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Abstract

Drawing inspiration from nature offers possibilities not only for designing next-generation aircraft
or high-speed trains on a macro scale, but also for designing nano-network structures or nanofiber
structures for functional applications on a very small scale. This study involved experiments and
analyses to determine the process conditions under which nanofiber structures, inspired by Steiner
Minimal Trees found in nature, particularly in soap bubbles and/or spider webs, can be developed.
Simultaneously, the similarities and differences between the obtained nanofiber structures and
those found in previous studies were discussed, and theoretical inferences were made regarding
their potential functional applications. Nanofibers obtained by applying two different polymers and
process conditions were analyzed and colored using the Python language, and their Steiner Minimal
Tree compatibility was tested. Accordingly, it was determined that the nanofibers most suitable for
the Steiner Minimal Tree structure are those produced in polylactic acid polymer under specified
conditions. Overall, these findings demonstrate that the Steiner Minimal Tree principles offer a
useful biomimetic optimization framework for nanofiber design, reducing redundancy while pre-
serving functionality.

Keywords: Steiner minimal trees, Nanofibers, Nanofiber networks Smart structures, Functional
applications

1. Introduction

Repairing critical-sized bone defects and chronic skin wounds remains one of the major chal-
lenges in regenerative medicine [1,2]. In response, electrospun nanofibrous matrices have become
important materials for these applications because they can act as scaffolds that mimic the extra-
cellular matrix (ECM) while also serving as carriers for the localized delivery of bioactive proteins
[3,4] . These scaffolds offer a highly porous structure and a very large surface-to-volume ratio,
which helps support efficient mass transfer and improves the loading of therapeutic agents [3,5].
At the same time, nanofiber characteristics such as fiber diameter, alignment, and secondary po-
rosity play a key role in influencing cell adhesion, cell proliferation, and nutrient transport [3,6]. In
tissue engineering, one of the central strategies is to promote a coordinated response between an-
giogenesis and osteogenesis. This often depends on the sequential delivery of vascular endothelial
growth factor (VEGF) and bone morphogenetic protein-2 (BMP-2) in order to reproduce the natu-
ral stages of healing [1,7]. In addition, regenerative membranes must provide strong barrier prop-
erties to block soft tissue invasion while still preserving an osteogenic microenvironment that sup-
ports bone formation [1,8]. The performance of these scaffolds depends heavily on how well drug
release can be controlled across both space and time so that it matches the biochemical needs of the
healing tissue [1,9]. Bioactive compounds obtained from sources such as Hypericum aqueous ex-
tracts or Centella asiatica have shown the ability to speed up recovery by regulating important
signaling pathways, including the PI3K/Akt and TGF-B/Smad pathways [2]. To fully realize the
delivery potential of these compounds, the internal structure of the nanofiber matrix needs to be
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topologically optimized so that transport distances are reduced without compromising mechanical
strength [10,11]. Advanced computational approaches, together with Steiner tree principles, pro-
vide a useful basis for designing such highly efficient networks [10,12]. By incorporating optimized
path lengths into the porous architecture, the matrix can achieve better delivery performance and
distribute therapeutic agents more effectively, which may help support synchronized tissue regen-
eration [1].

The Steiner Minimal Tree (SMT) problem offers a mathematical basis for identifying the
shortest possible network that connects a given set of terminal points [13,14]. SMT is a classical
NP-hard combinatorial problem and has important applications in areas such as chip design, net-
work routing, and computational biology [10]. Nature also provides biologically inspired examples
of solutions to this problem, including the minimum-energy configurations formed by bubble sur-
face tension and the exploratory behavior of the slime mold Physarum polycephalum [11]. The
same principles are relevant for the efficient routing of pipelines and cables in complex engineering
systems [10]. In addition, the use of Steiner tree structures has shown promise for improving both
mechanical stability and path efficiency in nanotechnology and advanced textile engineering
[11,12] In drug delivery, identifying the most efficient network morphology is especially important
for maximizing the transport of bioactive substances through porous matrices. For this reason, the
present study seeks to determine and optimize nanofiber morphologies based on Steiner Minimal
Trees in order to improve their structural efficiency and delivery potential in regenerative medicine,
energy storage and other various functional applications.

2. Materials and Methods

In this work, polymeric solutions were used to produce nanofibers via electrospinning method.
Python language has been used to analyze the images for their compatibility to the Steiner Minimal
Trees.

