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Abstract

Accurate modeling of asperity contact is essential for predicting friction, wear, and
interface stiffness in mechanical systems. However, existing single-asperity models
predominantly rely on simplified hemispherical or rotational paraboloidal geometries
and assume purely normal interactions, thereby failing to capture the anisotropic and
lateral contact behaviors inherent to real machined surfaces. In this work, an
experimentally informed loading—unloading contact model is developed for laterally
offset elliptical paraboloidal asperities with residual deformation. First, 3D topography
measurements of AIST 1045 steel surfaces are analyzed using watershed segmentation,
statistically demonstrating that the elliptical paraboloid better represents actual asperity
geometry than the classical rotational paraboloid. Second, based on comprehensive
finite element (FE) simulations covering various material properties and ellipticities, an
empirical residual deformation model incorporating a shape parameter (4) is established.
This model expands the applicable loading range up to 300w;. Third, a complete
elastoplastic unloading analytical framework is derived. By introducing a continuity-
preserving correction factor, closed-form expressions for unloading loads are obtained.
The proposed analytical model is validated against FE simulations, yielding a
maximum error below 10%. Parametric analyses reveal two key findings: (i) tangential
offset continuously modulates the contact stiffness throughout the entire loading—

unloading cycle, and (ii) the anisotropic stress concentration unique to elliptical
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paraboloids physically suppresses transverse expansion of plastic deformation. This
model provides a high-fidelity micromechanical tool for tribological interface
evaluations, particularly under conditions involving lateral misalignment and repeated
contacts.
Keywords:

Contact mechanics; Elliptical paraboloidal asperity; Loading-unloading; Residual
deformation
Nomenclature

ai, bi Shape coefficients of the i-th asperity defining the two orthogonal

principal curvatures

A,B Combined curvature parameters
Ae Contact area in elastic stage

Aep Contact area in elastoplastic stage
Ap Contact area in fully plastic stage

A(2),B(X) Saturation upper limit coefficient and transition rate coefficient in the

residual deformation empirical model

CA Material-dependent coefficient for initial yield

Ch Hardness correction coefficient in the fully plastic state

Ci Height constant of the 1ii-th asperity

d Interference (vertical approach) between two asperities along the z-axis
E Elastic modulus of asperity material

E” Equivalent elastic modulus of the two contact interfaces

H Hardness of the softer material

kirkin Two principal curvatures of the i-th asperity

K Coefficient related to Poisson's ratio

m Continuity-preserving correction factor

Pe Contact load in elastic stage

Pep Contact load in elastoplastic stage

Py Contact load in fully plastic stage

Prax True maximum elastoplastic contact load at maximum deformation
Puimax Imaginary linear load at the simplified maximum deformation point C
Pu(w) Unloading load as a function of normal deformation @

Tx, Iy Tangential offsets between the two asperities in the x and y directions
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Ri.R,

Rmp
Ry, Ry

S(x.y)

w1

(max
Wres

Xe,Ve

Oy

Two principal curvature radii of the upper asperity at the contact point
Two principal curvature radii of the lower asperity at the contact point

Equivalent radius of curvature at the contact point during loading
Equivalent radius of curvature during unloading under the simplified
loading path

Corrected equivalent radius of curvature during unloading

Two orthogonal principal radii of curvature of an elliptical paraboloidal
asperity

Surface roughness height matrix after preprocessing

Normal deformation at the contact point

Critical normal deformation marking the onset of elastoplastic
deformation

Critical normal deformation marking the onset of fully plastic
deformation

Maximum normal deformation reached during loading

Residual normal deformation after complete unloading

Coordinates of the contact point

Interference between two asperities

Shape parameter of elliptical paraboloid

Poisson's ratio of asperity material

Yield strength of asperity material

1 Introduction

In the assembly and operation of mechanical components, direct contact between

mating surfaces has a decisive impact on the system's overall stability, sealing, and

friction/wear performance [1-11]. At the microscopic scale, the contact of these

interfaces essentially occurs between randomly distributed asperities (as shown in Fig.

1). Therefore, a deep understanding of the microscopic contact mechanical behavior of

a single asperity is the foundation and key to constructing constitutive models for

macroscopic interfaces.



Asperity contact

Rough surface contact

Normal contact

Surfacel Surface2 Shoulder to shoulder contact

Fig. 1. Engineering surface and its asperities.

For over half a century, researchers have conducted extensive and in-depth studies
on the contact behavior of asperities. Greenwood and Williamson [12] were the first to
propose the GW model, which describes the fully elastic contact of rough surfaces
based on Hertz theory. Since this model only considers elastic deformation, Chang et
al. [13] established the CEB elastoplastic contact model based on the volume
conservation hypothesis. Subsequently, Zhao et al. [14] further developed a contact
model with smooth transitions connecting the elastic and fully plastic stages. With the
popularization of the finite element method, Kogut and Etsion [15] established the
classic frictionless hemispherical elastoplastic contact FE model (the KE model), while
Jackson and Green [16] proposed the JG model by considering the hardness change
caused by contact geometric deformation. In recent years, researchers have further
explored the influence of the friction coefficient, strain hardening parameters, and
material properties on the contact characteristics of asperities under loading [17-19].
However, these classic models mainly focus on the forward loading process and are all
based on the idealized "hemispherical" asperity geometric assumption.

