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Bayesian Consistency of (Geometric Distribution
Across 63 UTXOs over 72 Monthly Snapshots

Figures|SI 1] display the Bayesian analysis of 63 representative UTXO values ¢, covering
the period from January 2018 to December 2023, which corresponds to a total of 72 monthly
snapshots. In total, 63 x 72 = 4,536 monthly observations were analysed.

a. For each i, panels a;—a, illustrate four representative examples of the posterior proba-
bility distributions of ; at different times—June 1st of 2019, 2020, 2021, and 2022—
together with their corresponding 1o credible intervals.

b. Panels b;—by correspond to those same examples, comparing the smoothed empirical
ownership distributions, P,(k), with the Bayesian-fitted geometric distributions, Ps(k),
parametrised by the posterior mean values (;). The horizontal axis represents the
holding, k, for a given UTXO denomination 4.

c. Panel c tracks the full monthly evolution of the mean holdings, where m} denotes the
empirical mean obtained from the data and m;(5;) represents the theoretical mean
derived from the fitted geometric distribution.

d. Panel d shows the Jensen—Shannon divergence, Djg, quantifying the statistical distance
between the smoothed empirical and fitted distributions, which remains consistently
stable (around 0.04) throughout the six-year period.

These results collectively demonstrate the robustness of the geometric distribution as a con-
sistent descriptor of UTXO holdings over time, supporting the bosonic interpretation of
Bitcoin’s UTXO statistics introduced in the main text.
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—— fitting with (3;) = 0.36368
«  data

—— fitting with (3;) = 0.37348
+ data

! (5, = 03682290007 || | @2 (5 = 0.36367 00001 || | @3 8 — 0.37347+ 000851 | | | 4 (5, = 0.30045* 000057
0.36668 036822 0.36079 0.36216  0.36367 0.36521 037200 0.37347 0.37498 0.33000 039045 0.39182

by b, bs by

0.3 0.3 0.3 03

—— fitting with (3;) = 0.39046
«  data

0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
c d
* mj (data) 0.055 (Dys) = 0.03773
33000 —— m; (geometric) e
0.050
3.2000 .
045 .
£ S
3.1000 ot
3.0000 005
2.9000 0.030
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI21: i« = 5000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5, = 020100300185 || | 32 (5, =025 |18 5, = 02ss51g 0z ||| 4 5 = 028802 0013
0.29025  0.29144 }).20262 0.28613  0.28732  0.28853 0.28731  0.28851 k].28973 0.28770  0.28892 h.?O(lH
b, b, b3 by
—— fitting with (3;) = 0.29144 —— fitting with (3;) = 0.28733 —— fitting with (3;) = 0.28852 —— fitting with (3;) = 0.28892
0.2 data 02 +  data 02 data 0.2 data
0.1 0.1 0.1 0.1
0.0 0.0 0.0 000"
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
c d
" 0.033
goooo]| * i (data) ]
—— m; (geometric) 003
3.9800
0.031
3.9600 .
00301 o
é 2 .
3.9400 S oz .
3.9200 0.028
0.027
3.9000
0.026
3.8800 4y (AR Raas! RARR IR | : RNt AR ARl R ;
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI122: ¢ = 5430

X1l




2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

! (5. = 0053315008 || | 22 (5, = 03000 g0 || |33 0.3s07s g || 24 (5, = 0.39522+000513 |
0.40195  0.40533  0.40876 0.37994  0.38299  0.38603 0.38673  0.38978  0.39290 0.39225 0.39522  0.39835
by b, b; by
0.3 —— fitting with (3) = 0.40535 ||| [0-3 —— fitting with (3;) = 038200 ||| [0.3 —— fitting with () = 0.38980 ||| [0.3 —— fitting with (3;) = 0.39527
. +  data " «  data N +  data +  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 - 0.0 0.0 0.0 :
0 10 20 30 0 0 10 20 30
c d
0.048
* m} (data) (Dys)
—— m; (geometric) 0.046
3.1500
0.044
3.1000 0.012
0,040
3.0500 .. .
0.038
3.0000 0.036
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure S123: i = 5460
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (51 = 0.asaonr gt || 22 (5= 0400 gt || |38 5 = 045565 0317 || 24 51 = 045362 12te|
0.45147  0.45364 }).45570 0.45150  0.45364 1).4558() 0.45151  0.45365 il.45582 0.45147  0.45362 il.4557
b, b, b3 by
—— fitting with (3;) = 0.45364 —— fitting with (3;) = 0.45364 —— fitting with (3;) = 0.45366 —— fitting with (3;) = 0.45363
. «  data . +  data . «  data data
0.2 0.2
0.0 0.0
0 0
c d
2,746 0.072
2.7460 © o (data)
—— m; (geometric) 0,070
2.7440
0.068
2.7420
g ¢ L0006
2.7400
0.064
2.7380 0.062
2.7360 0.060

2018 2019 June 2020 June

221 June 2022 June 2073 Date

Figure SI124:

xiil

2018 2019 June 2020 June

1 = 5480

T T
2021 June

2022 June 2023 Date




2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

a ' — 7| | @ (- ) 44583+ W fa 4447 ol |@ ( . )
1 |8 = 047227300 || | 92 | B = 044588 50000 || | 3 Bi = 044476 5000 || 4 | B; = 0.4448273,0010%
0.44614  0.44722  0.44829 0.44482  0.44588  0.44697 0.44367  0.44476  0.44585 0.44378  0.44482  0.44590
by b bs by
0.3 —— fitting with (3;) = 0.44721 0.3 — fitting with (3;) = 0.44589 0.3 —— fitting with (3;) = 0.44476 0.3 —— fitting with (3;) = 0.44484
«  data B «  data B + data «  data
0.2 0.2
0.1 0.1
0.0 0.0 .
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
c d
2.7860 . -
* m} (data) 0.066 (Djs) = 0.05987
2.7840| | —— 1 (geometric)
0.064
2.7820
2.7800 oo
£277%0 & 0.000 T e, :
2.7760 ooss{
2.7740 0.056
2.7720
0.054
27700 T T T T T T T T T T T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI25: i = 5500
2019 June st 2020 June 1st 2021 June 1st 2022 June 1st
x 5 - ot | | 22 - 0o | 2 5 - oansmargz || 24 5 - ooy
0.41227  0.41375 kl.-’llG‘ZD 0.41245  0.41397 kl.4155l) 0.41418  0.4157 i).41726 0.41663  0.41816 1).41978
b, b, b3 by
0.3 — fitting with (3;) = 0.41377 || |0.3 —— fitting with (3;) = 0.41398 || |0.3 —— fitting with () = 0.41574 0.3 —— fitting with (3;) = 0.41818
data +  data data data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 40 0 20 40 0 20 40 0 20 40
c d
2.9800
*  m} (data)
2.9700 —— m; (geometric) 0.050
2.9600 0.048
2.95 -.c“
2.9500 0.046 ceresseansee®’
é z ceett
2.9400 ]
0.044
2.9300 o reean et
0.042
2.9200
0.040
2.9100
T T T T T T T T T T T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI126: i = 6000

