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SI. THE TIGHT-BINDING MODEL OF MONOLAYER DICE LATTICE

FIG. S1. Schematic diagram of the dice lattice. Blue, red, and green dots represent the A, B, and C' sublattice atoms,
respectively. The primitive lattice vectors are denoted by a; and az. The NN hopping amplitudes between A — B and B — C
sites are labeled as t, while the NNN hopping amplitude among the A — A, B — B, and C' — C sites is represented by t;.
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the lattice constant and d is the nearest-neighbor (NN) bond length. We choose d = 1.42 Aas in the case for graphene.
The NN hopping amplitude between the A — B and B — C' sublattices is denoted by ¢, while the hopping amplitude
for next-nearest-neighbor (NNN) interactions between the A — A, B — B, and C — C sublattices is denoted by
t;. The schematic representation of the dice lattice is shown in Fig. (S1). We take the B site as the origin. The
relative position vectors of the three NN A sites with respect to the B site are given by: 7{' = (0,d) = %(al + ay),

The Bravais lattice vectors of the dice lattice are given by a; = a (1 \/g) and a; = a (—%, @), where a = v/3d is
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5 = (—dT\/g, —%) =7 —a;,and ' = (dT‘/g, —%) = 7{' — ay. The three nearest-neighbor vectors from the B site
Cc_

to the C sites are simply the negative of those to the A sites: 77 = —TiA for ¢ = 1,2,3. The corresponding reciprocal
lattice vectors are given by, by = % (§7 %) and by = \%{a (—?, %) The K and K_ valleys are located at
(4—” 0) and (74—” 0)7 respectively.

3a’ a’
In absence of NNN hopping ¢, the momentum-space Hamiltonian in the sublattice basis (Ax Bx C’k)T is given

by [1]

0 f(k) 0
Hk)=|/f& 0 afk)], (S1)
0 af'k) O

where the off-diagonal term is defined as, f(k) = —t(14e~ ka1 fe~ik-a2) Near the K valley, the low-energy expansion
of f(k) yields [2, 3]

\/gat

f(QIaQy) = 2

(Qm - iQy) = UF(qac - iQy)7

where vp = @ is the Fermi velocity and q is measured relative to the K point. Substituting this form into
Eq. (S1), we obtain the effective low-energy Hamiltonian [4, 5]

) 0 _ qz — 1qy 0 )
H (Qaca Qy) =vVF | ¢z + 14y 0 Qe — 14y | - (82)
0 Gz + Gy 0

Now including the NNN hopping amplitude ¢;, the effective low-energy Hamiltonian near the K, valley can be written
as

0 qz — iqy 0 ¢ 0 0
H(qw qy) =vr | @z +igy 0  qz—igy) | +ta| 0 ¢* 0O (S3)
0 0w + gy 0 0 0 ¢

where ty = %tlaz = %UF and ¢° = ¢} + Q§~

SII. THE INTERLAYER HAMILTONIAN OF UNSTRAINED TBDL

K. valley:
In the vicinity of K, the matrix elements of the interlayer Hamiltonian are given by [6-8]
Ug x(@.@) = Y wg x(a+ Ky + G)e G HETs Oq4K,+Gq+K,+G- (S4)
G,G

Here, G = mib; + msby and G = m;b; + mQBQ, where by (Bl) and by (62) are the reciprocal lattice vectors
of layer-1 (layer-2), corresponding to its primitive lattice vectors a; (a1) and ay (a3). Now, we consider the A-B
(Bernal) stacking configuration [7], under which the sublattice position vector of the atoms in both layers are given
as, T4 = %(al +a2), 3 =0, T¢ = 7%(&1 +a2), T = T0 + sé, — %(él +52), Tg = 70 + sé, + %(51+52), and
Te = To + sé,. Here, s denotes the interlayer separation, and 7y is the relative in-plane translation vector of layer-2

with respect to layer-1. For simplicity, we consider 79 = 0 in our analysis. Now replacing G and G in Eq. (S4), the
interlayer Hamiltonian takes the form

