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[bookmark: _Toc162900297][bookmark: _Toc229354924]Equations of density–potential functional theory (DPFT)
The DPFT methodology, used here, has been developed to study both the electronic and ionic degrees of freedom in the electrical double layer (EDL) [1–4]. Initially focused on planar electrodes, we extended the framework to apply to supported electrocatalyst nanoparticles (NP) in our recent publication [5]. In the present study, we adopt the latest version of equations from Ref. [5]. For completeness, we briefly reproduce the key equations and explain the modifications for supported NP systems.
Thermodynamic potential for the grand canonical ensemble
The expression for the grand potential functional  of a generic solid–liquid interphase reads
	
	[bookmark: _Ref220816188](S1)


where ,  and  represent the three contributions to the Helmholtz free energy, namely the quantum part for the metal electrons, the classical part for charged species in electrolyte, and the short-range interactions between metal electrons and classical charged species, respectively. Number density of metal electrons is denoted by  and densities of solution species are given by  ( for cation, anion, and solvent), with  and  the corresponding electrochemical potentials. 
For a system placed in vacuum, as the main system of this study, there is no electrolyte ion or solvent. In that case, there will be no term related with solution species in , and .
 is given by the theory of inhomogeneous electron gas, [6] expressed as follows, [7,8]
	
	(S2)


[bookmark: _Hlk212695495]where  is the kinetic energy of non-interacting (subscript “ni”) electrons,  and  are the exchange and correlation energies, and  is the pseudopotential energy of metal electron–core interactions.
 is given by the Thomas-Fermi-von Weizsäcker theory, [6,9,10] 
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where   is the correction for gradient terms,  is the reduced gradient term, and  is a parameter tuning the contribution of the gradient term. The term  transforms the expression from atomic units to SI units [], with  the Hartree energy (the atomic unit of energy),  the Bohr radius,  the vacuum permittivity, and  the elementary charge. Here, .
 is written as, 
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with  the volumetric exchange energy of a uniform electron gas.  is the parameter tuning the contribution of the gradient term in the exchange energy. 
 is given by
	
	(S5)
	


where  is another reduced density gradient in terms of dimensional  and coordinates, and  is the volumetric correlation energy of a uniform electron gas, for which the interpolation relation of Perdew et al. is used, [8]
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with .
As only valence electrons are explicitly considered in  (10 electrons per Au and Ag atom), the number density of metal atomic-core charges  corresponds to 10 positive charges per atom, homogeneously distributed according to a jellium model. A very simple homogeneous pseudopotential within the jellium is utilized to describe the interactions between metal atomic-core charges and valence electrons. The volumetric pseudopotential energy is given by
	
	(S7)
	


where  represents the pseudopotential, expressed in Hartree, uniformly distributed within the jellium. 
In the subsequent section, we will show that  can be calibrated to reproduce the experimental work function.
The classical contributions of free energy, , is given by,
	
	(S8)


Here, the first term on the right-hand side represents the self-energy of the electric field, with  the optical permittivity,  the electric potential. The second term represents the Hartree energy of metal electrons and cationic cores of the electrode.
Written together, Equation (S1) becomes, 
	
	(S9)


Derivation of controlling equations by minimization of the grand potential 
[bookmark: _Hlk212694043][bookmark: _Hlk212695476]Minimization of the  gives the equilibrium profiles of variables, namely, electric potential (), electron density ().
For the distribution of electrons, applying  results in
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Eqn. (S10) needs to be further manipulated to be actually solved numerically. Firstly, it is rewritten using the dimensionless electron density, , with  the Bohr radius,
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The term inside the bracket at the left-hand-side can be written as
	
	(S12)


with .
The first term at the right-hand-side can be written as
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with
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After a few arrangements, the controlling equation for the electron density is reformulated as,
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with . 
For better numerical convergence,  rather than  is solved for. In this way, the issues related to fractional exponents of  is bypassed. With  and , Eqn. (S20) is transformed to
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in which the  and  in the expression of  and  can be replaced with  and , respectively.
Employing the Euler–Lagrange equation with  as the variational variable, we arrive the Poisson equation,
	.
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[bookmark: _Toc162900298]Boundary conditions
At the upper boundary in the bulk solution, we set  and  to zero. The lower boundary of the cell, located in the bulk of the support, as well as the boundary at , demands a zero-gradient condition in normal directions for  and .
[bookmark: _Toc229354925]Parameter calibration 
We calibrate parameters for electronic properties in the electrode–vacuum system to reproduce experimentally observed work function, , for planar Au and Ag surfaces, as summarized in Table S1.
Table S1: Experimental literature references for Φ.
	Electrode
	 [eV]

	pcAu
	5.20  [11,12]

	Ag(100)
	4.81  [13,14]


The work function, , is constituted of the chemical potential of electrons, , and the surface potential, .  is determined by the volumetric number density of metal core charges, , and the pseudopotential caused by them, .  is influenced by . Since  is fixed for a specific material, we use  as a fitting parameter to reproduce experimentally measured values of , as shown in Table S2.
As in Ref. [4],  is calculated by  with volumetric number density of metal atomic cores, , number of valence electrons per atom, , mass density, , and the Molar mass, . Parameter values are shown in Table S3. 

