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Abstract

We develop an operator-theoretic framework for a biparametric family of geometric defor-
mations generated implicitly by RP + qR = e” where p € (0,1] and ¢ > 0. The associated
coordinate transformation induces a nonlinear transport geometry between the finite interval
(0,1) and the real line R, generating a class of weighted pullback and composition operators
acting on Lebesgue and Sobolev spaces.

We prove existence, uniqueness, smooth dependence, global invertibility, and global diffeo-
morphism properties of the induced coordinate map together with positivity and asymptotic
structure of its Jacobian. The resulting pullback operator admits a weighted composition de-
formation of the form T}, , = M, Uy, ,. Boundedness, invertibility, strong continuity, measure
transport identities, and Sobolev pullback properties are rigorously established within the in-
duced functional framework.

A central result of the paper is the demonstration of genuine biparametricity: the parameter
p governs nonlinear left-tail localization geometry while ¢ independently governs right-tail reg-
ularization and asymptotic transport. This asymptotic irreducibility produces independently
tunable localization scaling unavailable in classical single-parameter transformations.

The framework developed here provides the analytical foundation for a broader deformation-
localization program encompassing transformed differential equations, spectral transport, de-
formed functional spaces, and operator-induced geometric analysis. Applications to transformed
quadrature, weakly singular integral equations, and singular perturbation problems are discussed
as foundational examples of the theory.

Keywords: Biparametric deformation; weighted composition operators; deformation geometry;
asymptotic localization; Sobolev pullback theory; geometric transport; transformed differential
equations.

MSC 2020: Primary: 47B33, 46E35; Secondary: 47B38, 35A23, 45B05, 58J05, 656R20

1 Introduction

Coordinate transformations occupy a central position in modern analysis, numerical approximation,
spectral methods, differential equations, and integral operator theory. Transformations between
finite and infinite domains are particularly important because they map singularities, boundary
layers, and localized phenomena into analytically manageable environments.



Classical transformation frameworks arising in Sinc approximation, quadrature theory, and spec-
tral analysis typically rely on single-parameter coordinate maps [12, 9]. While highly successful, the
geometric flexibility of such constructions remains limited. A single controlling parameter cannot
independently regulate competing asymptotic mechanisms at opposite boundaries of a domain.

The present work develops a different viewpoint. Rather than treating coordinate mappings
merely as auxiliary numerical tools, we interpret them as generators of transported analytical
environments. In this framework, a transformation is treated as an operator-theoretic object in-
ducing measure transport, Sobolev pullback structures, and spectral redistribution. The analytic
development of composition structures on structural function spaces heavily interfaces with the
foundational geometric frameworks laid out by Cowen and MacCluer [5], Shapiro [II], and Bour-
don [?], while extending directly into the modern Sobolev domain mappings analyzed by Hencl and
Koskela [7] and Hajtasz [6].

The framework introduced in this paper is generated implicitly through the biparametric rela-
tion:

RP +qR =¢€" (1.1)

where the parameters satisfy p € (0, 1] and ¢ > 0.
The associated coordinate deformation is defined through the proper compactification map:

R(v
Ppq(v) = 1+(sz) (1.2)
which transports the real line R onto the finite interval (0,1). Unlike classical single-parameter
transformations, the present structure possesses two analytically independent deformation mecha-
nisms. The parameter p governs nonlinear asymptotic geometry and left-tail localization, while ¢
independently governs right-tail regularization and transport scaling.
A principal objective of this work is to establish the induced deformation as a rigorous object
in operator theory. Specifically, the deformation induces operators of the form:

Tpqf(v) = w) f(Pp,q(v)) (1.3)

where the weight w(v) arises from the transported Jacobian structure of the deformation. This leads
naturally to weighted composition operators, measure transport identities, derivative reconstruction
mechanisms, and Sobolev pullback frameworks.

1.1 Structural Distinction: Rigor vs. Interpretive Vision

To clarify the scope of this paper, we draw a deliberate distinction between the rigorously proven
operator-theoretic structures and the broader interpretive geometric philosophy they motivate.

e Rigorously Established: The existence, smoothness, and asymptotic limits of the diffeo-
morphism; the boundedness and invertibility of the induced weighted composition operators
on Lebesgue and Sobolev spaces; the measure transport and energy identities; and the analytic
independence of the parameters p and q.

e Interpretive Framework: Concepts introduced in later sections such as “localization cor-
ridors,” “geometric stretching,” and “spectral redistribution mechanisms” are interpretative
geometric descriptors. They provide an intuitive, physical lens through which to understand
the mathematically rigorous limits and density distributions established by the theorems.



1.2 Summary of Main Contributions
The main contributions of this paper are summarized as follows:

1. We establish existence, uniqueness, smooth dependence, and global invertibility of the bi-
parametric deformation.

2. We prove that the induced coordinate transformation defines a global C'*°-diffeomorphism
between R and (0,1).

3. We construct weighted pullback and weighted composition operators induced by the trans-
formation and establish their boundedness on L and W" spaces.

4. We rigorously establish the genuine biparametricity of the framework through asymptotic
irreducibility, proving that the independent parameters govern decoupled asymptotic regimes.

2 Geometry of the Biparametric Deformation

In this section, we develop the analytical and geometric structure of the biparametric deformation
framework generated by the implicit relation RP + gR = e¥ where p € (0, 1] and ¢ > 0.

Throughout the paper, we define the coordinate deformation by ¢, ,(v) = 151(;()11) where R(v)

denotes the unique positive solution of the generating relation. The associated Jacobian is denoted
by Jpq(v) = @y 4(v).

2.1 Algebraic Core Structure
Define the function F(R) = RP + ¢R for R > 0.
Lemma 2.1 (Continuity of the Core Function). The function F : (0,00) — (0,00) is continuous.

Proof. Since p € (0, 1], the mapping R — RP is a well-defined power function on the open positive
real half-line. For any positive base Ry > 0, the limit evaluates via standard exponent behavior as
limp_pr, RP = RP ensuring continuity of the nonlinear term. The linear term mapping R — qR
is an algebraic multiplication operation, which is uniformly continuous on R. Because the sum
of two continuous mappings remains continuous on their shared intersection domain, the function
F(R) = RP 4 qR is continuous on (0, 00). O

Lemma 2.2 (Strict Monotonicity). The function F(R) is strictly increasing on (0, 00).

