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Abstract 
To examine the distribution and variation of grinding forces in helical gear form grinding, a 

theoretical grinding force model was constructed considering the spatial motion relationships, 
geometric contact characteristics, and grinding mechanism. The model constants were determined 
through grinding experiments, and the predicted forces were validated against the measured data 
under different process parameters. Theoretical and experimental measurements indicate that both 
normal and tangential grinding forces increase with the grinding depth and feed rate. Increasing the 
wheel speed reduces the tangential force, whereas the normal force shows a non-monotonic 
variation. Furthermore, the simulation reveals that grinding forces vary nonuniformly along the 
tooth profile, increasing with the involute rolling angle, decreasing with the transition arc angle, and 
peaking at the tooth root. These findings provide a theoretical framework for grinding parameter 
optimization in helical gear form grinding. 
Keywords: Helical gear, Form grinding, Force model, Spatial geometric, Nonuniform distribution  

1 Introduction 

With the continuous development of high-performance transmission systems, stricter 
requirements have been imposed on the dimensional accuracy and surface integrity of gears. As a 
finishing operation capable of generating precise tooth profiles, form grinding is widely employed 
in the final manufacturing stage of hardened gears. During this process, the mechanical response 
during this process has emerged as one of the dominant factors affecting the operational reliability 
of gears [1]. Specifically, the grinding force acts as an important indicator of the interaction between 
the grains and workpiece surface, reflecting both the material removal process and the local contact 
load. It is also closely related to residual stress formation, surface roughness, and the overall 
integrity of the tooth flank[2][3]. Therefore, establishing a predictive grinding force model that can 
accurately describe the actual contact characteristics and tooth profile response is of great theoretical 
importance for machining parameter optimization and surface quality control in helical gear form 
grinding. 

Significant progress has been achieved in grinding force modeling for processes such as surface 
grinding and cylindrical grinding, mainly because these operations feature relatively regular wheel–
workpiece contact geometry and uniform local kinematics [4]. In contrast, form grinding presents 
an intricate coupling between the wheel profile and the tooth surface, producing a complex, time-
varying three-dimensional contact region [5]. During this process, the local cutting speed, contact 
arc length, and instantaneous undeformed chip thickness vary continuously along the tooth surface, 
leading to strong spatial nonuniformity and temporal fluctuation of the grinding force [6]. 
Furthermore, the combined effects of wheel wear, profile errors, and multi-axis kinematic coupling 
intensify the nonlinear mechanical behavior in the contact region [7], making it difficult for 
traditional simplified models to accurately capture the actual force characteristics in form grinding. 

Recent studies have intensively explored the kinematic and mechanical behavior of form 



grinding, giving rise to a series of predictive models for grinding forces. Li et al. [8] proposed a 
coupled force–temperature model for turbine disk slot form grinding, revealing that uneven heat 
transfer caused the peak temperature at the slot edge to exceed that at the bottom by about 30%. 
Miao et al. [9] established a quantitative model linking tangential and normal forces in creep-feed 
form grinding of nickel-based superalloy blade roots to key process parameters such as wheel speed, 
feed rate, and grinding depth. Wu et al. [10] proposed an infinitesimal-based model for grinding 
forces on 2D freeform surfaces, reducing the complex form grinding process to multiple inclined 
flat grindings that capture sliding, plowing, and chip formation mechanisms. 

For gear form grinding, the contact geometry varies spatially, with the equivalent wheel radius, 
wheel linear velocity, and normal grinding depth differ along the tooth profile. These complex 
geometric and kinematic interactions lead to strongly nonuniform grinding force distributions along 
the tooth surface, which cannot be captured by traditional models developed under uniform contact 
assumptions [11][12]. Xiao et al. [13] proposed a force model combining wheel topography, 
kinematics, and material removal mechanisms, accurately predicting forces and revealing the 
distinctive material removal features of gear form grinding compared with conventional surface 
grinding. Bie et al. [14] modeled grinding forces in two-dimensional ultrasonic vibration-assisted 
dry gear grinding, showing that ultrasonic excitation periodically reduces the applied forces by 
altering abrasive grain kinematics and force distribution. Based on the micro-scale interaction 
between abrasive grains and the workpiece, Yi et al. [15][16]developed a predictive grinding force 
model incorporating undeformed chip thickness, stochastic grain distribution, and material removal 
characteristics, achieving accurate prediction of tangential and normal force distributions. Yang et 
al. [17][18] established a model for involute spur gear form grinding using microcrystalline 
corundum wheels, analyzing the influence of process parameters, abrasive density, and geometrical 
factors on the grinding force, providing valuable theoretical and experimental insights. However, 
most existing models are limited to spur gears or two-dimensional simplifications, neglecting the 
spatial geometry and kinematic coupling inherent in helical gear form grinding. 

