


Appendix: Proofs of propositions
Proof of Proposition 1
Service provider 1 determines service price and service frequency to achieve optimal profit, the first-order conditions can be obtained separately as follows: 

		

[bookmark: ZEqnNum420299]		
From assumption 1, it is known that when service provider 1 makes decisions, it is based on the known service price and frequency choices of other service providers. By solving for the symmetric Nash equilibrium, we can obtain:

[bookmark: ZEqnNum500997]		
Substitute into , similarly solving for the symmetric Nash equilibrium, the optimal solution can be obtained that satisfies:

		
And rearranging terms yields:

[bookmark: ZEqnNum230906]		




From , the first term is a cubic equation about , the second term is a linear equation about . There are multiple solutions for  , for easier analysis, the optimal solution is presented graphically. As shown in the figure 1, the intersection of the straight line and the curve satisfies . As can be seen from the figure 1, there are three potential solutions. Upon verification, only point B is the optimal solution for .



Fig1.solution for 
The second-order derivatives are shown as follows:

		

[bookmark: ZEqnNum514689]		

[bookmark: ZEqnNum909657]		
Substitute  into , the positivity and negativity of the second derivative can be equivalent to:

		
Similarly,  can be equivalent to:

		
Furthermore,

		


To ensure a unique optimal solution for ,, the second derivative should be less than 0, and the Hessian matrix should be negative definite, that is:

[bookmark: ZEqnNum635643]		

[bookmark: ZEqnNum325599]		
Comparing  with , it can be seen that the constraints of  are more stringent. As long as  is satisfied,  will naturally hold.



When considering the slope of the curve is , The slope of the line is , At the candidate solution point f, the slope at the candidate point can be represented as ,

At point A, the slope of the curve is less than the straight line. Thus , After the collation:

		
It is clearly in conflict with the above , excluding point A.




At point B, the slope of the curve is greater than the line. Thus .Rearranging ,this inequality reduces to  which exactly matches the above conditions ,thus point B is the unique optimal solution for . The optimal solution for f satisfies 
Proof of Corollary 1 


According to Proposition 1, the function  possesses a uniquely determined optimal solution. Utilizing the framework of the implicit function theorem,

[bookmark: ZEqnNum261917]		

		

		

		

		

		

		

[bookmark: OLE_LINK1]Proof of Corollary 2

According to Proposition 1.Analyze the effect of the parameters on p using the chain rule, accounting for both direct effects and indirect effects through  intermediate variables.

[bookmark: ZEqnNum217187]		


Where  denote the partial derivatives of the optimal price p with respect to, Substituting from  into  yields

		

The effects of other parameters on  can be signed similarly.
  
Proof of Corollary 3


According to  (13).Analyze the effect of the parameters on  using the chain rule, accounting for both direct effects and indirect effects through  intermediate variables.

[bookmark: ZEqnNum816264]		


 Where  denote the partial derivatives of the optimal total service cost with respect to, Substituting from  into  yields

		

The effects of other parameters on  can be signed similarly. 
The proofs for Corollaries 4, 5, and 6 follow similarly and are omitted here.

Proof of Proposition 2

The optimal solution to Proposition 1  yields

[bookmark: ZEqnNum825776]		
Substituting  into equation（16）. Organizing yields

[bookmark: ZEqnNum901696]		


Substituting  into equation （11）and（12）. Organizing yields the optimal solution for  and  that satisfies
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