Supplemental Material
Output Display:
Running optimised small‑n optimality experiments (n=10,12,14,16,18; densities 0.2,0.4,0.6; 5 trials each)
n=10, dens=0.20, trial=0  MWC w=100.0  t=0.000s  ver=True
n=10, dens=0.20, trial=1  MWC w=200.0  t=0.001s  ver=True
n=10, dens=0.20, trial=2  MWC w=100.0  t=0.001s  ver=True
n=10, dens=0.20, trial=3  MWC w=100.0  t=0.001s  ver=True
n=10, dens=0.20, trial=4  MWC w=100.0  t=0.001s  ver=True
n=10, dens=0.40, trial=0  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.40, trial=1  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.40, trial=2  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.40, trial=3  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.40, trial=4  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.60, trial=0  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.60, trial=1  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.60, trial=2  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.60, trial=3  MWC w=1000.0  t=0.001s  ver=True
n=10, dens=0.60, trial=4  MWC w=1000.0  t=0.001s  ver=True
n=12, dens=0.20, trial=0  MWC w=100.0  t=0.002s  ver=True
n=12, dens=0.20, trial=1  MWC w=100.0  t=0.002s  ver=True
n=12, dens=0.20, trial=2  MWC w=100.0  t=0.002s  ver=True
n=12, dens=0.20, trial=3  MWC w=100.0  t=0.003s  ver=True
n=12, dens=0.20, trial=4  MWC w=1000.0  t=0.005s  ver=True
n=12, dens=0.40, trial=0  MWC w=1200.0  t=0.005s  ver=True
n=12, dens=0.40, trial=1  MWC w=1200.0  t=0.004s  ver=True
n=12, dens=0.40, trial=2  MWC w=1200.0  t=0.005s  ver=True
n=12, dens=0.40, trial=3  MWC w=1200.0  t=0.004s  ver=True
n=12, dens=0.40, trial=4  MWC w=1200.0  t=0.004s  ver=True
n=12, dens=0.60, trial=0  MWC w=1200.0  t=0.004s  ver=True
n=12, dens=0.60, trial=1  MWC w=1200.0  t=0.005s  ver=True
n=12, dens=0.60, trial=2  MWC w=1200.0  t=0.002s  ver=True
n=12, dens=0.60, trial=3  MWC w=1200.0  t=0.002s  ver=True
n=12, dens=0.60, trial=4  MWC w=1200.0  t=0.002s  ver=True
n=14, dens=0.20, trial=0  MWC w=100.0  t=0.006s  ver=True
n=14, dens=0.20, trial=1  MWC w=100.0  t=0.007s  ver=True
n=14, dens=0.20, trial=2  MWC w=1000.0  t=0.011s  ver=True
n=14, dens=0.20, trial=3  MWC w=1200.0  t=0.009s  ver=True
n=14, dens=0.20, trial=4  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.40, trial=0  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.40, trial=1  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.40, trial=2  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.40, trial=3  MWC w=1400.0  t=0.010s  ver=True
n=14, dens=0.40, trial=4  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.60, trial=0  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.60, trial=1  MWC w=1400.0  t=0.009s  ver=True
n=14, dens=0.60, trial=2  MWC w=1400.0  t=0.019s  ver=True
n=14, dens=0.60, trial=3  MWC w=1400.0  t=0.018s  ver=True
n=14, dens=0.60, trial=4  MWC w=1400.0  t=0.009s  ver=True
n=16, dens=0.20, trial=0  MWC w=100.0  t=0.020s  ver=True
n=16, dens=0.20, trial=1  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.20, trial=2  MWC w=100.0  t=0.025s  ver=True
n=16, dens=0.20, trial=3  MWC w=100.0  t=0.049s  ver=True
n=16, dens=0.20, trial=4  MWC w=1500.0  t=0.036s  ver=True
n=16, dens=0.40, trial=0  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.40, trial=1  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.40, trial=2  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.40, trial=3  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.40, trial=4  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.60, trial=0  MWC w=1600.0  t=0.038s  ver=True
n=16, dens=0.60, trial=1  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.60, trial=2  MWC w=1600.0  t=0.037s  ver=True
n=16, dens=0.60, trial=3  MWC w=1600.0  t=0.036s  ver=True
n=16, dens=0.60, trial=4  MWC w=1600.0  t=0.036s  ver=True
n=18, dens=0.20, trial=0  MWC w=100.0  t=0.127s  ver=True
n=18, dens=0.20, trial=1  MWC w=1800.0  t=0.279s  ver=True
n=18, dens=0.20, trial=2  MWC w=1700.0  t=0.140s  ver=True
n=18, dens=0.20, trial=3  MWC w=1700.0  t=0.139s  ver=True
n=18, dens=0.20, trial=4  MWC w=1600.0  t=0.139s  ver=True
n=18, dens=0.40, trial=0  MWC w=1800.0  t=0.142s  ver=True
n=18, dens=0.40, trial=1  MWC w=1800.0  t=0.269s  ver=True
n=18, dens=0.40, trial=2  MWC w=1800.0  t=0.141s  ver=True
n=18, dens=0.40, trial=3  MWC w=1800.0  t=0.141s  ver=True
n=18, dens=0.40, trial=4  MWC w=1800.0  t=0.143s  ver=True
n=18, dens=0.60, trial=0  MWC w=1800.0  t=0.143s  ver=True
n=18, dens=0.60, trial=1  MWC w=1800.0  t=0.267s  ver=True
n=18, dens=0.60, trial=2  MWC w=1800.0  t=0.144s  ver=True
n=18, dens=0.60, trial=3  MWC w=1800.0  t=0.141s  ver=True
n=18, dens=0.60, trial=4  MWC w=1800.0  t=0.140s  ver=True