N ~) — - —i(m1b1+7n2b2).‘rx+i(m1f)1+m2f>2).r~ - ~ -
Ug x(@@) = ) wgx(atKqtmibitmaby)e XOG K 4 +maby-+maby,a+K s +miby+mabs-

| (S5)

The term 5q+K++m1b1+m2b2,q+f<++m161+m262 in Eq. (S7) implies that interlayer scattering between layer-1 and

layer-2 is only allowed for specific combinations of (m1,ms), for which the coupling wy (q+ K4 + miby + mabs)
is maximized. The scattering matrices Ug,, Ug,,., and Ug,, correspond to momentum transfers qp, q¢r, and qy,



arising from the combinations of (my, mg) = (0,0), (0,1), and (—1,0), respectively. Now the interlayer Hamiltonian
corresponding to K valley is given by

} UA,A UB,A UC’,A
Ul@a) = |Uip Usp Usp
UA,C UB,C Ué,c

w, W W3 wlewf w2 ’U)3€_i¢ wlefid’ wa wgew

= (w2 w1 w2 | bq—g—q, + wee~ M wpet? Wa 0g—g—qe + waee'® wie ' ws 0g—8—qu
w3 Wp Wi w3y wee”  wiet® ws  wgee'® wie t?

= UClbéq_fl_CIb + thr(sq_fl_qtr + Uquéq—d—qzz (SG)

The matrices Ug,, Ug,,, Uq,, which describe the interlayer coupling at K, valley associated with each mo-

w1 Wy W3 wlei¢ (P w;:,e‘w
mentum transfer, take the following forms: Uy, = w2 w1 ws |, Ug, = [wee ™ wie' Wo y Ugw =
w3 wa wWq wy  weeT P wyet?
wle_i‘z’ Wao U]3€i¢
woe'®  wieT  wy (with ¢ = 27/3).
w3 wge’:q5 wle_w
K_ valley:

In the vicinity of K_, the matrix elements of the interlayer Hamiltonian are given by [6-8]

UX X(q7 Q) = Z w % X(q+K_+m1b1+m2b2) 67i(m1b1+m2b2)‘TX+i(m161+m262)'75‘5

mi,ma

q+K_+miby+mabs,§+K_4+mib;+mabs”

(S7)
The term 6q+K,+m1b1+m2b2,q+1~<,+m1151+m2132 in Eq. (S7) implies that interlayer scattering between layer-1 and
layer-2 is only allowed for specific combinations of (m;,mg), for which the coupling wy ¢(q+K_ + mib; + maobs)
is maximized. The scattering matrices U_q,, U_g,,, and U_g,, correspond to momentum transfers qu, qz-, and qq,
arising from the combinations of (mq,ms2) = (0,0), (0,—1), and (1,0), respectively. Now the interlayer Hamiltonian
corresponding to K valley is given by

R UA,A UB,A Ué,A
U@@,q = |Uip Usp Usp
UA,C UB,C Ué,c

wy, W2 Ws wle__i¢ wa wgei‘zb w1ei?5 wa. wge_i‘i’

= (w2 w1 wy | dq-grq, + [ w2 wlef“ﬁ wy | Oq—g+a, T woe ™ wle“f’ wa dq—d+an
w3 wp Wi wy  wee'® wie wy  weeT®  wyet?

= U—qb‘sq—fﬁ-qb + U—qtréq—d+qt7~ + U—qu‘sq—ﬁﬁqu (SS)

The matrices U_q,, U_gq,,., U_q,, which describe the interlayer coupling at K_ valley associated with each

wp W w3 wle*id’ Wa U/geid)
momentum transfer, take the following forms: U_q, = (w2 wy wa |, U_q, = wae™®  wieT  ws ,
w3 Wz wip w3 woe'®  wiei®
wlei¢ Wo w36_1¢
U_gy = [ wee™ wie®®  wy (with ¢ = 27/3).

w3 U}2€_i¢ wlei‘i’

Now, taking both valleys into account, the general expression for the interlayer Hamiltonian associated with the



K. valley can be written as

UA,A UB,A UCnA
Uca,a) = |Usip Usp Usp
UA,C Ué,c Ué,c

w1 Wy W3 wleic‘z’ Wo w3e_i<¢ wle_i@’ wo IU3€iC¢
= | w2 wi wy | dq-g—cq, + |w2eT wie?  wy ) dq-g-cq, + | w2e” wieT wy | dq-g—cau
w3 wz wi ws  wee NP wqei? ws woe?  wie¥?

