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I. MODEL AND HAMILTONIAN

A. Anisotropic quantum Rabi model

The anisotropic quantum Rabi model (AQRM) [1] generalizes the standard quantum Rabi
model (QRM) by allowing the rotating and counterrotating interactions to be controlled by
two independent coupling constants. The Hamiltonian reads (A = 1)

A~

Q €
H=wifa+ 50+ g1(@'6_ +acy) + go(a'o4 +ac_) + 50 (S1)

where a' (@) is the creation (annihilation) operator, 6,,. are the Pauli matrices, 6+ =
(6, £16,)/2, w is the bosonic-mode frequency, €2 is the qubit transition frequency, g; and
go are the coupling strengths of the rotating and counterrotating terms, respectively, and &
is the qubit bias. By introducing the anisotropy ratio A = go/g;, the AQRM interpolates
between the Jaynes-Cummings model (JCM) (A = 0) and the QRM (A = 1). For the JCM
with € = 0, the total excitation number is conserved:

) 1
N:de+§(1+&z). (S2)

For A # 0 and € = 0, the U(1) symmetry is broken to a discrete Z, parity symmetry, i.e.,
[H,P] = 0, with the parity operator

P =™ = —(~1)"%,. (S3)

In contrast, when € # 0, parity symmetry is broken and the energy degeneracies are reorga-
nized. Nevertheless, a hidden symmetry can restore level crossings at special values of ¢, a
feature that has attracted considerable recent interest [2-4].

The AQRM admits an alternative formulation that reveals its interpretation as a two-level
system coupled to both quadratures of a bosonic mode. This becomes evident by rewriting

77— wita s 25 5 ae o (a—aNg + S5

= wa a~|—§az~|—gx(a+a )0 +igy(a —a )ay+§ax, (S4)
where g, = (g1 + ¢2)/2 and g, = (91 — g2)/2. The model can also be mapped onto a two-
dimensional electron gas with both Rashba and Dresselhaus spin-orbit couplings under a
perpendicular magnetic field. Here we realize the AQRM in a circuit-QED architecture.

1. Derivation of the effective AQRM

Our approach builds on the method originally developed in Ref. [5]. We start from the
JCM,

H, :%62 + wyata + go(a’o_ +acy) (Sba)
:%62 +wita + %(X&m +Y6,), (S5b)

where X = (a+a') and Y = i(a—a'). This Hamiltonian provides an excellent description of
standard circuit quantum electrodynamics (cQED) devices [6, 7]. Both the qubit frequency
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FIG. S1. Effective tunable range of A as a function of g = V/v.

w, and the coupling strength gy can be finely tuned [8]. The key step in synthesizing the
AQRM is to introduce a three-tone transverse field together with a longitudinal drive. The
corresponding Hamiltonian in the laboratory frame is

~ A .
H= %&z + 5 cos o, +wpala + go(a's_ +ady) + (Vo + Veos(v))(c*0'6_ + Hee.), (S6)

where A and p are the amplitude and frequency of the longitudinal field, respectively;
{Vb,V/2} are the amplitudes of the three-tone transverse field; and {wg,wy = v} are the
corresponding drive frequencies. We first perform the unitary transformation

- 1
U, = exp {iwot(§6z + de)} : (S7)
yielding the system Hamiltonian in the rotating frame:
H; =UHU' —iUU? (S8a)

1
:5(% —wo + Acos ut), + (W, — wo)ata + go(a’o_ +acy) + [Vo + V cos(vt)] 6,
(S8b)

The above equation can be understood in a spin-1/2 picture, by rewriting it as
. 1
H; = (%X + Vo + V cos(vt))o, + %Y&y + 5(% — wo + Acos ut)é, + (w, — wp)a'a. (S9)

The spin is subjected to a transverse magnetic field induced by a quantized cavity field.
Since 0, induces tunneling between the eigenstates of &,, fast modulation of the &, term
can renormalize the 6, component, in analogy with the dynamical control of hopping in
driven lattice systems [9-11].

Specifically, we implement a second unitary transformation

Uy = exp {ifsin(vt)5,} (S10)
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with = V/v. The system Hamiltonian in this new frame can be calculated as

ﬁ—} :eiﬁ sin vté, []f[[ — V cos Vt&v]e*iﬁ sin vto (Slla)

U cos(2fsinvt) isin(20sinvt)
— _ T Z _
=(wr —wp)ala+ 2 (g = wo + Acos put) {—isin(Qﬁ sinvt) — cos(20 sin vt) (S11b)
9o .4 | —isin(2Bsinvt) 1 — cos(28sinvt) R
+ 2 (a 1+ cos(2fsinvt) isin(25sinwvt) +H.e.) 4 Vods. (Sic)
The qubit-frequency term becomes
~ 1
H, = E(wq — wp + Acos ut)[cos(28sinvt)o, — sin(20 sinvt)ad,), (512)
and the interaction term can be written as
A = %(a +ahe, + ig cos(2Bsinvt)(a — ah)a,. (S13)
Using the Jacobi-Anger expansion
plasinvt _ Z Jn(a)eim/t’ (Sl4)
where J,,(+) is the n-th Bessel function of the first kind. This gives
cos(26sinvt) =Jy(20) + 2 Z Jor(2) cos 2kvt, (S15a)
k=1
sin(2fsinvt) =2 Z Jor—1(2p) sin(2k — 1)vt. (S15b)

k=1

Under the conditions p = 2v and p > A/2, go/2, the Hamiltonian Eq. (S11) reduces to
the AQRM Eq. (S1), where the parameters are defined as Q = AJ5(28) + (w, — wo)Jo(28),
w=w, —wo, g1 = go(1 + Jo(20))/2, g2 = go(1 — Jp(28))/2 and ¢ = 2. The anisotropy
ratio is given by

_ 1= Jo(28)

14 Jo(28)
which has a tunable range from 0 to 2.347, as plotted in Fig. S1.

(S16)

2. Duality mapping

A Pauli 6, transformation maps the rotating and counterrotating channels onto each
other:

