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Abstract

Numerous Poisson mixture distributions are available in the literature
in order to model over-dispersion found in many areas of study. In this
paper, we introduce a new class of one parameter Poisson mixture distribu-
tions that includes several such existing Poisson mixture models as special
cases. Specifically, the intensity parameter of the Poisson distribution is
assumed to follow a finite mixture of gamma distributions. The proposed
class provides greater modeling flexibility for count data exhibiting over-
dispersion and heterogeneity. The mixture representation makes it easier
to simulate random numbers from distributions that are otherwise diffi-
cult to simulate directly. Various statistical properties of the distributions
within this class are derived and discussed. A general method of parame-
ter estimation is proposed based on the principle of maximum likelihood
and the Expectation—Maximization (EM) algorithm. The performance of
the estimators is evaluated through a detailed simulation study. Finally,
the practical applicability of the distributions belonging to the proposed
class is demonstrated through the analysis of three real datasets.

Key words: Poisson mixture models, EM algorithm, Count data, over-dispersion,
negative binomial, unimodality.
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1 Introduction

Count data consists of data that represent the frequency of occurrence of events
within a category or an interval. To analyze such count data, the most com-
monly used distribution is Poisson distribution because of its simplicity and
flexibility. An important property of Poisson distribution is equi-dispersion.
But in certain real-life situations count data may be over-dispersed. In such
cases using Poisson distribution would be inappropriate and may lead to in-
accurate inference. In this context, to overcome such limitations, the use of
Poisson mixture models has been proposed. The Negative Binomial (NB) distri-
bution, Poisson-Inverse Gaussian distribution, Poisson-Lognormal distribution
etc. are some of the important distributions of this kind which arise as mixed
Poisson models and are widely employed to accommodate over-dispersion in
count data. Even though these distributions offer greater flexibility in modeling
such over-dispersed data, the model complexity of these models are high due
to the presence of multiple parameters. Hence there may be difficulties in esti-
mation and other inference problems, particularly for small or moderately sized
samples.

This has motivated the construction of Poisson mixture distributions with a
single parameter, which is capable of handling over-dispersion while being more
parsimonious, easier to analyze, and estimate. Among them we mention the
Poisson-Lindley distribution introduced by |[Sankaran [1970], Poisson-Sujatha
distribution proposed by [Shanker and Fesshaye| [2016], Poisson-Amarendra dis-
tribution described by [Shanker| [2016], Poisson-Akash distribution developed by
Shanker| [2017a], Poisson-Aradhana distribution developed by [Shanker] [2017Db],
Poisson-Shanker distribution introduced by |Shanker| [2017c|, Poisson-Garima
distribution proposed by [Shanker| [2017d], Poisson-Ishitha distribution intro-
duced by |[Shukla and Shanker| [2019], Poisson-Pranav distribution proposed by
Hassan et al.| [2020b], Poisson-Komal distribution introduced by [Shanker et al.
[2025], Poisson-Rama distribution invented by [Shukla et al. [2025], Poisson-
Xgamma distribution proposed by [Para et al.|[2020] and Poisson-Rani distribu-
tion developed by [Ahmad et al.| [2021]. [Ahmad and Wani [2024] introduced a
new Poisson mixture distribution where the mixing distribution follows a Chris-
Jerry distribution. Borbye et al|[2024] studied Poisson-XRani distribution as
an alternative model. Although many Poisson mixture distributions have been
developed, they are mainly model-specific and lacks a unified framework. In
particular, there is an absence of a general framework that simultaneously (i)
accommodates many Poisson -mixture distributions and (ii) simplifies the gen-
eral derivation of distributional properties. Motivated by these considerations,
in this paper, we develop a general class of one-parameter Poisson mixture dis-
tributions derived from a unified mixing mechanism.

The paper is organized as follows. In Section 2, we introduce the new class
of distributions. Section 3 describes some important statistical properties. We
illustrate the properties for Poisson-Sujatha distribution. Additionally we intro-
duce new members to the family such as Poisson-Akshaya, Poisson-Devya and
Poisson-Shambhu distributions. The statistical properties of Poisson-Akshaya



distribution are then demonstrated. In the next section, we describe different
parameter estimation methods namely the method of moment estimation and
maximum likelihood estimation using EM algorithm for the general class of dis-
tributions. We demonstrate these methods using Poisson-Sujatha distribution
and Poisson-Akshaya distribution. In Section 5, additionally we introduce a new
class of zero inflated distributions and study the properties of this general class
followed by a description of zero truncated version. Finally we demonstrate the
applicability of methods of fitting new models using both simulated and real
data sets. In the last section concluding remarks are included.

2 A new class of Poisson mixture models

We introduce a new one-parameter discrete random variable (rv) which is useful
for modeling over-dispersed data. Let X|\ follows a Poisson distribution with
intensity parameter A and A follows a distribution which is a finite mixture
of certain Gamma distributions. Then the resulting unconditional distribution
constitutes a class of discrete distributions. In the following theorem, we identify
the form of the distribution as a finite mixture of negative binomial distributions.
Let us denote the NB rv with parameters ¢ and 6%1 as NB(i, %) and it’s
probability mass function (PMF) by fnp(z;i, ﬁol), given by

] r+i—1 0 \'/ 1 \*
_ L Y -0,1,2... .
i+ 1 ( x )(9+1) <9+1> @=01,2...6>0

Also let fg(x;6,4) be the probability density function (PDF) of the Gamma
distribution with shape parameter ¢ and rate parameter 6 > 0, where we denote
such a rv by G(6,1).

fne(w;i,

Theorem 2.1. Let X|\ follows a Poisson distribution with parameter A and
A is assumed to be a Tv with a probability distribution which is a finite mixture
of Gamma distributions such that the PDF of A is g(A) = Zle a; fa(X; 0,1),
where a; > 0, Ele a; = 1. Then the unconditional distribution of X is specified
by

k
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Proof. Let X | A ~ Poisson(A) and A have the mixture of Gamma densities

k
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Then



Substituting the kernels of the Poisson and Gamma densities gives
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Using the Gamma—integral identity
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the integral in becomes
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The last expression is the linear combination of PMF of a NB distribution

with parameters (i, 3 +1) Therefore,
a 0
z) = ;aifNB<x§ Cn 1> ;
which completes the proof. O

Let us denote this class by £. Some of the members of this class are
given in Table The Table [1] illustrates that the class £ comprises mix-
tures containing two, three, four, five and six components. The class of two-
component mixtures includes the Poisson-Lindley, Poisson-Garima, Poisson-
Shanker, Poisson-Fav-Jerry, Poisson-Komal, Poisson-Akash, Poisson-Xgamma,
Poisson-Chris-Jerry, Poisson-Ishitha, Poisson-Pranav, Poisson-Rama, Poisson-
Rani and Poisson-Xrani distributions. The Poisson-Sujatha and Poisson-Aradhana
distributions represent three-component mixtures, while Poisson-Amarendra
and Poisson-Akshaya belong to the four-component category. The Poisson-
Devya distribution forms a five-component mixture, and Poisson-Shambhu rep-
resents a six-component distribution.