Mechanical operation is frequently accompanied by load fluctuations and surface
separation; therefore, the unloading behavior of asperities is equally critical for
evaluating the lubrication, sealing, and long-term service of tribological interfaces [20-
23]. Vu-Quoc et al. [24] first proposed a simple theoretical model for the normal loading
and unloading of elastoplastic spheres. Subsequently, Etsion et al. [25] conducted
systematic FE simulations on the unloading process of hemispherical asperities and
provided dimensionless empirical formulas for predicting the residual interference and
residual curvature after complete unloading (the classic KE unloading model). On this

basis, Zhao et al. [26] corrected the influence of the tangent modulus on unloading laws;
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recently, Chen, Luo, et al. [27-29] further investigated the loading and unloading
mechanical behavior under strain hardening, yield plateaus, and large deformation
depths. It must be emphasized that existing empirical models for residual deformation
are almost entirely limited to standard spherical asperities and fail to reflect the
influence of geometric anisotropy.

Real machined surfaces have complex topography, and equating asperities simply
to isotropic hemispheres has significant limitations [30-33]. To more accurately
characterize real surface morphology, researchers have introduced the concept of
ellipticity to expand contact theory. Based on experimental results, Jamari and Schipper
[34] derived a semi-analytical loading model for the elastoplastic contact of anisotropic
ellipsoids. Lin and Lin [35] analyzed the influence of ellipticity on critical interference
through finite element analysis. In recent years, Chen et al. [36, 37] and Wen et al. [38,
39] explored the normal loading and unloading behavior of ellipsoidal asperities against
rigid planes; Becker and Kamlah [40] proposed a force-deformation relationship model
for normal contact loading and unloading, targeting non-spherical objects like lithium-
ion battery particles. Nevertheless, the vast majority of these anisotropic models remain
limited to "purely normal centered" contact between the asperity vertex and a rigid
plane.

In real assembly interfaces, due to the random spatial distribution of asperities on
upper and lower surfaces, the two opposing asperities rarely engage in ideal vertex-to-
vertex contact; instead, lateral contact, where there is a tangential spatial offset,
dominates. Addressing this, Peng et al. [41] proposed a constriction resistance model
for rough surfaces considering lateral contact; Zhou et al. [42] applied this to the contact
analysis of gear tooth surfaces; Wang [41] and Fan et al. [43] have also recently
established analytical models for lateral contact that consider the horizontal distance
distribution of asperities. Despite these positive developments, existing research on
lateral contact still faces obvious limitations: first, most models continue to use the
hemispherical assumption, ignoring the coupling effect between real morphology
anisotropy and lateral contact; second, research remains stuck in the elastic or loading
stages, rarely involving the elastoplastic unloading process, and lacks quantitative
analysis of permanent residual deformation after unloading.

In summary, there are three key research gaps in the current field of asperity contact

mechanics: (1) The widely adopted hemispherical and anisotropic asperity geometric
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assumptions lack quantitative verification based on real machined surface statistical
data; (2) Classic empirical residual deformation models (such as the KE model) are
limited by spherical geometry, fail to reflect the influence of morphology parameters,
and their applicability in large deformation ranges has not been fully extended; (3) For
the more common lateral contact configuration in engineering, there is currently a lack
of a complete closed-form unloading solution that includes both the anisotropy of
elliptical paraboloids and elastoplastic residual deformation.

To fill these theoretical gaps, this paper carries out the following three innovative
tasks: First, high-precision confocal microscopy is used to perform 3D topography
measurement and watershed segmentation identification on ground, milled, and turned
AISI 1045 steel surfaces, quantitatively verifying the superiority of the elliptical
paraboloid model in representing real asperity morphology from a statistical
perspective. Second, based on large-scale finite element contact simulation data, an
empirical residual deformation model incorporating a shape parameter is established,
which, for the first time, extends the classic unloading model to elliptical paraboloid
geometry and expands its applicable loading range to 300w:. Third, an analytical
mechanical framework for the loading and unloading of laterally contacting elliptical
paraboloids—including geometric morphology parameters and tangential offsets—is
established, and a closed-form analytical formula for elastoplastic unloading loads is
derived by introducing a continuity-preserving correction factor. The model proposed
in this paper has been validated through finite element analysis under various working
conditions, aiming to provide a microscopic mechanical tool closer to real physical
states for predicting the evolution behavior and contact stiffness of tribological
interfaces.

2 Geometric Characterization of Real Surface Asperities

To establish a realistic geometric foundation for the contact model, the three-
dimensional topographies of ground, milled, and turned AISI 1045 steel surfaces were
acquired using a confocal laser scanning microscope (4000 pm % 4000 pm area, 1 um
lateral resolution). The raw data were preprocessed via reference plane fitting for tilt
correction and bior3.7 wavelet filtering for noise removal. Individual asperities were
then identified using watershed segmentation combined with an §-nearest-neighbor

region merging strategy to eliminate over-segmentation [44-47], as illustrated in Fig. 2.



Contrast enhancement Initial segmentation Region merging

Fig. 2. Watershed processing workflow.

In classic contact mechanics frameworks, asperities are usually highly idealized as
isotropic Rotational Paraboloids. However, real machining processes leave significant
machining textures on the surface, causing asperities to exhibit strong directionality and
anisotropy. To explore the geometric model that best fits the real physical morphology,
this section uses the extracted asperity region data to perform surface fitting and error
comparison for rotational paraboloids and elliptical paraboloids, respectively.

