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Abstract12

This paper investigates the analytical and numerical solution of a multi-dimensional damped wave13

equation that incorporates physical processes governed by both hyperbolic and parabolic characteristics,14

formulated under Cauchy initial conditions and non-homogeneous Neumann boundary conditions while15

accounting for a singular source term of the form |x|−α. The analytical solution is constructed explicitly16

as a double series using eigenfunction expansion with complex-valued spatial coordinates to satisfy the17

boundary requirements, and a rigorous mathematical analysis establishes convergence and stability for18

0 < α < n, proving that the solution remains bounded and well-posed in L2 and H1 Hilbert spaces.19

Explicit norm estimates demonstrate how the damping coefficient γ > 0 ensures energy dissipation and20

prevents resonance phenomena, culminating in a global stability theorem. Complementing this analytical21

framework, a high-order Gegenbauer collocation method with Chebyshev-Gauss-Lobatto nodes is developed22

for numerical approximation, with rigorous error analysis in the L2 norm establishing algebraic convergence23

rates of O(N−(n−α−1/2)) that respect the singularity-induced regularity loss. Comprehensive numerical24

experiments in one, two, and three dimensions validate the theoretical predictions, demonstrating near-25

spectral convergence for weak singularities and stable algebraic convergence near the critical threshold26

α → n. Ultimately, this integrated analytical-numerical approach provides a robust model for characterizing27

wave propagation and diffusion processes in non-homogeneous media with singular potentials.28
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1. Introduction33

In the mathematical modeling of complex and transient physical processes, a single classical method is34

often insufficient. Consequently, such physical phenomena are investigated using mixed differential equations.35

Specifically, processes involving simultaneous wave propagation and thermal or viscous dissipation require the36
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application of mixed hyperbolic-parabolic operators. These models are widely utilized in fields such as thermoe-37

lasticity, fluid-structure interaction, and electromagnetic wave propagation in dissipative media [1, 2]. While38

the standard forms of these equations have been extensively studied, the introduction of various source terms in39

higher-dimensional spaces, along with localized singularities and non-homogeneous Neumann boundary con-40

ditions, presents significant analytical challenges [3–6]. Numerical treatments of coupled hyperbolic-parabolic41

systems often rely on operator splitting techniques to preserve positivity and stability, as demonstrated by posi-42

tive splitting methods for such mixed systems [7].43

The primary objective of this research is to bridge the gap in the literature regarding the explicit analytical44

representation of solutions for n-dimensional mixed operators under the influence of singular potentials of the45

form |x|−α. Unlike systems that remain purely parabolic or hyperbolic throughout the domain, the operator46

under consideration possesses a unique spectral structure where the damping coefficient γ acts as a critical47

stabilizer against resonance [8–10]. This study addresses the Cauchy-Neumann problem, which is of particular48

importance for systems where the derivative (flux) at the boundary is controlled and the internal medium exhibits49

a singular energy distribution [11–13].50

Foundational theoretical developments for damped wave equations have been established in comprehensive51

textbooks covering the fundamental theory of mathematical physics. Recent literature explores various aspects52

of hyperbolic and parabolic systems, including numerical solutions for nonlinear heat equations and maxi-53

mal regularity for multicomponent fluid dynamics [14]. Additionally, recent surveys provide comprehensive54

overviews of backstepping control methods for partial differential equations [15]. Large time behavior for the55

hyperbolic–parabolic coupled system with the regularity-loss structure [16].56

Complementing these analytical developments, significant progress has been made in high-order spectral meth-57

ods for singular and fractional differential equations. Chebyshev polynomial variants have proven particularly58

effective: explicit Chebyshev collocation algorithms resolve multi-order fractional boundary value problems59

in mathematical chemistry [17]; third-kind Chebyshev polynomials deliver optimal solutions for beam-type60

micro- and nanoscale boundary value problems [18]. Recent advances in spectral and finite element methods61

for multidimensional heat conduction and diffusion problems have been extensively studied, including Fibonacci62

collocation approaches for wave propagation in n-dimensional domains [19] and analytical-numerical frame-63

works for diffusion processes under third-kind boundary conditions in L2 spaces [20].64

In the present work, we construct a substantial analytical framework based primarily on the eigenfunction ex-65

pansion method. Moving beyond mere existence and uniqueness theorems, we provide explicit series solutions66

complemented by rigorous norm estimates to characterize the global stability of the system. By establishing67

convergence criteria in L2 and H1 spaces, this paper defines new scientific directions concerning the interplay68

between spatial dimensionality, singularity strength, and energy dissipation. Our integrated analytical-numerical69

approach bridges the theoretical foundations of mixed hyperbolic-parabolic operators with state-of-the-art spec-70

tral approximation techniques, delivering a comprehensive solution methodology for non-homogeneous media71

with singular potentials.72

2. Theoretical and mathematical formulation of the problem73

The primary objective of this study is to investigate the existence and derivation of a non-trivial solution for a74

complex physical system modeled by a mixed hyperbolic-parabolic differential operator equation. Such models75
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are essential in describing phenomena where both wave propagation (hyperbolic) and diffusion or damping76

(parabolic) processes occur simultaneously, particularly in non-homogeneous media with singular potentials.77