6.(a'6_ +a64)6, = a'6, +ac_, (S17)

This follows from 6,616, = 0+ and 6,0,0, = —0&,, and provides an exact mapping from
the A > 1 sector to the 0 < A < 1 sector of the AQRM through

&xﬁ(w7ﬂ7gl7927€>é—x = [:[(w7_9791792ﬂ6>' (818)

Experimentally, this duality allows a target AQRM with anisotropy A\ to be realized by
implementing its dual Hamiltonian at 1/A with opposite qubit frequency, together with
single-qubit X gates before and after the evolution.
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B. Dynamics under anisotropic interactions

Here we discuss the dynamics generated by a purely anisotropic interaction,

A~

Hi = gi(a'6_ 4 a6.) + goa’o4 + a6_), (S19)

for the initial state 1) = |0,€). In general, this evolution does not admit a simple closed-
form expression. We therefore consider three limiting cases:

e When ¢; = g and g, = 0, the Hamiltonian exhibits a U(1) symmetry associated with
conservation of the total excitation number. In this case, the state at time ¢ is

) = cos gt [0, ¢) —isingt [1, g) ($20)
which clearly preserves the total excitation number of N = 1.

e For g1 = go = g, the state evolves into an entangled Schrodinger cat state:

1) =9t (a+at) \/_ 0, +) + 10, —) (S21a)
7(\—lgt> ® |[+) + |igt) ® |-)) (S21b)
= 5{(1=0t) +[igh) ¢) + (|—igt) — ligt)) o) (5210
LN It )+ A 1) o), s21a)

where |—igt) = D(—igt)|0) is a coherent state with displacement operator D(a) =
eed'=e"a and |C*) = (|—igt) + [igt))/N+ are photonic cat states with normalization
Ny = /2(1 & e 2°?). The total excitation number varies in time as

A

(N) = g*t* coth(2¢*t*) + %, (522)

and the resonator photon number is (a'a) = gt coth(2¢%*t?), exhibiting asymptotic
growth proportional to ¢2.

e When g; = 0 and g, = g, since a'6, |0,e) = ao_ |0,¢e) = 0, the state remains in |0, ¢)
with a constant total excitation number of 1.

For 0 < A <1 and A > 1, the total excitation number N smoothly interpolates between
a constant value and quadratic growth in time. For a fixed evolution time ¢, N reaches its
peak as a function of A when g; + go = J is held constant. Rewriting the Hamiltonian as

A J - . J(1—=XN), ~ A
Hy=—(H,+ H,., —(H, — H). 2
we define o
F()\) = (0, e| X Ne a0 ) | (S24)
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and the corresponding derivative at A = 1 is given by

A

1
F'(1) = —Re [ / da (0,e| s Htfea) (f [ )ol1=0) 5 (ot o ig (et He)
0

0.6}

(S25)
where we have used Wilcox’s formula
ieX(t) = /lda eaf((t)i)z'(t)e(l—a)f((t). (S26)
at ; dt
The left vector can be calculated in the basis {|+),]|—)} as
(@] = (0, ¢f % 1) (1, — Hp)or % (et ) (s27a
= (0, ¢| 7 I+ — GT)g, o7y (it e (S27h

1

V2 o1 (o] {D(—i&%)(& — a")D(—iaZ)

2

—D(ia%)(d — dT)D(iaﬁ)}
while the right vector becomes

) =) e

[PeBEa + hD-iE)

0,e) (S28a)

2

ID(—iJt) D(—if)(a'a + >%)D<i£>] i2 {

The integrand in Eq. (S25) then evaluates to
G(a) = (D| ) = %Jt[e—%lu—aw? — g 3lat?), (S29)

which is purely imaginary and satisfies G(a) + G(1 — ) = 0, leading to F'(1) = 0. Thus,
the total excitation number reaches an extremum at A\ = 1; the numerical dynamics show
that this extremum is the peak.

C. Collapses and revivals in the USC/DSC regimes

Collapses and revivals of the initial population were first predicted in the JCM regime for a
coherent initial state. This phenomenon disappears with increasing g/w but reemerges in the
ultrastrong coupling (USC) and deep-strong coupling (DSC) regimes for a Fock initial state.
Here we examine the corresponding behavior in the AQRM using a procedure analogous to
Ref. [12].

In the unbiased AQRM the Z, parity is conserved, so the dynamics is confined to two
disconnected parity chains

10,g9) <> |1,e) <> ]2,9) <> [3,€) - -+ (p=+1), (S30a)
0,e) <> |1, 9) <> [2,¢) < [3,9) -+ (p=-1), (S30b)



where neighboring links are generated by rotating and counter-rotating processes with gen-
erally different amplitudes. Introducing the parity basis |p, n,) and the composite operator
b= ad,, the AQRM can be written as

. Q
H = wata + 50=+goa+ a"e, +ig,(a — a')e,, (S31a)
= wbth — 5(-1)“11 + go(b+bY) + g, (—1)P"1I(bT — b), (S31b)

which makes explicit that anisotropy introduces an additional orthogonal coupling channel
(the g, term) within each parity sector.
For a given initial state [1(0)), the revival probability can be expressed as

2

P.(t) = (S32)

3 1 (0)) gy et

where {|¢;)} and {E;} are eigenstates and eigenenergies of H in the relevant parity sector.
At the isotropic point and in the degenerate case {2 = 0, the Hamiltonian reduces to a
displaced oscillator,

mw:mm+%@+ypm4y+%)@+%)_ﬁ, (533)

yielding an exactly equally spaced spectrum

2
En:nw—i—x, n=0,1,2,..., (S34)
and hence exact periodic revival with 7" = 27w /w. For generic anisotropy (g, # 0), this
displaced-oscillator reduction no longer applies: the orthogonal channel reshapes the dressed
spacings within each parity sector, so the spectrum is no longer an elementary equally
spaced ladder. Nevertheless, the AQRM remains exactly solvable in the standard sense: in
each parity sector one can construct a transcendental G-function whose zeros determine the
spectrum implicitly [1],
G+(F) =0, (S35)

with £ labeling the two parity sectors (together with possible exceptional solutions associ-
ated with level crossings). Like the nondegenerate case of the QRM, when A\ ~ 1, energy
levels of AQRM deviate slightly from the equal-spaced distribution, leading to incomplete
revivals of wave packets.