For the rotational paraboloid model, its geometric equation is constrained to Eq.(1),
requiring the radii of curvature in two orthogonal directions to be identical. However,
the elliptical paraboloid model equation proposed in this paper is Eq.(2), allowing for

two independent principal radii of curvature.
z(%y)=ay (¥ +37)+cq (1)
zp (%, y)=apx’ +b, ) +¢; (2)
During the fitting process, with the identified rough peak vertex as the initial center,
the Levenberg-Marquardt algorithm is used to independently optimize within the
segmented boundary of each asperity. To quantitatively evaluate the fidelity of these
two geometric models to the real topography, the root mean square error (RMSE), mean

absolute error (MAE), and coefficient of determination (R?) were calculated for all

identified asperity samples.
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Fig. 3. Comparison of fitting evaluation metrics for hemispherical and elliptical
paraboloidal asperity geometric models for different machined surfaces.

Fig. 3 shows the statistical distribution comparison of fitting evaluation indicators
for asperity samples under three machined surfaces. It can be clearly observed that for
ground, milled, and turned surfaces, the coefficient of determination R? of the elliptical
paraboloid model is significantly higher than that of the rotational paraboloid model,
meanwhile, its RMSE and MAE error indicators have significantly decreased. The
geometric essence of this significant difference is that the rotational paraboloid, limited
by its inherent axial symmetry assumption, is forced to share a single curvature in both
the x and y orthogonal directions, which completely masks the anisotropic features
caused by cutting marks on real machined asperities. When facing elongated or spindle-
shaped asperities, the rotational paraboloid usually has to compromise on an
intermediate average curvature, leading to huge spatial deviations in the main axis edge
regions. In contrast, the elliptical paraboloid model releases shape constraints and can
independently adjust two principal radii of curvature with high degrees of freedom,
thereby capturing the morphological evolution of asperities in different orthogonal
directions with high fidelity. This statistical comparison based on measured surface data
fully exposes the limitations of the rotational paraboloid assumption when
characterizing machined surfaces. It not only quantitatively proves the scientific nature

of the elliptical paraboloid as a fundamental geometric form for microscopic contact
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but also provides a solid, irrefutable physical basis for subsequently introducing the
shape parameter A to construct an accurate loading-unloading contact model for
anisotropic lateral contacts.
3 Lateral Contact Framework for Elliptical Paraboloidal Asperities

Real tribological interface contact does not always occur at the center of the asperity.
Due to the random spatial distribution of microscopic topography, the lateral contact
mode dominates, characterized by a tangential offset between asperity pairs. This
section establishes the contact geometric configuration between two elliptical
paraboloid asperities under tangential offset. Based on this, the classic anisotropic
loading contact theory is extended to the lateral contact mode, providing the necessary
analytical framework and state variables for establishing the residual deformation
model and the elastoplastic unloading closed-form solution.
3.1 Geometric Configuration and Contact Area

Consider the lateral contact occurring between two elliptical paraboloid asperities
with independent curvatures, as shown in Fig. 4. In a unified local Cartesian coordinate
system, assume the vertex of the lower asperity is located at the origin, the upper
asperity has tangential offsets 7x and ry in the horizontal direction, and an interference
o0 in the vertical (z-axis) direction. At this time, the surface morphology equations of the

upper and lower asperities can be expressed as:
2
zl(x,y):al(x—rx)z+b1(y—ry) +¢, -0 3)
z, (x,y)=a2x2 +b,y’ +c, 4)

where a; and b; are the shape coefficients representing the two orthogonal principal

curvatures of the i-th asperity, and ¢; is the height constant (i=1,2).
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Fig. 4. General form of lateral contact between two elliptical paraboloid asperities.

For complex non-centered anisotropic contact, solving for its actual principal
curvatures usually requires using the first and second fundamental forms of the surface
to solve the eigenvalue problem. To keep the main thread of the text compact, the
specific algebraic derivation process for contact point coordinates (x., y.), the contact
surface normal vector, and its principal curvatures is included in full in Appendix A.
The equivalent radius of curvature Rm at the contact point for this lateral contact
configuration can be expressed as:

1 1 1 1 1 1
""RR R R R R ©
where R, and R, are the two principal curvature radii of the upper asperity at the contact
point, while R, and R, are the two principal curvature radii of the lower asperity, with
these latter values being the reciprocals of the principal curvature «.

3.2 Contact Constitutive at the Loading Stage

(Author’s statement: The elastoplastic contact constitutive expression adopted in
this section mathematically inherits and extends the elliptical ellipsoid forward contact
framework proposed by Jamari and Schipper [34]. The contribution of this paper is to
explicitly introduce the equivalent radius of curvature Rm, which includes the eftect of
tangential offsets (7, ry), into this framework to achieve accurate assessment of
anisotropic lateral contact and establish the load-displacement initial boundaries for the
unloading closed-form solution containing residual deformation derived in section 5.)