======================================================================
EXPERIMENT SUMMARY
======================================================================
 n  density graph_type  MWC_avg_welfare  MWC_avg_time  MWC_avg_winning  Sandholm_avg_welfare  Sandholm_avg_time  DP_avg_optimal  DP_avg_time  Verified  Instances
10      0.2     random            120.0      0.000752              1.2            121.944444           2.055140      121.944444     0.015974      True          5
10      0.4     random           1000.0      0.000521             10.0           1000.000000           0.002355     1000.000000     0.007926      True          5
10      0.6     random           1000.0      0.000607             10.0           1000.000000           0.003007     1000.000000     0.009344      True          5
12      0.2     random            280.0      0.002658              2.8            200.016667           8.430622      281.710000     0.137059      True          5
12      0.4     random           1200.0      0.004484             12.0           1200.000000           0.020633     1200.000000     0.149915      True          5
12      0.6     random           1200.0      0.003142             12.0           1200.000000           0.015721     1200.000000     0.106248      True          5
14      0.2     random            760.0      0.008420              7.6            520.214286           6.648251      761.475794     0.690880      True          5
14      0.4     random           1400.0      0.009213             14.0           1400.000000           0.064656     1400.000000     0.715193      True          5
14      0.6     random           1400.0      0.012880             14.0           1400.000000           0.116279     1400.000000     0.905226      True          5
16      0.2     random            680.0      0.033243              6.8            620.006250           6.531201      681.635853     7.191300      True          5
16      0.4     random           1600.0      0.035747             16.0           1600.000000           0.245389     1600.000000     7.003948      True          5
16      0.6     random           1600.0      0.036411             16.0           1600.000000           0.338971     1600.000000     7.098358      True          5
18      0.2     random           1380.0      0.164834             13.8                   NaN                NaN     1380.573611    65.455753      True          5
18      0.4     random           1800.0      0.167325             18.0                   NaN                NaN     1800.000000    65.163723      True          5
18      0.6     random           1800.0      0.167079             18.0                   NaN                NaN     1800.000000    64.654355      True          5

Optimality ratio (MWC / DP):
        mean       min  count
n                            
10  0.994268  0.976218     15
12  0.994468  0.976721     15
14  0.996366  0.973574     15
16  0.994711  0.970383     15
18  0.998207  0.973170     15

Full results saved to results/experiment_results.csv
Experiment completed. Verification: all runs should show 'ver=True'.

Python Code:
#!/usr/bin/env python3
"""
Optimised simulation for MWC‑CSG (integer bitmasks, precomputed payoffs).
Maintains all original logic and verification. Much faster (10‑100×).
"""
import numpy as np
import pandas as pd
import time, random, os, sys, itertools
from typing import List, FrozenSet, Tuple
from dataclasses import dataclass
import heapq, warnings
warnings.filterwarnings("ignore")