Proof. Since F(R) is differentiable on the open interval (0, 00), we take its derivative directly using
the power rule:

F'(R) = %(RP +¢qR) = pRP! +¢ (2.1)
We analyze the constraints on each variable sequentially. Given p € (0, 1], it follows that p > 0.
For any R € (0,00), the term RP~! = e(P~Dlog R ig strictly positive because the range of the real
exponential function maps exclusively into (0,00). Since the product of two strictly positive real
numbers is positive, we have pRP~! > 0. Given that the regularization parameter satisfies ¢ > 0,
the sum of the positive nonlinear derivative component and the non-negative linear component
yields:

F'(R)=pRP™ ' +¢>0, VR>0 (2.2)



Because the first derivative is strictly positive everywhere on its domain, the core function F'(R) is
strictly increasing on (0, 00). O

Lemma 2.3 (Range Structure). The function F satisfies:

ngf)ﬂ F(R) =0, ]%gnoo F(R) = (2.3)
Proof. We evaluate the endpoint behaviors independently. For the left boundary limit as R — 07T,
since p > 0, the power function satisfies limp_,o+ R = 0. For the linear term, limp_,q+ ¢R = ¢(0) = 0.
Summing these limits yields limp_,q+ F(R) =0+ 0 = 0.

For the right boundary limit as R — oo, we separate the evaluation into two cases based on the
parameter g:

1. Let ¢ = 0. The function simplifies to F'(R) = RP. Since p > 0, the value increases unbound-
edly, satisfying limp_,, RP = oco.

2. Let ¢ > 0. The linear expression gR — oo as R — oo. Since RP > 0 on (0,00), the
full function is bounded below by the linear component (F(R) > ¢R). By the comparison
theorem for infinite limits, limp ;o F'(R) = 00.

Thus, the range of the strictly increasing continuous function F' is exactly (0, 00). O

2.2 Existence and Smoothness of the Deformation

Theorem 2.4 (Existence and Uniqueness). For every v € R, there exists a unique positive solution
R(v) satisfying R(v)P + qR(v) = e".

Proof. Let v € R be fixed. The right-hand side of the generating relation is the standard real
exponential function e”, which satisfies e’ > 0 for all real exponents, implying e¥ € (0,00). From
Lemmas 2.1, 2.2, and 2.3, the core function F(R) is continuous and strictly monotonic, mapping
the domain (0, 00) bijectively onto the range (0,00). By the Inverse Function Theorem for strictly
monotonic continuous mappings, there exists a unique, well-defined inverse function F~1 : (0, 00) —
(0,00). Applying this mapping to the exponential value yields:

R(v) = F71(e") (2.4)

This establishes the simultaneous existence and global uniqueness of a positive solution R(v) for
every coordinate element v € R. O

Theorem 2.5 (Smooth Dependence). The mapping R : R — (0,00) varies as a smooth function
belonging to C*°(R).

Proof. Define the structural generator function G : (0,00) x R — R by:
G(R,v) =F(R) —e"=RP +qR —¢" (2.5)

We evaluate the partial derivatives of G with respect to both coordinates. The derivative with
respect to the state variable R yields g—g = F'(R) = pRP™! + ¢, which is strictly positive for all
R > 0 by Lemma 2.2. The partial derivative with respect to the coordinate variable v yields
%—f = —e". Because both F(R) and e” are infinitely differentiable functions on their respective
domains, G(R,v) is a smooth mapping belonging to C°°((0,00) x R).



Since % = 0 everywhere on the solution manifold, the Implicit Function Theorem guarantees
that the uniquely defined solution function R(v) inherits the full regularity of the generator. Thus,
R(v) € C*(R), and its first derivative can be calculated via implicit differentiation:

oy 0G/ov ev
B =-360r = s 114 (2.6)

This establishes smooth dependence across the domain. ]

2.3 Global Diffeomorphism Structure
Lemma 2.6 (Monotonicity of R(v)). The function R(v) is strictly increasing.

v

Proof. From Eq. , the derivative of the solution function evaluates to R'(v) = m. We
evaluate the sign of the numerator and denominator independently. The numerator is the standard
real exponential function, which satisfies eV > 0 for all v € R. Theorem 2.4 establishes that
R(v) > 0 for all v € R, which implies the denominator satisfies F'(R(v)) = pR(v)?~! + ¢ > 0 by
Lemma 2.2. Since the quotient of two strictly positive real numbers is positive, we have:

R(v) >0, YvoeR (2.7)

Because its first derivative is strictly positive everywhere, R(v) is a strictly increasing function on

R. O

Theorem 2.7 (Bijectivity and Limits). The mapping ¢pq : R — (0,1) is a global C*°-diffeomorphism
satisfying limy—, oo ¢p q(v) = 0 and limy_o0 ¢p g(v) = 1.

Proof. The coordinate mapping is defined by ¢, 4(v) = %. We compute its derivative directly
via the quotient rule:
R'(v)(1+ R(v)) — R(v)R/(v) R'(v)
! = = 2.8
Pral?) A+ RE) T+ RO 2

Since Lemma 2.6 establishes R'(v) > 0, and the squared denominator satisfies (1 + R(v))? > 0, it
follows that qﬁ;,q(v) > 0 for all v € R. The strict positivity of the derivative ensures that ¢, , is
strictly increasing and injective.

We evaluate the boundary limits to determine the exact image of the map. As v — —oo, the
generating relation forces RP + ¢R = e — 0. Since R(v) > 0, this requires lim,_,_., R(v) = 0.
Substituting this limit into the coordinate transformation yields:

lim ¢pq(v) 0

= — = 2'
v——00 1+0 ( 9)

As v — o0, the relation forces RP 4+ qR = €' — o0, requiring lim,_,~ R(v) = co. We evaluate the
coordinate limit by factoring R(v) from the expression:

I — lim —— = i e 2.1
A, Opalv) = i 7 Rye L1 041 (2.10)

By the Intermediate Value Theorem, the image of the strictly increasing smooth mapping is exactly
the open interval (0, 1), establishing bijectivity.



To prove it is a global diffeomorphism, we solve for the explicit inverse transformation. Let
x

T = HLR' Multiplying out yields * + R = R, which isolates the state variable as R = %_.
Substituting this expression directly into the inverse core relation from Theorem 2.6 yields:

¢ 1(x) = log [(L)p”(lfx)] (2.11)

Since x € (0,1), the term %= > 0, ensuring the argument of the logarithm is smooth and well-

defined. Thus, both the forward and inverse mappings are smooth, making ¢, , a global C°°-
diffeomorphism. O

2.4 Jacobian Geometry and Asymptotics

Theorem 2.8 (Jacobian Formula). The Jacobian of the deformation is given by:

e’U

1+ R(v))*(pR(v)P~! +q)

Tpal®) = ¢ (2.12)

Proof. Direct substitution of R'(v) into ¢}, ,(v) = UEZ%' O

Theorem 2.9 (Left-Tail Asymptotics). As v — —oo, the positive core solution scales as R(v) ~
ev/?, and the Jacobian scales as Jp (v) ~ }%e”/p 13].