This study develops a predictive model for full-tooth-height form grinding of involute helical 
gears to overcome the aforementioned limitation. The model explicitly considers the spatial 
kinematics and geometric contact of the helical surface and calculates the position-dependent 
equivalent wheel radius and grinding depth along the normal section. Using a unit-width plane 
grinding force model, the total tangential and normal forces are obtained through integration of local 
forces along the three-dimensional contact curve. Helical gear grinding experiments were performed 
to calibrate empirical coefficients and assess the accuracy of model predictions. Results indicate a 
highly nonuniform grinding force distribution along the tooth profile, reaching a minimum near the 
base circle and peaking at the root. Tangential and normal forces increase with greater radial 
grinding depth and feed rate; however, with higher wheel speed, the tangential force decreases and 
the normal force varies non-monotonically. The proposed model provides a foundation for process 
parameter optimization and surface integrity improvement during helical gear form grinding. 
2 Spatial kinematic model of form grinding 

In helical gear form grinding, the generation of the tooth surface results from the continuous 
relative motion between the profiled grinding wheel and the workpiece. The final tooth geometry is 
formed through an envelope mechanism associated with the wheel–gear contact path. Figure 1 
illustrates the spatial kinematics of helical gear form grinding, which mainly consists of spindle 
rotation, tangential feed, and radial feed motions. During grinding, the wheel rotates at nₛ with a 



radial infeed for material removal, whereas the helical gear rotates at ng and translates axially at a 
feed rate of vw. In Fig.1, Sw (Xw, Yw, Zw) and Ss (Xs, Ys, Zs) denote coordinate systems attached to the 
gear and the wheel.  

 

Fig.1 Kinematic representation of the helical gear form grinding process 

As shown in Fig.2, a spatial motion coordinate framework of helical gear form grinding is 
established from the relative motion between the grinding wheel and the workpiece. S (X, Y, Z) 
denotes the stationary reference frame. At the initial grinding position, the coordinate system Sw (Xw, 
Yw, Zw) coincides with S (X, Y, Z), and the initial center distance between the wheel and gear is A. 
When the gear rotates by a unit angle at a speed of ng, the wheel moves radially by a displacement 
Aₓ, thereby maintaining the prescribed meshing condition during material removal.  

 

Fig.2 Spatial coordinate system describing wheel/gear meshing in helical gear form grinding 

In Fig. 2, the instantaneous spatial contact point K between the wheel and the gear can be 
represented by the vectors r=(x,y,z)T, rw=(xw,yw,zw)T, and rs=(xs,ys,zs)T with respect to the fixed, gear, 
and wheel coordinate systems, respectively. 

The transformation from the gear coordinate system to the fixed coordinate system is given by: 
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where the helical motion parameter is defined as P=Pz/(2π), with Pz denoting the helical lead. Mθ 
Z  

represents the rotation matrix corresponding to a clockwise rotation by an angle θ about the OZ-
axis, can be expressed as: 
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The transformation relation from the fixed coordinate system to the wheel coordinate system 
is mathematically represented as: 
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where M 
x  denotes the rotation matrix for a clockwise rotation by an angle ξ about the OX-axis. 

3 Helical tooth surface model 
The profile of a right-hand helical gear subjected to full-depth grinding consists of an involute 

flank surface and a root transition surface, as illustrated in Fig. 3. The helical tooth surface geometry 
is determined by the spatial meshing motion between the wheel and the gear. The geometry of the 
right-hand involute helical surface is expressed in terms of the rolling angle φK at an arbitrary 
grinding contact point: 
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where rb denotes the base circle radius, σb is defined as the half-angle corresponding to the tooth 
space on the base circle. 