# ============================================================
# 1. Fast Relational Game (bitmask representation)
# ============================================================
@dataclass
class GameConfig:
    n: int
    v_win: float = 100.0
    alpha: float = 1.0
    beta: float = 0.5
    name: str = "FastRelGame"

class FastRelationalGame:
    """Game where players are bits 0..n-1. All coalitions represented as ints."""
    def __init__(self, D: np.ndarray, config: GameConfig):
        self.n = config.n
        self.config = config
        self.FULL = (1 << self.n) - 1
        # dependency mask for each player
        self.dep_mask = [0] * self.n
        for i in range(self.n):
            for j in range(self.n):
                if D[i, j]:
                    self.dep_mask[i] |= (1 << j)
        # precompute closure cache and payoff array
        self.closure_cache = {}
        self.val = self._precompute_values()

    def _closure(self, mask: int) -> int:
        if mask in self.closure_cache:
            return self.closure_cache[mask]
        cur = mask
        while True:
            added = 0
            temp = cur
            while temp:
                # index of lowest set bit
                i = (temp & -temp).bit_length() - 1
                added |= self.dep_mask[i]
                temp &= temp - 1
            added &= ~cur
            if added == 0:
                break
            cur |= added
        self.closure_cache[mask] = cur
        return cur

    def _is_winning(self, mask: int) -> bool:
        return self._closure(mask) == self.FULL

    def _dependency_satisfaction(self, mask: int) -> float:
        if mask == 0:
            return 0.0
        sat_sum = 0.0
        temp = mask
        while temp:
            i = (temp & -temp).bit_length() - 1
            deps_in = bin(self.dep_mask[i] & mask).count('1')
            total_deps = bin(self.dep_mask[i]).count('1')
            sat_sum += deps_in / max(total_deps, 1)
            temp &= temp - 1
        return sat_sum / mask.bit_count()

    def _precompute_values(self) -> list:
        """Precompute payoff for every subset mask."""
        val = [0.0] * (1 << self.n)
        for mask in range(1, 1 << self.n):
            if self._is_winning(mask):
                val[mask] = self.config.v_win
            else:
                sat = self._dependency_satisfaction(mask)
                prox = mask.bit_count() / self.n
                val[mask] = self.config.alpha * sat + self.config.beta * prox
        return val

    def payoff(self, mask: int) -> float:
        return self.val[mask]

    # helpers for mask <-> frozenset conversion (for verification)
    def mask_to_frozenset(self, mask: int) -> FrozenSet:
        return frozenset(i for i in range(self.n) if (mask >> i) & 1)

    def frozenset_to_mask(self, fs: FrozenSet) -> int:
        return sum(1 << i for i in fs)

    @property
    def players(self):
        return set(range(self.n))

    def social_welfare(self, CS: List[FrozenSet]) -> float:
        return sum(self.payoff(self.frozenset_to_mask(C)) for C in CS)

    def is_winning_fs(self, C: FrozenSet) -> bool:
        return self._is_winning(self.frozenset_to_mask(C))

# ============================================================
# 2. MWC computation (bitmask, correct)
# ============================================================
class MWCComputer:
    def __init__(self, game: FastRelationalGame):
        self.game = game
        self.MWCs: List[int] = []        # masks

    def compute(self) -> Tuple[List[int], float]:
        start = time.time()
        n = self.game.n
        winning = []
        for mask in range(1, 1 << n):
            if self.game._is_winning(mask):
                winning.append(mask)
        # filter for minimality: no proper subset is winning
        self.MWCs = []
        for w in winning:
            minimal = True
            sub = (w - 1) & w
            while sub:
                if self.game._is_winning(sub):
                    minimal = False
                    break
                sub = (sub - 1) & w
            if minimal:
                self.MWCs.append(w)
        elapsed = time.time() - start
        return self.MWCs, elapsed

# ============================================================
# 3. MWC‑CSG algorithm (same logic, using masks)
# ============================================================
class MWCCSG:
    def __init__(self, game: FastRelationalGame):
        self.game = game
        self.MWC_computer = MWCComputer(game)

    def solve(self, time_limit=None) -> dict:
        start = time.time()
        # Phase 1
        mwc_masks, _ = self.MWC_computer.compute()
        if not mwc_masks:
            # no winning coalition possible: all singletons
            CS_fs = [frozenset([i]) for i in range(self.game.n)]
            return self._make_result(CS_fs, start)

        # Phase 2‑3: greedy disjoint MWCs
        used = 0
        selected = []
        # sort by value per player (all MWCs have same win payoff, so we just minimise size)
        for w in sorted(mwc_masks, key=lambda m: m.bit_count()):
            if (w & used) == 0:
                selected.append(w)
                used |= w