2.1. Materials

2 different polymers were used for nanofiber production. Polyvinyl alcohol (PVA) polymer
has been purchased from Sigma Aldrich Company and utilised as supplied. Polylactic Acid (PLA)
polymer supplied by NatureWorks LLC has been used as received. A total of 3.48 g of PVA polymer
was mixed with 17 mL of distilled water and stirred mechanically at 80°C for six hours until it
dissolved completely. As a result, about 20.5 mL of an aqueous PV A solution with a concentration
of 17 wt% was obtained. A total of 8 g of PLA polymer was combined with 24 mL of distilled water
and mechanically stirred at 80°C for eight hours until it was fully dissolved. This produced an aque-
ous PLA solution with a concentration of 25 wt%.

2.2. Methods

Electrospinning was used for fabrication of nanofibers with different morphologies while py-
thon language has been used for image analysis. Scanning Electron Microscopy (SEM) analysis was
used for morphology investigation. Details of the methods have been provided in more detail at
following subsections.

2.2.1. Electrospinning

Electrospinning was carried out using simple-to-prepare solutions of PVA and PLA polymers
and a conventional setup consisting of an electronic syringe pump, a syringe, a high-voltage power
supply, and a collector plate (Figure 1). This study used an electrospinning device made by Inovenso
Ltd. & Inc., a Turkey-based company. Different process conditions were applied for these two dif-
ferent solutions.

Nanofibers from PVA solution were produced at 14 kV voltage, 10 cm of collector plate to
needle tip distance, 2 mL/h feeding rate and 10 minutes duration. =~ Nanofibers  from  PLA
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solution were produced at 25 kV voltage, 10 cm of collector plate to needle tip distance, 3 mL/h
feeding rate and 10 minutes duration. The resulting fibers were dried under vacuum at 50 °C for 24
hours. In addition to the two different nanofibers produced within the scope of this study, Steiner
minimal tree analysis was also performed on two different nanofibers obtained from previous stud-
ies for reference and comparison purposes.

2.2.2. SEM Characterization
The morphology and orientation of the nanofibers were examined using a scanning electron
microscope (LEO 440; Technical Sales Solutions, Beaverton, OR, USA).

2.2.3. Image Analysis via Python

Microscopy images of the nanofibers were processed in Python through a custom workflow
designed to measure morphological features linked to connectivity and delivery potential. The im-
ages first underwent grayscale conversion, contrast adjustment, and noise filtering, followed by bi-
narization and skeletonization to retain the overall topology of the fiber network. Key structural
features, including endpoints, branch points, and intersections, were then identified and used to build
graph-based representations of the nanofiber architecture. Steiner Minimal Tree analysis was ap-
plied to determine near-optimal connection paths between the selected nodes. Based on these net-
works, metrics such as total connection length and branching behavior were calculated to compare
differences in nanofiber morphology. Overall, this Python-based method offered a reproducible and
objective way to evaluate structural characteristics associated with Steiner minimal tree architec-
tures. The images have been produced in two types: (a) Steiner compatibility overlay (b) Cycle-free
backbone (bridges only).

Legends that are seen on the Python produced images for Steiner compatibility overlay ex-
plained as follows;

Green = bridge / tree-like segment (cycle-free; compatible with a Steiner tree idea)

Red = cycle edge (cannot be part of a Steiner minimal tree, because SMTs have

no cycles)

Orange = mixed pixels touching both bridge + cycle regions

Blue dots = endpoints

Magenta dots = high-degree junctions (deg > 4), which are atypical for clean Steiner junction
structure

Also included is a second view that displays only the cycle-free backbone (bridges only)—
that is, the portion that could serve as an SMT-like “skeleton” if terminals are defined later.

3. Results

In this part, compatibility of nanofiber morphologies to Steiner minimal tree architectures
(SMTA) was assessed using SEM images analyzed with Python. 4 different SEM images were
taken as basis and then the images have been colored to show SMT compatibilities. The first 2
SEM images were selected from the previous studies of the author to serve as a reference with the
comparison aim. The other two SEM images have been produced within the study using electrospun
nanofibers.