 

Fig.3 Helical tooth profile during form grinding 

By modeling the root transition surface from the gear end face, the transition fillet helical 
surface is expressed as: 
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where xc and yc denote the x- and y-coordinates of the transition fillet center, u represents the angular 
variable governing the transition arc geometry, rf represents the root circle radius, and rt defines the 
transition fillet radius. 
4 Form grinding force model of helical gears 

4.1 Normal geometrical contact model  

During the form grinding of helical gears, the contact line between the wheel and the gear is a 
spatial curve whose geometry continuously varies as the grinding point moves across the tooth 
surface. Unlike spur gears, the contact condition in helical gear grinding cannot be simplified by the 
equivalent profile in the end plane. In this process, the wheel feeds along the helical path, while the 
normal plane of the helical gear is regarded as the theoretical reference plane, representing the 
designed geometric characteristics of the tooth flank. Although the contact line continuously 
changes with the local curvature radius, normal vector, and tangential direction at each grinding 
point, its overall evolution is still governed and constrained by the theoretical design geometry. As 
a result, the actual wheel–gear engagement region progressively approaches the theoretical normal 
plane, leading to the formation of the desired tooth profile.  

The normal tooth profile of the helical gear at the pitch circle is equivalently represented by 
the form grinding contact curve. As illustrated in Fig.4, a point P is selected on the helical line of 
the pitch cylinder, and a normal plane N–N is established perpendicular to the helical line at this 
point. The intersection between the normal plane and the tooth surface defines the normal tooth 
profile. Figure 5 represents the geometric relation between the normal plane and the end plane, 
where plane ABB′ represents the end plane and plane ACC′ denotes the normal plane. In the figure, 
αₜ and αₙ denote the transverse pressure angle and the normal pressure angle, respectively, while β 
represents the helix angle. 

 
Fig.4 Normal tooth profile of the gear 

 

Fig.5 Geometric relationship between the normal plane and the end plane of the helical gear 

The normal grinding depth represents the penetration of the grinding wheel into the workpiece 



at the contact zone, serving as a key process parameter that characterizes the helical gear grinding 
process. Considering the kinematic relationship and geometric characteristics during helical gear 
form grinding, the contact geometries of the involute and fillet transition on the gear end surface are 
derived, as shown in Figs.6 and 7. According to the established geometric contact model and the 
spatial correspondence between the normal and end planes, the normal grinding depth at any contact 
point on the normal tooth profile is given by: 

 

( )
n,n1 r b

2 2 2

n,n2 r r r t t

n,n3 r

Ksin cos

cos + ( cos ) + cos

cos

a a

a a u a u a r r

a a

  





= +

= −

=


    


-  (7) 

where an,n1, an,n2, and an,n3 denote the normal grinding depths corresponding to arbitrary contact 
points on the involute flank, fillet transition arc, and tooth root, respectively. ar represents the wheel 
radial infeed depth, ra denotes the addendum circle radius. 

 

Fig.6 Grinding contact geometry of the tooth involute profile 

 

Fig.7 Geometric grinding contact relationship of the tooth fillet transition arc 

In practice, the normal helical tooth profile does not strictly follow the canonical involute form. 
Tang et al. [19] has shown that the discrepancy between the normal profile of a helical gear and the 
transverse involute profile is negligible; hence the normal profile may be regarded as a locally 
modified involute. Accordingly, when formulating the theoretical form grinding force model of 
helical gears, the normal tooth profile outside the root fillet region is treated as an equivalent 
involute for computational purposes. This equivalence enables the use of standard involute-based 
geometric and kinematic relations in the force model while isolating the fillet transition for separate 
treatment. 



The wheel equivalent radius represents the effective cutting radius that engages with the 
workpiece during form grinding. Based on the geometric contact model and the spatial relation 
between the normal and end planes, the equivalent radius between the normal tooth profile and the 
wheel forming contour is given by: 
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where rn,e1, r n,e2, and rn,e3 denote the equivalent radii at arbitrary positions on the involute flank, 
fillet transition arc, and tooth root of the normal profile, respectively. rs represents the wheel initial 
radius prior to material removal. 