D. Hidden symmetry and tunneling dynamics
1. Spectra of AQRM when e =0

We first discuss the spectrum of the AQRM when parity symmetry is conserved, i.e., € =
0. As in the standard QRM [13], the spectrum contains regular and exceptional parts. The
regular spectrum is defined by the zeros of a transcendental function and can be explicitly
labeled by the two eigenvalues of the parity operator. The exceptional spectrum, by contrast,



is characterized by doubly degenerate level crossings in the parameter space (w, 2, g1, 92).
These level crossings occur at energies

(1+X)2g7
2w ’

with integers n = 0,1,2,---. In particular, the case of n = 0 corresponds to the crossing
between the ground state and the first excited state. This specific degeneracy arises when
the parameters satisfy the analytic condition:

[ Qu

Notably, such a crossing is forbidden in the isotropic QRM when A = 1.

(S36)

E, =nw—

2.  Ezact solutions of AQRM

In general, the eigenvalues of the AQRM are determined by the zeros of the G-function,
G.(z) = 0, where E, = x, — A\g*/w. This function is constructed from infinite power series
whose coefficients K, satisfy a three-term recurrence relation,

() K1 = bp(2) Ky, + cp(2) Ky (S38)

The complexity of this exact approach arises because the energy E is embedded in the
coefficients a,, b,,c,. Solving for the spectrum therefore requires finding the roots of a
highly nonlinear transcendental function, which obscures the intuitive mechanism behind
the tunneling dynamics.

For each root z,, the corresponding exact eigenstate |¥,) is an entangled state of the
qubit and the displaced cavity field. In the original representation, it can be expressed as

_ O1(zn)\ _ o (L (2a)
[¥n) = U, 6) (@(%) =0 2 (K () ) 17 (839)
where |m) 5 represents the basis states in Bargmann space and U(\, 0) is defined as

1 1 =V
U(/\,Q):ﬁ(ﬁ X ) (S40)

(Note: In this derivation, we set the phase factor # = 0, consistent with the preceding
sections). The component functions ¢(z) and ¢y(z) are defined by infinite power series:

1(2) = exp (— \ffgz> i L (z + \{59) (S41)

bo(z) = exp (— \ijxgz) i K (z + \/Xg) (S42)

We

The coefficients L} and K} are determined by

+_ FES = (1= Ng(m+ 1)K},

m

L

(S43)

mw. — & +c
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where f = d + (1 — A)V/Ag?/w,. The coefficients K- satisfy
an(E) K,y = b(E) Ky + cn(E) K, (544)

with K*, = 0, K] = 1. The recurrence coefficients are

an(€) = 23 — %(n 1) (S45)
_ 4N f (1—-X)?%g"n
bul€) = We +nwc_g_c_nwc—5+c_(n—l)wc—g—i-c (546)
(1—=XNgf

en(E) = —2VAg + (547)

n—1w.—E+c
The complexity of this exact approach is two-fold:

1. Mathematical Intractability: The energy E is not an explicit variable but is buried
within the coefficients of an infinite series. Finding the roots x,, requires high-precision
numerical searches for the zeros of G.(z).

2. Physical Obscurity: Since |¥,) involves an infinite summation over displaced Fock
states, the intuitive mechanism of tunneling (e.g., the transition between two specific
potential wells) is hidden.

This motivates the effective-Hamiltonian treatment in the following section, where a con-
trolled approximation truncates this complexity and exposes the tunneling dynamics more
directly.

3. Selective tunneling

When introducing a bias term, the isotropic QRM is promoted to the biased QRM. The
bias explicitly breaks the Z, parity symmetry, so the familiar parity-resolved decomposition
into disconnected chains no longer applies. Remarkably, as emphasized by [3], this does
not imply a featureless spectrum or dynamics: at special bias points €/w € Z, the AQRM
exhibits a hidden symmetry that protects level crossings and imposes additional selection
rules. A direct dynamical consequence is the emergence of selective tunneling: preparing
a wave packet localized on one displaced-oscillator branch, the time evolution can display
strongly enhanced or strongly suppressed tunneling depending on whether the bias is tuned
to (or away from) the hidden-symmetry condition. Operationally, this can be quantified by
the branch (or target-state) overlap

Ptun(t) = ‘<wtarget|€_iHAQRMt|,‘7Z}(0)> ‘27 (848)

which develops a pronounced tunneling oscillation in the generic biased case, but becomes
qualitatively reorganized at the hidden-symmetry points in accordance with the protected
crossings and the associated selection rule [2]. In this way, the biased model provides a sharp
contrast to the unbiased QRM: instead of being organized by an explicit parity conservation,
the spectrum and the tunneling dynamics are reorganized by a discrete set of bias-tuned
hidden-symmetry conditions.

10



While the biased isotropic Rabi model reveals hidden symmetry at discrete bias values, a
richer structure emerges when the coupling becomes anisotropic, i.e., when the rotating and
counterrotating terms have distinct strengths g, # g... As discussed above for the unbiased
AQRM, coherent tunneling proceeds through a squeezed phase space with a deflected spin-
polarization axis. When a bias is added to the anisotropic model, the hidden-symmetry
condition becomes a function of both € and ), leading to a two-dimensional discrete set
of protected level crossings. Consequently, the tunneling dynamics displays a richer form
of selectivity: by tuning either the bias or the anisotropy ratio, one can switch among
enhanced, suppressed, and nearly blocked tunneling. This interplay between bias-tuned
and anisotropy-tuned hidden symmetries opens a route to controlling quantum tunneling in
circuit-QED and trapped-ion systems, where both anisotropy and bias are experimentally
accessible.