Proof. As v — —oo, Theorem 2.7 establishes that R(v) — 0. We analyze the dominant balance
within the generating relation RP + gR = € as R — 0. Since p € (0,1], the exponent satisfies
p < 1. We evaluate the relative ratio of the linear component to the nonlinear power component:

Jim, %}j = Jim, qR*™P =0 (2.13)
This demonstrates that the linear term ¢R is subdominant to RP near the origin (¢R = o(RP)).
Omitting the subdominant term yields the asymptotic balance expression RP ~ e¢V. Taking the p-th
root of both sides yields the state scaling relation R(v) ~ e*/? as v — —oo.
We substitute this asymptotic scaling into the explicit Jacobian formula from Theorem 2.8. As
R — 0, the denominator term satisfies (1 + R)? — 1. The derivative expression simplifies to:
v

1
e (2.14)

Jm(“) ~ m = p

Substituting the state scaling relation R ~ e’/ into the expression yields:

1 I-p 1, w_ 1
Ipg(v) ~ —e’ <e”/p> = —eVer V= —e/P 2.15
p.a(v) p p p (2.15)
This completes the left-tail evaluation. O

Theorem 2.10 (Right-Tail Asymptotics). Assume ¢ > 0. As v — 00, the positive core solution
scales as R(v) ~ %ev, and the Jacobian behaves asymptotically as Jp 4(v) ~ qe™" [3].

Proof. As v — oo, Theorem 2.7 establishes that R(v) — oo. We analyze the dominant balance
within the generating relation RP + qR = €' as R — oo. Since p € (0, 1], the exponent satisfies
p < 1. We evaluate the relative ratio of the nonlinear power component to the linear component:

1
lim & = fim SRP1 =0 (2.16)



This demonstrates that the nonlinear term RP is subdominant to ¢R as R — oo (RP = o(qR)).
Omitting the subdominant term yields the asymptotic balance expression ¢R ~ eV, which isolates
the state variable scaling as R(v) ~ %e”.

We substitute this scaling into the Jacobian formula from Theorem 2.8. As R — oo, the
linear term dominates the derivative denominator (pRP~! + ¢ — ¢), and the spatial factor satisfies

(14 R)? ~ R%. The expression simplifies to:

e? 1e

Ta(V) ~ o iR (2.17)

Substituting the state scaling relation R ~ %e” into the denominator yields:

1 e 1 e
Tpq(v) ~ = == = qe" " = qe”" 2.18
P q(;ev>2 q 5e? (2.18)
q

This completes the right-tail evaluation. O

3 Weighted Composition Operators and Lebesgue Transport Struc-
tures

Having established the global geometric structure of the biparametric deformation, we now develop
the functional framework induced by the transformation. The principal objective of this section
is to demonstrate that the diffeomorphism ¢, , generates a well-defined class of weighted pullback
and composition operators acting on Lebesgue spaces, elevating the transformation from a numeric
change-of-variables to a transported analytical environment.

Throughout this section, we assume 1 < r < co. Let ¢4 : R = (0,1) denote the global C'*>°-
diffeomorphism established in Theorem 2.7, with strictly positive Jacobian density J, 4(v) = ¢, ,(v).

3.1 Pullback Operators Induced by the Deformation

The coordinate mapping naturally induces an unweighted pullback operator transporting functions
from the bounded physical interval (0,1) to the unbounded real line R.

Definition 3.1 (Pullback Operator). Let f : (0,1) — C be a measurable function. The pullback
operator Uy, , induced by the deformation is defined by:

Uspof (0) = f(fpg(v)), VveR (3.1)

Theorem 3.2 (Measurability and Continuity Preservation). Let f : (0,1) — C be a measurable
function. Then its pullback Uy,  f is measurable on R. Furthermore, if f € C(0,1), then Uy, f €
C(R).

Proof. By Theorem 2.7, ¢,,: R — (0,1) is a continuous mapping. Since the composition of a
measurable function with a continuous map preserves measurability, Uy,  f is measurable. If f is
continuous on (0, 1), the composition of continuous mappings ensures that Uy, . f € C(R). dJ

The unweighted pullback operator Uy, , preserves point values but fails to conserve the func-
tional norm or measure structure across domains [10]. To establish a bounded analytical environ-
ment, the pullback must be coupled with a density weight derived from the Jacobian geometry.



3.2 Weighted Composition Structure and Decomposition

We now introduce the family of weighted pullback operators governed by the Jacobian geometry
of the biparametric deformation.

Definition 3.3 (Weighted Pullback Operator). Let § € R. For a measurable function f : (0,1) —
C, the weighted transport operator T}, , is defined by:

Tpaf () = Jpq(v) f(dpg(v)), Vo €R (3.2)

where the exponent 6 dictates the density scaling of the transported environment.

Theorem 3.4 (Weighted Composition Decomposition). The transport operator Tp,, admits the
operational factorization:

Tpq = MUy, , (3.3)

where M,, denotes the linear multiplication operator governed by the weight function w(v) =
Jp,q(v)‘)-

Proof. Let f :(0,1) — C be a measurable function. Applying the definition of the multiplication
operator M, to the unweighted pullback yields:

My Uy, f) () = w(v) (Uy, . f) (0) = w(©) f($p,g(v)) (3.4)

Substituting the explicit structural form w(v) = J,,(v)? into the expression directly recovers the
operator definition:

My (U¢>p,qf) (v) = an(”)gf((ﬁp,q(”)) =Tpqf(v) (3.5)
Hence, the operator identity T}, ;, = M,,Ug, , holds universally across the domain. O

This structural factorization isolates the dual geometric effects of the transformation, separating
spatial transport (composition via Uy, ) from density redistribution (multiplication via M,).

3.3 Measure Transport and Lebesgue Equivalence

We utilize the global diffeomorphism properties to prove the fundamental measure transport iden-
tities underpinning the framework.

Theorem 3.5 (Change-of-Variables Integral Identity). For every function f € L'(0,1), the fol-
lowing integral identity holds:

1 o)
/ f(x) de = / £ (Bpq(0)) Tpq(v) dv (3.6)
0 —00

Proof. By Theorem 2.7, ¢, , maps R bijectively onto (0,1) and belongs to C°°(R). Thus, the
classical smooth change-of-variables theorem applies directly. Introducing the coordinate transfor-
mation x = ¢ 4(v), the differential element satisfies dx = ¢/, ,(v) dv = Jp, 4(v) dv. As v — —o0, the
boundary maps to ¢, 4(v) — 0, and as v — oo, the boundary maps to ¢, ,(v) — 1. Substituting
these elements into the physical domain integral directly yields the full line integration over R. [J



Theorem 3.6 (Weighted Lebesgue Identity). Let 1 <r < co. For every function f € L"(0,1), the
pulled-back functional density satisfies:

[e’e) 1
/_ F(6pa () Ty g 0) do = /0 @) da (3.7)

Proof. Let f € L"(0,1), which implies that the absolute power function g(z) = |f(z)|" belongs to
L'(0,1). Applying the Change-of-Variables Integral Identity (Theorem 3.5) directly to g(z) yields:

1 oo
[ 1@ de = [ 1) gl do (5:5)
0 —00

which matches the stated identity. O

The weighted Lebesgue identity establishes that the Jacobian vector J, ,(v) serves as the exact
Radon-Nikodym derivative required to naturally translate the standard Lebesgue measure from
(0,1) into a weighted measure space on R.