Table S2: Calibrated electronic parameter values for pc Au and Ag(100) electrodes.
	Slab
	
	
	
	
	
	
	

	pc Au
	197
	19.3
	5.8528
	11
	6.4875
	-1.564
	

	Ag(100)
	108
	10.5
	5.8978
	11
	6.4381
	4.243
	



The decay of  from the constant value in the metal bulk, , to zero outside the metal surface is represented by the error function, 
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with the characteristic decay length  assumed to be one Bohr radius. The calibration of  for Ag(100) and pcAu is done by adjusting , the values of which can be found in Table S2. 

[bookmark: _Toc160513269][bookmark: _Toc162900299][bookmark: _Toc229354926]Scale invariance of the Poisson equation and implication for holographic phase shift
[bookmark: _Toc162900302]In the vacuum region bounded by the external surfaces of the NP and the support, the electrostatic potential  satisfies the Poisson equation,
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We will demonstrate here that  is self-similar under the geometric transform . In other words, if the crystal dimensions are homogeneously expanded by a factor , keeping all angles fixed, the potential is globally unchanged. The phase shifts, being the line integral of this potential, are therefore proportional to the length of the integral paths, viz., the side length of the simulation cells. With the NP coverage on the support kept constant, the phase shifts scale linearly with the NP size.
1. Stretching of spatial coordinates
Now consider stretching the system uniformly by a factor of λ, after which every spatial coordinate . We define a scaled potential
	
	(S25)


where  accounts for the change of the boundary conditions after stretching of the system, viz., potential difference between the external surfaces of the NP and the support, .
2. Laplace equation invariance
Taking the second derivative of  with respect to  gives
	
	(S26)


Because  satisfies , the right-hand side is also zero. This means  automatically satisfies the Laplace equation. In other words, the Laplace equation is invariant under geometric scaling. The potential distribution remains the same pattern, but its amplitude scales by a factor of  due to the size-dependent NP work function.
3. Consequence for holographic phase shift
The holographic phase shift  is proportional to the line integral of the potential along the electron beam direction (for example, the z-axis): 
	
	(S33)


When the coordinates are scaled by , the integration path also becomes  times longer, and the potential amplitude changes by the factor . Therefore, the phase shift in the scaled system becomes
	
	(S34)


This means the holographic phase shift scales linearly with the system size, and proportionally to the potential difference between boundaries.
This derivation relies on the linearity of the Laplace operator and fixed (Dirichlet) boundary conditions. The scaling may break down when quantum effects (such as finite Thomas–Fermi screening) become significant at very small scales. While electrostatics obeys geometric scaling, the Thomas–Fermi screening length is a fixed quantity (~0.5 Å). Consequently, regions such as corners or edges with dimensions comparable to this length are governed by a combination of electrostatic and electronic effects, and therefore do not scale with the overall system size. The scaling relationship thus holds well for larger NPs, where the relative proportion of corners and edges is small.
[bookmark: _Toc229311523][bookmark: _Toc229354927]Electrostatic potential observed in a plan-view geometry 
The TEM grid used in this study consists of 300-mesh Au with thickness of ~ 30 µm and R2/2 50-nm-thick Au film. Along the breaking edge, the Ag NP have two positions as shown in Figs. S1a and b, and the electron holographic results refer to the former schematic. Figs. S1c and d display the plan-view geometry of both positions, in which the positive charge on Ag NP and negative charge on Au substrate are shown only for schematically and do not represent the actual charge density distribution. When observing from the plan-view, the electrostatic potential in Fig. S1c exists but invisible because of electronic impenetrability, while in the situation of Fig. S1d, the projected electrostatic potential in the vacuum area is weak, and the visibility might depend on the phase precision. 
[image: ]
[bookmark: _Ref212673496]Figure S1 (a,b) Schematic of two positions of Ag NP on Au substrate. (c,d) The corresponding plan-view including the charge distribution. 
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