Table 1: Various members of the class €
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S1 No. Distribution oy 2% as Qg as Qg
- o 0 1
1 Poisson-Lindley xS 741 0 0 0 0
2 Poisson-Garima e 0 0 0 0
0+1 6+2
0+2
iss . . 1
3 Poisson-Shanker 02 rEEY 0 0 0 0
0241
2
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5 Poisson-Komal 0?10 T 0 0 0 0
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7 Poisson-Xgamma 0 0 71 0 0 0
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15 Poisson-Aradhana ) 9712072 T 0 0 0
024+20+2
. 62 20 6
16 Poisson-Amarendra 03 P07 73076 PO 13076 P01 3076 0 0
7710253076
iss shavs 30° 60 6
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Remark 1. Recently Hanandeh and Al-Nasser| [2021] introduced the Poisson-
Gold family of distributions which includes Poisson-Lindley, Poisson-Sujatha,
Poisson-Amarendra, Poisson-Devya and Poisson-Shambhu distributions etc. as
special cases. For this family, the intensity parameter A follows the Gold distri-
bution proposed by |Al-Talib et al.| [2023] which is defined as a finite mixture of
k independent Gamma distributions with common scale parameter § and shape
parameter j where j = 1,2,..., k. The PDF of Gold distribution is given by

1 zF—-11 =2 L .
fap(w;0,k) = {zylrmew c1ee > T>0.0>0k=12. ;21

otherwise.

)

We can see that this distribution is a finite mixture of Gamma distributions
with mixing proportions having the form

T(j)6i
oy = —F———————.
Lok ()i

The PMF of Poisson-Gold distribution (PGD), (Hanandeh and Al-Nasser
2021)),

(4)

Yh o D) (55)"
frep(x;0,k) = D(z+1) S5, ()67
0, otherwise,

z=0,1,2, ..
(5)

can be represented as a finite mixture of NB(j, Q%H),j =1,2,...,k with mixing
coeflicients «; as follows:
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From the above facts we can conclude that PGD belongs to the family £. Thus
the PGD family becomes a subfamily of £.

frap(x;0,k) =

x

Remark 2. Poisson mixture distributions generated by mixing two or more dif-
ferent positive valued random variables other than gamma such as Xgamma,
Xlindley are also studied in the literature. For instance, [Ahsan-ul Haq et al.
[2022] introduced Poisson-XLindley (PXLD) distribution, where the intensity
parameter A is generated as a special mixture of two distributions: exponential
and Lindley. Later, [Irshad et al.| [2023] suggested a new Poisson mixture distri-
bution where the A follows a new XLindley distribution. Both the distributions
are members of £ where the respective PMFs can be expressed as

0% (z+ 0% +3(1+0))
(14 6)4+ ’

fpxrp(z;0) = r=0,1,2,..., >0,



and
6(20 + 0z + 1)

fpxnio(z;0) = for £ =0,1,2,... and 8 > 0.

We note that for PXLD distribution, the distribution is identified in the general
representation given in Theorem 1 with ¥ = 3, and oy = 1 — ﬁ,ag =

0,a3 = ﬁ. The PXNL distribution is recognized with k = 2 and a1 = as =

1/2. The Poisson Ramos-Louzada distribution (Alkhairy| [2023]), Poisson Agu-
Eghwerido distribution (Alamri| [2024]) and Poisson-Haq distribution (Alomair
et al| [2025]) are all examples of other distributions. These distributions come
under the family £. The details are given in Appendix.

Remark 3. It is noted that the results in Theorem 1 is valid even if a sin-
gle component is present in the general representation given in . In this
case, there is no finite mixture representation so we will have only one compo-
nent with aj, = 1. For example, when k = r, and A ~ G(6,r) we get usual
NB(r,p = 9_‘:;1). Ahsan-ul Haq| [2024] studied Poisson Moment Exponential
Distribution (PMExD), where the A follows a G(1/6,2). Also, when 4 = § and
A~ G(4,2), or G(26,2) then X follows Poisson-Ailmujia distribution (Hassan
et al| [2020a]). Thus these two distributions are then belong to £. However,
the general results given in the following sections should be understood with
appropriate modifications.

3 Statistical properties

In this section we present some statistical properties of the distributions belong-
ing to the class £.

3.1 Distribution Function

Let X be a rv belonging to the class £ with PMF f(z). Then its distribution
function is given by

Fa) = ()

Z i fNB (t; i, %)

0 i=1

x

Il
o~
E |

a;l o (i,z+1), (6)

6+1

©
I
—

where I, (a,b) is the regularized incomplete beta function.
As an illustration we derive the distribution function of Poisson-Lindley distribu-
tion using the above expression @ We know that Poisson-Lindley distribution



is a mixture of NB(1, %) and NB(2, O%OH) with mixing proportions 9% and

1 .
747 respectively. Hence,

2
=1

0 1
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S 0+1 6+1 6+1 (04 1)7+L © (f 4 1)=+2

02 +30+0z+1

= 1 —_
(6 +1)z+3

3.2 Moment Generating Function

Let X be a rv following a distribution which belongs to the class &, then its
Moment Generating Function (MGF) is given by

Mx(t) = Zem (iaifNB (x%ia 9_?_1)>
k
= ;aZ-(Ze”fNB (x;iv 9;—01>> (7)
z; x ) i
=Y eilgr—a)