= UCqb5q—d—Cqb + Uthr‘Sq—d—qu + UCqu‘Sq—d—gqu

SIII. THE INTRALAYER AND INTERLAYER HAMILTONIAN FOR STRAINED TBDL

Including both NN and NNN hoppings along with a staggered onsite mass term ASj, the low energy intralayer
Hamiltonian of the constituent monolayers of TBDL can be described in terms of massless Dirac fermions, where the
top (bottom) layer of the TBDL is rotated by an angle 8/2 (—0/2), as

Hyppc(0/2) = vpR0/2q.((S1, S2) + t2T3¢* + ASs, (S10)
100

where vp = 6326.1 meVA, ty = %vp, Z3 =10 1 0|, and Ry denotes the rotational operator. The momentum
001

q = k — K¢ is defined relative to the original Brillouin zone (BZ) corner K¢ of the monolayer dice lattice and S;
(1 =1,2,3) denotes the matrix representation of the spin-1 operators in the S; eigenbasis [9].

The effect of strain can be captured by the linear strain tensor £, which maps an arbitrary coordinate r to a new
coordinate given by

r'=1+¢&)r. (S11)
Consequently, the corresponding transformation in momentum space is expressed as
q=0+EN"qg = I-&N)q, (S12)

where the approximation is valid for linear order in the strain tensor. From this point onward, a prime on any quantity
denotes that it is evaluated in the presence of strain.

For a uniaxial strain of magnitude &, applied along a direction making an angle ® with respect to the zigzag axis,
the strain tensor takes the explicit form [10, 11]

_ E 0 1
NG
( cos? ® —osin’® (14 0) cos@sin@)

P ’

1
(1+0)cos®sin® sin?® — o cos® @ (513)

where 0 = 0.165 is the Poisson ratio of the dice lattice, which is also taken to be the same as graphene [11]. The
applied strain influences both the bottom layer Hamiltonian and the interlayer tunneling. In particular, for the bottom
layer, strain generates an effective gauge field [10, 12] given by

B

A= 7 (Exz — Eyy s —2E2y) , (S14)

where 8 = 1.57 is the Griineisen parameter [10], which is also taken to be the same as graphene. Upon performing
the substitution q — q + (A, the strained bottom-layer Hamiltonian can be written as

Hy ¢ =vp Ryps [(T+ET) d' + CA].(CS1,S2) + ASs. (S15)
The positions of the Dirac points in the bottom layer in the presence of this gauge field, are shifted to [10]

D= (I1-E") Ky — CA. (S16)



The interlayer tunneling is likewise affected by strain, as it modifies the momentum transfer between the layers.

Because the momentum in the bottom layer is transformed, the corresponding transferred momenta become

Cap =R_g(I- MK — ReKe,
(i, = R_s (I— ET) (K¢ + Cby) —
Cay = R_g(I-ET) (K¢ —Cby) —

Rs (K¢ + (ba),
Ry (K¢ —(b).

Under these modifications, the strained interlayer Hamiltonian can be expressed as

Ul(a,q

) - ch 6q a— Cqb"'qu' 501 a—<¢qj, +U<q/ 601 q—(ay,*

The hopping matrices remain unchanged and preserve their original structure:

USSP = wap =UP

Cay, Cap’
U5 = wage(-Prmatbil)
tr
= wape’ i¢(—byTp+baTa) _
Utap = wape'(rm—bi)
z((bl T3 — b1 ‘ra) _

= Wape

af
UCQtr

ap
UCCItl !