Figure 2 illustrates nanofibers produced from gelatin polymer (NGEL) of 10 wt% and olive
oil addition at 18 kV applied voltage with a gelatin feeding rate of 1.9 ml/h and olive oil feeding
rate of 0.2 ml/h and 8 cm needle-tip to collector distance.

Figure 3. shows compatibility of the nanofiber morphologies produced from gelatin polymer
and olive oil addition to SMT architectures. Most parts of the structure here form loops, shown in
red - around 78 percent. 17% are bridge-only (green). A small share, four percent, acts both ways,
marked orange. That mix explains why matching ideal branching patterns stay poor in terms of
compatibility with SMTAs until pulling out a simplified network comes first.
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Figure 4 illustrates nanofibers produced from PEO polymer (NPEO) of 16 wt% at 17 kV
applied voltage with a feeding rate of 5 ml/h and 10 cm needle-tip to collector distance and 1 hour
duration. A distance positioning apparatus was used allowing polymer to be fed from different
points in order to produce nanofibers in variable morphologies.

Figure 5. shows SMT architecture compatibility of the nanofiber morphologies produced
with distance positioning apparatus from PEO polymer. For this image, compatibility with a Steiner
minimal tree is limited: only about 11.9% of the skeleton edges are bridge-like, whereas 88.1%
belong to cycles. Most of the skeleton forms loops - just under twelve percent act like bridges. This
setup leans heavily on interconnected cells instead of sparse links. Loops take over here, not branch-
ing connections. One way to look at it: the picture shows every node linked directly, yet full of
cycles - that stops it being a true Steiner minimal tree, since those never have loops. Even if three-
line crossings pop up often, mimicking parts of Steiner patterns, the whole shape leans more toward
something thick, like bubbles packed tight. From here, someone might pull out a cleaner branching
frame, trimming down into a tree version later.

Figure 6 illustrates nanofibers produced from PVA polymer (NPVA) of 17 wt% at 14 kV
voltage, 10 cm of collector plate to needle tip distance, 2 mL/h feeding rate and 10 minutes duration.

Figure 7. shows SMT architecture compatibility of the nanofiber morphologies produced from
PVA polymer. The image is mostly red, suggesting that the projected network is far more looped
and redundant than tree-like. Based on the 2D skeleton approximation I used, about 15.7% of the
edges behave like bridges or tree edges, whereas roughly 84.3% contribute to forming cycles, re-
sulting in an estimated 14,104 independent cycles in the projected network. The arrangement has
very little resemblance to a Steiner minimal tree, with an approximate score of 2—3/10. The proper
comparison will need to identify the end points of the network, but based on just its structure, it
cannot be said to resemble a Steiner minimal tree even when accounting for the fact that this par-
ticular image is only a two-dimensional SEM projection of the three-dimensional network of fibers,
wherein some of the apparent cross-overs might not actually represent physical cross-links.

Figure 8 illustrates nanofibers produced from PLA polymer (NPLA) of 25 wt% at 25 kV
voltage, 10 cm of collector plate to needle tip distance, 3 mL/h feeding rate and 10 minutes duration.

Figure 9. shows SMT architecture compatibility of the nanofiber morphologies produced from
PLA polymer. In this case, the compatibility between the current pattern and a Steiner minimal tree
is expected to be low to moderate. According to the image, the skeleton consists of about 35.2% of
bridges and 64.8% of cycles, with approximately 768 cycles in the 2-dimensional projection net-
work. In the same way, the overall pattern based on the SEM network is also considered very com-
patible (about 2/10), since only about 14% of the estimated 3,706 edges have tree-like behavior
(acting as bridges), whereas the remaining 86% act as redundant connections, forming about 1,100
cycles.

4. Discussion

The manuscript examines the nanofiber morphologies for their compatibilities to SMTAs and
whether this compatibility could be used for a potential and theoretical prediction of the utilization
of the nanofibers in delivering substances.

Graph-based analysis of the four nanofiber morphologies showed that every sample formed a
globally connected network, but none perfectly met the core criterion of a Steiner minimal tree
(SMT): a loop-free minimal network spanning a defined set of terminal points. Instead, all of the
images were characterized by closed loops, redundant connections, and junction arrangements that
only low to moderate matched Steiner-like branching. As a result, these morphologies are better
understood as SMT-inspired transport networks rather than exact SMT configurations. Even though
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not sounding as perfect, this inspiration might bring effectiveness and easy scalability as it was
stated in different areas within the literature [17,18] .