=1

3.3 Factorial moments

The Factorial moment of a rv X belonging to the class £ is obtained as

E[X(] = E[X(X = 1)(X = 2)...(X —r+1)]

3.4 Moments

Let X be a rv belonging to the class £. Then it’s moments are obtained as

k .
ElX] =Y (8)



k.
=3 v o+1), 9)
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i=1

{Zzaz (i4+64+1)— <Zzaz>2}. (10)

Other raw moments can be obtained from factorial moments. Now as an il-
lustration we compute the mean and variance of Poisson-Sujatha distribution
and Poisson-Akshaya distribution. The PMF of Poisson-Sujatha distribution is
given by

_ 63 (9+4)x—|—92—|—30—|—4
_92+6+2 (6 +1)=+3

—0,1,2,...0 > 0.
(11)

Note that Sujatha distribution is a three component mixture of Gamma distribu-
tions with common scale parameter 6 and shape parameters 1,2 and 3 with mix-
62 0
and

02+0+2"624+0+2 02+6+2
remwe can see that Poisson—Sujatha distribution is a mixture of N B(1, ﬁ)
NB(2, 5 +1) and NB(3, ;%), w1th the same mixing proportions respectively.
By using the equations and , we obtain the mean and variance of Poisson-
Sujatha distribution as

ing proportions respectively. From Theo-

P +20+46
M= 9021012
and
0% +460" +140° 4 280 + 246 + 12
Hz = 02(6% + 6 + 2)2
respectively.

Also Akshaya distribution is a four component mixture of Gamma distributions

with common scale parameter § and shape parameter 1,2,3 and 4 with mixing
; 63 362 66 d
roportions an
prop 63+ 362+ 60 +6 0%+ 36%+ 6016 6+ 362+ 60+ 6

1307 16016 respectively. So from Theorem [2.1] we can see that a Pois-

son mixture of Akshaya distribution is a mixture of NB(1, 0+1) NB(2, 0+1)

NB(3, 0+1) and NB(4, 9+1) with the same mixing proportions respectively.
Thus we introduce a new Poisson mixture distribution namely Poisson-Akshaya
distribution. The PMF is given by

94[(1 FOP +(z+ 1)@ +2)(x+3)+3@+ 1)@+ 1) (x+0+3)

f@:0) = (0 + 362 +6016) (01 1)7 ' !
£=0,1,2,...,0>0

f(z;0) =0, otherwise.




Hence by using the equations and , we obtain the mean and variance of
Poisson-Akshaya distribution as

;0% 4607 + 180 + 24
F= 903 + 362 + 66 + 6)°

and
07 4106° + 540° + 1860" + 4086° + 5400 + 4320 + 144

62(63 4 362 + 60 + 6)2

Next we establish the over dispersion property of the members of the class £.

M2

Theorem 3.1. The distributions belonging to the class £ exhibit overdispersion.

Proof. Let X be arv belonging to the class £. Then its mean, E[X] and variance,
V[X] are given by equation and equation respectively. Therefore,

VIX] _ 9*12{ Zf:l i (i + 6 + 1) - (Zle ic;)?}

k i
E[X] 22:1 1(;
Zf:gi?a,; Zle i Zf:; i (Z§:12i047:)2
_ 6 0 9 _ 0
B Zf:l iag + Zr’;:l i + Z?:l 1oy Z?:l 1oy
6 ] 9 0
k. k. 2
. 1 n 1 { Sy P — (3 dey) }
T Te Ty -
0 0 S i
>1.

O

Table [2| shows the mean, variance and index of dispersion for various mem-
bers of the class £. Next, we derive the conditions for which the distribution is
log concave.

Theorem 3.2. The distribution belonging to the class £ is log-convezx (log-
concave) if 0 < R <1/2 (1/2 < R < 1), where

( Zf:l ai) i ’
(Shiaite+1) (Th, 72)

R:

with a; = cz(z +1)(x +2)...(x +i— 1)t*, and t = %.

Proof. Let X be a rv following a distribution which belongs to the class £. Then
after some algebra, we obtain

f* (@) A

f@—1)f(zx+1) B.C

10



where

k 2

- | Rt (1) ()

B = ZO" z—(f)?;)—:— 1)! (ai1>i(9i1>1_1’

e Yo ) )

On simplification, we get

i

2 (x) _r+1 A
fx—1f(zx+1) = B.C'
where
k 0 0?2
Z:ozia:(x +1)...(x+i— 1)<m> ,
k 9 i
z_: z(x +1). x—l—z)(eJrl)
and

<f=§:%Mx+n ri-2 ()"

Let t = % and a; = ayx(x + 1)(z +2)...(x + i — 1)t*. Then

fla) _a+l (zha) _rtlp

flz=1)f(z+1) z (Zle a;(r + Z)) (Zf:l va—l) v

Then by using Cauchy-Schwarz inequality we get R < 1. Therefore, for 0 <

(1,) el 1 (z) — z+1
R<27W TRglandfor§<R<1,W zR>1'

) f—
Hence for 0 < R < %, the distribution is log-convex and for % < R < 1 the
distribution is log-concave. U

4 Estimation of Parameters

In this section we present the estimation of the parameter using two methods
i.e. Method of moments and Method of maximum likelihood using Expectation
Maximization (EM) algorithm. Note that the two methods given below are fairly
general for the class £. The method of MLE without using the EM algorithm
may be directly available for certain members, but we suggest the EM algorithm
as a general way of estimation for the members of £.

11



Table 2: Index of Dispersion for various members of the class £.

