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[image: ] To test the sensitivity of the results to the definition of the winter SPV index, we compare correlations using both DJF and JFM-mean SPV indices. The resulting SPV–ISMR correlations are similar in magnitude (r ≈ 0.12 for DJF and r ≈ 0.13 for JFM), indicating that the identified relationship is not sensitive to the precise temporal averaging of winter stratospheric variability. This suggests that the relevant stratospheric signal persists from early to late winter, consistent with the seasonal evolution of SPV anomalies shown in Fig. S1, and supports the robustness of the identified SPV–ISMR linkage.

S2 Bootstrapped correlation across ENSO phases for a) observations and b) CESM2-LENS
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Figure S2 shows bootstrapped distributions of SPV–ISMR correlations stratified by ENSO phase for observations (Fig. S2a) and the CESM2 large ensemble (Fig. S2b). In observations, the SPV–ISMR relationship is positive when all years are considered and appears strongest during El Niño conditions, while it is weaker and more variable during La Niña winters. The bootstrap distributions indicate substantial sampling uncertainty, but the median correlations remain positive across most phases.
However, CESM2 does not reproduce this behavior. The model shows weak correlations centered near zero across all ENSO phases, with no clear phase dependence and, in some cases, relationships of opposite sign relative to observations. The observed estimates generally lie within the model spread, indicating that the observed signal is not clearly distinguishable from internal variability in the model framework

S3: Linear causal decomposition of ENSO and SPV influences 
Under the assumption that there is no dominant unobserved common driver at the seasonal timescale, the total effect of ENSO on ISMR can be decomposed into these two pathways using linear causal regression analysis. This assumption is reasonable at seasonal timescales given the absence of additional known large-scale drivers that simultaneously influence ENSO, SPV, and ISMR within the same winter–summer window. Regressing ISMR directly on ENSO gives a standardized effect of +0.26, representing the combined direct and indirect pathways
The individual strengths of the two causal pathways can be estimated separately.  To isolate the direct pathway, we must block the stratospheric contribution by controlling for SPV. Because SPV acts as a mediator of the ENSO → ISMR relationship, conditioning on SPV blocks the mediated stratospheric pathway. The ENSO coefficient in the regression conditioned on SPV, therefore, estimated direct effect under the assumed linear–Gaussian model, excluding all effects transmitted via the stratospheric vortex.
Expressed in a linear regression model, this gives,
ISMR = 0.28 ENSO + 0.16 SPV + error  
meaning that the direct effect of ENSO is estimated to be +0.28, independent of stratospheric processes
The indirect (stratospheric) pathway consists of two segments: ENSO -> SPV and SPV -> ISMR. The link from ENSO to SPV can be calculated without further conditioning, i.e., by regressing SPV directly on ENSO, which yields an average effect strength of −0.14. To estimate the direct effect of SPV on ISMR, ENSO is included in the regression to block confounding. This yields an estimated conditional effect of SPV on ISMR of 0.16, as already found above.
Put together, it follows that the strength of the indirect, stratospheric pathway is −0.02 (=−0.14 × 0.16) while that of the direct, tropospheric pathway is approximately 0.28
We again note that the sum of the tropospheric and stratospheric pathways (+0.28 – 0.02 = 0.26) is, as expected from the path-tracing rule, approximately equal to the total effect of ENSO on ISMR as calculated above. 

S4: SPV variability does not explain ENSO–ISMR non-stationarity and ENSO does not explain SPV-ISMR non-stationarity
[image: ]
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Figure S4 shows 11-year moving window correlations to assess the temporal stability of the ENSO–ISMR (a) and SPV–ISMR (b) relationships. The ENSO–ISMR correlation exhibits pronounced variability over time, with periods of both strong and weak association, confirming its known non-stationarity. Conditioning on SPV does not substantially reduce this variability, indicating that Arctic stratospheric variability does not explain the temporal modulation of the ENSO–ISMR relationship. In contrast, the SPV–ISMR relationship shows a more consistent positive association after the mid-1980s, and conditioning on ENSO does not substantially alter its temporal evolution. This suggests that the Arctic pathway operates largely independently of ENSO and does not account for the observed non-stationarity in tropical–monsoon coupling.
S5 Values indicate in-sample predictive skill
	ENSO phase
	All years
	El Niño
	La Niña
	   Neutral

	ENSO+SPV
	0.32
	0.37
	0.27
	0.32

	ENSO only
	0.26
	0.14
	0.25
	0.15

	SPV only
	0.14
	0.37
	0.06
	0.26
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