NGEL exhibited a dense planar cellular structure containing roughly 2000 independent cycles.
Although about 75% of the simplified junctions were three-way nodes, which is locally consistent
with Steiner-type branching, only around 17% of the skeleton consisted of bridge-only segments,
while nearly 78% was linked to cyclic regions. This suggests that the morphology preserved local
geometric traits associated with efficient branching, but lost global SMT consistency because of
extensive loop formation. Therefore, NGEL is more appropriately described as a redundant cellular
network from which an SMT-like backbone might be derived, rather than as an inherently minimal
topology [19].

A comparable pattern was found in NPEO. The projected network remained a single con-
nected component with 31,641 skeleton nodes and 31,992 edges, corresponding to about 352 inde-
pendent cycles. Only about 11.9-13.3% of the edges functioned as bridges, whereas 86.7-88.1%
participated in cyclic connectivity. Junction analysis also revealed that degree-3 nodes were domi-
nant (n = 578), while the number of endpoints was very small (n = 50), which does not perfectly
align with a tree-like network. Therefore, even though local Steiner-like branching was present,
NPEO was structurally far closer to a loop-rich cellular web than to a genuinely minimal connecting
network [20].

NPVA showed the lowest overall alignment with SMT topology. Depending on the level of
graph simplification, only about 12.4-15.7% of the segments acted as bridge-like elements, while
84.3—-87.6% contributed to cycle formation, with roughly 11,436—14,104 independent cycles. This
made it the most redundant and highly entangled projected network among all of the images ana-
lyzed. In contrast, NPLA, although still clearly non-Steiner on a global scale, preserved a somewhat
higher bridge-rich portion after overlay analysis, with about 35.2% bridge-like compared with
64.8% cycle-like skeleton. Even so, the simplified projection still showed substantial redundancy,
containing around 768—1100 cycles. On that basis, NPLA appears to provide the closest balance
between network continuity and partial tree-like organization [21].

Overall, these findings indicate that the dominant structural pattern across all images was not
minimal connection, but redundant area coverage. This distinction is important. From a mathemat-
ical standpoint, SMT optimization minimizes total path length and eliminates cycles [22] . In the
nanofiber morphologies studied here, however, frequent three-way branching existed alongside
widespread loop formation, which means that locally Steiner-like geometry did not produce global
minimality [23]. Another limitation is that compatibility was assessed using 2D SEM projections
without a predefined terminal set. Some apparent crossings may therefore reflect overlapping fibers
rather than true fused junctions, and the reported cycle counts should be viewed as comparative
topological descriptors rather than exact 3D graph invariants.

As for the working hypothesis concerning the expected correlation of increased SMT com-
patibility with superior delivery performance, its support was only partial. Strictly speaking, an
optimal SMT is a desirable morphology when the goal is to interconnect distinct terminal sites
using the shortest total path distance and the least amount of material. However, drug-delivery or
other substance-delivery structures for bone remodeling and wound healing must, among other
things, cover a broad surface area, contain local reservoir capacity, and have multiple release sites
— properties not strictly relevant to a SMT, in addition to the requirement for local resilience against
transport failure [24,25]

With that said, the mismatch between the observed network morphology and that of the strict
SMT cannot simply be considered a drawback. NGEL and NPEO are examples of networks with
very dense structure and almost no bridges; as such, they may represent coverage-oriented rather
than path-length oriented structures. As already stated, extensive coverage of the surface by ex-
posed drug-containing fibers provides certain advantages in depot-type local delivery scenarios
requiring rapid wetting and access to numerous release interfaces, especially for topical or implant-
assisted applications necessitating contact across the defect bed area [26]. In short, while these
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networks are far from being efficient in the strictest sense of the term SMT, they can still prove
efficient in terms of area-wide release [27].

In turn, NPV A appears to be the ultimate case of such a behavior pattern. The extremely high
cycle burden implies that the given morphology will contain high redundancy and large interfacing
surface area, properties favorable to local loading and release capabilities but detrimental to short-
est-path transport efficiency [28]. Hence, the concept of minimum energy and minimum time ap-
plies to this structure in analogy rather than literally. In other words, minimum energy and mini-
mum time are to be taken here in the sense of minimum transport resistance and minimal transport
route length, respectively, and not as biochemical energy. In this case, while NPVA is unlikely to
act as a minimum network in the SMT context, it could still be efficient as such in terms of local
release functionality [29].