S1 No. | Distribution Mean Variance Index of Dispersion
is; i . 042 02 +40%+60+2 02 +40+2
1 Poisson Lindley 6D Gy 1+ garsgriog
9 o " 043 02 +60%+120+7 0% 460+7
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5 s 3 : 0242 0°+0"430°+460%+2042 0440742
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4 s 8 0246 0°+0'+80°+160°+120+12 0141602 +12
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- sson & 65 +67 205+ 667+ 2101 120) 7(65+07+260 167 +2461120)° 1130107 1067+ 40951 192671 10926° 1 148807131506 1008

4.1 Method of moments

Let x1,2x2,...,x, be a random sample from a distribution which is a member
of the class £ and let Z be the sample mean. Then the moment estimator of 6
is obtained by solving

EX)=r=x

i.€. .
> iai(6) — 0z =0, (12)
1=1

where «;(0) is a nonlinear function of 6. So the moment estimator of 6 is
obtained by solving equation numerically. For example, in Poisson-Sujatha
distribution the moment estimator of # is obtained by solving the equation

03z +60%(z —1)+20(x —1) -6 =0,
whereas in Poisson-Akshaya distribution it will be the solution of the equation

0% +3(2 —1)03 +6( — 1)0% + 6( — 3)0 — 24 = 0.

4.2 Method of maximum likelihood using EM Algorithm

Utilizing the mixture representation, we propose a general method of computing
maximum likelihood estimate (MLE) using EM algorithm. Let (z1,z9,...,z,)
be a random sample from this distribution with corresponding latent variables
Zl == (2,’1172,’21, ...an), Z2 = (212,222, ...an),... Zk = (Zlkysza an)
where

1 if z; comes from NB (j, 0_‘%)

(13)
0 otherwise.

Z,’j =

12




In this case the augmented likelihood function is given by

n k -
L(0|X, 21, Za, ... Zk) = [ | H{OéijB(l"i;ja %)} h

i=1j=1
so that
n k . .
")) )
log L = 74 1 ) +1 — ) (— . (14
o ;;z]{ogmm%[( G G (1)
For maximising log L we solve the equation
Olog L
=0
06

i.€.
80¢j

1
(9(9 + 1)2@'; a0 + jZij — 92”.1'1) =0.
J

n

k

(3

15=1
Note that, the mixing coefficients «;’s are functions of §. According to EM
algorithm, the MLE of 6, 6 can be found iteratively alternating between two
steps i.e, E-step and M-step. In E step we will find the expectation of Z;1, Z;o
yeer Zik, 1 = 1,2, ...n under the current estimates of 6 and in M-step we maximize
L(0|X,Z1, Za, ..., Zx) with (Zj1, Zia, ..., Zix,) fixed at their expected value from
E-step. The iteration is continued till the estimated value of 6 converges and the
final iteration gives the MLE of 6, . The (m + 1) iteration of EM algorithm

is as follows.

E-step

Let 60™ be the estimate of 6 in the m'™ iteration and a§m) be the corresponding
estimate of o;. Then

Zm) _ g {Z.(T”H)} (15)

) )

a(,m) (xi+j—1) ptm 1\’
J Jj—1 00m)+1

B k (m) (zi+j—1 pom) \7 (16)
Zj:l Q; ( zj—Jl ) (0(m>+1)
In this step we will compute zi(lnﬂ), zl-(QmH), ceey zi(;nﬂ) fori=1,2,...,n.
M-Step

et (m+1) ( ) L ) ( )
m+1 m+1 m+1 m+1

Z = (211 %1 eZnr )
m+1 m+1 m+1 m—+1

zg = (525, L2 TY)
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m+1 m—+1 m—+1 m+1
2 = (D, )

In this step we will find §(+1) by maximizing L(6| X, ZY”H), Z§m+1), s Z,imﬂ))
i.e., we solve the equation

Z(m+1)

n k
da;
j : i 7 . (m+1) (m+1) )
=1j=1 {9(9 " 1) (&7} 00 + I - 62” ml} -

K2

to get the estimate of 6 i.e., 6(m+1)  The iteration is continued till the estimated
value of 6 converges and the final iteration gives the MLE of 6, 6.

As an illustration we give the details of estimation of the parameter 6 of
Poisson-Akshaya distribution using EM algorithm. Since this distribution is
a four component mixture, we have k¥ = 4. Let (x1,%2,...z,) be a sample
from Poisson-Akshaya Distribution with corresponding latent variables Z; =
(211, 2215 --2n1), Zo = (212, 222, ---2n2), 43 = (213, 223, -..2n3) and Zy = (214, 224, ---Zn4)-
In this case the logarithm of the augmented likelihood function is obtained by
substituting for a1, as, a3 and a4 in equation and is given by

logL = Z [4 log 0 + zi2log 3 + (zi3 + 2i4) log 6 — log(6® + 36% + 660 + 6)

=1
i+ 1 i+ 2 i+ 3
"‘ZiQIOg(x:_ )"‘ZiSlOg(x;_ >+Zi410g<x;>

— (14 22 + 2243 + 324 + x;) log(0 + 1)

The (m + 1)** iteration of EM algorithm is as follows.

E-step

Let the estimate of @ in the m'" iteration be (™). In this step we find for
j=1,23,4

ZY = P(Z;;), X;,00)
zi+j—1 (™) J
O‘j( ;F—J1 )(é(m)+1>

4 -1y (g
Zj:l Qj (m jjl ) <é<m)+1)

M-Step

Let
2 = (G0 o)

m+1 m+1 m+1 m+1
Zg = (5 25, L2 TY)
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24 = (Y, 2,

Z{mD = Y A, L)

m—+1
-Z£3+ )>

In this step we get 6™ by maximizing L(|X, Z{™ ™), z{m+D z{m+h zmH1)y)
i.e, by solving

=0.

810gL_zn:{é_ 36% + 66 + 6 _1+ZZ-(§1+1)+2z§§n+l)+3z§f+l)+mi}
00 0 6°+302+660+6 0+1

1=

(17)

The iteration is continued till the estimated value of 6 converges and the final
iteration gives the MLE of 6, 6.

5 Modified distributions

In this section, we discuss two modifications of the new mixture distributions,
namely zero inflated and zero truncated distributions.

5.1 Zero inflated distributions

Count data are often over-dispersed and one of the main reason for over-dispersion
is the presence of excess number of zeros. In order to model these kind of data
appropriately, zero inflated distributions are used. In zero inflated distributions
zeros are arising from two sources, one from a degenerate distribution and the
other from a standard count distribution such as Poisson, Poisson-Lindley, Neg-
ative binomial distributions etc. Thus the zero inflated models are actually a
mixture of a degenerate distribution, degenerate at zero and a standard count
distribution, so that the model is capable of capturing over-dispersion and zero
inflation.