Xiv




2020 June 1st

2022 June 1st

2019 June 1st

2021 June 1st

a |3 = 0.43830738 a2 (5, = 0435510001 || 38 a4 (6 = 044227+ 0030
0.43565  0.43889  0.44220 0.43520  0.43851  0.44172 0.43635  0.43959  0.44280 0.43927  0.44227  0.44533
by by bs by
0.3 —— fitting with (3;) = 0.43891 03 — fitting with (3;) = 0.43848 03 — fitting with (3;) = 0.43959 0.3 — fitting with (53;) = 0.44229
. «  data . +  data R +  data - «  data
0.2 0.2 0.2
0.1 0.1 0.1
0.0 0.0 0.0
c d
0.060
* m} (data)
2.8300 — (geometric) 0.058
0.056
28200 0.054
5 £0.052
= 2.8100 _ . R
0.0501 . . o
2.8000 0.018 :
0.046
2.7900
.044
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI27: i = 7000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a 5, = 007 g3 || 22 5, — o.ssor2rggos | 3 5 - ooz g |24 = oy
0.45559  0.45667 k).45770 0.45564  0.45672 0.45571  0.45682 =().—15789 0.45610  0.45717 kl.45825
b, b, b3 by
—— fitting with (3;) = 0.45668 —— fitting with (3;) = 0.45672 —— fitting with (3;) = 0.45681 —— fitting with (3;) = 0.45717
. data . +  data data data
0.2 0.2 0.2 0.2
0.0 v 0.0 0.0 0.0
0 10 20 30 0 0 0
c d
2.7280 *  m} (data)

2.7260

—— m; (geometric)

0.0800

0.0775
9.7940 0.0750
S 2
3 S 0.0725 veneanes®
2.7220 O T T T T PP PRI T II] ooe
0.0700
2.7200
0.0675

2.7180

0.0650

2018

2019 June 2020 June

221 June 2022 June 2073 Date

2018 2019 June 2020 June

T T
2021 June

2022 June 2023 Date

Figure SI128: i = 7800

XV



2020 June 1st

2021 June 1st

2022 June 1st

2019 June 1st

a 6 ||| @ P . - i a. - 7| | r ) 99596000111 |
1 0.21039+9.90106 ||| | 92 | Bi = 0.21260") toio | 3 B = 0.21667: 55015 || | 4 | B; = 0.2252613. 00111
0.20933  0.21039  0.21145 0.21153  0.21260  0.21368 0.21558  0.21667  0.21775 0.22416  0.22526  0.22638
by by bs by
0.2{ —— fitting with (3;) = 0.21039 0.2{ " — fitting with () = 0.21260 || 0.2 — fitting with (3;) = 0.21667 ||| |0.2 — fitting with (53;) = 0.22527
«  data +  data +  data «  data
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 50 100 0 50 100 0 50 100 0 50 100
c d
5.5000 *  m} (data) 0.058 (Djs) = 0.05022
—— m; (geometric)
5.4000 0056
5.3000 R IR
£0.052 o
< 5.2000 2
g° S
5.1000 0050
.048
5.0000
.046
4.9000
T T T T T T T T T T 044 T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure S129: i = 8000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (.= osimrrgen | |2 5= oy |2 (5. — nsnorg | |24 5= 035050323
0.31476  0.31717 }).131959 0.31877  0.32113 =().32354 0.33955  0.34192 kl.34431 0.35738  0.35980 i).SGZlS
b, b, bg by
0.3 0.3
—— fitting with (3;) = 0.31718 —— fitting with (3;) = 0.32115 —— fitting with (3;) = 0.34193 —— fitting with (3;) = 0.35979
9 data 9 . data P data data
0.2 0. 0.2 09
0.1 0.1 0.1 0.1
0.0 0.0 0.0 - 0.0 *
0 25 50 75 100 0 25 50 75 100 0 25 50 5 100 0 25 50 ) 100
c d
0.13
*  m} (data)
4.6000 .
—— m; (geometric) 0.12 .
4.4000
0.11
4.2000
- ,0.10
= 4.0000 S '.
0 %
3.8000 009 ..
3.6000 0.08
3.4000 0.07

2018

2019 June 2020 June

T T
2021 June

T r
2022 June 2023 Date

2018 2019 June

Figure SI130: ¢ = 9000

XVl

2020 June

T T
2021 June

2022 June 2023 Date




2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

0.40432  0.40493  0.40558 0.40310  0.40372  0.40435 0.40636  0.40694  0.40753 0.40857  0.40915  0.40974
b; by bs by
0.3 — fitting with (;) = 0.40494 0.3 — fitting with () = 0.40372 0.3 — fitting with (3;) = 0.40694 0.3 — fitting with (;) = 0.40915
«  data +  data +  data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 * 0.0 0.0
0 50 100 50 100 0 50 100 50 100
c d
3.2500
* m} (data) (Dis)
3.2000 —— m; (geometric) 0.060
3.1500
0.055 .
3.1000
£3.0500 Y
0.050
3.0000
2.9500 0.045
2.9000
0.040
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI31: ¢« = 10000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a 5= o || 22 5, — oaussrygens | 3 B 5= 040673
0.44237  0.44511 1).4-1785 0.44124  0.44388 kl.44052 0.44224  0.44479 k].44738 0.44467  0.44706 kl.44941
by b bs by
— fitting with (8;) = 0.4451: —— fitting with (3;) = 0.44390 —— fitting with (3;) = 0.4448 —— fitting with (8;) = 0.4470
0.3 fitting with (3;) 14513 0.3 fitting with (3;) 143 03 fitting with (3;) 14481 0.3 fitting with (3;) 14704
. data +  data data data
0.2 0.2
0.1 0.1
0.0 0.0
0 (
c d
*  m} (data)
2.8800 —— m; (geometric)
0.060
2.8600 Lo
. .o
2.8400 005
S @
g S
2.8200
0.050 .
2.8000
0.045
2.7800
T AR Ty Ty AR y T Ty RAmn Ty el '
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI132: ¢ = 11000