The wheel normal linear velocities corresponding to the involute, fillet transition arc, and  
tooth root, denoted as vn,s1, vn,s2, and vn,s3, respectively, can be determined as: 
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As illustrated in Fig.8, an infinitesimal segment is taken along the tooth involute for analysis. 
When the rolling angle increases by an infinitesimal increment dφ, the corresponding arc length 
increment of the involute, dl1, can be expressed as: 

  
1 b
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Fig.8 An infinitesimal segment on the tooth involute profile 

Similarly, the arc length increment of the fillet transition curve can be expressed as: 
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For the tooth root, the corresponding linear length can be expressed as: 
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4.2 Form grinding force model 
By incorporating the unit-width force model for plane grinding [20], the helical gear form 

grinding force is derived through the integration of incremental forces over the wheel–gear 
engagement length. Accordingly, the grinding force for helical gear form grinding can be expressed 
as: 
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The coefficients K1, K2, K3, K4, α1, β1, and ε1 are empirical parameters that must be determined 
through experimental calibration. 
5. Experimental Measurement of Form Grinding Forces in Helical Gears 

5.1 Experimental setup and measurement procedure 

Form grinding experiments on helical gears were conducted using a Gleason–PFAUTER 

P600/800G h form grinding machine. This machine allows four-axis simultaneous motion (C, X, Y, 

and Z) and achieves a grinding accuracy of up to DIN Grade 4. Prior to grinding, the wheel (Φ350 
× 32 × 127 mm, 3SG70GHV50) was precisely dressed using a diamond roller to ensure accurate 

wheel geometry, as shown in Fig.9. The wheel was composed of SG ceramic microcrystalline 

abrasive with a grit size of #70 and a vitreous bond. Compared with conventional alumina wheels, 

SG ceramic abrasive wheels exhibit higher grinding ratio, hardness, and toughness, as well as 

excellent self-sharpening characteristics, making them particularly suitable for achieving high 

dimensional accuracy in form grinding of hardened gear steels. The test workpiece was a carburized, 

quenched, and tempered involute helical gear made of 17CrNiMo6 steel. Details of the gear 

geometry and its chemical composition are presented in Tables1 and 2. 



 

Fig.9 Dressing process of the form grinding wheel 

Table 1 Geometrical parameters of the workpiece 

Parameter / Unit Value 

Number of teeth  20 

Normal module / mm 9.5 

Helix angle / (°) 16 

Normal pressure angle / (°) 20 

Face width / mm 40 

Table 2 Chemical composition of 17CrNiMo6 steel  

Element C Si Mn Cr Ni Mo 

Mass fraction / % 0.19 0.3 0.85 1.5 1.6 0.27 

The grinding forces were measured by a KISTLER–9129AA multi-component dynamometer. 
This dynamometer is capable of simultaneously measuring forces in three orthogonal directions, 
satisfying the requirements for precision grinding experiments. The force signals generated by the 
dynamometer are transmitted to a KISTLER–5167A charge amplifier equipped with an integrated 
DAQ system, where the charges induced by the applied forces are amplified and converted into 
voltage signals. These signals are then transferred to a computer for data acquisition and analysis. 
Figure 10 illustrates the grinding force measurement system for the helical gear. 

 

Fig.10 Experimental setup for measuring form grinding forces of the helical gear 



Since the coolant could not be switched off during the experiment, force signals were recorded 
under both grinding and non-grinding conditions to eliminate the influence of fluid impact on the 
measured results. The fluid-induced disturbance was subsequently removed from the actual grinding 
force data. Figure 11 presents a representative set of grinding force curves obtained by grinding test, 
conducted with the parameters vs=25 m/s, ar=0.02 mm, vw=1500 mm/min, and ng=20 rad/min. Here, 
Ft denotes the tangential force parallel to the feed motion, and Fn denotes the normal force 
perpendicular to the feed motion. During the grinding cycle, the force increases as the wheel engages 
the gear, remains stable during steady-state grinding, and then decreases rapidly as the wheel 
disengages from the gear. 

 

Fig.11 Measured grinding force results 

5.2 Parameter calibration of the form grinding force model 
Within the helical gear form grinding force model, seven constants—K1, K2, K3, K4, α1, β1, and 

ε1 in Equations (14) and (15) must be determined experimentally. Table 3 presents four sets of 
grinding parameters and the corresponding measured grinding forces. For each condition, three 
repeated trials were conducted, and the mean value was taken. By substituting the experimental 
results into a system of multiple linear equations, the unknown parameters were obtained, as 
summarized in Table 4. 