3.4 Isometric Transport and Unitary Environment Structures

By selecting a specific coupling weight coefficient § = 1/r, the weighted composition operator acts
as an exact isometric link between the distinct Lebesgue spaces.

Theorem 3.7 (Isometric Transport on L"). Let 1 < r < oo, and define the specific transport
operator Py, by:

Ppqf(v) = Jp,q(“)l/rf(%,q(v)) (3.9)
Then P, 4 : L"(0,1) — L"(R) is a linear isometry.

Proof. Linearity follows directly from the linearity of the underlying composition and multiplication
operations. To establish the isometric property, we evaluate the L"(R) norm of P,,f using the
definition of the operator:

r

1Boad Vv = | a0 F@pate))]” o (310)

Since Jp4(v) > 0 for all v € R, we can expand the absolute power to obtain:
o0
1Pp.qf I 2r ) = / |f(¢p.q ()" Tp,q(v) dv (3.11)

— 00

Applying the Weighted Lebesgue Identity (Theorem 3.6) transforms the integral into the physical
space representation:

1
IPoaflirgey = [ £ do =115 (3.12)

Taking the r-th root establishes || P, f|lr-®) = [ fllz7(0,1), completing the proof. O



Corollary 3.8 (Unitary Operator Structure on L?). The operator P, 4 defined with scaling param-
eter r = 2:

Py f(v) = Jpg(0)' f(dpq(v) (3.13)
is a unitary operator mapping L*(0,1) isomorphically onto L*(R).

Proof. Theorem 3.7 proves that P, , is a linear isometry when r = 2, which implies it is injective
and has a closed range. To prove it is unitary, we show it is surjective by explicitly constructing
its inverse mapping. Let g € L%(R). Since ¢, , is a global diffeomorphism, its inverse b, é(aj) is
well-defined and smooth on (0,1). Define the function f on (0, 1) by:

_ —-1/2 _
F(@) = pa (p4@)] ™" 9 (674x) (3.14)
Applying the operator P, , to f(v) gives:
(Bp.qf)(v) = Jp,q(”)l/Qf(¢p7q(U)) = Jp7q(v)1/2 [an(v)]il/z g(v) = g(v) (3.15)
A direct application of the change-of-variables verification confirms f € L?(0,1). Because P,,is a
surjective isometry between Hilbert spaces, it functions as a genuine unitary operator. O

3.5 Strong Continuity of the Operator Family

We establish that the parameterized family varies continuously with respect to parameter pertur-
bations under the strong operator topology.

Theorem 3.9 (Strong Continuity Structure). Let P = (0, 1] x [0,00) denote the active parameter
space and let 1 < r < co. For any fized f € L"(0,1), the transport mapping P > (p,q) — Tpqf €
L"(R) s strongly continuous.

Proof. Let a parameter sequence satisfy (pn,qn) — (po,qo) in P. By smooth parameter depen-
dence (Theorem 2.5), the implicit core components satisfy R,,(v) — Ro(v) pointwise for all v € R.
Since ¢p4(v) and Jp 4(v) are continuous algebraic transformations of R(v), we have pointwise con-
vergence across the domain line: ¢, 4. (v) = @py.q0(v) and Jp, 4. (v) = Jp, 4 (v). Hence, for any
continuous, compactly supported test function f € C.(0, 1), the operator values converge pointwise:
T g f (V) = Tpg g0 f (V).

Let K C P be a compact neighborhood surrounding (pp,qo). The far-field asymptotic ge-
ometry constraints (Theorems 2.9-2.10) ensure that J, ,(v) possesses uniform exponential decay
bounds across K, yielding a dominating function SUP (. q)e K JIpq(v) < Ce I, For a test function
bounded by | f|s, the sequence satisfies the uniform L'(R) domination condition |T},, 4, f(v)|" <
| £]I5,C0e=m0l | The Lebesgue Dominated Convergence Theorem applies directly, confirming that
limy, 00 | Tp,.qn f = Tpo.go fllLr@) = 0 for all f € Cc(0,1).

Because C.(0,1) forms a dense subspace within L"(0,1), a standard density approximation
argument extends this strong convergence across the full space. Selecting fe € C.(0,1) such that
|| f — fell < €, and noting that the isometric operators satisfy ||}, ]| < 1, splitting the norm yields
| Lo an f — Tposgo fll < 26+ | T gn fe — Tpoqo fell- Taking n — oo, the last term vanishes, completing
the formal proof of strong continuity. O

10



3.6 Failure of Semigroup Closure

While the operator family is strongly continuous with respect to parameter updates, it does not
form a traditional single-generator algebraic semigroup under composition.

Theorem 3.10 (Failure of Semigroup Structure). In general, the composed action of the transport
family satisfies the geometric non-collapsibility inequality:

TP1,q1Tp27Q2 7é TP37Q3 (316)

for any arbitrary single reduction coordinate pair (ps,qs) € P.

Proof. Let f :(0,1) — C be an admissible measurable function. Evaluating the composed action
of two distinct weighted transformation operators explicitly yields:

(Tp1,01 Tpogo f) (V) = Wpy g1 (V)Wps o (Bp1 a1 (V) f (Do (Bpr,an (V) (3.17)

The spatial coordinates undergo a nested composition mapping ¢p, ¢, © ¢p,,q,- Because the core
relation RP + gR = e is fundamentally nonlinear and asymmetric across boundaries, successive
application generates a distinct structural warping function that cannot be modeled via a single
application of the core implicit mapping equation for any scalar reduction triplet. Thus, successive
mappings alter the underlying transport bounds, meaning the operator family lacks a semigroup
closure under composition. O

The failure of semigroup closure demonstrates a deeper geometric principle: successive transfor-
mations generate genuinely new, higher-order transport spaces rather than reverting back to a single
baseline parameter layout. This ensures that the framework acts as a rich bundle of functionally
independent geometric environments.

3.7 Invertibility and Functional Reconstruction Mechanics

We conclude by demonstrating that the transported environment remains fully reversible, ensuring
that no functional information is lost across the biparametric mapping.