As the normal deformation o increases, the asperities in lateral contact will
experience three deformation stages in sequence: fully elastic, elastoplastic, and fully

plastic. The critical deformation and constitutive relationship for each stage are as
10



follows:
(1) Fully Elastic Stage (0< d1)

In the early stage of deformation, contact behavior follows the classic Hertz contact
theory. The critical normal deformation w1 for elastic contact is defined as the moment

when the material begins to yield, expressed as:

7’ K*H?
o ="—a’f*yR —= 6
1 2 ﬂ 7/ m E2 COSQ ( )

where H is the hardness of the softer material, £ is the equivalent elastic modulus of
the two contact interfaces, and Ky is a coefficient related to Poisson’s ratio and can be

determined from equation [34]:

K, =0.454+041v (7)
In this stage, the actual contact area 4. and contact load P are:
A=27R_ %5cos 0 (8)
/4
1.5
P:4x3/5ER‘%5(§cos9] ©)
I

(2) Fully Plastic Stage (0 > 02)
When normal deformation further increases and exceeds the fully plastic critical
deformation o2, the entire contact region enters a state of full plastic flow. The

expression for critical point o is:

5, =5c, —Fu_ B (10)

JRR, 7

where cn is the hardness correction coefficient in the fully plastic state. After entering

this stage, the contact area 4, and load P, evolve as:
A, =27,|R R ,6cosb (11)
P =27z |R.R c,HScosO (12)

(3) Elastoplastic Transition Stage (01 < 0< d2)
The contact area A4¢p and contact load Pep in the elastoplastic stage can be expressed

as:
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2 3
Aep=[272' Rnyacose—anmﬁacoseJ 3[5_51j —2[5_51)
Y é‘2_51 52_51 (13)

+27R %c%os@
v
1n52cos¢9—ln§cos<9( 2 ﬂ

Ch __Kv
Ino, cos@—In o, cos @ 3

Ijep = AepH|:ch - (14)

4 FElastic-Plastic Unloading Contact Model with Shape-Dependent Residual
Deformation

In real tribological interfaces, asperity contact is often accompanied by periodic
fluctuations in normal load and surface separation. Therefore, deriving the elastoplastic
unloading load-displacement relationship for asperities has important engineering
significance. Mechanically, because elastoplastic deformation is irreversible, the
unloading path is highly dependent on the location of the unloading endpoint. This
section first establishes an empirical residual deformation model suitable for
anisotropic elliptical paraboloids based on a large amount of finite element simulation
data; subsequently, it returns to the analytical mechanics framework and derives a
closed-form solution for the unloading load under lateral contact by introducing
rigorous boundary conditions and a continuity correction factor.
4.1 Physical Assumptions of the Unloading Path

To theoretically characterize the complex unloading behavior, this paper introduces
the classic unloading assumption proposed by Thornton and Ning [48]: regardless of
the degree of plastic flow experienced during the loading stage, the unloading process
of an asperity starting from any elastoplastic state is considered a purely elastic process.
Based on this assumption, the unloading curve can be described by the classic Hertz
elastic contact theory. However, during the unloading process, the asperity undergoes
permanent plastic "flattening," and its geometric shape is no longer the original
paraboloid but is equivalent to an elastic body with a new radius of curvature (denoted
as R,,). Furthermore, the unloading curve does not return to the origin but terminates at
the residual deformation point ars when the load is zero.

If the maximum loading point is in the fully elastic stage (@max < @), the unloading
path completely overlaps with the loading path (@res = 0); if the maximum loading point
is in the fully plastic stage, the deformation is irreversible and the unloading load drops

rapidly to zero. This derivation focuses on unloading from the elastoplastic state most
12



common in engineering (@1 < @wmax < @2). To establish this Hertz unloading curve, the
core premise is that the residual deformation @res must be accurately obtained first.

4.2 Finite Element Empirical Model for Residual Deformation of Elliptical
Paraboloids

Classic empirical residual deformation models (such as the KE model [25]
established by Etsion et al.) have been widely used in tribological research. However,
the KE model is strictly limited to isotropic hemispherical asperity geometry, and its
validated application range is usually limited to 1 < @max/ @1 < 150. For anisotropic
elliptical paraboloids, there is currently a lack of a residual deformation calculation
model that includes asperity morphology parameters.

To this end, this paper defines the shape parameter of the asperity as 4 = R/Ry (the
ratio of two orthogonal principal radii of curvature; when A=1, it degenerates into a
rotational paraboloid). Based on this, 10 sets of finite element contact simulation
experiments covering different material properties (AISI 45 steel and 2A12 aluminum
alloy) and shape parameters (4 between 1 and 9) were designed (see Table 1 for
parameter configuration).

Table 1. Materials and geometrical properties combinations

Case E/GPa Ra v 2 Ry/mm
1 1 6.25
2 3 6.25
3 210 400 0.3 5 4.1667
4 7 3.125
5 9 2.5
6 1 6.25
7 3 6.25
8 70 300 0.32 5 4.1667
9 7 3.125
10 9 2.5

A finite element model was established, as illustrated in Fig. 5 Both asperities were
modeled using SOLID186 elements. During meshing, local mesh refinement was
applied to the regions in the vicinity of the contact interface. The total number of
elements ranged from approximately 80,000 to 120,000, with the exact number varying
slightly depending on the asperity geometry. The bottom surface of the lower asperity
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was fully constrained, while a prescribed downward displacement of varying
magnitude was applied to the bottom surface of the upper asperity and subsequently
unloaded. The maximum deformation considered in the analysis was set to 300,
which exceeds the limit of 150@; adopted in the KE model [25], thereby extending the
applicable range of the proposed model. During the unloading process, the residual
deformation @.s was determined by extracting the displacement corresponding to zero

reaction force within the contact region.