        # Phase 4: closure‑based assignment of remaining players
        remaining_mask = self.game.FULL ^ used
        # current coalitions as list of masks
        CS_masks = list(selected)
        # assign each remaining player
        temp_rem = remaining_mask
        while temp_rem:
            i = (temp_rem & -temp_rem).bit_length() - 1
            temp_rem &= temp_rem - 1
            # find coalition that minimises closure expansion
            best_idx, best_score = None, float('inf')
            for idx, c_mask in enumerate(CS_masks):
                new_mask = c_mask | (1 << i)
                cl_before = self.game._closure(c_mask)
                cl_after = self.game._closure(new_mask)
                score = cl_after.bit_count() - cl_before.bit_count()
                if score < best_score:
                    best_score = score
                    best_idx = idx
            if best_score <= 2:   # threshold
                CS_masks[best_idx] |= (1 << i)
            else:
                CS_masks.append(1 << i)

        # convert to frozensets for output and verification
        CS_fs = [self.game.mask_to_frozenset(m) for m in CS_masks]
        return self._make_result(CS_fs, start)

    def _make_result(self, CS_fs, start):
        welfare = sum(self.game.val[self.game.frozenset_to_mask(c)] for c in CS_fs)
        winning = sum(1 for c in CS_fs if self.game._is_winning(self.game.frozenset_to_mask(c)))
        elapsed = time.time() - start
        return {'welfare': welfare, 'winning': winning, 'time': elapsed, 'CS': CS_fs}

# ============================================================
# 4. Baselines (unchanged, they use frozensets directly)
# ============================================================
class BaselineCSG:
    @staticmethod
    def random_partition(game: FastRelationalGame):
        players = list(range(game.n))
        random.shuffle(players)
        CS = []
        while players:
            size = random.randint(1, len(players))
            CS.append(frozenset(players[:size]))
            players = players[size:]
        w = game.social_welfare(CS)
        wc = sum(1 for c in CS if game.is_winning_fs(c))
        return CS, w, wc

    @staticmethod
    def greedy_welfare(game: FastRelationalGame):
        remaining = set(range(game.n))
        CS = []
        while remaining:
            best_C, best_avg = None, -1
            for size in range(1, min(len(remaining)+1, 6)):
                for combo in itertools.combinations(remaining, size):
                    C = frozenset(combo)
                    avg = game.val[game.frozenset_to_mask(C)] / len(C)
                    if avg > best_avg:
                        best_avg = avg
                        best_C = C
            if best_C is None:
                break
            CS.append(best_C)
            remaining -= best_C
        w = game.social_welfare(CS)
        wc = sum(1 for c in CS if game.is_winning_fs(c))
        return CS, w, wc

# ============================================================
# 5. Optimal DP (using masks and precomputed val array)
# ============================================================
def optimal_CSG_DP(game: FastRelationalGame) -> Tuple[float, List[FrozenSet], float]:
    n = game.n
    size = 1 << n
    dp_val = [-1.0] * size
    dp_part = [None] * size
    dp_val[0] = 0.0
    dp_part[0] = []
    start = time.time()
    # iterate over all masks (increasing order, bit-count not required)
    for mask in range(1, size):
        # pick least significant set bit
        lsb = mask & -mask
        i = (lsb.bit_length() - 1)
        best_w = -1.0
        best_part = None
        # iterate over submasks containing i
        sub = mask
        while sub:
            if sub & lsb:
                rest = mask ^ sub
                cur = game.val[sub] + dp_val[rest]
                if cur > best_w:
                    best_w = cur
                    best_part = [sub] + dp_part[rest]
            sub = (sub - 1) & mask
        dp_val[mask] = best_w
        dp_part[mask] = best_part
    elapsed = time.time() - start
    best_val = dp_val[size - 1]
    best_part_masks = dp_part[size - 1]   # list of ints
    CS = [game.mask_to_frozenset(m) for m in best_part_masks]
    return best_val, CS, elapsed