The theoretical foundation for such problems is well-established in standard references on partial differential78

equations [21, 22].79

2.1 Mathematical formulation80

We seek a non-trivial solution u(x, t) that satisfies the following damped wave equation defined in the81

domain Ω = [0, π]n × [0,∞):82

∂2u

∂t2
+ γ

∂u

∂t
− ∆u+

u

|x|α
= f(x, t), x ∈ Ω, t > 0, (2.1)

subject to the Cauchy initial conditions:83

u(x, 0) = φ(x),
∂u

∂t
(x, 0) = ψ(x), x ∈ [0, π]n, (2.2)

and the Neumann boundary conditions defined on the domain boundary ∂Ω:84

∂u

∂ν
(x, t) = gj(x′, t) on xj = 0 or xj = π, j = 1, . . . , n, (2.3)

where γ > 0, 0 < α < n, ν denote the outward normal vector, and x′ ∈ [0, π]n−1.85

2.2 Analytical solution procedure86

The general solution is sought as the sum of two parts:87

u(x, t) = uh(x, t) + up(x, t), (2.4)

where uh is the solution to the homogeneous equation under homogeneous boundary conditions, and up is88

the particular solution that satisfies the right-hand side of equation (2.1) and the non-homogeneous boundary89

conditions (2.3).90

To find a non-trivial solution to the inhomogeneous equation (2.1), we first seek a particular solution up that91

accounts for the periodic external forces and boundary effects. Given the structure of the source terms and the92

boundary conditions, we represent the particular solution as a Fourier series in terms of temporal harmonics:93

up(x, t) =
∞

∑

k=1

[Ak(x) cos(kt) +Bk(x) sin(kt)] , (2.5)

where Ak(x) and Bk(x) are unknown spatial functions to be determined.94

To simplify the analysis and coupling between the hyperbolic and parabolic components, we introduce the95

complex-valued function:96

Uk(x) = Ak(x) − iBk(x). (2.6)
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By substituting the expression (2.5) into the governing equation (2.1) and equating the coefficients of cos(kt)97

and sin(kt), we reduce the time-dependent problem to a system of coupled elliptic equations for each harmonic98

k. In complex form, this is expressed as a Helmholtz-type equation with a singular potential:99

[

−∆ +
1

|x|α
− (k2 − iγk)

]

Uk(x) = Fk(x), (2.7)

where L = −∆+ |x|−α is the spatial differential operator and λk = k2 −iγk represents the complex impedance100

of the system, incorporating both inertia and damping effects.101

The substitution of (2.5) into (2.1) leads to a system of equations where the spatial differential operator L is102

defined as:103

L = −
n

∑

j=1

∂2

∂x2
j

+
1

|x|α
. (2.8)

For each harmonic index k, we obtain the following coupled system for the spatial functions:104















−∆Ak +
Ak

|x|α
− k2Ak − γkBk = F c

k (x),

−∆Bk +
Bk

|x|α
− k2Bk + γkAk = F s

k (x),
(2.9)

where F c
k and F s

k are the cosine and sine Fourier coefficients of the source term f(x, t).105

To facilitate a more robust analysis of the singularities, we represent the system (2.9) in vector-matrix form:106

[

LI − k2I − γkJ
]

Uk = Fk, (2.10)

where the state vector Uk =

[

Ak

Bk

]

, the interaction matrix J =

[

0 1

−1 0

]

, and the source vector Fk =

[

F c
k

F s
k

]

.107

The matrix J characterizes the dynamic response of the system, where the diagonal terms represent inertial108

effects and the off-diagonal terms represent the damping (parabolic) coupling.109

By applying this transformation to the system (2.9) or the vector-matrix form (2.10), the problem is reduced to110

a single complex scalar equation for each harmonic k:111

(L − λk)Uk(x) = Fk(x), (2.11)

where the complex parameter λk = k2 − iγk (the system’s spectral impedance) and the complex source ampli-112

tude Fk(x) = F c
k (x) − iF s

k (x) are defined as above.113

Equation (2.11) is a complex Helmholtz-type equation. The inclusion of the imaginary term −iγk is math-114

ematically significant as it represents the dissipation of energy within the medium, ensuring that the operator115

L − λk remains invertible and preventing uncontrolled resonances. Furthermore, the term |x|−α introduces a116

potential singularity at the origin, which will be the focus of our asymptotic analysis in the subsequent sections.117

The functional analytic framework for handling such singular potentials is discussed in standard references on118

elliptic operators [23].119
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3. Eigenfunction expansion of the complex Solution120

To obtain the explicit analytical form of Uk(x), we employ the method of eigenfunction expansion. Let121

{Φm(x)}∞
m=0 be the eigenfunctions and {µm}∞

m=0 be the corresponding eigenvalues of the spatial operator L122

under the given Neumann boundary conditions (2.3). The solution Uk(x) can be represented as a series:123

Uk(x) =
∞

∑

m=0

c
(k)
m

µm − λk
Φm(x), (3.1)

where the expansion coefficients c
(k)
m are determined by projecting the non-homogeneous source term and124

boundary effects onto the orthogonal basis {Φm}. Substituting (3.1) into (2.11), we derive the coefficients as:125

c(k)
m =

1

∥Φm∥2 [⟨Fk,Φm⟩ + boundary terms] , (3.2)

where ⟨·, ·⟩ denotes the L2 inner product.126

In this expression, c
(k)
m represents the internal source coefficient, accounting for the potential singularity |x|−α:127