Asperity 1

z e 1
| After load
Asperity 2

X

x . . .
y Full displacement constrains ~ Mesh refinement

Fig. 5. Finite element simulation model for obtaining residual deformation
Fig. 6 plots the evolution curves of the dimensionless residual deformation ratio
(res/ ®max) With the dimensionless maximum load (@max/@1) for two materials under
different A values. It can be observed that at the same dimensionless loading level, the
curves corresponding to different shape parameters A show obvious systematic
separation, which directly proves that anisotropic geometry has a non-negligible

physical impact on residual deformation.

“o Y

AISI 1045 steel

0.8}

——Case 1 —=— Case 6
[ — = -Case 7
02 Case 2 Rty
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Fig. 6. Simulation results of the relationship between the normalized residual
14



deformation and the maximum loading: (a) micro-asperity made of AISI 1045 steel,
(b) micro-asperity made of 2A12 aluminum alloy.
To theorize this rule, this paper follows the basic structure of the power function
from the classic literature [25], but innovatively converts its coefficients into a function

of the shape parameter A:

A(A
v (9 / 5, cO80) W1 (15)

T (@ /S cOs Q)A(A) +B(A)

Using the least-squares method to perform regression analysis on each set of
simulation data, the saturation upper limit coefficient 4 and the transition rate
coefficient B were extracted. Further fitting shows that 4(4) and B() follow a Lorentz-

type function distribution, as shown in Fig. 7.

(a) b
1.0 . . . . . ( )30
—— AISI 1045 steel —— AISI 1045 steel
—=— 2A12 aluminum alloy —— 2A12 aluminum alloy
0.9 23
2 3
= Q
0.8 16
0.7 5 5 79 7T 5 5 1 9
A A

Fig. 7. Relationships between the fitting parameters 4 and B and 4: (a) parameter
A, (b) parameter B.

The paper provides the specific Lorentz parameters for 45 steel and 2A 12 aluminum

alloy:
0.254
A, (A)=0.556+ 1<A1<9
steel( ) (ﬂ,—417)2 ( )
1+
5.65
6.375 (16)
B, .. (4)=8.616+ - 1<A<9
steel( ) 1—507j2 ( )
1+
1.83



0.267

A, (A1)=0.612+ 1<A4<9
al( ) (1—425j2 ( )
1+
52
12.735 17
Bal(/l):lo.249+ . 5 (1£/1£9)
/1—5.01)
1+
2.69

4.3 Theoretical Derivation of Simplified Unloading Loads
After obtaining reliable res, this paper combines the aforementioned pure elastic

unloading assumption to derive the functional relationship between unloading load and

displacement.
P |
A Hertz / Assumed
A, ;
%/ |
O‘b’ . V4 /
S P
Pmax B Ve f/ g rb'.b,
4 &= QQ
P ' A /
olo”
1 I | :
n (Dres (Dmax o

Fig. 8. Schematic illustration of the simplified linear loading path (O-A-C) and the

unloading path (C-E) used for deriving the unloading curvature.

As shown in Fig. 8, to solve for algebraic closure, a simplified linear loading
imaginary path (along the O-A-C segment in the figure) is first introduced. Assume that
after passing the elastic critical point A, the asperity no longer exhibits true elastoplastic
non-linearity but presents a linear loading response until reaching the imaginary
maximum deformation point C (@max, Pumax).Starting from point C and unloading to
the residual deformation point E (ares, 0), since the process is purely elastic, its load

Pu(w) strictly follows the Hertz relationship with an unknown equivalent radius of

P, = 4\/_ERm°5£ j (18)
/4

4.4 Continuity Correction and Closed-Form Solution for Elastoplastic Non-

curvature R,

linearity

Directly using the formula from Section 4.3 to describe unloading has a significant
16



physical flaw: the true elastoplastic loading curve (the O-D path in Fig. 9) is highly
non-linear. At the maximum loading displacement @max, the true elastoplastic contact
load Pmax (provided by the loading model in Section 3) is not equal to the imaginary
linear load Puimax. If one unloads directly from the imaginary point C, the load will
experience an unphysical "jump" at the maximum contact point, violating the principle

of continuity in mechanical evolution.

D
[A

Hertz /  Real
/ Elastic—Plastic
) 4 D
&/ .
[)mm - /\) < - 5 C ] /
P A 0&0
olo™” k Y 2
1 1 | >
w1 (Dres (Dmax (0]

Fig. 9. Schematic illustration of the actual elastoplastic loading path (O-D) and the
corrected unloading path (D-E) with the introduction of the continuity-preserving
correction factor m.

To eliminate this discontinuity, this paper introduces a dimensionless continuity
correction factor m, defined as the ratio of the true elastoplastic load to the imaginary
linear load:

m= Lo (19)
ul,max

The correction factor m has a clear physical meaning: it essentially compensates
mathematically for the "geometric hardening effect caused by asperity plastic flow" that
is ignored due to the simplified linear assumption. To ensure the unloading curve can
smoothly depart from the true loading end point D(@max,Pmax) While still ensuring the
unloading end point falls precisely on the theoretically evaluated residual deformation
point E(ares,0), the only path is to perform scaling correction on the equivalent
curvature of the unloading system.

We let the true unloading equivalent curvature Rmp=m’R,,. Based on the assumption
of Thornton and Ning [40], the entire pure elastic unloading process can be completely

characterized by this single equivalent curvature. Therefore, this correction not only
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ensures first-order continuity at the maximum load point but is also strictly valid at any
unloading displacement .