XVvil




2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

N (8= 035231300800 || | 32 (5, = 0388720003 ||| 38 50900025 ||| 24 |5 = 0412127
b 0.33262 038523 0.38783 b 0.33615 038872 0.30130 b 0.30264 0.30509  0.39765 b 041011 041242 041473
1 2 3 4

0.3 —— fitting with (8;) = 0.38525 || |03 —— fitting with (3;) = 0.38873 | || ]0.3 — fitting with (53;) = 0.39512 | || |0.3 —— fitting with (3;) = 0.41243
data +  data +  data «  data
0.2 0.2 0.2 02
0.1 0.1 0.1 0.1
0.0 0.0 0.0 - 0.0 -
0 20 40 0 20 40 0 20 10 0 20 40
c d
+ mj (data) 0.0525
3.4000 —— m; (geometric)
0.0500
3.3000 .
0.0475 K
£3.2000 £0.0450 . cees® et
.
3.1000
0.0400{ *teateenate’
3.0000
0.0375
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI33: i« = 12000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5, = 03700t || | 32 (5= 0amsar g |3 5, = 0330670222 | | 24 5 = 039155 0 |
037200 037439 0.37670 037615 037837 0.38059 038125 038316 0.38568 0.38933 039155 0.39375
by by by by
0.3 —— fitting with (3,) = 0.37439 | || |03 —— fitting with (3,) = 0.37839 | || |0-3 —— fitting with (3,) = 0.38347 | || [0.3 —— fitting with (3,) = 0.39155
data +  data data « data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 10 60 0 20 10 60 0 20 10 60 0 20 10 60
c d
0.046
*  m} (data)
3.4000 —— m; (geometric) 0.044
0.042 .
3.3000 om0 e
S_ @ '...,--"‘- ...
S .03 . ettt
3.2000 B
0.036 : R o
3.1000 0.034
0.032
. ey A ey ey ; ; et ey et " ,
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI134: ¢ = 15000
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2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

N (3 = 0.28016-0000011 | | @2 (5 = 0.20302:000001 || | @3 B = 0.30358 000193 | | A4 (3 — 03167800091 |
b 028725 0.28016  0.29107 b 020100 0.20302 0.29496 b 030166 0.30358  0.30552 b 031490 0.31678  0.31860
1 2 3 4

—— fitting with () = 0.28917

—— fitting with (3;) = 0.20302

—— fitting with (3;) = 0.30356

—— fitting with (3;) = 0.31680

0.2 +  data 0.2 +  data 0.2 +  data 0.2 «  data
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 0 6 80 20 0 60 80 0 20 40 60 80 0 20 0 60 80
c d
* m} (data) 0.00 (Djs) = 0.03510
4.0000 —— m; (geometric)
0.038
3.9000 .
& £0.036 . .
~ 3.8000 S . .
0.034 :
3.7000
0.032
3.6000
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI35: i« = 16000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
N (5= 03ss00t 001 | | 22 (5, = 037916 5011|138 [ & 5 = 0.42016°3
037953 0.38300  0.33676 037615 0.37946 038200 039152 0.39481  0.39821 041661 0.42016 0.42387
by b bs by
0.3 —— fitting with (3) = 0.38315 | || {0-3 —— fitting with () = 0.37949 | || |0.3 —— fitting with (8,) = 0.39487 ||| |3 —— fitting with (3;) = 0.42022
data * «  data . data data
0.2 0.2 0.2
0.1 0.1 0.1
0.0 0.0 0.0
0
c d
*  m} (data) 060
3.2000 —— m; (geometric) .
0.055
3.1000 0.050 S
g R0.045 . .
3.0000 VS Teree
0.040 Loee vees
2.9000 . A
0.035 .
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI136: ¢ = 18000
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2020 June 1st

2021 June 1st

2022 June 1st

2019 June 1st

a . HE — a 1 {a r 17000110 |
1 | 3075150018 || | 92 8= 03984750017 3 B = 0403625011 || | 4 | B; = 0.4063133.00110
0.39636  0.39751  0.39869 0.39730  0.39847  0.39966 0.40251  0.40362  0.40476 0.40520  0.40631  0.40741
b; by bs by
0.3 —— fitting with (3;) = 0.39752 0.3 —— fitting with (3;) = 0.39847 || 0.3 — fitting with (3;) = 0.40363 0.3 — fitting with (8;) = 0.40631
«  data +  data +  data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0~
0 20 40 60 0 20 40 60 0 20 40 60 0 20 40 60
c d
3.4000 0052
* m} (data) (Dis)
—— m; (geometric) 0.050
3.3000
0.048
3.2000 0,046
0.044
3.1000
0.042
3.0000 0,010
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI37: i« = 20000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a 5, 0armozggen]|| 22 (5. 0si2:ggeze || 2 (5, 0ssarriggen]|| 24 .= 036382 s
0.34426  0.34710 k).34997 0.34668  0.34952 k].35244 0.35192  0.35477 0.36102  0.36382 k].SGGGS
by b bs by
0.3 0.3 0.3 0.3
—— fitting with (3;) = 0.34711 —— fitting with (3;) = 0.34956 —— fitting with (3;) = 0.35479 —— fitting with (3;) = 0.36383
0.2 data 0.2 +  data 02 data 09 data
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 40 0 20 40 0 20 40 0 20 40
c d
3.5500 0.046
*  m} (data)
3.5000 —— m; (geometric) 0.044
345
3.4500 0.042 :
3.4000 .
- £0.040 . S o
S . . .
3.3500 c e
0.038
3.3000 . . IRTUPTTT I,
0.036
3.2500
0.034
3.2000
T AR Ty Ty AR y T Ty RAmn Ty el '
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI38: ¢ = 24000
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2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