Finally, NPLA strikes a good balance between both requirements, featuring an intermediary
number of bridges that should allow for retaining some direct connection while allowing area-wide
interface distribution [30]. In sum, one can conclude that the present study shows the most benefi-
cial SMT-inspired design target for nanofiber drug delivery is neither a perfect tree nor one with
excessive redundancy, but an intermediate structure with low but non-zero bridging ratio [31].

These findings also show that morphology on its own is not enough to define delivery perfor-
mance. SEM-based topological analysis can support a structural explanation for loading potential
and transport behavior, but it cannot by itself confirm high encapsulation efficiency, sustained re-
lease, or biological activity. Those outcomes still depend on factors such as polymer chemistry,
fiber diameter distribution, pore architecture, hydrophilicity, degradation kinetics, and where the
cargo is located within or on the fiber [32]. Therefore, the present results should be understood as
highlighting morphologies with promising delivery potential rather than proving actual delivery
efficacy [33].

As they currently appear, the dense and highly exposed fiber surfaces, particularly in images
of NGEL, NPEO, NPVA would probably encourage a rapid initial release if therapeutic agents
were added through simple blend electrospinning or surface adsorption. This kind of response could
be useful in applications that benefit from an early antimicrobial or anti-inflammatory burst [34].
However, it would be less appropriate for the prolonged and staged release needed to support syn-
chronized regenerative signaling in bone and skin repair. For this reason, the loop-rich morpholo-
gies identified in this study would be better used alongside cargo-protective approaches such as
core-shell fibers, nanoparticle-in-fiber encapsulation, multilayer structures, or crosslinked barrier
domains [35]. In those cases, the same large interfacial area that promotes rapid wetting could be
preserved while diffusion from the internal reservoir is more effectively controlled.

Another major implication of this study is the idea that regenerative drug delivery is best
served by a hybrid rather than a purely Steiner topology [36]. While the former may reduce the
length of the system, it could sacrifice other factors such as surface area, release-site density, and
spatial buffer. On the other hand, a loop-rich scaffold can create excellent reservoir and release
behavior but fail to achieve transport minimality [37]. The ideal design for drug delivery would
thus incorporate the principles of SMT into an overall framework of connected bridges and looped
nanofibers. For example, the backbone of such a design would optimize the long-distance transport
while the loops would function as local reservoirs and release regions. Such a design can prove
particularly valuable in guided bone regeneration and chronic wound dressings, which require a
combination of spatial distribution and temporal control over delivery [38].

NPLA is clearly the best option among the four morphologies under analysis in terms of its
suitability for designing optimal hybrid scaffold structures because it retained the highest fraction
of usable bridges without sacrificing connectivity required for area-wide delivery [39]. NPVA, on
the other hand, appears more appropriate when designing a product that requires greater reservoir
capacity and localized release capability rather than directed transport [40]. Finally, NGEL and
NPEO fall into the middle ground, combining high level of connectivity with minimal global min-
imality. The future steps to take in optimizing the selected scaffold will thus involve identifying
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biologically relevant endpoints — defects, vascular entries, and other relevant areas — and applying
selective pruning of the scaffold structure.

As previously stated in different terms, simple geometric arrangements are necessary to create
a Steiner minimal tree structure; for example, the angle between two adjacent branches must be
120° and all three branches must have equal radii.

Nano-networks with soap bubble/spider web/honeycomb appearance tend to conform to the
Steiner tree model; when jets or droplets undergo phase separation along the Steiner geometry, they
enter an optimization phase separation mode, with the least amount of material and the most void
droplets inevitably attracting for phase separation [42]. The lowest energy principle enables the
formation of nano-networks; nano-networks tend to complete phase separations with the lowest
energy [43].

When all of the SMT inspired nanofibers morphologies from the literature or newly developed
ones within the study have been considered, the most common features could be listed as extremely
small diameter, high porosity, Steiner tree network geometry. While previous studies have men-
tioned that these structures could be used in areas such as filtering harmful nanoparticles or pre-
venting viruses, there has been no mention of their potential for drug delivery or transporting other
materials.