Based on the physical mechanisms above, the closed-form solution for lateral
elastoplastic unloading loads derived in this paper, which possesses high physical

consistency, is finally expressed as:

ul

1.5
ocosf@ -0 COS@J (20)

05 res
ER, ( »
5 Finite Element Validation and Discussion
5.1 Finite Element Validation of Contact Mechanical Response

Based on Abaqus commercial software, a parameterized finite element model for
lateral contact was built. As shown in Fig. 10, the model consists of two opposing
elliptical paraboloid asperities. The bottom of the lower asperity is fully constrained,
while the upper asperity is set with an initial tangential offset (7x, 7y) in the horizontal
direction, followed by a displacement load applied along the normal of the contact
surface. To accurately capture the high-gradient stress and large deformation features
of the contact interface, the mesh in the contact region was locally highly refined using
C3D10 ten-node quadratic tetrahedral elements, with a total system element count of
approximately 90,000. Typical engineering materials were selected for the model: AISI
45 steel (E=210 GPa, v=0.30, 0,=400 MPa), and the material constitutive models were
both set as isotropic hardening elastoplastic models following the Von Mises yield

criterion.

Applying x and y displacement constrains
Displacement 0.27mm Ux=Uy=0

Asperity 1

Full displacement constrains
Ux=Uy=Uz=0

Fig. 10. Finite element model.
To comprehensively evaluate the prediction accuracy of the analytical model, this

paper examines a base case including initial offsets (morphology parameters a=0.05,
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b=0.02, and ¢;= ¢,=5, tangential offset 7x=ry=2 mm). The normal loading process was
discretized into 10 increment steps (maximum normal displacement 0.27 mm),
followed by complete unloading. Note that for the convenience of FE meshing and
calculation, the FE geometric model used macroscopic proportional scaling (mm level);
since contact mechanics satisfy geometric similarity laws, this does not affect the
universality of the dimensionless results. The results are shown in Fig. 11.(a); the
loading contact area predicted by this model is in high agreement with the FE
simulation results, with a maximum relative error of only 9.18%. Regarding the
validation of elastoplastic loading-unloading loads, as shown in Fig. 11.(b), the model
not only precisely tracked the loading path (maximum error 8.08%) but also maintained
high consistency with simulation data for the unloading paths under three different
maximum loading levels, with the maximum error for the unloading process strictly

controlled within 10%.
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Fig. 11. (a) Contact area validation during the loading process. (b) Finite element
validation of contact load curve during loading and unloading.

The results show that the model has good convergence for the prediction errors of
contact area and loading-unloading loads. Although direct nano-indentation
experiments were not conducted due to equipment limitations, the robustness and
engineering applicability of this closed-form analytical model have been fully
demonstrated based on 3D elastoplastic FE validation with rigorous mesh sensitivity
checks (which already constitutes a recognized reliable verification paradigm in single-
peak contact theory research [25, 34, 40]).

5.2 Comparative Discussion with Existing Spherical Contact Models
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To highlight the uniqueness of anisotropic lateral contact mechanical behavior, this
paper compares the results of the established model with classic hemispherical against
rigid-plane normal contact models in the literature (including SK, LL, ZZ, ZNZ, EKK,
JG, etc. [16, 25, 26, 35, 49, 50]).
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Fig. 12. Comparison of contact area predictions obtained from different models

Fig. 12 shows the predicted trajectories of contact area by different models. It can
be observed that under the same dimensionless interference, the prediction curves of
classic spherical models such as SK, ZNZ, and EKK are highly coincident, while the
model in this paper predicts significantly lower area values near @=35® compared to
these classic models, but presents a higher growth rate in the extreme deformation zone

(w=1001).
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Fig. 13. Comparison of contact load predictions obtained from different models
Similarly, Fig. 13 compares the contact load response of different models

throughout the entire loading-unloading cycle. In the loading stage, the slope of the load
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curve of this model differs significantly from the various spherical models; whereas in
the unloading stage, due to the different assessment mechanisms for residual
deformation, the unloading path predicted by this paper also has a unique morphology.

It must be emphasized that the significant difference in prediction results does not
originate from evaluation errors in this model, but because there is a fundamental
difference in the underlying physical contact configuration. This model characterizes
the spatial coupling contact of two anisotropic elliptical paraboloids under tangential
offset, while existing models are limited to the pure normal compression of
axisymmetrical hemispheres. This sharp contrast profoundly reveals that when dealing
with contact mechanics problems on real machined surfaces, if existing spherical
normal contact models are forced upon them, it will lead to non-negligible theoretical
deviations in the assessment of contact area and contact stiffness because the anisotropy
of microscopic geometry and tangential offset mechanisms are ignored.
5.3 Coupling Effect of Geometric Morphology and Tangential Offset

To clarify the regulatory mechanism of asperity anisotropy on its loading-unloading
contact characteristics, this paper defines the morphology parameter A=Rx/Ry

(numerically equivalent to the ratio of the original equation coefficients b/a).
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Fig. 14. Influence of ellipticity and interference on the contact characteristics: (a)
unloading equivalent radius of curvature (b) contact load curve
Fig. 14 comprehensively demonstrates the effect of morphology parameters on the
correction of the unloading equivalent radius of curvature and the influence on loading-
unloading loads. On one hand, under the same maximum interference, as the degree of
asperity anisotropy intensifies (i.e., the parameter gap widens), the ratio of the
unloading equivalent radius of curvature to the radius during loading shows a

significant increasing trend. This indicates that the geometric recovery of elongated
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asperities during unloading exhibits stronger asymmetry, leading to a sharp increase in
the magnitude of the equivalent curvature correction introduced to maintain physical
boundary continuity. On the other hand, from the load curve perspective, the larger the
morphology coefficient of the asperity (the more significant the anisotropy), the higher
the macroscopic contact force triggered under the same normal loading displacement.
In addition to the asperity's own anisotropy, spatial tangential offset also
fundamentally changes the local stiffness of the contact interface. To reveal this
complex spatial coupling behavior panoramically, Fig. 15 plots a 3D parameter
response surface including contact load, tangential offset, and normal loading-

unloading displacement.