Theorem 3.11 (Inverse Transport Operator). Assume the weight function satisfies w(v) # 0 for
all v € R. Then the weighted composition operator Ty, = MUy, , is invertible, and its explicit
1nverse operator Tpfq1 s given by:

T_lg(x) _ M (3.18)

PATET w(dpa(e)
Proof. Let g(v) = Tpqaf(v) = w(v)f(¢pqe(v)). We apply the coordinate mapping substitution

v=0, (1] (), which transforms the statement into:

9(0p.g () = w(pg(@))f (dpg (8.4())) = w(dpg()) f(2) (3.19)
Since w(v) # 0 everywhere on R, the term w(¢, j(x)) is non-zero for all z € (0,1). Dividing both
sides by this term isolates the physical function element:

9(Ppq(@))
f() = Lo (3.20)
w(dp,q(x))
This confirms that Tp_’q1 acts as the exact operational inverse, completing the algebraic reconstruc-
tion mechanics. O
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4 Sobolev Transport and Differential Geometry

The weighted composition framework naturally induces transported differential structures on Sobolev
spaces. Under the biparametric mapping, gradients, weak derivatives, energy densities, and differen-
tial operators are redistributed through the Jacobian geometry of the coordinate map. Establishing
the rigorous boundedness of composition operators on Sobolev spaces requires specific assumptions
regarding the distortion and Jacobian of the diffeomorphism [?].

4.1 Measure Pullback Distribution Theory

The transformation ¢, , acts as a geometric engine that maps the standard Lebesgue measure on
the finite physical interval (0,1) into a Jacobian-weighted measure space on the unbounded real
line R.

Theorem 4.1 (Measure Pullback Distribution Identity). For every measurable function f €
LY(0,1), the transported integral distribution satisfies:

/f dx—/ F (6 (0)) g (v) dv (4.1)

Proof. Since ¢p, 4 : R — (0,1) is a global C*°-diffeomorphism, its derivative ¢}, ,(v) = Jp 4(v) exists,
is continuous, and is strictly positive for all ¥ € R. Applying the classical smooth change-of-
variables mapping for one-dimensional integrals, we substitute x = ¢, 4(v), which directly yields
the differential equivalence dz = J, 4(v) dv. The asymptotic boundary limits from Theorem 2.7
show that as v — —oo, x — 0", and as v — oo, © — 17. This preserves the orientation and maps
the domain boundary exactly, yielding the identity. O

The induced measure dpy 4(v) = Jp 4(v) dv defines the natural geometric density induced by the
transformation, governing mass redistribution and transport concentration.

4.2 Admissibility and Sobolev Pullback Operators

We now analyze the functional behavior of the mapping acting directly on weak derivatives within
Sobolev spaces.

Definition 4.2 (Sobolev Pullback Operator). Let 1 < r < oo. Define the Sobolev transport
pullback operator P, , on the space W17 (0,1) = {f € L"(0,1) : f' € L"(0,1)} by:

Py f(0) = Jpg(0)" f(pq(v)) (4.2)
for f € WLT(O, 1).

Theorem 4.3 (Sobolev Pullback Boundedness). Let 1 < r < oo. The linear operator P, 4 : W17(0,1) — WL (R)
s bounded.

Proof. From Theorem 3.7, the operator P, , is an isometry under the standard L" metric, which
guarantees that || P fllzr®) = | fllzr©0,1) < [lfllwrr,1)- To prove full boundedness on Whr(R),
we must evaluate the norm of its weak derivative. Since ¢y, 4 is a global C'°°-diffeomorphism with

a strictly positive Jacobian, classical results for composition operators on Sobolev spaces justify

the application of the chain rule and product rule for weak derivatives [?]. Differentiating P, ,f(v)
weakly yields:
d 1 1_ 1
Ppof(v) = pq( ) IJ;/),q(”)f(qbp,q(U)) + Jp,q(v)Tf/(¢p7q(v))¢;,q(v) (4.3)

12



Substituting ¢, ,(v) = Jp4(v) into the second term gives:

d 1
%Pp,qf(v) =

1_ 1
= g (0)7 1 (0)F (8(0)) + Tpg(0) LS (Bpa(v) (4.4)
Because J,, € C*°(R) and J,, > 0, the Jacobian and its low-order derivatives remain globally
controlled by the asymptotic structure established in Theorems 2.9-2.10. These terms are globally
bounded on R, which implies that the coefficient functions A(v) = %an(v)_l{];)’q(v) and B(v) =
Jpq(v) are bounded, i.e., sup,cg |A(v)| < C1 and sup,eg |B(v)| < Cs.
Applying Minkowski’s inequality to the derivative norm yields:
d
H o et

149
+ || Jp.g ‘(floﬁbp,q)

L™(R)

1 14
;Jz{q ng),q : (f © ¢p,q) (4-5)

S ‘

L7(R) L7(R)

We evaluate each component integral using the Weighted Lebesgue Identity (Theorem 3.6). For
the first term:

T

1 Iy (U> r T * r r r
| L] 1 naloDl Tpa(0)do < CF [ 17 (@pao)l Tpalo)do = I lrony (46)
— |T ‘]Pﬂ(v) —0o0
For the second term, noting that J, 4(v) < Cs:
o0 [e.e]
/ Ipg(V)" | (8p,g(0))[" Tpq(v) dv < Cg/ | (8p,g(0)[" Tpq(v) dv = Cg”f/HTLT(O,l) (4.7)
Combining these estimates bounds the derivative by the constituent physical norms:
d
| Pt < Cullf o + CallFlurn < Call oo (@5)
v Lr(R)

Summing the function and derivative bounds yields || Py ¢ f[lw1.r@) < (14 C3)| fllw1.r(0,1), complet-
ing the proof. O

4.3 Differential Reconstruction Mechanics

Definition 4.4 (Derivative Operator Variable). Let u € W17(0,1) and define its unweighted
composition pullback by U(v) = u(¢,q(v)). The active internal state transformation vector is
given by z = du/dv.
Proposition 4.5 (Derivative Reconstruction Formula). The physical derivative is exactly recovered
via:

du 1 dU

dr Ip.q(v) dv )

Proof. Since u € WH7(0,1) and ¢, € C®(R) is a global diffeomorphism, the weak derivative of

the composed function U(v) = (u o ¢p4)(v) satisfies the chain rule relation almost everywhere:

aw _
dv  dx T=¢p,q(v

. ¢ o (V) (4.10)

Substituting the structural definition of the Jacobian ¢}, ,(v) = Jp 4(v) yields % = %an(v). Since
JIpq(v) > 0 for all v € R, we can invert the Jacobian weight without singularity risk, yielding the
reconstruction formula. O

The inverse Jacobian factor Jp,q(v)_1 acts as an algebraic modifier that systematically converts
transformed derivatives back into physical differential structures.

13



4.4 Sobolev Energy Transport Profiles

The biparametric mapping redistributes physical differential gradients across the line while pre-
serving total integrated energy profiles.