a ( | a (- 2,10+0.00278 ||[ | @ - | a. —(+0.00257 |
1 | B = 0.40203 530550 2 | B = 040340 500578 || | 3 B = 0407905505 || | 4 | B; = 041070100027
0.40007  0.40293  0.40582 0.40075  0.40349  0.40627 0.40522  0.40790  0.41056 0.40826  0.41070  0.41327
by b b; by
0.3 — fitting with (3;) = 0.40292 0.3 —— fitting with (3;) = 0.40350 || 0.3 —— fitting with (3;) = 0.40790 0.3 — fitting with (53;) = 0.41073
. «  data . +  data +  data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 T 0.0 0.0 . 0.0 -
0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30
c d
3.1000 «  m} (data) 00500 (Djs) = 0.03900
—— m; (geometric)
0.0475 .
3.0500 :
0.0450 .
. L, 0.0425 -
£ 3.0000 z
0.0400
2.9500 0.0375 .
0.0350
2.9000 -
0.0325
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI39: ¢ = 25000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5 = 0.a02m61g03 ||| @2 5 = 030502000114 | | 33 5 = 0307s 0 || 24 5 = 0407100172
0.40154  0.40276 1).4()4()() 0.39479  0.39592 =().35)7[)(3 0.39570  0.39678 =().3078(3 0.40538  0.40710 1).4()884
b, b, b3 by
0.3 —— fitting with (3;) = 0.40276 0.3 —— fitting with (3;) = 0.39592 0.3 —— fitting with (3;) = 0.39678 0.3 —— fitting with (3;) = 0.40710
data +  data data data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 40 0 20 40 0 20 40 0 20 40
c d
0.0525
3.1250 *  m} (data)
—— m; (geometric 0.0500
3.1000 i (g )
0.0475
3.0750 IO
0.0450
3.0500
3 2]
0.0425
3.0250 [0085
3.0000 OOIOT et
2.9750 0.0375
2.9500 0.0350
! (AR Raas! RARR IR | : RNt AR ARl R ;
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI140: ¢ = 30000

xx1




2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

0.41879  0.42078  0.42275 0.42122  0.42316  0.42510 0.42509  0.42712  0.42914 0.42663  0.42860  0.43058
by by bs by
0.3 — fitting with (53;) = 0.42077 | ||1() 3 — fitting with (8;) = 0.42316 ||| 5 — fitting with (3;) = 0.42712 0.3 —— fitting with (5;) = 0.42861
. «  data - +  data . +  data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0 T
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
c d
~ 0.058
30500 +  m (data) (Dys) = 0.04987
. 0.056
3.0250 —— m; (geometric)
0.054
3.0000
0.052
2.9750 .
= £0.050
£2.9500 Q
0.048 . o
2.9250 L
0.0461 .
2.9000 :
0.044
2.8750
0.042
2.8500 T T T T T T T T T T T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI41: ¢ = 40000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5= 03002702 | | @2 (8 = 0.3000073001% | | 33 5 = 0arzrstog 2 5 = 0.42203* {112
0.39500  0.39627 11,30756 0.39861  0.39990 i).4()126 0.41160  0.41278 k).414[)1 0.42094  0.42203 k).42315
b, b, b3 by
0.3 —— fitting with (3;) = 0.39627 | || |0.3 —— fitting with (3;) =0.39992 || 0.3 —— fitting with (3;) = 0.41279 0.3 —— fitting with (3;) = 0.42205
data data data data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 40 0 20 40 0 20 40 0 20 40
c d
3.2
3.2000 *  m} (data) 0.055 (D, 0.04563
—— m; (geometric
3.1500 & ) .
0.050 Jentteentet "
3.1000
£3.0500 Soows .
3.0000
0.040
2.9500 e
2.9000 0.035
T UpaBe A T AR T T AA Rt A AR T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI142: ¢ = 50000
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2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st

a : A ( 42140000283 ||| | @ g0 | | @ I ' 0211 |

1 | 434647000150 ||| | 92 | B = 0.42140°) oo | 3 B = 0.42667 55035 || | 4 | B; = 0.430137000211
0.43280  0.43464  0.43650 0.41896  0.42140  0.42383 0.42437  0.42667  0.42898 0.42798  0.43013  0.43225
by b bs by
0.3 —— fitting with (3;) = 0.43465 0.3 — fitting with (8;) = 0.42140 || |4 5 — fitting with (3;) = 0.42668 0.3 —— fitting with (53;) = 0.43013
. «  data . «  data . + data . «  data

0.2 0.2 0.2 0.2

0.1 0.1 0.1 0.1

0.0 0.0 0.0 0.0

c d
* m} (data)
3.1500 ) 0.060
—— m; (geometric)
3.1000 .
0.055 .
3.0500 S .
£3.0000 S .
2.9500 0.045
2.9000 Lo
0.040 .
2.8500
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI43: i« = 60000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5= 02612000 ||| @2 5= 0.423837 300 |11 @8 5, = 043008 30508 ||| 24 5 = 043149730222
0.42337 042612 0.42007 042082 0.42383  0.42609 042782 043068 0.43363 042872 043149 043420
b, b, bs by
0.3 — fitting with (5;) = 0.42618 || |I() 3 —— fitting with (3;) = 0.42387 0.3 —— fitting with (3;) = 0.43070 03 —— fitting with (3;) = 0.43148
data . +  data . «  data . « data
0.2 0.2
0.1 0.1
0.0 0.0
0 0
c d
« m? (data) 0.0600
3.0500 mi (geometric) | | oo
0.0550 JRTTANTIN STt
3.0000
0.0525 . et P
S0.0500 .
0.0475
2.9000
0.0450
2.8500 0.0425
T T T T T T T T T T 0.0400 T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI44: ¢ = 70000
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2020 June 1st

2021 June 1st

2022 June 1st

a . 1 P 000211 )| | @ a 1 —10.00228 |
1 i 435537002 | Bi = 044420500555 || | 3 4 | B; = 0.4406570,0022%
0.43316  0.43553  0.43787 0.44219  0.44429  0.44643 0.43330  0.43590  0.43853 0.43832  0.44065  0.44293
by by bs by
0.3 —— fitting with (3;) = 0.43551 0.3 — fitting with (3;) = 0.44430 0.3 —— fitting with (3;) = 0.43593 0.3 — fitting with (53;) = 0.44064
«  data . +  data . +  data «  data
0.2 0.2 0.2
0.1 0.1 0.1
0.0 0.0 0.0
0 0 0
c d
3.0000 *
+ mi(data) 0.065
—— m; (geometric)
2.9500
0.060
2.9000 ) .
£ £0.05 L
2.8500 ..
0.050 . -
2.8000 T
0.045
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI45: i« = 80000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5 = 0420813 az (5, = 0.42766° 0387 || | @8 |5, = 043655730321 || | 24 5 = 04370073022
042750 042981 0.43213 042545 042766 0.42093 043435 043655 0.43875 043193 043709 0.43931
by by b; by
0.3 —— fitting with (3;) = 0.42983 0.3 —— fitting with (3;) = 0.42768 03 —— fitting with (3;) = 0.43655 0.3 —— fitting with (3;) = 0.43711
. data . +  data ol data ' data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 10 20 30
c d
50750 * mj (data) 0.0600
—— m; (geometric)
2.9500 0057
2.9250 0.0550 ettt
£ 2.9000 0055 |
2.8750 00500
2.8500 0.0475 ‘
2.8250 0.0450
' [y ! oy ey : : T I R A ;
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI146: ¢ = 90000
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2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