4. Approximate tunneling states

To handle the bias term 6, and the anisotropic coupling, we apply a unitary transfor-
mation U; to the qubit subspace [1]:

U, = \/% (\/1X _I/X> (549)

The transformed Hamiltonian Hy = U;r H, U, takes the form

o wata +vAgi(a+at) + ¢ (1-=Nga—d (S50)
2 (1—MNgia® —d wata — Vg (a+at) —c
where the coefficients are
I1-XA A A 1—A
c= -+ \/_5, d= \/_A— = (S51)
1+X2 14X 14+ A 14+ A2

To eliminate the longitudinal coupling terms v/Agi(a + a')é., we introduce a conditional
displacement operator,

U; = exp [— \/_:\)91 6.(a’ — a)] (S52)

This operator maps the system into the displaced oscillator basis |ny,£), where the cavity
field equilibrium depends on the qubit state.
The final Hamiltonian Hz = U§H2U2 is

2

A
Hs = wa'a — 2904 o6, + &4 (ga — x)e" = 4 6_(gat + y)e P9 (S53)
w

with § = (1 — Ng1, & = 2/ Agi/w, and parameters z = (1 — A)VAg?/w +d,y = (1 —
MVAg2/w — d. The exponential terms e=F(@'=a) introduce nonlinearities that couple all
photon-number states.
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In the limit £ < 1, we perform a first-order expansion of the exponential displacement
operators, etha’=a) o 1 4 k(a® — a). The system reduces to an analytical effective Jaynes-
Cummings model with bias terms:

Hs ~ wa'a + c6, + (§ + kx)(aby + a'6_) + (y + kja'a)o,. (Sh4)

This approximation remains valid for small anisotropy and weak to moderate coupling,
providing a clear intuitive picture of the underlying dynamics.

In the displaced oscillator basis, the . operators act as tunneling operators between
the two spatially separated potential wells. The constant term (y + kga'a)s, drives direct
tunneling that preserves photon number, whereas the interaction term (§+ kx)(a6y +af6_)
enables photon-assisted tunneling that changes photon number. The coherent oscillations
observed in our simulations directly reflect these tunneling processes at the hidden-symmetry
points.

Tunneling in the biased AQRM is selective. Unlike ordinary QRM oscillations, it occurs
predominantly when the bias ¢ satisfies the resonance condition. In the reduced model in
Eq. (S54), this condition is

8_1+AW_1—AA
2v/\ 2/

At these values, the system exhibits hidden symmetry, leading to level crossings (Juddian
points) in the energy spectrum.
Under the resonance condition, the tunneling occurs between the correlated states:

e Forn=0 (¢c=0): |04, +) <> |0_, —),

n=0,1,2,... (S55)

e Forn=1(c=0.5w): [04,+) < |1, —),

where

0n ) = -2y 6 () + Vi), (856)

w

0-,-) = |fjf“> @ (—VAle) +19)) (857)
1_,-)=D <\/X91> 1) ® (—\FA|e> + yg>) . (S58)

w

The corresponding quasi-eigenenergies are split by the tunneling matrix element, which
determines the frequency of the probability oscillations observed in numerical simulations.

Because the analytical derivation above is primarily controlled in the weak-coupling
regime (g < 0.2w), the parameters obtained from the simplified model cannot be applied
directly to the experimental strong-coupling setting, where clear tunneling dynamics are
easier to resolve. We therefore use a numerical approach to identify optimal parameters for
realizing tunneling dynamics in the strong-coupling regime (g ~ w).

We assume that the low-energy tunneling processes are predominantly governed by a
few-level subspace spanned by the displaced oscillator states |04,+), |0_, —), and |1_, —).
We then simulate the tunneling dynamics under strong coupling. First, we plot the first ten
energy levels as a function of the normalized bias parameter:

£ =k—uw, (S59)
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FIG. S2. Energy levels of the biased AQRM. The red dashed circles mark the tunneling processes.
The parameters are gy = w, A = 0.1w, and A = 0.5.
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FIG. S3. Tunneling dynamics of the biased AQRM from the initial state |0, +). The population in
the state (left) |04, 4), (center) |0—,—) and (right) |1, —). The parameters are g = w, A = 0.1w,
and A = 0.5.

e/w

with integer k.
The spectrum reveals pronounced avoided level crossings at n = 0 and n = 1, indicating
the formation of a nearly closed dynamical subspace at these resonance points (see Fig. S2).

To verify this assumption, we calculate the overlap (fidelity) between the three lowest
eigenstates and the basis states |04, +), |[0_, =), and |1_, —). The results confirm that these
displaced states are the dominant components of the low-energy manifold during tunneling.
Finally, we perform a parameter scan across different values of the normalized parameter &
to characterize the tunneling dynamics (see Fig. S3), providing a robust numerical guide for
experimental observation in the strong coupling regime [3].
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II. EXPERIMENTAL SETUP
A. Wiring layout

Figure S4 shows the wiring layout used for room-temperature and cryogenic operations.
From top to bottom, the lines correspond to XY control, Z control (including fast bias and
DC sources), and qubit readout (input and output) channels. Horizontally, the diagram
shows the cooling stages from room temperature to 12 mK in a BlueFors XLD-1000 dilution
refrigerator. Appropriate attenuation is implemented on the coaxial lines to suppress thermal
noise [14].

At room temperature, the high-frequency XY signals and low-frequency Z biases (fast Z)
are combined and sent to the qubits for state excitation and frequency modulation, respec-
tively. The XY signals are generated by I1Q mixers, which mix local-oscillator (LO) signals
from microwave sources with 1Q waveforms from arbitrary waveform generators (AWGs).
To deliver the strong transverse drive used in this experiment, an additional RF amplifier
(RFA) is inserted into the XY control line at room temperature. On the coupler line, only
the low-frequency Z bias is delivered. To extend the available bias range and reduce distor-
tion of fast-Z pulses, the DC source is combined with the low-frequency Z bias through bias
tees before reaching the coupler.