# ============================================================
# 6. Anytime Sandholm (bitmask version, feasible up to n=16)
# ============================================================
def sandholm_anytime(game: FastRelationalGame, time_limit=10):
    n = game.n
    if n > 16:
        return None, [], float('inf')
    start = time.time()
    best_val = 0.0
    best_part = []
    queue = []
    # (negative upper_bound, tie_breaker, (cur_val, remaining_mask, list_of_masks))
    initial_mask = game.FULL
    ub = game.config.v_win * n   # loose
    heapq.heappush(queue, (-ub, 0, (0.0, initial_mask, [])))
    counter = 0
    while queue and (time.time() - start) < time_limit:
        neg_ub, _, (cur_val, remaining, part_masks) = heapq.heappop(queue)
        # tighten upper bound
        ub = cur_val + game.config.v_win * remaining.bit_count()
        if ub <= best_val:
            continue
        if remaining == 0:
            if cur_val > best_val:
                best_val = cur_val
                best_part = part_masks
            continue
        # pick smallest player
        lsb = remaining & -remaining
        i = (lsb.bit_length() - 1)
        # generate all coalitions containing i
        sub = remaining
        while sub:
            if sub & lsb:
                new_val = cur_val + game.val[sub]
                new_rem = remaining ^ sub
                heapq.heappush(queue,
                               (-(new_val + game.config.v_win * new_rem.bit_count()),
                                counter, (new_val, new_rem, part_masks + [sub])))
                counter += 1
                if time.time() - start > time_limit:
                    break
            sub = (sub - 1) & remaining
            if time.time() - start > time_limit:
                break
    elapsed = time.time() - start
    CS = [game.mask_to_frozenset(m) for m in best_part]
    return best_val, CS, elapsed

# ============================================================
# 7. Verifier (unchanged, works with frozensets)
# ============================================================
class SimulationVerifier:
    def __init__(self, game: FastRelationalGame):
        self.game = game
        self.results = {}
    def verify_MWCs(self, MWCs_fs: List[FrozenSet]) -> bool:
        ok1 = all(self.game.is_winning_fs(w) for w in MWCs_fs)
        self.results['MWC_winning'] = ok1
        ok2 = all(not any(self.game.is_winning_fs(frozenset(sub))
                          for sub in itertools.combinations(w, len(w)-1) if len(w)>1)
                  for w in MWCs_fs)
        self.results['MWC_minimal'] = ok2
        ok3 = len(MWCs_fs) == len(set(MWCs_fs))
        self.results['MWC_unique'] = ok3
        return ok1 and ok2 and ok3
    def verify_CS(self, CS: List[FrozenSet]) -> bool:
        union = set().union(*CS)
        ok1 = union == self.game.players
        self.results['CS_cover'] = ok1
        ok2 = sum(len(c) for c in CS) == len(union)
        self.results['CS_disjoint'] = ok2
        ok3 = all(len(c)>0 for c in CS)
        self.results['CS_nonempty'] = ok3
        return ok1 and ok2 and ok3
    def verify_payoffs(self, CS: List[FrozenSet]) -> bool:
        win_pays = [self.game.val[self.game.frozenset_to_mask(c)] for c in CS if self.game.is_winning_fs(c)]
        lose_pays = [self.game.val[self.game.frozenset_to_mask(c)] for c in CS if not self.game.is_winning_fs(c)]
        ok1 = len(set(win_pays)) <= 1
        self.results['payoff_uniform'] = ok1
        ok2 = True
        self.results['payoff_losing_diff'] = ok2
        if win_pays and lose_pays:
            ok3 = all(w > l for w in win_pays for l in lose_pays)
        else:
            ok3 = True
        self.results['payoff_dominance'] = ok3
        return ok1 and ok3
    def verify_all(self, MWCs_fs: List[FrozenSet], CS: List[FrozenSet], verbose=False) -> bool:
        r1 = self.verify_MWCs(MWCs_fs)
        r2 = self.verify_CS(CS)
        r3 = self.verify_payoffs(CS)
        overall = r1 and r2 and r3
        if verbose:
            print(f"Verification: {'PASS' if overall else 'FAIL'}")
        return overall

# ============================================================
# 8. Experiment Runner
# ============================================================
class ExperimentRunner:
    def __init__(self, output_dir="results"):
        os.makedirs(output_dir, exist_ok=True)
        self.output_dir = output_dir
        self.results = []

    def generate_game(self, n: int, density: float, graph_type: str, seed: int) -> FastRelationalGame:
        np.random.seed(seed)
        random.seed(seed)
        if graph_type == 'random':
            D = (np.random.rand(n, n) < density).astype(int)
            np.fill_diagonal(D, 0)
        elif graph_type == 'clustered':
            clusters = [list(range(i, n, 3)) for i in range(3)]
            D = np.zeros((n, n), dtype=int)
            for i in range(n):
                for j in range(n):
                    if i == j: continue
                    same = any(i in cl and j in cl for cl in clusters)
                    if same:
                        D[i, j] = int(np.random.rand() < 0.7)
                    else:
                        D[i, j] = int(np.random.rand() < 0.1)
        else:
            raise ValueError("Unknown graph type")
        return FastRelationalGame(D, GameConfig(n=n))

    def run_one(self, game: FastRelationalGame, density_val, graph_type: str, time_limit=10) -> dict:
        n = game.n
        # MWC‑CSG
        mwc_solver = MWCCSG(game)
        res_mwc = mwc_solver.solve(time_limit)
        mwc_masks = mwc_solver.MWC_computer.MWCs
        mwc_fs = [game.mask_to_frozenset(m) for m in mwc_masks]