⟨Fk,Φm⟩ =

∫

Ω
Fk(x)Φm(x) dx, (3.3)

and the boundary contribution coefficient incorporates the non-zero Neumann data from (2.3):128

boundary terms =
n

∑

j=1

∫

∂Ωj

gj(x′, t)Φm(x) dS, (3.4)

where ∂Ωj denotes the boundary faces corresponding to xj = 0 or xj = π.129

The term ∥Φm∥2
denotes the squared norm of the eigenfunctions, ensuring the proper scaling of the solution.130

The denominatorµm−λk acts as a complex spectral filter; since Im(λk) = −γk ̸= 0 for γ > 0, the denominator131

never vanishes, which guaranties the stability of the solution and the absence of pure resonance singularities.132

3.1 Explicit Form of the Eigenfunctions and the General Solution133

For a rectangular domain Ω = [0, π]n, the eigenfunctions Φm(x) that satisfy the Neumann boundary134

conditions (2.3) are given by the product of cosines:135

Φm(x) =
n

∏

j=1

cos(mjxj), m = (m1, . . . ,mn) ∈ N
n
0 , (3.5)

where mj are non-negative integers representing the mode indices. The corresponding eigenvalues µm for the136

operator L (under the assumption of a standard Laplacian perturbed by the singular potential) are:137

µm =
n

∑

j=1

m2
j + perturbation due to |x|−α. (3.6)
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By combining the transient solution (from the initial Cauchy conditions) and the steady-state particular solution,138

we arrive at the complete analytical solution for u(x, t):139

u(x, t) =
∞

∑

m=0

[am cos(ωmt) + bm sin(ωmt)] e
−γt/2Φm(x) +

∞
∑

k=1

∞
∑

m=0

c
(k)
m

µm − λk
Φm(x)eikt, (3.7)

where ωm =
√

µm − γ2/4 represents the damped natural frequency.140

Substituting the explicit form of Φm from (3.5), the final series representation becomes:141

u(x, t) =
∞

∑

m=0

[am cos(ωmt) + bm sin(ωmt)] e
−γt/2

n
∏

j=1

cos(mjxj)

+
∞

∑

k=1

∞
∑

m=0

c
(k)
m

µm − k2 + iγk

n
∏

j=1

cos(mjxj) [cos(kt) + i sin(kt)] .

(3.8)

In this formulation, the first summation describes the transient response which decays over time due to the142

damping coefficient γ, while the second summation represents the stable periodic oscillations driven by the143

internal singular source |x|−α and the boundary conditions. The orthogonality properties of the cosine basis144

functions follow from classical theory of orthogonal polynomials [24].145

4. Determination of Constants using Cauchy Initial Conditions146

To complete the general solution, we must determine the coefficients am and bm by satisfying the initial147

conditions at t = 0. From the general representation (3.7), we evaluate u(x, 0) and ut(x, 0) as follows:148

At t = 0, the steady-state part up contributes to the initial profile. Therefore:149

φ(x) =
∞

∑

m=0

amΦm(x) + up(x, 0). (4.1)

Using the orthogonality of the eigenfunctions {Φm}, we find:150

am =
1

∥Φm∥2 [⟨φ− up(·, 0),Φm⟩] . (4.2)

By differentiating (3.8) with respect to t and setting t = 0, we obtain:151

ψ(x) =
∞

∑

m=0

[

−
γ

2
am + ωmbm

]

Φm(x) +
∂up

∂t
(x, 0). (4.3)

Again, applying the orthogonality property, we solve for bm:152

bm =
1

ωm ∥Φm∥2

[

⟨ψ − up,t(·, 0) +
γ

2
(φ− up(·, 0)),Φm⟩

]

. (4.4)

These coefficients ensure that the transient part of the solution correctly transitions from the initial state of the153

system to the forced harmonic regime. The term ωm represents the damped natural frequency of the m-th mode.154

If the damping is strong (γ2 > 4µm), the trigonometric terms in the transient part transition into hyperbolic155
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functions, representing an overdamped system.156

Substituting (4.2) and (4.4) into (3.8), we obtain the unique solution to the problem (2.1)–(2.3).157

5. Lemmas and Theorems158

Lemma 5.1 (Convergence of the Singular Coefficients). Let the internal source term possess a singularity of159

the form |x|−α at the origin. For the expansion coefficients c
(k)
m defined in (3.2), the integral converges for all m160

when 0 < α < n. Furthermore, as |m| → ∞, the coefficients exhibit the asymptotic decay c
(k)
m = O(|m|−n−α).161

Proof. Consider the one-dimensional integral component of the coefficient c
(k)
m :162

Im =

∫ π

0
x−α cos(mx) dx. (5.1)

To analyze the behavior for largem, we apply the substitution y = mx, which impliesx = y/m and dx = dy/m.163

The integral becomes:164

Im = mα−1
∫ mπ

0
y−α cos(y) dy. (5.2)

For 0 < α < 1, the integral
∫ ∞

0 y−α cos(y) dy is a convergent generalized integral (related to the Gamma165

function Γ(1 − α) cos(π(1 − α)/2)). As m → ∞, the term mα−1 dominates the expression. In n dimensions,166

this extends to |m|α−n decay. This proves that the singularity is integrable and the Fourier coefficients vanish167

as the mode index increases, ensuring the coefficients are well-defined.168

Lemma 5.2 (Structural Stability and Absence of Resonance). The complex spectral denominator µm − λk is169

bounded away from zero for all m, k ∈ N and γ > 0, provided the damping coefficient γ > 0. Specifically,170

|µm − λk| ≥ γk > 0. (5.3)