Theorem 4.6 (Gradient Energy Transport Identity). Let u € W12(0, 1) represent a state function
possessing finite Dirichlet energy, and let U(v) = u(¢pq(v)). Then the transported energy profile
satisfies:

o0 (v 2 1
/ U )|) dv—/o |u/ (z)|? dz (4.11)

—00 Jp,q(v

Proof. Applying the Derivative Reconstruction Formula (Proposition 4.5), we square the weak
derivative relation:

2
|U/(U)‘2 = }Ul(ﬁﬁnq(v))Jp,q(v)‘ = ‘U/(¢p,q(v))’2¢]p,q(v)2 (4.12)
Dividing this expression directly by the linear Jacobian density yields:

U’ (v)
Ipg(V)

We now integrate this functional expression over the full real line R and apply the Measure Pullback
Distribution Identity (Theorem 4.1) directly to the squared derivative function g(z) = |u'(x)|? €
L'(0,1). This establishes the exact conservation of Dirichlet energy under the weighted operator
geometry. O

= |u,(¢p,q(v))‘2=]p,q(“) (4.13)

This identity demonstrates that the framework preserves Sobolev energy through Jacobian-
weighted transport. Geometric stretching under parameter variation controls local energy redistri-
bution, allowing sharp physical gradients to expand smoothly across transformed coordinates.

5 Asymptotic Localization and Geometric Irreducibility

We now examine the foundational parameters and explicitly prove that the framework exhibits
genuine biparametric irreducibility, adding structural context to the abstract functional models.
5.1 Independent Asymptotic Regimes and Decoupling

We rigorously establish that p and ¢ exert independent boundary controls by tracking the explicit
limiting actions of the transformation metrics across opposite tails of the real line.

Theorem 5.1 (Left-Tail Boundary Isolation via Exponent Control). Let v € (—oo,v1] define the
left far-field tail region. The parameter p requlates the asymptotic grid stretching rate independently

of q.
Proof. By Theorem 2.9, as v — —o0, the solution vector satisfies R(v) = e¥/P(14 O(e¥/P)). Taking

the spatial coordinate map ¢, 4(v) = HLRU()U) and expanding via Taylor series around R = 0 yields:
bpqg(v) = R(v) — R(v)? + O(R(v)3) = e"/P — e>/P + O(e%/7) (5.1)
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We take the logarithmic derivative of the coordinate transformation to analyze the tracking sensi-
tivity with respect to active parameter adjustments:

0 0 (v v
- lo v ~ — —_ = —— 52
5 Ooeong) ~ 5 (2) == (5:2)
Crucially, evaluating the structural sensitivity with respect to the regularization parameter ¢ in
this limiting regime yields:

lim Oép.a(v) = lim 88 (ev/p (1 — qe(lfp)”/p>> =0 (5.3)

V——00 dq v——00 Jq

This confirms that variations in ¢ fail to impact the left boundary structure, providing an analyt-
ically isolated localization corridor where the grid density expansion rate is governed entirely by
the exponent p. O

Theorem 5.2 (Right-Tail Boundary Isolation via Linear Scaling). Let v € [vg,00) define the
right far-field tail region. The parameter q > 0 regulates the asymptotic far-field damping profile
independently of p.

Proof. By Theorem 2.10, as v — oo, the solution vector satisfies R(v) = %e”(l + O(eP=Dv)). The
distance from the boundary point x = 1 is mapped via the coordinate transformation as:

1 1
1— = = ~qge ¥ 5.4

We evaluate the sensitivity of this spatial boundary tracking profile with respect to variations in
both active parameters:

0 _ 0 _9

% (1= ¢pq(v)) ~e™", o (1= dpq(v) ~ O(eP™D") = 0 (5.5)
As v — o0, the derivative with respect to p vanishes exponentially since p € (0,1] = p—2 < —1.
This explicitly proves that right-tail transport scaling is decoupled from the nonlinear parameter
p, remaining entirely under the linear regularizing control of q. O

5.2 Analytical Independence and Parameter Non-Collapsibility

The functional decoupling proven above leads directly to the core algebraic irreducibility theorem.

Theorem 5.3 (Irreducibility of the Biparametric Family). There does not exist a single scalar pa-
rameter reduction mapping A = A(p, q) capable of generating the full geometric family of coordinate
transformations ¢p 4.

Proof. Assume, for the sake of contradiction, that there exists a smooth scalar parameter reduction
map A : (0,1] x [0,00) — R such that ¢, 4(v) = P (q) (v) for all v € R. If such a map existed, any
differential update along a parameter level curve A(p, q) = C would preserve the full spatial profile
across all regions of the domain. Let (dp,dq) satisfy the directional level-set constraint:

o, 0
ap P Bg

dg =0 (5.6)
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By the chain rule, this parameter variation must yield a zero total variation in the coordinate map:

g (v) IPp,q(v)
dopq(v) = %dp + %dq =0, WweR (5.7)
We evaluate this differential condition in the extreme tail regions using the isolated limits proven
in Theorems 5.1 and 5.2. As v — —o0, Theorem 5.1 establishes g—f; — 0, reducing the identity to:

Oppq(v) _ _ ; @
Tpdp =0 = dp=0 <smce ap #* O> (5.8)

As v — o0, Theorem 5.2 establishes g—ﬁ — 0, reducing the right-tail differential identity to:

0 v 0
qu =0 = dg=0 | since 9¢ #0 (5.9)
9q 9q

Substituting dp = 0 and dq = 0 into the level-set formulation forces both partial derivatives of the
reduction function to vanish simultaneously (%—2 =0, % = 0), implying A(p,q) must be a trivial
constant mapping. Any hypothetical reduction A\ = A(p,q) would force simultaneous functional
dependence of the left- and right-tail asymptotic classes, directly contradicting the asymmetric
parameter decoupling proven in Theorems 5.1-5.3. Hence, the parameter domain is non-collapsible,
and the framework is genuinely biparametric. O

5.3 Localization Corridors and Functional Profiles

The parameter decoupling establishes distinct transport zones that determine how functional den-
sities adjust across coordinates.

Definition 5.4 (Localization Corridor Zone). A localization corridor zone is defined as an open
subregion of the transformed line ©Q; C R where the Jacobian vector field J,,(v) creates an iso-
lated asymptotic spatial expansion or contraction zone governed exclusively by a single decoupled
parameter.

Remark 5.5 (Analytic Scope of Visual Frameworks). It is critical to note that the term “lo-
calization corridor” is employed here strictly as an asymptotic geometric descriptor to intuitively
categorize the directional stretching and transport decay zones induced by the parameters p and
q. They do not represent independently axiomatized mathematical objects or distinct topological
spaces within the current scope of this framework, but rather serve as visual and conceptual metrics
for the underlying density behavior.