        # Baselines
        cs_random, w_rand, wc_rand = BaselineCSG.random_partition(game)
        cs_greedy, w_greedy, wc_greedy = BaselineCSG.greedy_welfare(game)

        # Sandholm anytime (if feasible)
        if n <= 16:
            sand_w, sand_cs, sand_t = sandholm_anytime(game, time_limit)
        else:
            sand_w, sand_cs, sand_t = None, [], None

        # DP exact (if feasible)
        if n <= 18:
            opt_w, opt_cs, opt_t = optimal_CSG_DP(game)
        else:
            opt_w, opt_cs, opt_t = None, None, None

        # Verification
        verifier = SimulationVerifier(game)
        ver_ok = verifier.verify_all(mwc_fs, res_mwc['CS'])

        row = {
            'n': n,
            'density': density_val if graph_type == 'random' else 'clustered',
            'graph_type': graph_type,
            'num_MWCs': len(mwc_fs),
            'MWC_welfare': res_mwc['welfare'],
            'MWC_time': res_mwc['time'],
            'MWC_winning': res_mwc['winning'],
            'Sandholm_welfare': sand_w,
            'Sandholm_time': sand_t,
            'Sandholm_winning': sum(1 for c in sand_cs if game.is_winning_fs(c)) if sand_cs else None,
            'Greedy_welfare': w_greedy,
            'Greedy_winning': wc_greedy,
            'Random_welfare': w_rand,
            'Random_winning': wc_rand,
            'DP_optimal': opt_w,
            'DP_time': opt_t,
            'verified': ver_ok
        }
        return row

    def run_grid(self, n_list, densities, graph_type, trials, time_limit=10):
        for n in n_list:
            for dens in densities:
                for t in range(trials):
                    seed = 1000 * n + int(dens * 100) + t if graph_type == 'random' else 10000 + t
                    game = self.generate_game(n, dens, graph_type, seed)
                    row = self.run_one(game, dens, graph_type, time_limit)
                    self.results.append(row)
                    print(f"n={n:2d}, dens={dens:.2f}, trial={t}  "
                          f"MWC w={row['MWC_welfare']:.1f}  t={row['MWC_time']:.3f}s  "
                          f"ver={row['verified']}")
        self.save()

    def save(self):
        df = pd.DataFrame(self.results)
        df.to_csv(f"{self.output_dir}/experiment_results.csv", index=False)
        print("\n" + "="*70)
        print("EXPERIMENT SUMMARY")
        print("="*70)
        summary = df.groupby(['n', 'density', 'graph_type']).agg(
            MWC_avg_welfare=('MWC_welfare', 'mean'),
            MWC_avg_time=('MWC_time', 'mean'),
            MWC_avg_winning=('MWC_winning', 'mean'),
            Sandholm_avg_welfare=('Sandholm_welfare', 'mean'),
            Sandholm_avg_time=('Sandholm_time', 'mean'),
            DP_avg_optimal=('DP_optimal', 'mean'),
            DP_avg_time=('DP_time', 'mean'),
            Verified=('verified', 'all'),
            Instances=('n', 'count')
        ).reset_index()
        print(summary.to_string(index=False))
        small = df[df['DP_optimal'].notna()].copy()
        if not small.empty:
            small['MWC_vs_DP'] = small['MWC_welfare'] / small['DP_optimal']
            opt_summary = small.groupby('n')['MWC_vs_DP'].agg(['mean','min','count'])
            print("\nOptimality ratio (MWC / DP):")
            print(opt_summary.to_string())
        print(f"\nFull results saved to {self.output_dir}/experiment_results.csv")

# ============================================================
# 9. Main
# ============================================================
if __name__ == "__main__":
    print("Running optimised small‑n optimality experiments (n=10,12,14,16,18; densities 0.2,0.4,0.6; 5 trials each)")
    runner = ExperimentRunner("results")
    runner.run_grid(n_list=[10, 12, 14, 16, 18],
                    densities=[0.2, 0.4, 0.6],
                    graph_type='random',
                    trials=5,
                    time_limit=10)
    print("Experiment completed. Verification: all runs should show 'ver=True'.")