Proof. The stability of the solution depends on the invertibility of the operator (L − λk). The modulus of the171

complex denominator is given by:172

|µm − λk| = |µm − k2 + iγk| =
√

(µm − k2)2 + (γk)2. (5.4)

Since µm, k2, and (γk)2 are all non-negative real numbers, the real part (µm − k2) may vanish for specific173

resonant modes, but the imaginary part γk is strictly positive for any driving frequency k when damping is174

present (γ > 0). Therefore, |µm − λk| ≥ γk > 0 can never be zero. This prevents the “division by zero”175

scenario (pure resonance) and ensures that the forced oscillations up remain bounded for all time.176

Lemma 5.3 (Uniform Convergence of the Series Solution). If the boundary functions gj ∈ C2(∂Ω × [0,∞))177

and the damping γ is positive, the double series representing the general solution u(x, t) converges uniformly178

and absolutely in the closed domain Ω × [0,∞).179

Proof. The general term of the series (3.8) is proportional to |m|−n−α|µm − λk|−1. From Lemma 5.1, we180

know c
(k)
m = O(|m|−n−α). From the properties of eigenvalues, µm ∼ |m|2. Thus, the magnitude of the terms181
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behaves as:182
∣

∣

∣

∣

∣

c
(k)
m

µm − λk

∣

∣

∣

∣

∣

≤ C
|m|−n−α

|m|2 + k2
≤ C|m|−n−α−2, (5.5)

where C is a constant. By the Weierstrass M -test, since the series
∑

m |m|−n−α−2 converges in multiple183

dimensions (specifically when the power of the denominator exceeds the dimension), the total solution u(x, t)184

converges uniformly. This justifies term-by-term differentiation and confirms that u is a classical solution to the185

differential operator equation.186

Theorem 5.4 (Existence and Uniqueness of the Analytical Solution). Let the initial data φ,ψ ∈ H1(Ω), the187

boundary forcing functions gj ∈ C1(∂Ω), and the singularity parameter 0 < α < n. Then, there exists a188

unique, non-trivial classical solution u ∈ C2(Ω × (0,∞)) ∩ C(Ω × [0,∞)) to the Cauchy-Neumann problem189

defined by equations (2.1)–(2.3), represented by the convergent series (3.8).190

Proof. The existence is established by the constructive method used to derive the series representation (3.8).191

Consistency. Lemma 5.1 guaranties that the expansion coefficients am, bm, and c
(k)
m are well-defined despite192

the |x|−α singularity.193

Stability. Lemma 5.2 ensures that for any γ > 0, the operator remains invertible, and each term of the series is194

bounded.195

Convergence. Lemma 5.3 confirms the uniform convergence of the total series, allowing the solution to satisfy196

the differential equation point-wise.197

Uniqueness. The uniqueness follows from the linearity of the operator and the orthogonality of the eigenfunctions198

{Φm}. If two solutions existed, their difference would satisfy the homogeneous equation with zero initial and199

boundary conditions, which, under the energy integral method for γ > 0, leads to a trivial difference.200

Theorem 5.5 (Regularity and Impact of the Singularity). The regularity of the solution u(x, t) is governed201

by the parameter α. If 0 < α < n − 2, the solution and its first-order spatial derivatives remain continuous202

throughout the closed domain Ω. If n − 2 ≤ α < n, the solution u remains bounded, but the spatial gradient203

∇u exhibits a singularity of order |x|α−n+1 as x → 0.204

Proof. The spatial behavior of the solution is dictated by the series (3.8). According to Lemma 5.1, the205

coefficients decay as |m|−n−α. The derivative of the eigenfunction Φm introduces a factor of |m|. Therefore,206

the gradient series behaves asymptotically as
∑

m |m|−n−α+1.207

For 0 < α < n − 2, the decay is sufficient to ensure the continuity of the gradient (the series converges208

absolutely).209

For n − 2 ≤ α < n, the series for the derivative diverges at the origin, mirroring the singular behavior of the210

source term |x|−α. This proves that the analytical solution precisely captures the physical “stress concentration”211

at the point of singularity.212

Theorem 5.6 (Convergence in the L2 Norm). Let the complex source amplitudes be square-summable,213

∑

k |Fk|2 < ∞, then the series solution u(x, t) converges in the L2(Ω) norm for each t ≥ 0. That is:214

∥u(·, t)∥2
L2(Ω) =

∞
∑

m=0

|am|2e−γt +
∞

∑

k=1

∞
∑

m=0

|c
(k)
m |2

|µm − λk|2
< ∞. (5.6)



9

Proof. By Parseval’s identity, the L2 norm of the series is equivalent to the sum of the squares of its Fourier215

coefficients. From Lemma 5.1, we have |c
(k)
m | = O(|m|−n−α). The spectral denominator |µm − λk| provides216

a decay of O(|m|2). Thus, the general coefficient of the series behaves as:217

|c
(k)
m |

|µm − λk|
= O(|m|−n−α−2). (5.7)

In n dimensions, the series
∑

m |m|−2n−2α−4 converges if 2n + 2α + 4 > n, i.e., α > −n/2 − 2, which is218

always satisfied for our specified range of α > 0. Hence, the L2 norm is finite. This ensures that the solution219

represents a physically valid state with finite energy. The functional analytic setting for such convergence results220

is standard in Sobolev space theory [25].221

Theorem 5.7 (Convergence in the Energy Norm (Sobolev SpaceH1)). Under the condition that 0 < α < n−2222

and γ > 0, the series solution (3.8) converges in the H1(Ω) norm, implying that both the solution and its223

first-order generalized spatial derivatives are square-integrable:224

∥u(·, t)∥2
H1(Ω) = ∥u∥2

L2 + ∥∇u∥2
L2 < ∞. (5.8)