(S17)

(S18)

(S19)

(S20)

(S21)

Here, o, 3 = A, B, and C' denote the sublattice indices, with wz, = Whp = Wee = Wi, Wijp = Wiy = Wie =
wa 4 = we, and w5~ = w4 = ws. In obtaining these results, we used b'l,2 - TL = b12 - T4, and neglected any strain
dependence of the tunneling amplitudes.

SIV. BAND STRUCTURE OF STRAINED TBDL

In this section, we show the band structures of TBDL at the magic angle § = 1.08° in the presence of different
strain values are plotted along the high-symmetry path Ky — Ky, — I' — Ky, where the lowest band at the middle
band edge is highlighted in red color. Panel (a) representing the energy dispersions in the chiral limit of the system,
implemented by setting w; = w3 = 0 and wy = 110.7 meV, while panel (b) corresponds to the the broken chiral limit
of the system, obtained by setting w; = w3z = 60 meV and wy = 110.7 meV. The calculations for both the panels
are carried out using the Fermi velocity vy = 6326.1 meV-A and ¢, = 0.001 v, with A = 170 meV for panels (a)

and A = 60 meV for panel (b).

E (meV)

FIG. S2. Band structures of TBDL at the magic angle # = 1.08° in the presence of different strain values.
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The energy dispersions are shown for the three distinct increasing strain values,
Ep =0.2%, 0.4%, and 0.6%, represented by solid, dashed and, dotted lines, respectively.
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SV. BERRY CURVATURE AND BERRY CURVATURE DIPOLE DISTRIBUTION

The distribution of the Berry curvature (£2,) and the BCD density (9,,2, with b = z,y) in the K valley, both in
the presence and absence of C3 symmetry, are presented in Figs. S3[(a)—(c)] for the lowest band at the middle band
edge (corresponding to the band index n = 162). Fig. S3(a) and Fig. S3(b) correspond to the chiral limit of the system
(wy = ws =0 and wy = 110.7 meV), with panel (a) representing the case with preserved C3 symmetry and panel (b)
depicting the case with broken Cs symmetry. While Fig. S3(c), on the other hand, corresponds to the broken chiral
symmetry regime (w; = ws = 60 meV and wy = 110.7 meV), where C3 symmetry of the system remains broken. We
emphasize that the presence of TRS in TBDL, the Berry curvature satisfies Q. k., (q) = —Q.,x_(—q). In presence of
C3 symmetry (i.e., in the absence of strain), the Berry curvature and the BCD density shows symmetric patterns in
the MBZ [see Fig. S3(a)]. Interestingly, we find that, in the presence of C3 symmetry, although each valley in TBDL
exhibits large Berry curvature, but the total BCD (BCD density integrated over the whole BZ) vanishes identically.
However, in any realistic systems strain can be applied to break the C3 symmetry, which in turn gives rise to a finite
BCD in the system. In the presence of strain the BCD density shows asymmetric distributions [see Fig. S3(b) and
Fig. S3(c)], which generate a net dipole within the moiré unit cell.
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FIG. S3. The distribution of the Berry curvature 2. and the BCD density 9q,. (a = z,y) for the lowest band at the middle
band edge, plotted in the logarithmic scale, is shown in panels (a)-(c) for three distinct cases. Panel (a) represents the unstrained
configuration of the system with preserved Cs symmetry in the chiral limit (w1 = w3z = 0 and w2 = 110.7 meV), whereas panels
(b) and (c) correspond to the broken C3 symmetry due to the presence of a strain &£, = 0.4%, with panel (b) corresponding to
the chiral limit and panel (c) representing the broken chiral symmetry regime (w; = w3z = 60 meV and ws = 110.7 meV) of the
system. The calculations for all the panels are carried out using the Fermi velocity vp = 6326.1 meV-A and to = 0.001 vp, with
A =170 meV for panels (a) and (b), and A = 60 meV for panel (c). Momenta are measured in units of A~!, Berry curvature
in units of A2, while the dipole density in units of



SVI. CHERN PHASE DIAGRAM OF THE BAND AT THE LOWER EDGE OF THE MIDDLE
SUBBAND IN UNSTRAINED TBDL
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FIG. S4. Chern number phase diagram for the band index n = 162. The figure shows emergent topological phases for the
lowest eigenstate of the middle sub-band of unstrained TBDL, as a function of the onsite mass A and the twist angle 6.