In this section we introduce a new class of zero inflated distributions namely
E*. A member of this class is a mixture of a degenerate distribution, degenerate
at zero and a count distribution which is a member of the class £. Also we give
some important statistical properties of distributions belonging to the new class
E*.

Let Y be a discrete r.v following a distribution belonging to £*. Then its
PMF is of the form

74+ (1—m)f(0) fory=0

(1—m)f(y) fory =1,2,3, ... (18)

f(y; 0) :{

where £(.) is the PMF of a distribution belonging to the class £. The distribution
function of Y is obtained as

Fy(y)=m+ (1 —-mFx(y) =7+ (1— W)Zailr}rl(i,x—i— 1)
=0
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where Fx(.) is the distribution of the standard count distribution which belongs
to € and I,(a,b) is the regularized incomplete beta function. The mean and
variance of the rv Y is given by

iOéi

k
E(Y)=p = (1-mu=(1-m) =
i=1

where 1 is the mean of the count distribution which belongs to £.
r oy (i + 60+ 1) a2
V(Y) = g5 = (=) (uamp?) = (1-m) | D = —(1-m) (D =) ]
i=1 i=1

where po and p are the mean and variance of the count distribution belonging
to £. The rth factorial moment of Y is given by the expression

7“—!—2

k
N 1
1y = (1= m)pey = 1—7T9*Z:

where fi(, is the r*" factorial moment of the baseline count distribution.
Also the MGF of Y is obtained as

My(t):7T+(1—7T)Mx(t):7T+(1—7r)2ai(L)i

_ ot
— 0+1—e

where Mx (t) is the MGF of the baseline count distribution.

5.2 Estimation of parameters

For the parametric estimation of the distributions belonging to £*, we use two
methods, i.e. Method of moments and Method of maximum likelihood using
EM algorithm.

5.2.1 Method of Moments

Let y1,92,...,yn be a random sample belonging to a distribution which is a
member of the class £* and let m; = y and mgy = %Z?Zl yi * (y; — 1). We have

k i (0)
E(Y) = 1-m 0
i=1

and

x>~

1 2+z
EY(Y -1))= 1—7r9—2‘ )

The moment estimators of 7 and 6 are obtamed by solving the moment equations

E(Y) =mi, (19)
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and
E(Y(Y - 1)) = mo. (20)
By solving equations(19) and(20])) we get the equation

Sii ai(6) _ M2y . (21)

E .
Diopiai(0) M
This equation is solved numerically to obtain the moment estimator of 6, i.e, 0.
From equation we get
0
Tl — (22)
> iy tovi(0)
By substituting the moment estimator of 6 in we get the moment estimator
of 7 as,

o1 —mf (23)

i ()
5.2.2 Method of maximum likelihood using EM algorithm

For the iterative computation of MLE, we can use the EM algorithm. A rv
whose distribution belonging to £ can be represented by two independent latent
variables i.e., a Bernoulli variable Z and a rv X which belongs to £. Let

(Y1,Y3,....Yy)

be a random sample from a Zero inflated distribution belonging to £* with
corresponding latent variables Z = (71, Z,...,Z,) and X = (X1, Xs,...X,).
Also we have the mixture representation as

Y, = ZV+(1—Z)X; . (24)

Where V is a degenerate rv at zero. So if we could observe Z; and hence X;
then by relation , the augmented likelihood function with augmented data
(Z,X) would be

1-Z;

Lo(m,0]Y, 2) —[f[wziu - m'4] [f[fm)} (25)

5L (x|, Z)L(61Y, 2). (26)
So the maximization of L.(m,0|Y, Z) can be done by maximizing L.(7|Y, Z) and
L.(0]Y, Z) separately.
E-step
Let (7(®), (%)) be the estimates obtained in the k' step. Then
(k)

Z{ = $ )+ (1= £(0)
0 ; otherwise

Yi=0
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M-step
Let Zz(+1) = (kaH),ZékH), ...,ZT(L’H_U). By maximising L (7Y, Z*+1) | we
will get the MLE of 7 as
1 n
(k4+1) _ = 7 (k+1)
T n; SR

The MLE of @ is obtained by solving

n }HU>zﬁﬂ(ﬁ££x;Lv[”§“+wwwxx+jxe+1>+axm]

3 (1—Z§

i=1 >0 (0) (T (55)7

where a}(@) denote the derivative of a;(6) with respect to 6.

5.3 Zero Truncated distributions

Let X be a rv which follows a distribution belonging to the class £, where the
PMF f(x) is given by the equation (I)).Then the zero truncated version X* is
defined on {1,2,...}, with PMF

J@ o 2 =1,2,3
*(z;0) = ¢ =100 7 R 27
f*(@;6) {O ; otherwise, 27
where .
1 \® r+i—1 0 \'
f@”)_(eﬂ) ;O‘( i—1 )(9+1)’
and

The distribution function of X* is obtained as

ey Fx([2]) — £(0)
P00 ="

k .
Sy e Ly (i fe] +1
k o \?
1= 9+1>

Also the mean and variance of X* is given by

S~—
\

/N

e

+lo

AR
N———
H/_/

B(X") = s = o
C1-f(0) 9{1 -, az(e%ly}

3
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ke fO)?

1= f(0)  (1-=f(0)*
where o and p are the mean and variance of the count distribution belonging
to £. The MGF of X* is obtained as

My - Mx ) =10) _ Ei (o) [(stt) 1]

1_f(0) I—Zle al(ﬁ)l

where Mx (t) is the MGF of the count distribution belonging to €.

V(X™)

)

6 Simulation study

We performed a simulation study to assess the finite sample performance of the
above mentioned estimators in Sections 4 and 5. First, we have considered two
distributions, namely, Poisson-Sujatha distribution and Poisson-Akshaya distri-
bution. Since these distributions can be expressed as mixtures, the simulation
from these models are easy. We consider different values for the parameter 6
and simulate observations of varying sizes like n = 100, 200, 500, 1000. Then the
estimates of the parameter § were calculated using the two methods, Method
of moments and Method of maximum likelihood using EM algorithm. The pro-
cedure is repeated for N = 1000 times and the arithmetic mean of the 1000
estimates is calculated and is considered as the final estimate of the parame-
ter for each method. To assess the variability of estimates we have calculated
the Mean squared error (MSE). Let § and 6 denote respectively the estimators
of # under Method of moment and Maximum likelihood estimation using EM
algorithm. MSE; and MSE; denotes the corresponding MSE. The results are
displayed in Table [3] and Table [4 The table clearly illustrates that increasing
the sample size improves the accuracy of the estimates which results in a steady
decline in MSE.