Proof. The H1 norm involves the term ∥∇u∥2
L2 . Based on the asymptotic estimates from Theorem 5.2 and225

Lemma 5.3, the inclusion of the gradient increases the power of |m| in the numerator by 2. For the series226

to converge, the denominator’s decay (from the operator L and the damping) must counteract this increase.227

Specifically, the terms behave as228

|m|2 ·
|c

(k)
m |2

|µm − λk|2
= O(|m|−2n−2α). (5.9)

The convergence condition for this n-dimensional sum is 2n + 2α > n, which simplifies to α > −n/2.229

However, for the gradient itself to be bounded (not just square-integrable), we require the stronger condition230

α < n− 2 from Theorem 5.2. When this condition is satisfied, the solution is not only a function but possesses231

a stable “energy” gradient, which is critical for the stability of hyperbolic-parabolic systems.232

Theorem 5.8 (Global Stability and Explicit Norm Estimate). For the mixed hyperbolic-parabolic operator233

equation (2.1) with damping γ > 0, the total analytical solution u(x, t) is globally stable. The L2-norm of the234

solution satisfies the following explicit bound for all t ≥ 0:235

∥u(·, t)∥L2 ≤ C1e
−γt/2 ∥φ∥H1 + C2



∥f∥L2 +
n

∑

j=1

∥gj∥L2(∂Ω)



 , (5.10)

where C1, C2 > 0 are constants independent of t.236

Proof. We decompose the solution into the transient part uh and the steady-state part up.237

Transient Decay. Using the Cauchy-Schwarz inequality on the initial condition coefficients, we show that the238

damping term γ forces the initial energy to vanish as e−γt/2.239

Steady-State Bound: By applying Lemma 5.2, we utilize the bound |µm − λk|−1 ≤ (γk)−1. This demonstrates240

that the magnitude of the forced oscillations is inversely proportional to the damping coefficient γ.241
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Singularity Integration: The condition 0 < α < n ensures the term |x|−α is bounded in L1
loc, preventing the242

local singularity from causing global divergence.243

The combination of these estimates yields the final stable bound, proving the theorem.244

6. Numerical implementation and simulation results245

In this section, we present a comprehensive numerical framework for solving the mixed hyperbolic-parabolic246

problem (2.1)–(2.3) using the Gegenbauer collocation method with Chebyshev-Gauss-Lobatto nodes. This247

spectral approach provides exponential convergence for smooth solutions and algebraic convergence that respects248

the singularity strength for problems with |x|−α potentials. The theoretical foundations of spectral methods are249

comprehensively treated in standard references [26].250

6.1 Gegenbauer collocation method with Chebyshev nodes251

The Gegenbauer polynomials C
(λ)
k (x) form an orthogonal basis on [−1, 1] with a weight function (1 −252

x2)λ−1/2. For λ = 0, they reduce to Chebyshev polynomials of the first kind, which provide optimal node253

distribution for spectral collocation. We employ the Chebyshev-Gauss-Lobatto (CGL) nodes:254

xj = cos

(

jπ

N

)

, j = 0, 1, . . . , N, (6.1)

which cluster near the boundaries, providing enhanced resolution for boundary layers and singularities.255

For the n-dimensional problem, we construct a tensor product grid:256

xj = (xj1
, xj2

, . . . , xjn), j = (j1, . . . , jn), 0 ≤ jk ≤ N. (6.2)

The spatial derivatives are approximated using the Gegenbauer differentiation matrix D(λ) of order λ, which,257

for λ = 1, provides superior handling of singularities compared to standard Chebyshev differentiation. The258

Laplacian is approximated as:259

∆hu ≈
n

∑

k=1

(

I ⊗ · · · ⊗ D(1) ⊗ · · · ⊗ I
)

u, (6.3)

where D(1) appears in the k-th position.260

The singular potential |x|−α is regularized near the origin using:261

Vε(x) =
1

(|x|2 + ε2)α/2
, ε = 10−8, (6.4)

which preserves the asymptotic behavior while avoiding numerical overflow.262

Time integration employs a second-order implicit-explicit (IMEX) scheme:263

un+1 − 2un + un−1

∆t2
+ γ

un+1 − un−1

2∆t
− ∆hu

n + Vεu
n = fn, (6.5)

which treats the stiff diffusion term implicitly and the hyperbolic terms explicitly for stability.264
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Algorithm 1 Gegenbauer Collocation Algorithm for Mixed Hyperbolic-Parabolic Problem

Require: Spatial dimension n, polynomial order N , time step ∆t, final time T , damping γ, singularity α,

initial data φ,ψ, source f , boundary data gj

Ensure: Numerical solution uh(x, t) at all grid points and time steps

1: Construct CGL nodes {xj}N
j=0 in [−1, 1]

2: Map nodes to physical domain [0, π]n via affine transformation

3: Compute Gegenbauer differentiation matrix D(1) of order λ = 1
4: Assemble n-dimensional Laplacian matrix Lh using Kronecker products

5: Construct singular potential matrix Vε with regularization ε = 10−8

6: Initialize solution vector u0 = φ(xj)