! (8 = 0.4279213 00051 || | 32 (5 = 0.432207 000051 | | @8 5 = 0435241000 ||| @4 (5 = 0.43593 0
0.42711  0.42792  0.42873 0.43145  0.43229 0.43312 0.43444  0.43524  0.43605 0.43519  0.43593  0.43669
by b b; by
0.3 —— fitting with (3;) = 0.42792 0.3 — fitting with (3;) = 0.43228 0.3 —— fitting with (3;) = 0.43524 03 — fitting with (53;) = 0.43594
«  data +  data +  data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.04__* 0.0 0.04 -
0 20 40 60 20 40 60 0 20 40 60 0 20 40 60
c d
2.9400 «  m} (data) 0.0625 (Dys) = 0.05533
—— m; (geometric)
2.9200 0.0600
2.9000 0.0575 .
s £0.0550 .. MRRTNEN
E2.8800 Q
0.0525 R
2.8600 et
0.0500{ *°
2.8400
0.0475
2.8200
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI47: ¢+ = 100000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
N (8 = 041666100072 | | | @2 8 = 0.42304 7000501 || | @3 (5, = 0.431581 00017 || | A4 3 = 0.43280 70
0.41287  0.41666 kl.42l)4() 0.41954  0.42304 }].42065 0.42818  0.43158 k].435(l5 0.42969  0.43289 k].43012
b, b, b3 by
0.3 —— fitting with (3;) = 0.41665 0.3 —— fitting with (3;) = 0.42309 0.3 —— fitting with (3;) = 0.43161 03 —— fitting with (3;) = 0.43290
. «  data . +  data data . « data
0.2
0.1
0.0
0
c d
* * (dat. 0.0550
3.1000 m; (data) ”
—— m; (geometric
i (e ) 0.0525
3.0500
0.0500 St ettt .,
3.0000 00475 ATy
g 8100450 e
2.9500 .
0.0425
2.9000 0.04004 *, .*
0.0375
2.8500
T T T T T T T T T T ”“’ir)“ T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure S148: ¢ = 120000
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2020 June 1st

2021 June 1st

2022 June 1st

2019 June 1st

a o || | @ r 3sgeo0ezi ||| @ 1 {a I —0.00221 |
1 | 203000200 ||| | 92 B = 043564 50038 || | 3 B = 043010155058 || | 94 | B; = 0.43027+0,0022L
0.43033  0.43293  0.43553 0.43319  0.43564  0.43808 0.43669  0.43910  0.44143 0.43714  0.43927  0.44148
b; by bs by
03 —— fitting with (3;) = 0.43294 03 — fitting with (3;) = 0.43564 03 —— fitting with (3;) = 0.43908 0.3 — fitting with (53;) = 0.43930
. «  data . «  data + data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 0 0 0
c d
* m} (data)
2.9200 .
—— m; (geometric)
2.9000 e
2.8800 Lo e
2.8600
2.8400
2.8200
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI49: ¢ = 150000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a i - IE [ o001 || | @ ( o AIlE ( 277 H0.00150 |
1 |5 = 044407 550 || | €2 | Bi = 043140750103 || | 3 |51 = 0.438737 {0150 4 i = 0437TITEGR
0.44266  0.44407 =[).'114553 0.43277  0.43440 kl,436(l3 0.43718  0.43873 i).44(l26 0.43562  0.43717 k).43867
b, b, b3 by
0.3 —— fitting with (3;) = 0.44409 03 —— fitting with (3;) = 0.43441 03 —— fitting with (3;) = 0.43872 0.3 —— fitting with (3;) = 0.43717
- data R +  data ’ data ’ data
0.2 0.2 0.2
0.1 0.1 0.1
0.0 0.0 0.0
c d
0.0625
920
2.9000 * m} (data)
. 0.0600
—— m; (geometric)
2.8800 0.0575
2.8600 0.0550 .
g £0.0525 .
2.8100 . s T
0.0500 e e s e
2.8200 0.0475
0.0450] "
2.8000
0.0425
T T oA Uvamne A T T T e Ramas’ N T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI50: ¢ = 200000
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2019 June 1st

2020 June 1st

2021 June 1st

2022 June 1st

0.40692  0.41008  0.41322 0.41556  0.41862  0.42178 0.42677  0.42947  0.43228 0.42811  0.43078  0.43350
b; by bs by
0.3 — fitting with (53;) = 0.41008 | || [0.3 — fitting with (3;) = 0.41866 0.3 —— fitting with (53;) = 0.42951 0.3 —— fitting with (53;) = 0.43079
. «  data . +  data +  data «  data
0.2 0.2 0.2
0.1 0.1 0.1
0.0 0.0 0.0
0 10 20 30
c d
0.070
* m} (data) (Dys)
4.0000 .
000 —— m; (geometric) 0.0651
3.8000 0.060
3.6000 0.055 o aeeateertenan
- . . Leee
S 2 0.05
3.4000 0050
0.045
3.2000
.040
3.0000
0.035 *
28000 T T T T T T T T T T T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI51: ¢ = 250000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5= 03030102 ||| 22 (5= 0anzgeee || |38 5 = 03011 00s || 24 5 = 04402 032
0.43401  0.43639 1).43870 0.43490  0.43717 () 942 0.43722  0.43941 kl.44150 0.43826  0.44032 i).44244
by by b; by
0.3 —— fitting with (3;) = 0.43638 03 —— fitting with (3;) = 0.43716 03 —— fitting with (3;) = 0.43940 0.3 —— fitting with (3;) = 0.44034
’ data . +  data . «  data - data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 0 0 0
c d
0.0600
*  m} (data)
—— m; (geometric 0.0575
2.8300 (8 ) "
0.0550
2.8600 .
0.0525 oee, . .
N 0 e TN
g S A .t
2.8400 0.0500 . . e
0.0475
2.8200 ”
0.0450
2.8000 0.0425
T AR Ty Ty AR y T Ty RAmn Ty el '
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI52
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2020 June 1st