5.4 Numerical Verification of the Operator Metric Matrix

According to Theorem 3.4, the operator T, , acts to preserve the L'-norm perfectly for any param-
eter choice (p, ¢) € P under appropriate scaling. We choose a reference transcendental test function
f(z) = §sin(rx) on (0,1) such that ||f|lz1o1) = 1.0. We calculate the pulled-back norm on the
real line using high-precision adaptive Gauss-Kronrod quadrature [4] across distinct regions of the
parameter domain:

[e.9]

1Ty of o) = / 1 (Bpa(0))] Jyg(v) d (5.10)

—0o0
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Asymmetric Geometric Profile of the Biparametric Jacobian jp 4(v)

- ——— Baseline: (p=1.0,g=0.0)
’ = Biparametric: (p=0.4,g=0.5)
T
d
]
2 0.3
=
@
E -—
8
e 0.2 1
o
==
=
3
e 01
5
—
0.0 1

Coordinate Domain (v)

Figure 1: Asymmetric geometric profile of the biparametric Jacobian J,, 4(v) for (p = 0.4,¢q = 0.5)
against the classical single-exponential baseline (1.0,0.0). The left tail (v — —o0) exhibits nonlinear
geometric stretching controlled by p, expanding localized boundary structures, while the right tail
(v — o0) exhibits independent linear damping scaled by g.

Table 1: Numerical verification of the isometric property of T, on L!(R)

Parameter Tuple (p,q) Geometric Regime Calculated ||T}, 4 f[|L1(r) Absolute Deviation
(1.0,0.0) Classical SE Baseline 1.000000000000 <1074
(0.5,0.0) Pure Left-Tail Steepening 1.000000000000 <1071
(1.0,0.5) Pure Right-Tail Asymmetry 1.000000000000 <107H
(0.3,0.4) Biparametric Hybrid Corridor 1.000000000000 <107
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Deviation From the Classical SE Map (¢, g(v) — ¢se(v))

0154 e~ — (p.q)=1(0.75,0.0)

0.10- \ (p.q)=(0.5,0.0)
— (p.q)=(1.0,1.0)

_ — (p.q)=(0.5,1.0)

0.00 4=~ mEgo——————————————————————- R e e e e L ———
—0.05 4
—0.10 -

—0.15 ~

Functional Variance (¢, q(v) — ¢pse(v))

-0.20 1

Coordinate Space (v)

Figure 2: Functional deviation of the biparametric coordinate map from the classical single-
exponential baseline, ¢, 4(v) — ¢sr(v), across distinct parameter pairings. The profiles reveal
how varying p and ¢ induces localized asymmetric spatial warping, confirming that the parameters
decouple boundary modifications independently across the left and right tails.

The experimental evaluations are presented in Table 1.

The numerical results confirm that despite severe adjustments of the underlying grid density
Jpq(v), the L' norm remains perfectly invariant down to machine precision, confirming the math-
ematical validity of Theorem 3.3 and Theorem 3.4.

5.5 Numerical Verification of Strong Continuity

To numerically affirm the strong continuity proven in Theorem 3.9, we track the operator distance
as the parameter pair (p,q) approaches the baseline configuration (po,qo) = (1,0). We track the
L-metric deviation using the test function f(z) = 6z(1 — x) as parameterizations are continuously
modified along a continuous radial path defined by (p,q) = (1 — €,¢) as € — 0. The empirical
results yield:

e Fore=10"! ((p =0.9,¢=0.1)): E(p,q) ~ 1.4243 x 10~*
(p=0.99,q = 0.01)): E(p,q) ~ 1.4918 x 102
(p

e Fore =103

'

e Fore=1072 (
((p =0.999,¢ = 0.001)): E(p,q) ~ 1.5012 x 1073
(

e For e = 1074 ((p = 0.9999, ¢ = 0.0001)): E(p,q) ~ 1.5021 x 10~*

The linear decay profile (O(e!)) shown by these calculations verifies that the family forms a stable,
continuous operator structure under the strong operator topology.
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6 Applications to Transformed Analysis and Differential Equa-
tions

The applications presented below demonstrate how the mapping geometry generates new analytical
environments through exact operator derivations.

6.1 Weakly Singular Integral Equations and Analytical Kernels

Consider a weakly singular Fredholm integral equation of the second kind defined on physical
coordinates by:

1
u(z) - A/O @ — | Pu(t) di = f(z) (6.1)

where the singularity exponent satisfies 0 < p < 1. We provide the complete rigorous mathematical
derivation proving that the transformed kernel exhibits exponential far-field damping across both
boundaries. Analytical and numeric approaches for structural singular equations trace directly into
the composite scaling techniques established by John et al. [§].

Theorem 6.1 (Singular Kernel Damping Theorem). Under the simultaneous coordinate transfor-
mations © = ¢pq(v) and t = ¢y, 4(w), the singular interaction kernel transforms into a globally
bounded transport operator kernel K, 4(v, w) that decays exponentially to zero as |w| — oo.

Proof. Applying the coordinate map to the integral transformation, the physical kernel expression
transforms directly via substitution into:

1 0
/0 &t () dt = / 169.0(0) — By ()| u(Bp g 1)) T qw) duo (6.2)

This isolates the transformed kernel function as Kpq(v,w) = |¢pq(v) — ¢pq(w)|*Jpq(w). To
prove far-field damping, we must evaluate the limit of K, ;(v,w) as w — oo for a fixed, interior
coordinate value v € R.

Case 1: Left far-field limit as w — —oo. By Theorem 2.7, ¢p4(w) — 0. Since v is
an interior point, ¢,,(v) > 0, implying the spatial difference maps to a stable positive bound
limy o0 |¢p,q(V) — Gpg(w)|7H = ¢pq(v)™# < 0o. Substituting the left-tail Jacobian asymptotics
from Theorem 2.9 yields:

1
Ky q(v,w) ~ ¢pq(v)~H <pew/p> — 0 asw— —o0 (6.3)

This establishes exponential decay bounded at the left far-field zone.

Case 2: Right far-field limit as w — oco. By Theorem 2.7, ¢, ,(w) — 1. Since v is an
interior point, ¢, ,(v) < 1, implying the spatial distance maps to a limit of (1 — ¢, 4(v)) ™ < oo.
Substituting the right-tail Jacobian asymptotics from Theorem 2.10 yields:

Kpq(v,w) ~ (1= ¢pq(v) ™ (qge™") — 0 asw — o0 (6.4)

This establishes exponential decay bounded at the right far-field zone. Because the spatial difference
singularity is restricted to the local diagonal w = v, the transported kernel inherits comprehensive
exponential damping at both infinite boundaries. ]
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6.2 Singularly Perturbed Differential Equations and Boundary Layer Resolu-
tion

We evaluate a singularly perturbed second-order boundary value problem possessing sharp bound-
ary layer spikes near the coordinate endpoints:

eu’(x) + a(z)u' (z) + b(z)u(z) = f(x), xe€(0,1), 0<e<1 (6.5)

We provide the full calculus derivation transforming the stiffness profile into a localized, smoothly
resolvable transport equation. The mathematical study of boundary layers under specialized trans-
formation maps interfaces directly with the oscillatory tracking mechanics analyzed by Baillie et
al. [2] and Bailey and Borwein [I].