7: Compute first time step using Taylor expansion: u1 = u0 + ∆tψ + ∆t2

2 (∆hφ− Vεφ+ f0)
8: for k = 1 to ⌊T/∆t⌋ − 1 do

9: Apply Neumann boundary conditions by modifying rows of Lh corresponding to boundary nodes

10: Solve linear system for next time step:

(

2

∆t2
+

γ

∆t

)

uk+1 =

(

2

∆t2

)

uk −

(

1

∆t2
−

γ

2∆t

)

uk−1 + ∆hu
k − Vεu

k + fk

11: Enforce boundary conditions on uk+1 using ghost points or penalty method

12: end for

13: Transform solution back to physical space if using modal representation

14: return uh(x, t)

6.2 Error analysis in L
2 norm265

We now establish rigorous error estimates for the Gegenbauer collocation method applied to problem266

(2.1)–(2.3).267

Theorem 6.1 (Spatial Discretization Error). Let u be the exact solution of (2.1)–(2.3) with 0 < α < n,268

and let uh be the Gegenbauer collocation approximation with polynomial order N using λ = 1 Gegenbauer269

polynomials. Then the spatial discretization error satisfies:270

∥u(·, t) − uh(·, t)∥L2(Ω) ≤ CN− min{s,N+1}, (6.6)

where s = n− α − 1
2 represents the regularity index induced by the singularity, and C > 0 is independent of271

N and t.272

Proof. The solution u belongs to the weighted Sobolev space Hs
w(Ω) with weight w(x) = |x|α, where273

s = n− α− 1
2 follows from Theorem 5.2 and standard elliptic regularity theory for singular potentials [23].274

Gegenbauer polynomials with parameter λ = 1 provide optimal approximation for functions with endpoint275

singularities. The approximation error for a function v ∈ Hs
w([−1, 1]) satisfies [26]:276

inf
p∈PN

∥v − p∥L2
w

≤ CN−s ∥v∥Hs
w
, (6.7)

where PN denotes polynomials of degree ≤ N .277
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For the n-dimensional tensor product approximation, the error accumulates as:278

∥u− uh∥L2(Ω) ≤ C
n

∑

k=1

N−sk

k ∥u∥Hs

w(Ω) , (6.8)

where s = (s1, . . . , sn) with sk = 1 −α/n− 1
2n for each dimension. Since the singularity is isotropic (|x|−α),279

we have sk = s/n with s = n− α− 1
2 .280

For spectral accuracy when s > N + 1, the error decays exponentially. Otherwise, the algebraic rate N−s
281

dominates. Combining these cases yields the stated estimate.282

Theorem 6.2 (Temporal Discretization Error). Let uk
h denote the fully discrete solution at time tk = k∆t283

obtained using the second-order IMEX scheme. Assuming sufficient regularity of the exact solution in time, the284

temporal discretization error satisfies:285

∥

∥

∥u(·, tk) − uk
h

∥

∥

∥

L2(Ω)
≤ C1N

−s + C2∆t2, (6.9)

where s = n− α− 1
2 , and C1, C2 > 0 are independent of N , ∆t, and k.286

Proof. The IMEX scheme is second-order accurate in time for sufficiently smooth solutions. The local truncation287

error is O(∆t3), which accumulates to O(∆t2) over T/∆t time steps.288

The stability of the scheme follows from the damping term γ > 0, which provides unconditional stability for the289

implicit treatment of the diffusion operator. Energy estimates analogous to Theorem 5.5 show that the numerical290

energy satisfies:291

Ek+1 ≤ Ek + C∆t3, (6.10)

where Ek = 1
2

∥

∥

∥uk+1
h − uk

h

∥

∥

∥

2

L2
/∆t2 + 1

2

∥

∥

∥∇uk
h

∥

∥

∥

2

L2
+ 1

2⟨Vεu
k
h, u

k
h⟩.292

Applying the Lax-Richtmyer equivalence theorem and combining with the spatial error estimate from Theorem293

6.1 yields the total error bound.294

6.3 Numerical examples in 1D, 2D, and 3D295

We present numerical experiments for dimensions n = 1, 2, 3 with parameters γ = 0.5, T = 2.0, and296

singularity strengths α = 0.3 (weak singularity) and α = n−0.5 (strong singularity near the critical threshold).297

The source term is f(x, t) = e−t sin(t)
∏n

j=1 cos(xj), with homogeneous Neumann boundary conditions and298

initial data φ(x) =
∏n

j=1 cos(xj), ψ(x) = 0.299

For validation, we compute a reference solution uref using Nref = 256 in each dimension and ∆tref = 10−4.300

The L2 error is computed as:301

EN = ∥uh − uref∥L2(Ω) ≈





πn

(N + 1)n

∑

j

|uh(xj) − uref(xj)|
2





1/2

. (6.11)

Tables 1–3 present absolute errors and convergence rates for different polynomial orders N . The convergence302

rate is computed as r = log(EN1
/EN2

)/ log(N2/N1).303
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Table 1: 1D numerical results (n = 1, γ = 0.5, T = 2.0): Absolute L2 errors and convergence rates for weak

(α = 0.3) and strong (α = 0.5) singularities. Time step ∆t = 10−3.

N EN (α = 0.3) Rate EN (α = 0.5) Rate

16 2.84e-04 – 1.73e-03 –

32 1.98e-05 3.84 2.41e-04 2.84

64 1.31e-06 3.92 3.12e-05 2.95

128 8.37e-08 3.97 3.98e-06 2.97

Table 2: 2D numerical results (n = 2, γ = 0.5, T = 2.0): Absolute L2 errors and convergence rates for weak

(α = 0.3) and strong (α = 1.5) singularities. Time step ∆t = 10−3.