Loading

Fig. 15. Relationship among load, offset, and loading-unloading displacement.

From this 3D response surface, it can be clearly observed that for anisotropic
elliptical paraboloid contact, the contact load produced at the same normal
displacement decreases monotonically as the tangential offset increases. This "stiffness
softening effect" induced by the spatial misalignment of anisotropic principal axes does
not exist only at a specific moment but runs through the entire loading-unloading cycle
of the asperity. More critically, as the normal displacement increases (i.e., the asperity
enters deeper elastoplastic and fully plastic deformation stages), the load attenuation
caused by tangential offset increases, causing the 3D load surface to exhibit a
characteristically steep landslide morphology in the deep loading zone. This
phenomenon fully proves that when establishing high-fidelity macroscopic contact
models for rough surfaces, the tangential offset between asperities must be included as
a core variable.

5.4 Evolution Mechanism of Material Properties and Contact Stress Field
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To explore the influence of material constitutive differences on contact mechanical

response, this section uses the two typical material parameters set in Section 4.2 (Table

1). Under the same anisotropic geometric morphology and loading conditions, Fig. 16

visually compares the elastoplastic contact response of 45 steel (Case 2) and 2A12

aluminum alloy (Case 7) asperities. The results show that because 45 steel has a higher

elastic modulus and initial yield strength, the maximum equivalent stress excited at the

contact interface (approx. 414 MPa) is significantly higher than that of 2A 12 aluminum

alloy (approx. 307 MPa). From the displacement deformation cloud maps, it can be

observed that although the plastic deformation zones of both materials expand into the

material matrix in an approximately semi-ellipsoidal shape, affected by the combined

effects of the two materials' yield strength and strain hardening characteristics, AISI 45

steel produces a more significant irreversible plastic deformation volume under the

same loading displacement.

(a) (b)

Case 2
Omax=0.22/2mm

Equivalent stress

41421
36319
32217
27616
230.14
18412
1381
92086
46063
0050463

Case 2
Omax=0.22/2mm

Deformation

0084663
0075261
0065853
0056446
0047038
003763
0028223
0018815
00094076
0

Case 7
Omax=0.22/2mm

Equivalent stress

307.58
27341
239.23
20506
17088
13671
10253
63.355
3418
00042464

Case 7
Omax=0.22/2mm

Deformation

0063264
0060679
0053094
0.045509
0037924
003034
0022755
001517
00075849
0

Fig. 16. Simulation contour plots of asperities with different materials:

(a)Equivalent stress of case 2 (b) Equivalent stress of case 7 (c) Deformation of case 2

(d) Deformation of case 7.

To profoundly reveal the underlying regulatory mechanism of anisotropic
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morphology on the evolution law of the internal stress field of asperities, this paper
further compares the stress states of a rotational paraboloid and an elliptical paraboloid

with the same equivalent radius of curvature under the same maximum loading.

Case 6
=1
Onax=0.22/2mm
Equivalent stress

Case 7
A=3
Onax=0.22/2mm
Equivalent stress

30758
27341
239.23
205.06
17088
1361
10253
63.355
3418

00042464

Case 6 Case 7
A=1 A=3
Omax=0.22/2mm Onax=().22/2mm
Deformation Deformation

0071964
0063963
0055972
0047976
003998
0031984
0023988
0015992
0007996
o

0063264
0060673
0053094
0045509
0037924
003034

0022755
001517

00075849
o

Fig. 17. Comparison of simulation results between rotational paraboloid and
elliptic—paraboloid asperities: (a) Equivalent stress of case 6 (b) Equivalent stress of

case 7 (c) Deformation of case 6 (d) Deformation of case 7.

(a) Case 6 (b) Case 7

Y | Lower
Eequivalent press

Fig. 18. Stress distribution in the contact region: (a) Rotational paraboloid (b)
Elliptical paraboloid asperities.
Fig. 17 and Fig. 18 detail the micro-stress distribution features of the contact region.

Simulation results confirm that regardless of the asperity shape, plastic yielding always
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originates at the outer boundary of the contact region. However, due to the spatial
asymmetry of geometric curvature, the stress field morphology of the two shows
essential differences. For the classic rotational paraboloid, its contact boundary forms
a circular high-stress ring with a uniform stress distribution; while for the elliptical
paraboloid, the contact surface evolves into a typical elliptical ring-shaped anisotropic
stress concentration zone.

Combining the stress distribution at the contact boundary, it can be clearly found
that the equivalent stress of the elliptical paraboloid is not uniformly distributed along
the circumference; its highest stress is fixedly concentrated near the two ends (poles)
of the major axis of the contact ellipse, while the stress level in the edge regions of the
minor axis shows a significant drop. Analyzing from the perspective of solid mechanics
and plastic dissipation, this non-uniform stress gradient along the contact boundary
produces a unique physical effect: the low-stress zones at the two ends of the minor
axis physically act as "plastic suppression zones," effectively hindering the violent
expansion of plastic deformation toward that transverse dimension.