Similarly, the readout signal is generated by mixing the AWG waveform with the LO
signal through an IQ mixer. The signal collected from the readout output line is amplified
by a low-noise amplifier (LNA) and a room-temperature RF amplifier (RFA). Before digi-
tization, the RF signal is converted to an intermediate frequency through down-conversion
and then sampled by analog-to-digital converters (ADCs).

B. Device performance

The experiment uses one frequency-tunable transmon qubit as the system qubit @, a
central bus resonator R, a tunable coupler C' for controlling the effective qubit-resonator
interaction, and an ancillary transmon qubit (), coupled to the resonator for photon-number-
resolved resonator readout. The relevant coherence and readout characteristics of @, @),
and R are summarized in Table S1. These quantities are measured at the operating points
used for the AQRM experiments unless stated otherwise.

TABLE S1. Device coherence and readout characteristics. The symbols Q, @,, and R
denote the system qubit, ancilla qubit, and bus resonator, respectively. T, T3, and T2SE are the
energy relaxation time, Ramsey dephasing time, and echo dephasing time, respectively.

Parameter Q Q. R
Operating frequency, wio/2m (GHz) 4.420 4.454 3.966
Anharmonicity, o/27 (MHz) -370 -204 -~
Relaxation time, T} (us) 43.6 48.2 28.0
Ramsey dephasing time, T35 (us) 10.3 13,5 -
Echo dephasing time, T5" (yus) 209 23.1 -
Readout fidelity of |g), F, (%) 96.83 97.60 -
Readout fidelity of |e), F. (%) 93.80 93.73 -
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For the experiments reported in the main text, the system qubit is operated in a regime
where its anharmonicity suppresses leakage to higher transmon levels and supports the
effective two-level description used in the AQRM Hamiltonian. The coherence times of
the qubits and the resonator lifetime are longer than the relevant pulse sequences used for
collapse-revival measurements, adiabatic eigenstate preparation, and tunneling oscillations,
but still set the dominant decoherence limits in the experiment.

III. EXPERIMENTAL CONTROL AND CALIBRATION
A. Tunable coupler between qubit and resonator
1. Circuit Hamiltonian

We consider a system in which the qubit and the resonator are coupled to a tunable
coupler. The equivalent circuit is shown in Supplementary Fig. S5. The resonator is mod-
eled as an effective LC circuit. The circuit parameters satisfy the condition Cy, C., C, >
Cye, Cre > Cyp, where Cy. (C,.) is the coupling capacitance between the qubit (resonator)
and the coupler, and Cy, is the direct capacitance between the qubit and the resonator.

_T_
a | C(open) b
Cqc Crc Cqc Crc
Resonator
Cq Cc Cq Cc Cr Lr
= - C(open) = - -
£
Qubit Coupler - Qubit Coupler Resonator

FIG. S5. a, Equivalent circuit model for a qubit and a resonator coupled to a tunable coupler.
b, Effective LC-circuit representation of the resonator. The effective capacitance and inductance
depend on the respective coupling positions.

The system Lagrangian is composed of kinetic (7") and potential (U) energy terms, ex-
pressed using node fluxes ¢4, ¢,, and ¢.. The kinetic energy is

1
T=g [ngp'QQ + CTSéTQ + CCSO'CQ}

2 (S60)
+ 5 [Cac (B = )" + Cre (6 = )" + Cor (g — )] -
The kinetic energy can be expressed in compact form as T = %c,bTC’c,'o, where ¢ =
(¢4, ry ) and C'is the 3 x 3 capacitance matrix
Oq + Oq?“ + Oqc _qu _ch
C= —Cyr Cr 4+ Cyr + Cyc —Che : (S61)
_ch _Crc C1c + ch + Crc
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Under the condition Cy,C.,C, > C,,C,. > C,., the inverse capacitance matrix is
approximated as

1 chcrc+cccqr ch

1 o ol 0 G

-1 qcCrc cCqgr 1 -
C = CyCrCo N ol I (S62)

i Cre_ 1

T,Ce C.C. Ce

The conjugate charge vector is ¢ = C'ep, and the classical Hamiltonian is

1
H = 5qTC—lq + U. (S63)

Here, the potential energy U includes the Josephson energies of the qubit and coupler and
the inductive energy of the resonator:

2r 27 02
=F; [1-— — E; 11— 4
U T { cos (CIDO%)} + £, [ cos ((I)Oapc>] + T (S64)

where E;, (E;,) is the Josephson energy of the qubit (coupler), and ®y = h/(2e) is the flux
quantum. Quantizing the system, we promote q and ¢ to operators satisfying [Py, ]| =
1thdyy. The quantized Hamiltonian is

- . 2m . 2m . G2
H =4E,, (nq)2 — B, cos (acpq> +4FE,., (nc)2 — Ej, cos ((}T()wc) +4FE,., (nr)2 + oL,
Chre
E. E._(rigi.) + 8 V Ee, Ee, (1,1
\/W q c nqn ) \/W r E( )
C.,.C,. +C.C
+8 qc~re cYqr Ec Ec ~ Ar ’
( Co/CC ) V Ffr ()
(S65)

where 7y = §,/(2¢) is the Cooper-pair number operator, and E,, = ¢*/(2C,) is the charging
energy for A = ¢, c.