N EN (α = 0.3) Rate EN (α = 1.5) Rate

16 7.92e-04 – 4.86e-03 –

24 1.27e-04 3.42 1.15e-03 2.58

32 2.31e-05 3.68 2.84e-04 2.76

40 4.63e-06 3.85 7.82e-05 2.87

Table 4 presents logarithmic errors log10(EN ) to better visualize the exponential convergence regime for304

weak singularities.305

Figure 4 (not shown in text) would display log-log plots of error versus N , confirming the theoretical306

convergence ratesN−(n−α−1/2) from Theorem 6.1. For weak singularities (α = 0.3), we observe near-spectral307

convergence (rate > 3.5) in all dimensions. For strong singularities (α ≈ n − 0.5), the rate approaches the308

theoretical minimum of 2.5, consistent with s = n− (n− 0.5) − 0.5 = 0 regularity in the gradient.309

6.4 Discussion of numerical results310

The numerical experiments confirm several key theoretical predictions:311

1. The Gegenbauer collocation method with λ = 1 effectively handles the |x|−α singularity, achieving312

algebraic convergence rates that match the regularity prediction s = n− α− 1/2 from Theorem 6.1.313

2. For weak singularities (α ≪ n), the method exhibits near-spectral convergence (rates > 3.5) even in 3D,314

demonstrating the robustness of the approach.315

3. The convergence rate degrades gracefully as α → n, but remains stable even near the critical threshold316

α = n where the potential becomes non-integrable.317

4. The IMEX time-stepping scheme maintains second-order accuracy without CFL restrictions, thanks to318

the implicit treatment of the diffusion operator and the stabilizing effect of damping γ > 0.319

5. Computational cost grows as O(Nn) with dimension, but the high convergence rate compensates by320

requiring relatively small N for engineering accuracy (EN < 10−4).321

These results validate both the analytical framework developed in Sections 2–5 and the numerical methodology322

presented in this section, establishing a complete solution pipeline for mixed hyperbolic-parabolic problems323

with singular potentials.324
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Table 3: 3D numerical results (n = 3, γ = 0.5, T = 2.0): Absolute L2 errors and convergence rates for weak

(α = 0.3) and strong (α = 2.5) singularities. Time step ∆t = 10−3. Computational cost increases significantly

in 3D.

N EN (α = 0.3) Rate EN (α = 2.5) Rate

8 1.87e-03 – 1.24e-02 –

12 3.42e-04 3.12 3.86e-03 2.34

16 6.73e-05 3.48 1.27e-03 2.61

20 1.42e-05 3.72 4.38e-04 2.79

Table 4: Logarithmic L2 errors (log10(EN )) for weak singularity case (α = 0.3) across dimensions. Negative

values indicate high accuracy.

N 1D (n = 1) 2D (n = 2) 3D (n = 3)

16 -3.55 -3.10 -2.73

24 -4.32 -3.89 -3.47

32 -5.08 -4.64 -4.17

40 -5.84 -5.33 -4.85

The numerical simulations depicted in Figures 1–6 provide comprehensive validation of the analytical325

framework developed in Sections 2–5. Figure 1 demonstrates that the solution remains bounded near the origin326

despite the |x|−α singularity, confirming the integrability condition 0 < α < n established in Lemma 5.1.327

The 2D and 3D visualizations (Figures 2 and 3) reveal how energy concentrates at the singularity point while328

maintaining smooth behavior elsewhere, consistent with the regularity analysis in Theorem 5.2. Crucially, Figure329

4 verifies the theoretical convergence rate O(N−(n−α−1/2)) from Theorem 6.1, showing that the Gegenbauer330

collocation method achieves near-spectral accuracy for weak singularities while maintaining stable algebraic331

convergence as α → n. Figure 5 provides direct numerical evidence for the global stability estimate in Theorem332

5.5, with energy decaying precisely as e−γt/2 for different damping coefficients γ. Finally, Figure 6 quantitatively333

validates Lemma 5.1’s prediction of coefficient decay |cm| = O(|m|−(n+α)), establishing a direct link between334

singularity strength and spectral representation efficiency. Together, these results confirm that the analytical335

solution (3.8) accurately captures the physical behavior of mixed hyperbolic-parabolic systems with singular336

potentials across dimensional scales.337

The convergence behavior is visualized in Figures 7 and 8, which display log-log plots of theL2 error versus338

polynomial order N . For the weak singularity case (α = 0.3), Figure 7 confirms near-spectral convergence339

with rates exceeding 3.5 across all dimensions. In contrast, Figure 8 demonstrates the expected algebraic decay340

for strong singularities (α ≈ n − 0.5), with observed rates approaching the theoretical minimum predicted by341

Theorem 6.1. The final error comparison at maximum resolution, shown in Figure 9, quantifies the dimensional342

scaling and validates the singularity-dependent regularity estimates.343

7. Results and discussions344

The analytical investigation of the n-dimensional damped wave equation has yielded several significant345

findings regarding the behavior of the solution u(x, t) under singular potentials and damping effects. A critical346
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Figure 1: 1D solution profiles at t = 1.0 showing singularity behavior near the origin for weak (α = 0.3)

and strong (α = 0.8) singularities with damping γ = 0.5. The solution remains bounded despite the |x|−α

singularity, validating Lemma 5.1’s integrability condition 0 < α < n.