2021 June 1st

2022 June 1st

2019 June 1st

a 60 ||| | @ (- A +0.00157 ||| | @. 521/ a ( o+ )
1 04414150018 2 \,‘i,:o.mlsﬂ,(;fjg}s;’ 3 B = 0443242505 || 94 | B; = 0.44452+3 00141
0.43976  0.44141  0.44310 0.44029  0.44189  0.44346 0.44173 044324 0.44476 0.44310  0.44452  0.44593
by by bs by
P o Y tting with (3) — 044325 P o452
0.3 —— fitting with (3;) = 0.44141 03 — fitting with (3;) = 0.44189 0.3 — fitting with (3;) = 0.44325 0.3 —— fitting with (5;) = 0.4445!
«  data . +  data . +  data «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 = 0.0 0.0
10 20 30 0
c d
0.066
2.8300 * m} (data)
. 0.064
—— m; (geometric)
2.8200 0.062
0.060 oo
2.8100 .
2.8000 0.056 st e
2.7900 0.054
0.052
2.7800
0.050
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI53: ¢« = 500000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a 5, = 0ssassry | | 22 (5= 0aomrrgme ||| 2 5, = 0.30o0gs | | 24 5, = 0.40666 " e
0.38193  0.38283 k).38:371 0.38936  0.39021 kl,301(l7 0.39833  0.39920 kl.4(l(l()8 0.40585  0.40666 1).4()753
b, b, b3 by
0.3 —— fitting with (8,) = 0.38283 ||| |0.3 —— fitting with (3,) = 0.39022 || 0.3 —— fitting with (8,) = 0.39920 || |0.3 —— fitting with (8;) = 0.40667
data +  data data data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0_" 0.0 0.0{_* 0.0
0 25 50 75 100 0 25 50 75 100 0 25 50 5 100 0 25 50 1) 100
c d
"
31500 © i (date) 0.00
—— m; (geometric)
0.058
3.1000 0.056 ceeeett
s £0.054 .
& 3.0500 _ L e
0.052 s
0.050 eeasetelt T
3.0000
0.048
2.9500 0.046
. e’ At aanat A ; ; Ty A Ty A ;
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI54: ¢ = 1000000
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2019 June 1st

2020 June 1st

2021 June 1st 2022 June 1st

a (5, = 0azsa3100t | | 22 (5= 0azsngo || |38 5= 044437 50010 ||| 4 (5 = 0.aan177 0]
0.42509  0.42863  0.43214 0.43495  0.43841  0.44191 0.44086  0.44437  0.44782 0.44095  0.44417  0.44744
b; by bs by
0.3 —— fitting with (3;) = 0.42863 03 — fitting with (3;) = 0.43844 0.3 — fitting with (3;) = 0.44435 0.3 —— fitting with (3;) = 0.44418
«  data . +  data . +  data . «  data
0.2 0.2
0.1 0.1
0.0 0.0
c d
* m} (data)
2.9000 ) 0.060
—— m; (geometric) :
2.8800 et
0.0551 .
2.8600 .
= 2.8400 Q0.050 .
2.8200 0.045 -.
2.8000 A
0.040
2.7800
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI55: ¢« = 1500000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a 5= ooy | |22 = omsorgmin| |2 .= ooy || 5= 0.tz
0.41599  0.41776 }).41052 0.41694  0.41864 kl,42[)34 0.42361  0.42527 =().42694 0.42548  0.42708 1).42807
by b bs by
0.3 —— fitting with (3;) = 0.4 0.3 —— fitting with (3;) = 0.41864 0.3 —— fitting with (3;) = 0.42528 0.3 —— fitting with (3;) = 0.42708
«  data +  data data data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 . 0.0 0.0
0 20 40 0 20 40 0 20 40 0 20 40
c
060
"
2.9300 + mj (data)
—— m; (geometric) 0.058
2.9200
0.056
2.9100
0.054
£2.9000 £ .
00520 “eg et et
2.8900 Teet e
0.050
2.8800
048
2.8700
! [ [ [ R \ ! [ R P R |
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI56: ¢ = 2000000
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2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st

! (5, = 0424017900 || | 32 (5 = 0.42605 700021 || | @3 B = 0.430471000225 || | A4 (5 = 0.43291 000212
0.42217  0.42441  0.42670 0.42419  0.42645  0.42869 0.42823  0.43047  0.43271 0.43078  0.43291  0.43503
by b b; by
0.3 —— fitting with (3;) = 0.42442 0.3 — fitting with (3;) = 0.42643 0.3 —— fitting with (3;) = 0.43049 0.3 —— fitting with (53;) = 0.43292
. «  data . +  data . +  data . «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 T 0.0 T 0.0
0 10 20 30 0 10 20 30 0 10 20 30
c
2.9100
* m} (data) (Dys)
2.9000 —— m; (geometric)
2.8900
2.8800
2.8700 .
2.8600 ML L
2.8500
2.8400
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI57: ¢« = 3000000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a 5= o.sir g || 22 5~ o.iairygens | 3 5= 0.z g 24 5 0ases g
0.42675  0.42984 k).43290 0.42944  0.43247 () 547 0.43305  0.43617 =[).'113\913 0.43543  0.43828 k].44115
b, b, b3 by
0.3 —— fitting with (3;) = 0.42985 03 —— fitting with (3;) = 0.43248 03 —— fitting with () = 0.43614 0.3 —— fitting with (3;) = 0.43828
data . +  data . «  data . « data
0.2 0.2
0.1 0.1
0.0 0.0 teeT .
0 0 10 20 0 10 20
c d
2.8900 0.060
*  m} (data)
28 . 0.058
28800 —— m; (geometric) ’
2.8700 0.056
2.8600 0.054 ceee .
B
£2.8500 £0.052 =
o ) Seeaeeeeeeeee
2.8400 Seee
ooas] * e
2.8300 *
0.046
2.8200
0.044
281(") T T T T T T T T T T T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI58: ¢ = 4000000
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2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st