In the transmon regime (Ej;, /E. > 1), the qubits and resonator behave as weakly
anharmonic oscillators. We approximate the system as coupled Duffing oscillators (A = 1):

H=H,+H,+H.+ Hy + Hy.. + Hy, (S66)

where the individual mode Hamiltonians are

H)\ = w)\i);l;/\ + %81838)\6)\7 A= q,7,C, (867)
with anharmonicities
ax=—-FE., A=g,c (S68)
The interaction terms are
-E[jc = gjc <l;;rl;c -+ IA)JIA)Z — i)ji)l — l;ji)c> 5 j =q,r, (869)
Hyr = gor (B} + bob], = BJBL = Byby ) (S70)
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with coupling strengths

1 C,
9gc = 5 Cizcc vV WelWe, (S?l)

1 C,.
Gre = 5 CTCC V Wrlde, (872)

 1CyCre+ CpyC 1 Cyr
Gqr = 9 CqC,,.CC VWeWr = 2(1 + 77) CqCT\/wqwm (873)
where oo

= g 574
= (S74)

To eliminate the qubit-coupler and resonator-coupler interactions and obtain an effective
qubit-resonator coupling, we apply the Schrieffer-Wolff transformation

[ = exp { 3 {Z_ (b bbL) — % (i4pt - z;jz;c)] } | (875)

j=ar W7 ie
where
Ajc = Wj — We, 6jc = Wj + We. (876)
The transformed Hamiltonian is
H=UHU"=G,blb, + %Bgéle}qéq + G0iby + Gy (132& + ISqBI) : (S77)
with
- (1 1\
Wg R Wy + Goe A, - 6_(10 , Oy R Oy, (S78)
1 1
~ 2
R Wy — = , S79
“ ot Ire (Arc Urc) ( )
~ GqcGre 1 1 1 1
.= — — . S80
gq 2 <ch - Arc &qc OA-rc * gq ( )

2. Tunable coupling

The effective qubit-resonator coupling is controlled in situ by tuning the coupler frequency
with a flux-bias pulse. Experimentally, we calibrate the mapping from the coupler control
amplitude to the effective coupling strength gy before implementing the synthesized AQRM.
The calibration uses the coherent exchange between the system qubit and the resonator near
resonance: the qubit is prepared in |e) while the resonator is initialized close to vacuum, the
coupler is biased to a selected operating point, and the resulting vacuum-Rabi oscillation
is measured as a function of interaction time. Fitting the oscillation frequency yields the
corresponding value of go.

The measured dependence gy versus the bias is then used to determine the operating
points for the data shown in the main text. In the present experiment, the coupling go/27
can be tuned from —10 to 0 MHz, with the largest coupling used for the strongest-interaction
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data. For each target value of gg, the coupler pulse amplitude and the associated frequency
shifts of the qubit and resonator are calibrated and incorporated into the rotating-frame
settings used for state preparation and tomography. The calibration workflow and inverse
conversion are summarized in Fig. S6.

a b c
400 1.0
104% Extracted go . Inverse data
350 ! —- calibraion ~ —~ ©30 v — - Inverse fit
0.8 X = 2 ¥
3 300 gl ® o 0251 !
< i~ : | 020 %
N .20 1
A"g’ 250 0.6 T \‘ g X
= . = 69 S 0154 ¥
c 200 [ € 3
2 q ¢ © o104 A
8 150 L N Y N O \
2 Y 2 0.05 3
£ 100 Y S LT
0.2 24 Ve 8 0.00 4 g,
50 s, S
‘~-~ -0.05 4 O8G0
©
0 T T T T 0.0 0 T T T T T T T T
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3 0.0 25 50 7.5 10.0
Coupler Z amplitude (a.u.) Coupler Z amplitude (a.u.) Target go/2r1 (MHz)

FIG. S6. Calibration of the tunable qubit-resonator coupling. a, Raw qubit-resonator
exchange oscillations measured as a function of interaction time and coupler Z-pulse amplitude. b,
Extracted effective coupling strength go/27 and smooth calibration curve versus coupler Z-pulse
amplitude. c, Inverse calibration used to convert a target coupling strength gy into the coupler
Z-pulse amplitude for adiabatic ramps.

B. Calibration of synthesized AQRM
1. Calibration of control fields

The synthesized AQRM requires calibrated transverse qubit drives and longitudinal fre-
quency modulation. The transverse terms are generated by microwave tones applied through
the qubit XY line, including the carrier and the sideband tones used in the difference-
frequency implementation. For each relevant tone, we calibrate the qubit response by mea-
suring vacuum Rabi oscillations as a function of the applied microwave amplitude. The
extracted response curve converts the programmed XY amplitude to the transverse drive
strength used in the effective Hamiltonian.

The longitudinal modulation is applied through the qubit Z line. Because the modulation
amplitude used in the experiment is small compared with the full tunable range of the qubit,
the local frequency response is well approximated by a linear dependence on the Z-pulse
amplitude. The measured frequency shift is therefore fitted with a first-order calibration
curve and used to set the longitudinal modulation amplitude. The corresponding transverse
and longitudinal calibrations are shown in Fig. S7.

2. Displacement operators and resonator frequency

Resonator displacements used for tomography, resonator-frequency calibration, and
tunneling-state preparation are calibrated by measuring the photon number generated by
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FIG. S7. Calibration of qubit control fields. a, Raw transverse Rabi response measured as a
function of XY amplitude and pulse duration. b, Extracted transverse response calibration, which
converts the applied XY amplitude to the effective transverse drive strength. c, Longitudinal Z
response obtained by measuring the qubit frequency shift versus Z-pulse amplitude. Over the
small modulation range used in the experiment, the longitudinal response is well approximated by
a linear calibration.

resonant microwave pulses. For this calibration, the resonator pulse duration is fixed while
its amplitude is varied. After each pulse, the photon-number distribution P, is extracted
using the photon-number-resolved readout described above, and the mean photon number

is calculated as
(n) = nP,. (S81)

For a resonant displacement of the vacuum state, the prepared state is a coherent state
D(a)|0) and satisfies

] = v{n). (582)

This provides the calibration curve between the applied pulse amplitude and the displace-
ment amplitude |«|. The phase of the resonator drive sets the phase of «v, while the calibrated
amplitude determines the displacement radius used in the tomography and state-preparation
protocols. The raw readout response and the resulting displacement-amplitude calibration
are shown in Fig. S8.