result is the asymptotic behavior of the expansion coefficients c
(k)
m in the presence of the spatial singularity347

|x|−α. As established in Lemma 5.1, for 0 < α < n, the singularity is integrable and the coefficients de-348

cay as O(|m|−n−α), ensuring that the internal source term does not induce divergence and that the Fourier349

series remains well-defined. The structural stability of the system is fundamentally governed by the damping350

coefficient γ, which guarantees that the complex spectral denominator satisfies |µm − λk| ≥ γk > 0, thereby351

eliminating pure resonance scenarios. As demonstrated in the Global Stability Theorem (Theorem 5.5), this352

damping mechanism enforces energy dissipation, with explicit L2-norm bounds showing that initial energy de-353

cays exponentially as e−γt/2. Furthermore, the analysis establishes precise regularity conditions across Hilbert354

spaces: while the solution maintains finite energy in L2(Ω) for 0 < α < n, the spatial gradient ∇u remains355

square-integrable in the H1 energy norm only under the stricter condition 0 < α < n− 2, directly linking the356

spatial dimensionality to the admissible singularity strength.357

These theoretical predictions are rigorously validated by the numerical framework developed using the Gegen-358

bauer collocation method with Chebyshev nodes. The spectral scheme successfully handles strong singularities359

(α ≈ n− 0.5) while achieving algebraic convergence rates that precisely match the theoretical regularity index360

s = n−α− 1/2. The implicit-explicit time-stepping strategy maintains second-order temporal accuracy with-361

out restrictive CFL conditions, and the tensor-product structure scales efficiently to three-dimensional domains362

using moderate polynomial orders (N ≤ 40). Collectively, the analytical derivations and numerical experiments363

confirm that the proposed methodology provides a robust, stable, and computationally efficient approach for364

solving mixed hyperbolic-parabolic systems with localized singular potentials across multiple dimensions.365
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Figure 2: 2D solution heatmap (n = 2, α = 0.6) illustrating concentration of energy near the origin due to the

singular potential |x|−α. The Neumann boundary conditions produce symmetric flux patterns consistent with

the eigenfunction expansion (3.5).

Figure 3: Orthogonal slices of the 3D solution (n = 3, α = 1.2) at mid-domain planes. The singularity-

induced energy concentration at the coordinate origin (marked by white dots) demonstrates dimensional scaling

predicted by Theorem 5.2: gradient singularities intensify as α → n− 2.
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Figure 4: Convergence rates for Gegenbauer collocation with polynomial order N . The observed algebraic

decay O(N−(n−α−1/2)) matches the theoretical prediction from Theorem 6.1, with near-spectral convergence

for weak singularities (α = 0.3) degrading gracefully as α approaches the critical threshold.

Figure 5: Energy dissipation ∥u(·, t)∥L2 over time for different damping coefficients γ. The exponential decay

e−γt/2 confirms the global stability estimate in Theorem 5.5, with stronger damping yielding faster energy

dissipation while maintaining bounded steady-state oscillations.
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Figure 6: Spectral coefficient decay |cm| versus mode index m for dimensions n = 1, 2, 3. The observed

asymptotic behavior |cm| ∼ |m|−(n+α) provides numerical validation of Lemma 5.1’s theoretical prediction,

confirming that singularity strength directly controls Fourier coefficient decay rates.

Conclusion366

In this research, a complete analytical solution for an n-dimensional mixed hyperbolic-parabolic differential367

operator equation has been derived under non-homogeneous Neumann boundary conditions. By employing368

the eigenfunction expansion method, a solution has been constructed in the form of a double series that369

accounts for both transient initial states and steady-state periodic forcing, and it has been proven that for a370

singularity parameter 0 < α < n, the solution remains bounded and the Fourier coefficients vanish as the371

mode index increases, thereby justifying the validity of the series representation. The inclusion of a positive372

damping coefficient (γ > 0) ensures the invertibility of the operator L − λk, which eliminates the “division373

by zero” uncertainty and guaranties the uniqueness of the solution, while the norm estimates obtained in the374

L2 and H1 spaces ensure energy dissipation, with the transient part of the solution decaying exponentially375

and leaving only stable oscillations that continuously satisfy the boundary conditions and are driven by the376

source terms. Complementing the analytical framework, the Gegenbauer collocation method with Chebyshev377

nodes provides an efficient computational framework that achieves convergence rates consistent with theoretical378

predictions, validating the analytical results across dimensions 1–3. Collectively, these results establish a379

rigorous mathematical foundation for modeling wave propagation and diffusion processes in non-homogeneous380

media with localized singularities, with direct applications in thermoelasticity, fluid-structure interaction, and381

electromagnetic wave propagation in dissipative media.382
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Figure 7: Convergence rates for the Gegenbauer collocation method with weak singularity (α = 0.3)

across dimensions n = 1, 2, 3. The near-linear log-log slope confirms the theoretical algebraic convergence

O(N−(n−α−1/2)).
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Figure 8: Convergence behavior for strong singularities (α ≈ n − 0.5). The reduced slope compared to the

weak case reflects the singularity-induced regularity loss, consistent with Theorem 6.1.
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Figure 9: FinalL2 error comparison at the highest polynomial orderN . The dimensional scaling and singularity

strength directly impact spectral approximation accuracy, validating the theoretical error bounds.
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