Additionally we have conducted a simulation study for assessing the perfor-
mances of proposed estimators in zero-inflated models. We have considered Zero
Inflated Poisson-Garima (ZIPG) distribution. For different values of = and 6 we
generated samples of various sizes like n = 100,200, 1000 and the estimates of
the parameters using method of moments and method of maximum likelihood
were calculated. We have repeated this procedure for N = 1000 times and the
average of the estimates is considered as the estimate of the parameters. Also we
have calculated the root mean squared error(RMSE) to assess the performance
of these estimators. Let A = (ﬁ,é)’, A= (fr,é)’ denote respectively the esti-
mators of A = (m,6) under the method of moments and method of maximum
likelihood estimation. The results are displayed in Table [5 From the table we
can see that as the sample sizes increases the estimates becomes more closer to
the parameters and hence bias and RMSE decrease.
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Table 3: Parameter estimates and MSE of Poisson-Sujatha Distribution

6 | n 0 MSE; 0 MSE;
100 | 0.1002 | 0.000037 | 0.1002 | 0.000036
0.1 | 200 | 0.1001 | 0.000018 | 0.1001 | 0.000017
500 | 0.1001 | 0.000008 | 0.10002 | 0.000007
1000 | 0.10009 | 0.000003 | 0.10008 | 0.000003
100 | 0.5026 | 0.0015 | 0.5019 | 0.0011
0.5 | 200 | 0.5015 | 0.0007 | 0.5011 | 0.0005
500 | 0.4998 | 0.0003 | 0.4997 | 0.0002
1000 | 0.4999 | 0.0001 | 0.4998 | 0.0001
100 | 1.0071 | 0.01006 | 1.0036 | 0.00582
1| 200 | 1.0055 | 0.0049 | 1.0033 | 0.0029
500 | 1.0023 | 0.0021 | 1.0014 | 0.0013
1000 | 1.0027 | 0.0009 | 1.0018 | 0.0006
100 | 4.1207 | 0.7712 | 4.0847 | 0.4466
4 | 200 | 40752 | 0.327 | 4.0538 | 0.1905
500 | 4.0462 | 0.1318 | 4.0339 | 0.0774
1000 | 4.0261 | 0.0594 | 4.0194 | 0.0348
100 | 10.8546 | 16.4162 | 10.7475 | 12.8942
10 | 200 | 10.4782 | 7.1107 | 10.4227 | 5.581
500 | 10.1877 | 2.1683 | 10.1659 | 1.7013
1000 | 10.0643 | 1.0479 | 10.0567 | 0.8222

7 Applications

In this section, we illustrate the applicability of the methods described for fitting
the distributions belonging to £. We consider three different data sets.

Data set-I

A data on the number of European Corn Borer Larvae Pyrausta nubilalis (Hbn.),
in Field Corn was provided by McGuire et al.|[1957]. This data consists of 324
observations. The bar-plot of the data is exhibited in Figure 1. We have fit-
ted the Poisson-Akshaya distribution, Poisson-Sujatha distribution and Poisson-
Lindley distribution for the sake of comparison. The results obtained are en-
capsulated in the Table[6] From the Table, we can infer that Poisson-Akshaya
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model has the lowest AIC and BIC among the competing models.

200
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e
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Number of Corn Borer Larvae

Figure 1: Barplot on European Corn Borer Larvae data.

Dataset-11

A count data on thunderstorm events at Cape Kennedy, Florida for the month
of June within eleven years period; from 1957- 1967 is provided by [Falls et al.
[1971]. The data consists of the observed frequencies of days that experienced
X thunderstorms for the month of June during the years 1957 to 1967. The
total frequency is 330. For this data also, we have fitted the Poisson Akshaya
distribution, Poisson Sujatha distribution and Poisson Lindley distribution for
the sake of comparison. The results obtained are encapsulated in Table[7] From
the table, we can infer that Poisson Sujatha distribution performs better than
the other compared distributions in terms of AIC and BIC.

Data set-111

A data set consisting of weekly number of syphilis cases in the United States
from 2007 to 2010 is obtained from R package ZIM by [Yang et al. [2018].
The data consists of 209 observations of which 77.03 % are zeroes. Figure
gives the barplot of the data. Since this data consists of excessive zeros, we
fitted ZIP, ZIPG, ZIPL and ZIPSh for the data. This data set has mean 0.9760
and variance 6.6773, implying a clear presence of overdispersion. The results
obtained are summarized in Table |8} The values of AIC, BIC and x? values
are minimum for ZIPG model. Comparing to other models, the DI implied by
ZIPG model is closer to empirical DI, indicating the suitability of ZIPG model
to this data set. It is obvious that on an average, the ZIPG models fits well the
data.
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Figure 2: Barplot on number of days that experienced thunder storms.
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Figure 3: Barplot of weekly number of syphilis cases

8 Conclusion

In this paper, we have reviewed several one parameter Poisson mixture distri-
butions where the intensity parameter of Poisson is allowed to vary according to
certain continuous probability law. By introducing a new family of Poisson mix-
ture distributions generated by a finite mixture of gamma random variables, we
have constructed a large family of discrete distributions on Ng = N J{0}. Sta-
tistical properties such as distribution function, MGF, factorial moments were
then studied. A general EM algorithm based estimation method is developed,
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Empirical vs Fitted probabilities
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Figure 4: Bar Plot of fitted probabilities of European Corn Borer Larvae
dataset

and its uses are illustrated with real and simulated data sets.