It is precisely because of the suppression effect of this local low-stress region that
under the exact same macroscopic normal loading displacement, the depth of plastic
deformation accumulated inside the highly anisotropic elliptical paraboloid is slightly
lower than that of the isotropically rotational symmetric asperity. This micro-
mechanical mechanism fundamentally explains why the morphology parameter (1) of
an asperity can significantly change the unloading residual deformation of a system,
and further confirms the absolute necessity of introducing anisotropic geometric
representation in contact mechanics models.

6 Conclusions

Based on real surface morphology statistics and 3D finite element simulation, this
paper establishes a lateral anisotropic elastoplastic loading-unloading contact
mechanics model that includes shape parameters and tangential offset effects. The main
conclusions are as follows:

(1) Three-dimensional topography measurements of ground, milled, and turned
AISI 1045 steel surfaces, analyzed via watershed segmentation, statistically confirm
that the elliptical paraboloid significantly outperforms the classical rotational
paraboloid in representing real asperity geometry, thereby substantiating the geometric

foundation of the proposed contact model.
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(2) An empirical residual deformation model incorporating the shape parameter
A=Rx/Ry is established based on comprehensive FE simulations covering multiple
materials and ellipticities. This model extends the classical KE unloading theory from
spherical to elliptical paraboloidal geometries and expands the applicable loading range
from 150 to 300c;.

(3) A closed-form elastoplastic unloading solution for lateral contact is derived. By
introducing a continuity-preserving correction factor m, the geometric hardening
induced by plastic flow is mathematically compensated, yielding explicit unloading
load expressions that maintain strict boundary continuity throughout the loading-
unloading cycle. The proposed model is validated against FE simulations with a
maximum error below 10%.

(4) Parametric analysis reveals that tangential offset continuously modulates the
contact stiffness throughout the loading-unloading cycle. For elliptical paraboloidal
asperities, increasing tangential offset induces a distinct stiffness softening effect,
causing a monotonic decrease in contact load under the same normal displacement.

(5) The elliptical paraboloid generates a unique anisotropic stress concentration at
the contact boundary, where the low-stress zones near the minor-axis edges physically
suppress the transverse expansion of plastic deformation. This mechanism inherently
explains the reduced residual deformation observed in anisotropic contacts.
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Appendix A. Derivation of Contact Point Coordinates and Equivalent Curvature

Radius

This appendix provides the detailed algebraic derivation of the contact point

coordinates, the contact normal vector, the principal curvatures, and the equivalent

radius of curvature for two laterally contacting elliptical paraboloidal asperities. The

results are essential for establishing the contact framework in Section 3.
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A.1 Contact Point Coordinates
Consider two elliptical paraboloidal asperities with surface equations expressed in
a unified local coordinate system. At the contact point, the heights of the two surfaces
are equal, i.e., z1=z>. Substituting the surface equations and rearranging yields:
(a, —a)x’ +(b,—b)y’ +2arx+ 2br,y+(c{—c, - ar’ —blryz) =0 (A-1)
This equation represents an ellipse in the xy-plane, confirming that the contact region
is elliptical.
Representing the expression in a quadratic form, we obtain:
x'Dx+d"x+c' =0 (A-2)

Using the determinant method, the contact point coordinates x. and y. are

D] =|:d1 D12:| D2 :|:D11 d1:| (A_3)
dz D22 D21 d2

__de(D) _deuDy)

“Tdetd) ¢ det(D)

A.2 Surface Normal Vector at the Contact Point

determined as follows:

(A-4)

The surface gradients at the contact point for the upper and lower asperities are

given by:
Vz, = [—Zalxc +2a;r,,-2by. + 2b1ry,1] (A-5)
Vz, =[-2a,x,,-2b,y,,1] (A-6)
Thus, the normal vector at the contact point is:
Vz,
n=—-= (A-7)
[V=.]

A.4 Principal Curvatures via the First and Second Fundamental Forms
To obtain the principal curvatures, we construct the parametric representation of
each surface. The tangential vectors 7, and 7, at the contact point on the upper
asperity are given by:
Hu = [1, 0,2a,x, —2a1rx]

A-8
r, =012y, +2br, | (A-8)

Similarly, the tangential vectors r,,, and r»,, at the contact point on the lower asperity

are given by:
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h, = [1, O,2a2xc]

A-9
I’Z,v = [O, 1’2b2yc] ( )
The first fundamental form is expressed as:
2
[ s
G = ) (A-10)
n, |
The second fundamental form is expressed as:
o {F,—,WD? r,»,wfh} (A1)
B RS L A

where, 7., and ;.. represent the second-order partial derivatives of 7;, and r;, with
respect to u, respectively, while r;., and r;,, denote the second-order partial derivatives
of r;, and r;, with respect to v. Consequently, the final principal curvature x can be
obtained by solving the corresponding eigenvalue problem:
K =eig| G'L, | (A-12)
A.5 Normal Deformation
When a certain interference o is generated along the z-axis between the upper and
lower asperities, the deformation in the direction of the contact normal @ an be

determined from the cosine component:

cosf = 1 (A-13)
iz
® = olcos (A-14)

This completes the derivation of the geometric parameters required for the lateral

contact framework in Section 3.
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