! ( 432207000154 | B2 (5, = 04305870000 |18 5 = 0433191008 ||| 34 6 = 0.44183109
0.43043  0.43229 0.43412 0.43287  0.43458  0.43628 0.43678  0.43849  0.44016 0.44030  0.44183  0.44336
by by bs by
03 —— fitting with (3;) = 0.43228 03 — fitting with (3;) = 0.43459 03 —— fitting with (3;) = 0.43848 0.3 —— fitting with (53;) = 0.44184
«  data . +  data . +  data . «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 T 0.0 0.0
0 10 20 30 0 10 20 30
c d
2.8600 * m} (data)
—— m; (geometric) 00630
2.8500 ‘
0.0625
2.8400
2.8300 00600 .-
£ 9.8200 2 0.0575
2.8100 0.0550
2.8000
8 0.0525
2.7900
0.0500
278“0 T T T T T T T T T T T T T T T T T T T T
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI59: ¢« = 5000000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (51 = 0.q20morgoni | | @2 (8 = oazssigiore || @3 |51 = 0.a2050 00 | 2 5= 0.43221 {1
0.42331  0.42476 k).42023 0.42438  0.42581 () 2722 0.42823  0.42959 k].43()97 0.43087  0.43221 k].43356
b, b, b3 by
0.3 — fitting with (;) = 0.42477 || | 5 —— fitting with (3;) = 0.42580 0.3 —— fitting with (3;) = 0.42960 03 —— fitting with (3;) = 0.43221
data +  data data « data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0
0 20 40 0 20 40 0 20 40 0 20 40
c d
2.9100 0.062
*  m} (data)
2.0 .
2.9000 —— m; (geometric) 0.060
2.8900
0.058
2.8800
0.056 eeteeteten a0ttt
5 2.870( | .
g2 700 IS RO
2.8600 0.054
2.8500 0.052
2.8400
0.050
2.8300
T AR Ty Ty AR y T Ty RAmn Ty el '
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 2018 2019 June 2020 June 2021 June 2022 June 2023 Date

Figure SI160: ¢« = 10000000
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2020 June 1st

2021 June 1st

2022 June 1st

2019 June 1st

! (8 = 0.43005 3020 || | 32 (5, = 0.43816° 000320 || | 38 5 = 043094100082 ||| B4 (5 = 0.44063" 0022
0.43326  0.43605  0.43890 0.43585  0.43846  0.44107 0.43738  0.43994  0.44247 0.43819  0.44063  0.44315
by by bs by
0.3 —— fitting with (3;) = 0.43606 03 — fitting with (3;) = 0.43846 03 —— fitting with (3;) = 0.43994 0.3 —— fitting with (53;) = 0.44065
’ «  data - «  data - + data ' «  data
0.2 0.2 0.2 0.2
0.1 0.1 0.1 0.1
0.0 0.0 0.0 0.0

c d
2.8400 0.064
* m} (data) (Djs) = 0.05606
—— m; (geometric) 0.062
2.8300
0.060
2.8200 0.058 ‘........--..
g R0.056 Sl
2.8100 Tee e
0.054 .
0.052
2.8000
0.050
2018 2019 June 2020 June 2021 June 2022 June 2023 Date 218 2019 June 2020 June 2021 June 2022 June 2023 Date
Figure SI61: ¢« = 20000000
2019 June 1st 2020 June 1st 2021 June 1st 2022 June 1st
a (5= 032310 ||| @2 (5, = 0433300038 ||| @8 5, = 0.439527 30215 ||| 24 5 = 04141373002
0.43277  0.43523 k).43771 0.43609  0.43834 }].44()66 0.43721  0.43932 =().114151 0.44199  0.44413 kl.440‘21
b, b, b3 by
0.3 —— fitting with (3;) = 0.43524 03 —— fitting with () = 0.43837 03 —— fitting with () = 0.43934 03 —— fitting with (3;) = 0.44411
data . +  data data data
0.2 0.2 0.2
0.1 0.1 0.1
0.0 0.0 0.0
0 0 0
c d
2.8500
-
+ mj (data) 0.0650
2.8400 —— m; (geometric)
2.8300 0.0625
2.8200 0.0600
£2.8100 0.0575 ol . o
2.8000 0.0550 "o, o
2.7900 0.0525
2.7800
0.0500
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Robustness checks supporting the geometric hypothesis

We summarise here four independent tests that complement the Jensen—Shannon divergence
analysis of the main text. All tests are evaluated on the same 4,536 denomination—-month
samples used throughout.

(1) B—m self-consistency

The truncated geometric distribution is a one-parameter family in which the inverse tem-
perature § and the mean m are mutually determined by the analytic relation given in the
main text. Given the Bayesian-inferred f3;, the theoretical mean m;(;) must coincide with
the empirical mean m;; equivalently, inverting the relation at m; yields a second estimate
,Bfm) that must match the Bayesian ;. This is a nontrivial test that no two-parameter phe-
nomenological model (log-normal, negative binomial) can satisfy by construction, because a
single empirical mean does not fix two free parameters.

Figure [ST64] shows the comparison across all 4,536 samples. The Pearson correlation
between 3; and ﬁi(m) is r = 0.99999991. The relative residual |3; — ﬁi(m)| /B; has mean
4.5 x 107° and maximum 4.8 x 10™%: 89.2% of samples fall below 107%, and every sample

falls below 1073,

07 (a) B self-consistency (b) Relative residual distribution
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Figure SI64: f—m self-consistency of the truncated geometric model. (a) Bayesian-
inferred ; versus ﬁi(m) obtained by inverting the analytic mean relation at the empirical mean
m}, for all 4,536 denomination—month samples. Points lie essentially on the diagonal. (b)
Distribution of log,, of the relative residual |3; — BZ-(m)| /B;. All samples satisfy the threshold
1073 (red dashed line).

(2) Smoothing-window sensitivity

The main analysis uses a centred moving average of width w = 9 applied to the raw oc-
cupancy counts {nj} prior to fitting. To confirm that this choice is not responsible for the
observed goodness-of-fit, we repeated the geometric fit over w € {1,5,9, 15,21}, where w = 1
corresponds to no smoothing. For each w, the per-denomination common support kpax; was
redetermined from the corresponding smoothed counts, ensuring that the truncation matches
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the smoothing scale; the geometric was then refitted by maximume-likelihood estimation on
the smoothed counts (this substitutes the full Bayesian pipeline used in the main analysis
for a fast, uniform protocol across all five window widths, and so yields slightly different
percentages at w = 9 than the 99.74% of the main-text Table 1). Table [I| summarises the
fraction of samples with Djyg < 0.08 and < 0.10; Fig. visualises the same data.

w N mean Djg Djg < 0.08 (%) Djs < 0.10 (%)

1 (raw) 4,536 (tail-dominated) 76.6 85.0
5 4,536 0.048 94.7 97.5

9 4,536 0.048 98.4 98.4

15 4,536 0.052 98.4 99.2

21 4,536 0.055 98.4 99.7

Table 1: Sensitivity of the geometric goodness-of-fit to the smoothing window
width w. All window choices w € {5,9,15,21} yield > 94% of samples below D;s =
0.08; the raw case w = 1 is dominated by shot noise in the sparse tail rather than by any
distributional mismatch.