The current work can be extended in many directions. A possible direct
generalization is to develop a new class of Poisson mixture distributions with
two parameter mixing distributions such as two parameter Lindley, two param-
eter garima etc. Another direction is to develop multivariate Poisson-mixture
models. An important application of the mixture models is to apply in the
context of regression and count time series analysis. Studies in these directions
are ongoing and are expected to be published elsewhere.
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Empirical vs Fitted probabilities
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Figure 5: Bar Plot of fitted probabilities of number of days that experienced
Thunder storms

Appendix
In this appendix we show the details of various distributions mentioned in the
main text.
1. The Poisson-Haq distribution (PHD) is specified by the PMF,
62 224+ 0)(140)* +60(2+z)(1 + )
(1+0)=+3 2(1+06)2 ’
which is obtained as mixing with Haq distribution given by

9 \> 022\ _,.
f(.fl?): m 2+0+7 e ,x>0,0>0.

fpup(z;0) = z=0,1,..,0>0.

This can be written as

2
flz) = <0) (2 +60+ 05;) e % x>0,0>0. (28)

1+46
_ (0+2)9 —0x 1 @ —0x .2
Savee’  taverat t (29)
_ (020

which is mixture of G(6,1) and G(0, 3) with ay = ez @2 =0, ag =

ﬁ. Hence, the PHD is a member of £ with k£ = 3.
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Empirical vs Fitted probabilities
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Figure 6: Bar Plot of fitted probabilities of weekly number of syphilis cases

2. The Poisson Agu Eghwerido (PAE) distribution is specified by the PMF

0> (427 + 1224 6*(1 +60)* +8)
(65 +8) (1+06)++3

frap(z;0) = c2=0,1,2,3,...,0 > 0.

This is obtained by mixing Poisson with Agu-Eghwerido distribution given
by

03

fap(@) = g (0* +42%) e, 2> 0,0 >0 (30)
6° 0 8 0% 4 o

= —br e VT 1

st T2t (3D

which is a mixture of G(6,1) and G(0,3) with a; = %,ag =0,a3 =
1 — ay, implying the PAE distribution is a member of £.

3. The Poisson Ramos-Louzada (PRL) distribution with the PMF

(1+3) " (@-1+000-1))

(6 —1)(1+6)2 ;=0,1,2,3,...&0 > 2,

fPRL($;9) =

is derived as the mixing with the Ramos-Louzada (PRL) distribution hav-

25



ing the PDF,

(6% — 20 + x) (%)
-0) = > 2 . 2
f(x79) 92(071) o ) 9_ 7x>0 (3 )
0% — 20 1
_ —x/0 —x/0
792(9_1)6 —&—702(9_1)% (33)
0—-21 1 1
9-16° 9162 (34)

With the restriction 6 > 2, the above PDF is a mixture of G(1/6,1) and
G(1/6,2) where o = g%f, ag = 1 — ay, ensuring the membership of PRL
distribution in £.

4. The Poisson Komal distribution (PKD) is specified by the PMF

62 1 r+1
M = = 12. .
fricn(:0) (92+9+1)((9+1)m+(9+1)m+2)’x 0.1,2....,6>0

This is a mixing with the Komal distribution with PDF

92
. ELe——] —0x .
f(x;0) 92+9+1( +0+x)e z>060>0 (35)
0%+ 0 1
[ —— | —0z 792 —0z 36
Zroric Teieril ¢ (36)
a mixture of G(6, 1) and G (¢, 2) with mixing coefficients oy = 92942_7?11, g =

1—C¥1.

5. The PMF of Poisson Xgamma distribution (PXG) is specified by the

fexg(z;0) = 2 o (2(1—1—9)24-9(1‘—1-2)(33—1—1)),x:O,l,Q,...,@>O.

1+0)z+s
This is obtained by mixing with the Xgamma distribution with PDF

92 0 2\ —0x
0+1(1+§m)e x>060>0. (37)
0

f(x;0) =

= _—fe " 4 Le—:’)x%*ex (38)
C0+1 +1T3 ’

a mixture of G(#,1) and G(6,3) with mixing coefficients a; = %, ag =
0, a3 = 1-— aq.

6. The Poisson Xrani (PXR) distribution with the PMF
95
- 0) =
Texr(®:9) = G 1y
+24(x+ 1)(z +2)(x+3)(x+5)), z=0,1,..., >0

((6° +480) (6 + 1)*
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is derived as the mixing with the Xrani distribution having the PDF,

0°(0° + 480 + 242*) _,,

f(z;0) = GRS 0 >0,z > 0. (39)
_ 019+ 480° 902 576 6° g (40)
(65 + 24)?2 (05 + 242 T5
This is a mixture of G(6,1) and G(6,5) where oy = 7%2133(;; ,as5 =1—ay,

ensuring membership of the PXR distribution in £.
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Table 4: Parameter estimates and MSE of Poisson-Akshaya Distribution

o | n 0 MSE; 0 MSE;
0.1 | 100 | 0.10005 | 0.000027 | 0.100043 | 0.00003
200 | 0.100097 | 0.000014 | 0.100092 | 0.00001
500 | 0.100098 | 0.000006 | 0.100095 | 0.000006
1000 | 0.100049 | 0.000003 | 0.10005 | 0.000003
0.5 | 100 | 0.501837 | 0.001158 | 0.50135 | 0.00089
200 | 0.500975 | 0.00057 | 0.50072 | 0.00044
500 | 0.500167 | 0.00024 | 0.50008 | 0.000182
1000 | 0.500476 | 0.000121 | 0.50039 | 0.000093
1 | 100 | 1.00508 | 0.00759 | 1.0027 | 0.00468
200 | 1.00262 | 0.00354 | 1.0014 | 0.0022
500 | 1.00235 | 0.001494 | 1.0016 | 0.00092
1000 | 1.0024 | 0.00072 | 1.0018 | 0.00045
5 | 100 | 51895 | 1.1736 | 5.1211 | 0.5911
200 | 5.1153 | 0.5079 | 5.0757 | 0.2592
500 | 5.0659 | 0.2075 | 5.0447 | 0.1065
1000 | 5.0198 | 0.0982 | 5.0128 | 0.0508
10 | 100 | 11.0431 | 155202 | 10.7985 | 9.5589
200 | 104595 | 5.511 | 10.3516 | 3.4514
500 | 10.2173 | 1.9111 | 10.168 | 1.2104
1000 | 10.1197 | 0.9617 | 10.0924 | 0.61129
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Table 5: Parameter estimates and their RMSE of ZIPG model