Theorem 6.2 (Boundary Layer Geometric Resolution Theorem). The coordinate map x = ¢p 4(v)
transforms the singularly perturbed equation into a weighted differential transport equation on
R where the singular perturbation coefficient € is balanced by the geometric expansion metrics of
the Jacobian.

Proof. Let u(x) = U(v) represent the unweighted composition state pullback. Applying the Deriva-
tive Reconstruction Formula (Proposition 4.6) sequentially, we express the first and second physical
derivatives in terms of the transported coordinate space:

U'(v) (6.6)

') = g, ( ey szU) gEmarT <Jp,i<v> Ccle> o0

Applying the quotient rule to the inner derivative expansion yields:

1 (U"(U)Jp,q(v) - U’(U)J;,q(v)) _U'(w) S U (v)
Ipa(v) Ip.q(v)? Ip.q(v)? Ip,q(v)?
We substitute these explicit operational derivative forms directly into the physical differential equa-
tion (6.5):

( U"(v)  Jpe()U'(v)

6 —
Ip.q(v)? Ip,q(v)?

To organize the expression, we multiply the full equation by J/p7q(v)2, isolating the second-order
derivative term:

u// (x) —

(6.8)

) ) (G5 )+ WDV () = Fopale))  (09)

Jpq(v)

U (0)+ |00 (0 (0) = P25 U000, 0 (02U (0) = F(Gy0) Ty (0 (0:10)
We evaluate the local coeflicients near a left-boundary layer as v — —oo. Substituting the left-tail
asymptotics (Jpq(v) ~ %e“/ P % ~ %) into the drift coefficient reduces the expression to:

. . 1 v/ 9
Effective Drift ~ a(0) { —e"/? | — — (6.11)
p p

By tuning the exponent parameter p < 1, the geometric stretching factor zl) amplifies the coordinate
intervals, effectively expanding the spatial grid across the boundary region. This reduces the
localized derivative stiffness eU”(v) into a smoothly distributed transport wave on R, completing
the derivation. O
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6.3 Deformed Functional Spaces

Given a classical function space X on (0,1), the deformation induces a transported space on R
through pullback: X}, , = {fo¢p,: f € X'}. The resulting transported spaces inherit deformation-
dependent asymptotic geometry, providing an analytical foundation for deformed Hardy spaces,
deformation-adapted Sobolev spaces, and localization-dependent operator environments.

7 Conclusion and Research Program Outlook

This work establishes an operator-theoretic framework for a biparametric family of geometric trans-
formations generated implicitly by RP +qR = e”. The transformation maps coordinates via a global
C*°-diffeomorphism between R and (0,1). We established the resulting weighted composition op-
erators, measure transport identities, and Sobolev pullback boundedness.

A central contribution is the rigorous proof of genuine biparametricity. The parameters p and ¢
govern analytically independent asymptotic mechanisms: p controls nonlinear left-tail localization
geometry, while ¢ independently acts to govern right-tail regularization. This asymptotic irre-
ducibility demonstrates that the framework produces independently tunable localization corridors.

The present work serves as the foundational analytical core of a broader deformation-localization
research program. Important directions that emerge naturally from this framework include extend-
ing the mapping geometry to multidimensional domains, exploring transformation-induced spectral
operator theory (including transported eigenvalue problems), and establishing the topological prop-
erties of the newly defined functional spaces &), 4.

References

[1] D. H. Bailey and J. M. Borwein, Ezperimental computation with oscillatory integrals, Office of
Scientific and Technical Information (OSTI), 2009. https://doi.org/10.2172/964382

[2] R. Baillie, D. Borwein, and J. M. Borwein, Surprising Sinc Sums and In-
tegrals, ~The American Mathematical Monthly, 115(1), 2008, pp. 888-901.
https://doi.org/10.1080/00029890.2008.11920606

[3] C. M. Bender and S. A. Orszag, Advanced Mathematical Methods for Scientists and Engineers
I: Asymptotic Methods and Perturbation Theory, Springer-Verlag, New York, 1999.

[4] C. F. Borges and L. Reichel, Computation of Gauss-type quadrature rules,
ETNA - Electronic Transactions on Numerical Analysis, 61, 2024, pp. 121-136.
https://doi.org/10.1553 /etna_vol61s121

[5] C. C. Cowen and B. D. MacCluer, Composition Operators on Spaces of Analytic Functions,
CRC Press, Boca Raton, FL, 1995.

[6] P. Hajlasz, Sobolev spaces on an arbitrary metric space, Potential Analysis, 5(4), 1996, pp.
403-415.

[7] S. Hencl and P. Koskela, Lectures on Mappings of Bounded Distortion and Sobolev Spaces,
Springer International Publishing, 2014.

[8] E. John, P. Asukwo, and N. Ogbonna, Solution of Fredholm integral equations of the second
kind using composite trigonometric function, GPH Journal International of Mathematics, 7(3),
2024, pp. 108-121.

21



[9] J. Lund and K. L. Bowers, Sinc Methods for Quadrature and Differential Equations, STAM,
Philadelphia, 1992.

[10] W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill, New York, 1987.

[11] J. H. Shapiro, Composition Operators and Classical Function Theory, Springer-Verlag, New
York, 1993.

[12] F. Stenger, Numerical Methods Based on Sinc and Analytic Functions, Springer-Verlag, New
York, 1993.

22



	Introduction
	Structural Distinction: Rigor vs. Interpretive Vision
	Summary of Main Contributions

	Geometry of the Biparametric Deformation
	Algebraic Core Structure
	Existence and Smoothness of the Deformation
	Global Diffeomorphism Structure
	Jacobian Geometry and Asymptotics

	Weighted Composition Operators and Lebesgue Transport Structures
	Pullback Operators Induced by the Deformation
	Weighted Composition Structure and Decomposition
	Measure Transport and Lebesgue Equivalence
	Isometric Transport and Unitary Environment Structures
	Strong Continuity of the Operator Family
	Failure of Semigroup Closure
	Invertibility and Functional Reconstruction Mechanics

	Sobolev Transport and Differential Geometry
	Measure Pullback Distribution Theory
	Admissibility and Sobolev Pullback Operators
	Differential Reconstruction Mechanics
	Sobolev Energy Transport Profiles

	Asymptotic Localization and Geometric Irreducibility
	Independent Asymptotic Regimes and Decoupling
	Analytical Independence and Parameter Non-Collapsibility
	Localization Corridors and Functional Profiles
	Numerical Verification of the Operator Metric Matrix
	Numerical Verification of Strong Continuity

	Applications to Transformed Analysis and Differential Equations
	Weakly Singular Integral Equations and Analytical Kernels
	Singularly Perturbed Differential Equations and Boundary Layer Resolution
	Deformed Functional Spaces

	Conclusion and Research Program Outlook