Finally, considering the current literature I have encountered in this field, it is believed that
the structure shown in Figure 10 best meets the criteria discussed in this article among structures
produced from nanofibers and exhibiting STM morphology. However, the extent to which the
structure in the aforementioned figure meets the criteria such as "a tree: connected or acyclic; Stei-
ner point (an added junction) must be a degree-3 node; if all triangle angles are less than 120; being
noncrossing; having degree-3 Steiner points; bottleneck bounds for longer Steiner paths; lunar re-
gion sharpening; and the clover-region restriction" has not been examined in detail, and new studies
can be conducted taking all these criteria into account.

In summary, the nanofiber morphologies under analysis have demonstrated very limited com-
pliance with the principles of SMT but significant potential as scaffolds for local drug delivery.
The key asset here is not necessarily minimized global transport but rather the combination of in-
terconnectedness, substantial surface area, and many release sites. In other words, from the per-
spective of current biomimetic models, SMT should be seen more as a guiding principle than a
desired morphology per se.

5. Conclusions

The nanofiber morphologies in this study were examined using the concept of Steiner Mini-
mal Trees to evaluate how suitable they might be for functional applications such as drug or sub-
stance carrying, regenerative medicine scaffolds, energy storage and etc. The findings revealed that,
although all of the nanofiber networks were fully connected overall, none perfectly matched the
acyclic and strictly minimal structure of a true Steiner tree. Instead, the networks were mainly rich
in loops and showed clear topological redundancy, suggesting that their organization is influenced
more by the need for spatial coverage and interfacial continuity than by simple path minimization.

This indicates that a pure Steiner topology is not necessarily the best standalone design goal
for therapeutic nanofiber systems. While Steiner-like networks can be beneficial for shortening
transport pathways, regenerative scaffolds also need to ensure broad contact with tissue, multiple
release points, local storage capacity, and structural resilience. For that reason, the most effective
design is likely to be a hybrid architecture, one that combines an SMT-inspired backbone for effi-
cient connectivity with carefully controlled cyclic regions that support distributed release and func-
tional stability.

Among the samples analyzed, the NPLA morphology appeared to be the closest to an SMT-
inspired arrangement because it preserved the highest proportion of bridge-like connections while
still maintaining overall network continuity. This makes it the most promising candidate for bal-
ancing transport efficiency with delivery performance. On the other hand, the morphologies with
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stronger loop dominance may be better suited to applications where widespread local release is
more important than direct shortest-path transport.

Overall, these findings show that Steiner Minimal Tree principles can serve as a useful bio-
mimetic strategy for optimizing nanofiber design, not as a strict final topology, but as a mathemat-
ical framework for reducing unnecessary redundancy while still maintaining the multiple functional
demands of regenerative delivery systems. Future work should combine 3D structural analysis with
experimental studies of drug loading, release behavior, diffusion, and cellular response in order to
develop topology-based design rules for advanced nanofibrous scaffolds used in bone repair and
wound healing.
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423

Figure 1. Electrospinning setup. 424

425

Figure 2. SEM images of nanofibers from Gelatin and Olive Oil [15] 426

427



(a) (b)

Figure 3. Compatibility analysis using SEM images of nanofibers from Gelatin and Olive Oil 428
(a) Steiner compatibility overlay (b) Cycle-free backbone (bridges only). 429
430
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Figure 4. SEM images of nanofibers produced with distance positioning apparatus from PEO polymer [16] 432
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Figure 5. Compatibility analysis using SEM images of nanofibers produced with distance positioning appa- 433
ratus from PEO polymer (a) Steiner compatibility overlay (b) Cycle-free backbone (bridges only). 434
435



436
Figure 6. SEM images of nanofibers produced from PVA polymer 437
438
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Figure 7. Compatibility analysis using SEM images of nanofibers produced PVA polymer (a) Steiner com- 440
patibility overlay (b) Cycle-free backbone (bridges only). 441
442
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gure 8. SEM images of nanofibers produced from PLA polymer 444
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Figure 9. Compatibility analysis using SEM images of nanofibers produced PLA polymer (a) Steiner com- 446
patibility overlay (b) Cycle-free backbone (bridges only). 447
448

; 449
Figure 10. Configuration of a nanochannel template and fibers with a nanonetwork structure built with na- 450
nochannels having symmetric Y-shaped branches according to the Steiner minimal tree model [41] 451
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