose is a

fixed constant Dpres > 0, while voxels outside the target have a prescribed dose of 0.

Our goal is to determine spot intensities z ∈ R
n
+ that minimize the total deviation between the

prescribed dose and the dose delivered in all uncertainty scenarios. This leads to the following
constrained least squares optimization problem:

min
z∈Rn

+

r∑

s=1

∥Asz − p∥2 = min
z∈Rn

+

r∑

s=1

m∑

i=1

(asi
⊤
z − pi)

2 = min
z∈Rn

+

r∑

s=1

fs(z), (5.1)

where fs(z) :=
m∑

i=1

(asi
⊤
z−pi)

2. To determine the optimal spot intensities for problem (5.1) using

Algorithm 3, we first observe that problem (5.1) can be expressed as the following unconstrained
optimization problem

min
z∈Rn

+

r∑

s=1

∥Asz − p∥2 = min
z∈Rn

r∑

s=1

∥Asz − p∥2 + IRn
+
(z), (5.2)
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where IRn
+

is the indicator function of the positive orthant R
n
+. The first-order optimality

condition of (5.2) gives the following monotone inclusion problem :

0 ∈
r∑

s=1

2A⊤
s (Asz − p) +NRn

+
(z), (5.3)

which fits the general framework (1.1). Here, NRn
+
denotes the normal cone to the non-negative

orthant R
n
+, which is known to be the subdifferential of the indicator function IRn

+
(z) . Com-

paring (5.3) with our problem of interest (1.1), we have that, n = r + 1 and

Ts(z) = 2A⊤
s (Asz − p), s = 1, · · · , r, and Tr+1(z) = NRn

+
.

We consider three influence matrices, whose dimensions and sparsity are reported in Table 1.
The first two are obtained from the CORT dataset [9] and correspond to a single head-and-neck
cancer patient. Each of these two dataset corresponds to a different beam configuration. The
third is a randomly generated matrix of comparable size.

Table 1. Dimensions and sparsity of influence matrices used in the experiments

Dataset Beam configuration m (voxels) n (beamlets) Sparsity
Clinical 1 Gantry 138◦, Couch 0◦ 1,715,200 1,168 0.31%
Clinical 2 Gantry 135◦, Couch 45◦ 1,715,200 1,083 0.33%
Synthetic Randomly generated (Matlab) 1,715,200 1,083 2%

We simulate proton-like uncertainty scenarios following the framework of [28, 37]. Specifically,
range uncertainty was approximated by rescaling the dose influence matrix by 3.5%, analogous
to the stopping power ratio uncertainty in proton therapy. The setup errors were simulated by
shifting the isocenter by ±3 mm in the x, y, and z directions. This yields 13 scenarios: one
nominal and twelve perturbed scenarios. For clarity, we refer to Algorithm 3 of this paper, in
which the inertial parameter tk is chosen to satisfy the condition in Step 5, as Algorithm A.
We also refer to the classical inertial version of Algorithm 3, in which the inertial parameter is
chosen freely in [0,1) without satisfying the condition in Step 5, as Algorithm B. The results in
Figures 1–6 demonstrate a potential improvement in the convergence and stability of Algorithm
A over Algorithm B.

Both algorithms are implemented using the same relaxation parameter βk = β = 1.5519. For
Algorithm A, we set ϵ = 0.05β, ξk = 0.051(1− ϵ), and adaptively select the inertial parameter
tk at each iteration to satisfy the safeguarding condition. For Algorithm B, we fix tk = t = 0.1,
as this value appears to give the best performance.

For each of the three datasets described in Table 1, i.e., Clinical dataset 1, Clinical dataset 2,
and the synthetic dataset, the convergence graphs are presented in Figures 1–2, Figures 3–4,
and Figures 5–6, respectively.

6. Conclusion and Further Research

In this work, we have proved weak convergence of projective splitting methods with deviations
for finding zeros of a finite sum of maximal monotone operators. The Algorithm allows the
introduction of a deviation vector at each iteration, thereby providing additional flexibility in
the update steps while preserving the fundamental structure of the projective splitting frame-
work. We proved that the generated sequence converges weakly to a solution of the inclusion
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Figure 1. Example (5.1) In R
1168. The

figure corresponds to Clinical dataset 1
(Gantry 138◦, Couch 0◦) of dimension
1,715,200 × 1,168 from which 13 scenar-
ios are generated. Both Algorithms ex-
hibit an initial transient rise before de-
creasing, with Algorithm A maintaining a
consistently lower subgradient norm than
Algorithm B throughout, reaching a sig-
nificantly lower final value by iteration 100

.

Figure 2. Example (5.1) in R
1168. The

figure corresponds to Clinical dataset 1
(Gantry 138◦, Couch 0◦) with a dose influ-
ence matrix of dimension 1,715,200×1,168
from which 13 scenarios are generated. Al-
gorithm B peaks at a substantially higher
value than Algorithm A during the initial
transient phase.

Figure 3. Example (5.1) in R
1083. The

figure corresponds to Clinical dataset 2
(Gantry 135◦, Couch 45◦) with a dose in-
fluence matrix of dimension 1,715,200 ×

1,083, from which 13 scenarios are gener-
ated. Algorithm A consistently maintains
a lower subgradient norm than Algorithm
B across all iterations, reaching approxi-
mately ten times lower final value than Al-
gorithm B by iteration 100.

Figure 4. Example (5.1) in R
1083. The

figure corresponds to Clinical dataset 2
(Gantry 135◦, Couch 45◦) with a dose in-
fluence matrix of dimension 1,715,200 ×

1,083, from which 13 scenarios are gener-
ated. Algorithm A converges faster than
Algorithm B, reaching the minimum sub-
gradient norm approximately 100 itera-
tions earlier. Both Algorithms eventually
stabilize at comparable final values.

problem, provided that the norm of the deviation vector is bounded by a quantity that can be
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Figure 5. Example (5.1) in R
1083. The fig-

ure corresponds to the synthetic dataset of
dimension 1,715,200×1,083, from which 13
scenarios are generated. Algorithm B ex-
hibits persistent oscillations over approxi-
mately iterations 10 to 100, failing to stabi-
lize within the given number of iterations.
Algorithm A, however, decreases smoothly
with only a single transient dip before re-
covering and continuing its stable conver-
gence to a significantly lower value.

Figure 6. Example (5.1) in R
1083. This fig-

ure corresponds to the synthetic dataset of
dimension 1,715,200×1,083, from which 13
scenarios are generated. Algorithm B oscil-
lates persistently over approximately iter-
ations 10 to 300 before eventually stabilis-
ing, but at a substantially higher subgradi-
ent norm than Algorithm A. Algorithm A,
by contrast, decreases smoothly with only
a single transient dip near iteration 100,
before recovering and continuing its stable
convergence to a significantly lower final
value.

computed online. We applied Algorithm 3 to a robust proton therapy treatment planning prob-
lem. Numerical experiments conducted on a head-and-neck cancer patient dataset confirmed
the theoretical convergence behavior of the algorithm. Moreover, the results demonstrated a
significant improvement of Algorithm 3 over the classical inertial algorithm, both in terms of
convergence speed and stability.

Possible future work will concentrate on the use of some neural networks to select deviation
vectors for solving large scale problems in inverse problems, see, e.g., [4].
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