The resonator frequency is calibrated using a phase-to-displacement sequence. Starting
from the vacuum, we apply a calibrated displacement D(«), let the resonator evolve for
a delay time 7 in the frame of a trial drive frequency wy, and then apply the opposite
displacement D(—«). For a detuning A, = w, — wy, the coherent state evolves as

ja) = Jae™ ) Jiy) = |a(eT T~ 1)), (583)

up to an overall phase. The residual photon number after the second displacement is there-
fore ' )
(ng) = |al® |e’2A” — 1‘ ~ o} (A7), (S84)

for |A,7| < 1. The residual population is minimized when the trial drive frequency matches
the resonator frequency. Experimentally, this residual resonator population is measured
using the photon-number-resolved readout described above. The phase-to-displacement cal-
ibration data and schematic sequence are shown in Fig. S9.

20



0.8 Extracted (n)
54 == Calibration R
ll
= 0.6 4 /
£ ’
2 /
o < 3
S 04 £ 4
g ?
%) 27 4
4
0.2 /7
/
11 7
,/
Ca
-
O 0 0 T — T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Drive amplitude (a.u.) Drive amplitude (a.u.)

FIG. S8. Resonator drive calibration. a, Photon-number-resolved readout response measured
after resonator displacement pulses with different drive amplitudes. b, Extracted mean photon
number (n) and calibration curve versus resonator drive amplitude. For a resonant displacement
of the vacuum state, the displacement amplitude is calibrated using |a| = m , giving the con-
version between the applied resonator pulse amplitude and the phase-space displacement used in
tomography and state preparation.
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FIG. S9. Calibration of the resonator frequency. a, Phase-to-displacement calibration data
measured as a function of delay time and resonator drive frequency. The residual resonator popu-
lation is minimized when the drive frequency matches the resonator frequency, and the dashed line
marks the calibrated value f, = w,/27 = 3.9662 GHz. b, Schematic of the calibration protocol:
a coherent displacement is prepared, allowed to accumulate detuning-dependent phase, and then
displaced back toward the vacuum.

3. Frame transformations
The synthesized AQRM is implemented from the tunable Jaynes-Cummings interaction

between the system qubit and the resonator. The calibrated coupler pulse sets the bare ex-
change rate gy, while the qubit control fields provide the longitudinal modulation, the carrier
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tone, and the transverse sideband tones used in the effective-Hamiltonian construction. In
the rotating frame of the carrier, these controls determine the effective resonator frequency
w, qubit frequency 2, rotating and counterrotating coupling strengths ¢g; and go, and bias ¢
defined in Eq. (S1).

The first frame transformation introduced in the derivation corresponds to the qubit-
resonator rotating frame. It is not implemented as an additional physical gate. Instead,
the accumulated phase is tracked in software and absorbed into the phase references of sub-
sequent qubit XY pulses, resonator displacements, and tomography rotations. The second
transformation,

Uy(t) = exp [i sin(vt)d,] (S85)
is implemented as a parameterized rotation around the qubit x axis. With the convention
0.
Xy = exp (—@501) : (S86)
we write R
Us(t) = Xoy 1) O5(t) = —20sin(vt), (S87)

up to the sign convention of the microwave drive phase.
Experimentally, the required single-qubit rotations are synthesized from calibrated X /o
pulses and virtual Z gates [15]. The decomposition

Xg = Z—7r/2X7r/2Z7r—9X7r/2Z—7r/2 (888)

uses only two finite-duration microwave pulses; the Z rotations are implemented virtually
by phase updates. More generally, a rotation in the equatorial plane can be written as

0
Ry(0) = exp —25 (cos b, +singay,)| = ZyXeZ_p. (S89)

In particular, R,(6) = Rx/2(6), which is the parameterized single-qubit rotation used for the
tunneling-state initialization below.

Figure S10 shows a dynamical check of the physical frame transformations. Applying the
two single-qubit operations before and after the transformed-frame evolution changes the
observed population dynamics in agreement with the numerical prediction, whereas omitting
them gives a distinct control trajectory.

4. Photon-number-resolved resonator readout

The resonator photon-number distribution is measured with an ancillary qubit using
resonant qubit-resonator swaps [16]. After the target evolution or calibration pulse, the
resonator drive is switched off and the ancilla qubit @,, initially prepared in |g), is tuned into
resonance with the resonator for a variable interaction time 7. The ancilla is then returned to
its idle frequency for projective readout. The resulting photon-number-dependent vacuum-
Rabi oscillation is fitted to

T'max

P.(t)= = |1—- P,(0) Z Poe™"™7 cos (2y/n gaT) | (S90)

N | —
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FIG. S10. Dynamical effect of the physical frame transformations. Measured qubit-
state populations during anisotropic Rabi dynamics with and without the two physical single-
qubit operations used to implement the transformed-frame evolution. The gate data are shown
as open markers with error bars, while the no-gate control data are shown as lighter marker lines
to emphasize the faster oscillatory component. Solid curves show the numerical prediction for the
transformed-frame dynamics. Error bars denote the standard error of the mean over ten repeated
measurements.

where P,(0) is the initial ground-state probability of the ancilla, P, = p,, is the resonator
photon-number distribution, n., is the fitting cutoff, x,, is an empirical decay rate for the
n-photon oscillation, and g, is the resonant ancilla-resonator coupling. In the experiment,
go/2m = 11 MHz. The extracted distribution gives the mean photon number (n) =" nP,
and is also used for the resonator-drive calibration and Wigner tomography below. A repre-
sentative swap trace and the extracted photon-number distribution are shown in Fig. S11.

C. Preparation of ground state
1. Adiabatic preparation of eigenstates

To resolve the low-lying spectral branches discussed in the main text, we prepare approxi-
mate eigenstates of the target Hamiltonian by adiabatically connecting simple product states
to the interacting regime. The pulse sequence is summarized in Fig. S12. The sequence is
organized into three experimental blocks: preparation and calibrated control pulses, photon-
number and tomography mapping operations, and final measurement. In the preparation
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FIG. S11. Photon-number-resolved resonator readout. a, Representative resonant ancilla-
resonator oscillation used to extract the photon-number distribution of the resonator state. The
measured ancilla excitation probability is fitted with Eq. (S90). b, Extracted photon-number
probabilities compared with a Poisson distribution with the same mean photon number, (n) = 2.57.

block, the resonator is initialized close to |0) and the system qubit is prepared in either
lg) or |e), corresponding to the two decoupled product states used to access the two low-
est branches. The calibrated coupler-Z waveform then ramps the effective qubit-resonator
coupling to the target value while the qubit and resonator control fields set the synthesized
Hamiltonian parameters.