MOM RMSE MLE RMSE
n 9 T |6 7 0 7 0 # 0 #
100 0.2369 | 0.0243 | 0.0374 | 0.1758 | 0.2241 | 0.2309 | 0.0241 | 0.0308

200 0.2 | 0.2 | 0.1721 | 0.2775 | 0.0279 | 0.0775 | 0.2139 | 0.1566 | 0.0138 | 0.0436

1000 0.2004 | 0.2532 | 0.0004 | 0.0532 | 0.2106 | 0.1807 | 0.0105 | 0.0192

100 0.2096 | 0.4198 | 0.0096 | 0.0802 | 0.2249 | 0.4116 | 0.0249 | 0.0883

200 0.2 | 0.5 | 0.1707 | 0.5174 | 0.0293 | 0.0173 | 0.2289 | 0.4669 | 0.0289 | 0.0332

1000 0.1974 | 0.5344 | 0.0026 | 0.0346 | 0.2131 | 0.5010 | 0.0130 | 0.0010

100 0.2049 | 0.6575 | 0.0049 | 0.0425 | 0.2569 | 0.6772 | 0.0566 | 0.0228

200 0.2 | 0.7 | 0.1767 | 0.6290 | 0.0232 | 0.0707 | 0.2144 | 0.7189 | 0.0141 | 0.0190

1000 0.2044 | 0.7155 | 0.0044 | 0.0155 | 0.2171 | 0.6982 | 0.0170 | 0.0018

100 0.4431 | 0.6777 | 0.1212 | 0.0768 | 0.4185 | 0.6963 | 0.0883 | 0.0548

200 0.4 | 0.7 | 0.4198 | 0.6889 | 0.0837 | 0.0548 | 0.4085 | 0.6978 | 0.0648 | 0.0387

1000 0.4046 | 0.6979 | 0.0346 | 0.0245 | 0.4020 | 0.7000 | 0.0265 | 0.0173

100 1.0900 | 0.0711 | 0.2972 | 0.1288 | 0.8915 | 0.2519 | 0.0917 | 0.0520

200 0.8 | 0.2 | 0.7042 | 0.3856 | 0.0959 | 0.1857 | 0.8126 | 0.1244 | 0.0126 | 0.0755

1000 0.8217 | 0.1877 | 0.0217 | 0.0122 | 0.8147 | 0.2361 | 0.0148 | 0.0361

100 0.9431 | 0.4228 | 0.1432 | 0.0775 | 0.9374 | 0.5176 | 0.1374 | 0.0173

200 0.8 | 0.5 | 0.7586 | 0.5963 | 0.0412 | 0.0964 | 0.8700 | 0.3805 | 0.0700 | 0.1196

1000 0.8926 | 0.4621 | 0.0927 | 0.0374 | 0.7803 | 0.5094 | 0.0197 | 0.0094

100 1.0030 | 0.6309 | 0.2040 | 0.0693 | 1.0750 | 0.7159 | 0.2750 | 0.0173

200 0.8 | 0.7 | 0.6375 | 0.7758 | 0.1625 | 0.0755 | 0.8778 | 0.5961 | 0.0781 | 0.1039

1000 0.9161 | 0.6739 | 0.1162 | 0.0261 | 0.8206 | 0.7160 | 0.0207 | 0.0158
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Table 6: Fitted distributions on Dataset-I, along with their expected frequencies,
estimates of parameter,Standard error of the estimate and information statistics.

Distribution of number of European Corn Borer
Larvae Pyrausta nubilalis, in Field Corn

Fitted Distributions with expected frequencies.
T f Poisson-Lindley  Poisson-Sujatha  Poisson-Akshaya
0 188 194 193 190
1 83 80 80 83
2 36 31 32 34
3 14 12 12 12
4 2 5 5 4
5 1 2 2 1
Total 324 324 324 324
Estimates 0 2.0433 2.4717 3.0914
Standard Error 0.1513 0.0466 0.1795
AIC 716.09 715.84 714.28
BIC 719.88 719.62 718.06
X 3.7236 3.3611 1.272
d.f 3 3 3
p-value 0.2929 0.3392 0.7357
DI 1.3083 1.5707 1.559 1.4634
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Table 7: Fitted distributions on Dataset-II, along with their expected frequen-
cies, estimates of parameter,Standard error of the estimate and information

statistics.

Distribution on number of days that experienced Thunder storms

Fitted Distributions with expected frequencies.

x f Poisson-Lindley  Poisson-Sujatha  Poisson-Akshaya
0 187 186 185 181

1 7 83 84 87

2 40 37 37 38

3 17 15 15 15

4 6 6 6 6

5 2 2 2 2

6 1 1 1 1
Total 330 330 330 330
Estimates 0 1.8043 2.2299 2.8027
Standard Error 0.1257 0.0468 0.1526
AIC 790.88 790.63 791.13
BIC 794.68 794.43 794.93
X2 0.9490 1.1149 1.7203
d.f 3 3 3
p-value 0.8136 0.7735 .6324
DI 1.5597 1.6480 1.6231 1.51125
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Table 8: Fitted distributions on Dataset-III, along with their expected frequen-
cies, estimates of parameters and information statistics.

Distribution of weekly number of syphilis cases
Fitted Distributions with
expected frequencies
T f yANS ZIPG ZIPL ZIPSh
0 161 161 161 161 155
1 13 3 11 10 12
2 10 7 9 9 11
3 4 9 7 7 8
4 4 9 5 6 7
5 4 8 4 5 5
6 3 6 3 3 4
7 1 3 2 3 3
8 2 2 2 2 2
9 2 1 2 1 1
10 2 0 2 1 1
12 2 0 1 1 0
20 1 0 0 0 0
Total 209 209 209 209 209
Estimates pi1 0.7667 0.7095 0.7211 0.6785
0 4.19 0.4194 0.4802 0.5664
AIC 512.5916 452.5824  453.8479  456.0795
BIC 519.2763 459.2671  460.5325  462.7641
X2 46.34127 2.0716 7.0302 4.2559
d.f 5 4 5 4
32
p-value < .001 0.7226 0.2184 0.3725
DI 6.8410 | 4.209 6.1837 5.8709 5.0556
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