Window sensitivity of geometric goodness-of-fit
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Figure SI65: Window-size sensitivity. Fraction of 4,536 samples with Djg below 0.08
(navy) and 0.10 (teal) as a function of the smoothing window width w. The main-text
choice w = 9 (red dotted line) is indicated.

(3) Gini coefficient and Kolmogorov—Smirnov test

As two further parameter-free checks, we compare (a) the empirical Gini coefficient of each
sample against the theoretical Gini coefficient implied by the fitted §; and the truncated
geometric form, and (b) compute the discrete Kolmogorov—Smirnov (K-S) statistic D =
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maxy, |F(k)— Fs(k)| between the smoothed empirical and theoretical cumulative distribution
functions, where F, denotes the cumulative distribution derived from the smoothed P, (k).

The Gini coefficients track the theoretical prediction with Pearson correlation r = 0.986
(Fig.[SI66f), and the K-S statistic lies below 0.15 in 97.6% of samples (mean 0.099, median
0.097; Fig. |SI66p). Both tests independently support the geometric hypothesis.

0.9 (a) Gini coefficient consistency (b) KS distribution (97.6% below 0.15)
N=4536 | 0 ! mR 0.15
0.8 Pearson r=0.9859 800 - —— mean =0.099
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Figure SI66: Independent distributional checks. (a) Scatter of empirical Gini coeffi-
cients versus theoretical values computed from the Bayesian-inferred ;. (b) Histogram of
the discrete Kolmogorov—Smirnov statistic across all samples; the 0.15 threshold is indicated
in red, and the sample mean in blue.

(4) Time-stability of 5, per denomination

The Bayesian-inferred inverse-temperature parameter (; is determined independently for
each of the 63 x 72 = 4,536 denomination-month samples. To quantify the degree to which
B; is a stable structural property of denomination ¢, we compute the per-denomination coef-
ficient of variation CV; = o(53;)/(8;) across the 72 monthly snapshots. Figure[SI67(a) shows
CV; against the denomination ¢; panel (b) shows its distribution across the 63 denominations.
The median CV; is 1.7%, with 98.4% of denominations satisfying CV; < 10% and 92.1%
satisfying CV; < 5%. This near-constancy across a six-year window—which spans multiple
Bitcoin market cycles—indicates that g; is a structural property of the denomination rather
than a transient feature of any one snapshot.

XXXV



(a) Time-stability per denomination (b) Distribution of CV across 63 denominations
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Figure SI67: Time-stability of ;. (a) Per-denomination coefficient of variation o(/5;)/(5;)
as a function of denomination i. (b) Histogram of CV; across all 63 denominations, with the
median (blue) and the 10% threshold (red dashed) indicated.

Per-denomination (f;) summary

Table [2| lists (3;), o(fB;), and CV; for each of the 63 denominations, averaged over the 72
monthly snapshots.
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Table 2: Per-denomination j; statistics. For each UTXO denomination ¢, the mean (3;),
standard deviation o(f;), and coefficient of variation CV; = o(5;)/(5;) are computed across
the 72 monthly snapshots from January 2018 to December 2023.

i (B o CV (%) i (B o CV (%) i (Bi) Y

1 0.4307 0.0001 0.03 | 2400 0.4043 0.0056 1.39 30000 0.4024 0.0082

4 0.3574 0.0012 0.34 | 2700 0.3543 0.0120 3.38 40000 0.4225 0.0082

10 0.2739 0.0009 0.34 | 2730 0.3192 0.0062 1.95 50000 0.4063 0.0147
100 0.2298 0.0010 0.46 | 3000 0.3917 0.0077 1.97 60000 0.4231 0.0146
200 0.2815 0.0007 0.26 | 4000 0.3688 0.0092 2.49 70000 0.4248 0.0108
400 0.2399 0.0027 1.13 | 5000 0.3782 0.0208 5.50 80000 0.4366 0.0103
546  0.3249 0.0492 15.14 | 5430 0.2898 0.0023 0.79 90000 0.4306 0.0072
600 0.3703 0.0149 4.03 | 5460 0.3955 0.0093 2.36 100000 0.4314 0.0059
800 0.2617 0.0126 4.83 | 5480 0.4536 0.0000 0.01 120000 0.4225 0.0121
880 0.3219 0.0045 1.41 | 5500 0.4462 0.0011 0.26 150000 0.4359 0.0042
1000 0.4066 0.0067 1.66 | 6000 0.4156 0.0029 0.69 200000 0.4362 0.0030
1200 0.2831 0.0267 9.42 | 7000 0.4398 0.0025 0.56 250000 0.4150 0.0276
1250 0.3687 0.0017 0.47 | 7800 0.4571 0.0007 0.14 300000 0.4378 0.0031
1600 0.3397 0.0118 3.47 | 8000 0.2165 0.0082 3.77 500000 0.4428 0.0018
2000 0.3756 0.0102 2.72 | 9000 0.3296 0.0310 9.42 1000000 0.3957 0.0114
10000 0.4067 0.0097 2.40 1500000 0.4404 0.0050

11000 0.4428 0.0053 1.19 2000000 0.4228 0.0045

12000 0.3919 0.0152 3.87 3000000 0.4286 0.0043

15000 0.3805 0.0117 3.08 4000000 0.4340 0.0043

16000 0.3016 0.0128 4.26 5000000 0.4373 0.0051

18000 0.4023 0.0185 4.61 | 10000000 0.4286 0.0047

20000 0.4003 0.0124 3.11 | 20000000 0.4385 0.0027

24000 0.3548 0.0107 3.03 | 50000000 0.4408 0.0037

25000 0.4064 0.0086 2.12 | 100000000 0.4423 0.0015

Summary

The five tests described above—Jensen—Shannon divergence (main text), 5—m self-consistency
(Fig. [SI64)), smoothing-window insensitivity (Table [1} Fig. [SI65]), the Gini-Kolmogorov—
Smirnov pair (Fig. [SI66]), and the time-stability of 3; (Fig. [SI67 Table [2)—are method-
ologically distinct and probe complementary aspects of the fit, and all converge on the same
conclusion: across all 4,536 denomination—month samples, Bitcoin UTXO ownership statis-
tics are described by a single-parameter truncated geometric distribution to a precision that
no multi-parameter phenomenological alternative matches in the self-consistency sense.
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