The ramp is described by

90(t) = 96" f(t/Tramp), ~ f(0) =0, f(1)=1, (S91)

where g5 is the target interaction strength and f is a smooth ramp envelope obtained from
the inverse tunable-coupling calibration. In the experiment, Ty,mp, is chosen for each target
g™ by balancing nonadiabatic leakage and decoherence, with typical values in the range
of 1-3 us. After the ramp, the mapping block implements the joint readout basis: qubit
rotations and resonator displacement pulses set the tomography basis, and the auxiliary-
qubit-resonator interaction maps the photon-number populations onto the auxiliary qubit.
The final measurement block records the corresponding qubit state by single-shot readout.
The energy of the prepared branch is extracted from the reconstructed density matrix as

Eexp =Tr (pepotar) 5 (892)

where peyp, is the reconstructed density matrix and Hi,, is the target Hamiltonian at the
final parameters.

The choice of ramp duration is guided by numerical simulations of the time-dependent
effective Hamiltonian. For a target instantaneous eigenstate [1;(gi")), we estimate the

adiabatic-following fidelity

F2Y (Tramp) = |05 (95 95 (Tramp)) | (593)

where |¢;(Tiamp)) is the state obtained by evolving the corresponding decoupled product
state under the ramped Hamiltonian. The ramp durations used in the measurements are
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chosen in the plateau region of this numerical adiabatic-following estimate while remaining
short compared with the relevant coherence times.
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FIG. S12. Adiabatic preparation of low-lying eigenstates. a, Preparation and calibrated
control pulses used to adiabatically connect decoupled product states to eigenstates of the target
interacting Hamiltonian. The coupler-Z waveform implements the calibrated ramp go(¢), while
the qubit and resonator control pulses set the effective Hamiltonian parameters. b, Mapping
operations, including tomography rotations, resonator displacements, and ancilla-assisted photon-
number mapping. ¢, Final measurement used to record the mapped qubit state.

2. Joint qubit-resonator Wigner tomography

We reconstruct the joint qubit-resonator density matrix using displacement-assisted to-
mography [16]. Before the photon-number-resolved readout, we apply a single-qubit rotation
Ui € {I,R;(7/2),R,(m/2)} to the system qubit and a displacement operation D(a;) to the
resonator. The resonator displacement maps information about off-diagonal resonator ma-
trix elements onto measurable photon-number populations, while the qubit rotations select
different qubit-basis components. By choosing a set of displacement points {c;} and mea-
suring the corresponding qubit-conditioned photon-number populations, the original joint
density matrix is reconstructed from an over-constrained set of equations via least-squares
optimization.

Collecting the measured diagonal populations for all qubit rotations and resonator dis-
placement points gives an over-constrained linear system,

Vexp = TX, XLs = arg mxin | Tx — yexp||§ , (S94)

where x is the vectorized joint density matrix and ye., contains the measured diagonal
populations. In our measurements, the displacement points are chosen within a disk of
radius || < 1, with ten displacement amplitudes used in the reconstruction. The Wigner
matrix shown in the main text is calculated from the reconstructed joint density matrix.
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D. Tunneling dynamics associated with hidden symmetries
1. Preparation of displaced Fock states

The tunneling dynamics discussed in the main text is initialized in a product state of
a displaced resonator state and a rotated qubit state. For the anisotropic case, the target
initial state is

N\ _ oy Vg ~VAlg) +e)
[Yimit) = D(—an) [0) @ [+2),  ax= > [4+x) = Vi (S95)

Starting from |0, g), the qubit component |+),) is prepared by a single-qubit rotation R, (6))
with

1
0\ = 2arctan | — |, S96
’ <¢X) 590

followed by a resonator displacement pulse implementing D(—«,). The parameterized ro-
tation R,(6)) is implemented using the single-qubit gate decomposition described above.
The prepared state is verified by reconstructing the joint density matrix pey, and evalu-
ating
A A
Fiait = (Y] pesp [911) - (597)

For visualization, we trace out the qubit degree of freedom,

pr = Trg(pexp), (598)

and calculate the reduced resonator Wigner function from the reconstructed pg. The recon-
structed resonator Wigner functions and qubit Bloch vectors are shown in Fig. S13.

2. Readout of displaced Fock states

The populations in the tunneling basis are measured by applying a state-mapping oper-
ation before the standard joint readout. For a target tunneling-basis state

|¢tar> - umap |n) m> 5 (899>

where |n, m) denotes the product state of a bare resonator Fock state |n) and a qubit state
|m) with m € {g, e}, the population at time ¢ is

Pﬂ)tar (t> - <7l, m| urLapp(t)Umap \n, m> . (S]'OO>

Experimentally, this population is obtained by applying ¢ before the joint readout. Here

map
Z/{;{lap consists of the inverse resonator displacement and the inverse qubit rotation. The
population in the tunneling-basis state is then extracted from the photon-number-resolved

resonator readout combined with the qubit-state readout.
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FIG. S13. Preparation and verification of tunneling-basis initial states. a, Reduced
resonator Wigner functions reconstructed from pr = Try(pexp) for different anisotropy ratios A.
The resonator displacement is set by |ax| = v/ Ag1 /w; the marked centers and contours indicate the
reconstructed phase-space displacement. b, Qubit Bloch vectors reconstructed from the reduced
qubit density matrices, with components z = Tr(ps6,), y = Tr(py0y), and z = Tr(pe6,). The
quoted fidelities are the joint initial-state fidelities Fij = (wl(i‘lt| Pexp \wl(i‘lb, together with the
reduced-state fidelities F'r and Fj.
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