In this section, we analyze the topological phases that emerge corresponding to the K valley in unstrained TBDL
as a function of the onsite potential A and the twist angle §. The phase diagram depicting the Chern number of
the eigenstate with eigenvalue at the lower edge of the middle sub-band (band index n = 162), in the A — 6§ plane
and within the chiral symmetry regime, implemented by setting w; = ws = 0 and we = 110.7 meV, is shown in Fig.
S4. The emergence of multiple topological phases corresponding to Chern number C = 1,—1 and —2 is observed,
separated by distinct transition lines. We observe that for high values of A, the band transitions into a completely
trivial phase while for its lower values, the C' = —1 phase is predominant.

SVII. PROBING DISTINCT TOPOLOGICAL PHASE TRANSITIONS MARKED BY CHERN
NUMBER CHANGES C=-2—+(C=-1AND C=-2—-C=0
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FIG. S5. Topological phase transitions identified through the variation of BCD in (a) the 6—u plane, with A fixed at 120 meV,
corresponding to the transition from Phase (I) to Phase (II), and (b) the A—u plane, with 6 fixed at 0.6°, corresponding to the
transition from Phase (I) to Phase (IV).

In this section, we present the phase diagram of the BCD component Dy, in the 68— plane for a fixed A = 120 meV,
as illustrated in Fig. S5(a), and in the A—u plane, shown in Fig. S5(b), while keeping the twist angle fixed at 6 = 0.6°.



Fig. S5(a) corresponds to the topological phase transition from Phase (I) to Phase (II), whereas Fig. S5(b) represents
the transition from Phase (I) to Phase (IV). The butterfly like structures in the colormap of D, indicate points of
phase transition which can be correlated directly with the Chern phase plot in Fig. 3 of the main manuscript. The
lower two lobes of each butterfly pattern along a horizontal line (with 6 fixed in Fig. S5(a) and A fixed in Fig. S5(b))
represent the values of D, for the corresponding band at a given chemical potential ;1. On the other hand, the sign
reversal of D, along a vertical line (with fixed p) reflects the change in the sign of the BCD for the same band as a
function of either 6 or A, respectively. As evident from Fig. S5(a) and Fig. S5(b), the phase transitions occur near
0 = 0.698° and A = 159.3 meV, respectively. These results highlight the experimental significance of the BCD as an
effective probe for identifying topological phase transitions.

SVIII. INFLUENCE OF TEMPERATURE ON THE BCD IN THE CHIRAL LIMIT
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FIG. S6. Temperature dependence of the BCD components at the magic angle § = 1.08° in the chiral limit of the system,
implemented by setting w1 = wz = 0 and w2 = 110.7 meV, with A = 170 meV at a strain &, = 0.4%. The chemical potential
is fixed at g = —165.9 meV.

So far, all the results we discussed have been obtained at a fixed temperature of T'= 4 K. Now in-order to see the
temperature dependence of BCD in TBDL, in this section we plot the BCD components, D, and D,, as a function
of temperature in the chiral limit of the system at the magic angle § = 1.08°, as shown in Fig. S6. Here, we fix the
chemical potential at © = —165.9 meV. It is evident from the Fig. S6 that, as the temperature increases the dipole
components gradually decreases. This can be attributed to the thermal broadening of the Fermi Dirac distribution
function, thereby the reduction in its slope suppresses the magnitude of the dipole components. This behavior indicates
that one could detect a strong NLH response at the low temperatures in TBDL. This temperature dependence of the
BCD components in TBDL exhibits similar kind of behavior to that reported in the previous experimental studies on
TBG [13] and twisted bilayer WTey [14].
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