Table 3 Experimental combinations and corresponding grinding force results 

vₛ (m/s) vw (mm/min) aᵣ (mm) ng (rad/min) Fₙ (N) Fₜ (N) 
30 1000 0.03 20 21.53 6.22 

25 1500 0.01 20 12.65 3.65 

20 2000 0.03 20 32.19 10.57 

25 1500 0.02 20 19.07 5.96 

Table 4 Experimentally determined constants of the grinding force model 

K1 K2 K3 K4 α1 β1 ε1 

−7609 1357 −766675 57760 0.051 538 38260 

By substituting the experimentally determined constants listed in Table 4 into Eqs. (13)–(15), 
the complete theoretical model for the grinding forces during helical gear form grinding is obtained. 
6. Model validation and results analysis 

6.1 Verification of the form grinding force model 
To evaluate the proposed grinding force model and assess the effects of individual process 



parameters, single-factor experiments were conducted under different machining conditions. Figs. 
12–14 present the variations in grinding forces with respect to grinding depth, wheel speed, and feed 
rate. The calculated forces closely match the experimental measurements, with both showing similar 
variation tendencies, demonstrating the validity and reliability of the proposed theoretical model. 
Furthermore, the experimentally measured forces are slightly higher than the theoretical predictions. 
This discrepancy arises mainly from grinding wheel wear, which increases the friction coefficient 
at the grain-workpiece interface and consequently increases the grinding force. In addition, irregular 
deformation of worn grains extends the effective contact arc and raises the instantaneous material 
removal rate, thereby increasing the grinding forces. 

 

Figure 12 Relationship between grinding depth and grinding force (vs=25 m/s, vw=1500 mm/min) 

 

Figure 13 Relationship between wheel linear velocity and grinding force (ar=0.02 mm, vw=1500 
mm/min) 

 

Figure 14 Relationship between feed rate and grinding force (ar=0.02 mm, vs=25 m/s) 
6.2 Processing parameter influence on grinding force 

According to Figure 12, an increase in grinding depth ar from 0.005 mm to 0.04 mm results in 
a substantial growth in the predicted forces: Ft rises from 2.29 N to 9.98 N, and Fn increases from 
7.45 N to 35.98 N. This trend confirms a positive dependence of the grinding force on ar, with the 



force magnitude increasing as the grinding depth grows. This is because the increase in ar activates 
more cutting grains, which in turn enlarges the effective wheel-workpiece contact arc length. From 
the perspective of cutting mechanics, an elevated material removal rate enhances chip-formation 
resistance and strengthens grain-workpiece friction, which collectively raises the grinding force. 

From Fig.13, it can be observed that as the wheel linear velocity vs varies from 15 m/s to 40 m/s, 
Ft ranges from 7.53 N to 4.99 N, and Fn ranges from 21.43 N to 18.37 N. The results show that Ft 
decreases with increasing vs, while Fn first increases and then decreases. This trend arises because 
a higher vs introduces more abrasive grains into engagement per unit time, which diminishes the 
maximum undeformed chip thickness of individual grains, thereby reducing the effective grinding 
force per grain. In addition, the higher vs increases the workpiece surface temperature, enhancing 
thermal softening and promoting plastic flow, which in turn lowers the grinding force required for 
material removal. However, when vs is within the lower range of 15–25 m/s, the longer interaction 
time between the grains and workpiece enhances static frictional resistance, resulting in an increase 
in Fn. Furthermore, at lower grinding speeds, larger chips are generated, and their motion encounters 
greater resistance, further increasing Fn. As vs continues to rise, the relative sliding speed between 
the abrasive grains and the workpiece increases, reducing both static friction and chip resistance, 
thereby causing Fn to decrease. 

As shown in Fig.14, when the workpiece feed rate vw increases from 500 mm/min to 2500 
mm/min, the calculated Ft increases from 4.14 N to 7.80 N, while Fn rises from 9.63 N to 29.93 N. 
This indicates that both grinding force components increase with rising vw. This trend is attributed 
to the fact that a higher feed rate produces larger undeformed chip thicknesses per abrasive grain, 
enhancing the material removal rate and consequently increasing the grinding forces. 
6.3 Non-uniform distribution of grinding forces 

To further analyze the force distribution over the full tooth depth, the established theoretical 

model was employed to evaluate the tangential and normal forces at various positions on the helical 

tooth profile, as shown in Figs. 15–17. The gear geometry is listed in Table 2, while the grinding 

conditions for the analysis were defined as ar=0.02 mm, vs=25 m/s, and vw=1500 mm/min. 

According to Fig.15, the grinding force demonstrates an upward trend along the involute 

profile with increasing rolling angle. A higher force is observed at the tooth top compared with the 

area close to the intersection between the involute profile and the base circle. From Fig.16, the 

grinding force decreases as the arc angle increases, indicating that the grinding force becomes larger 

toward the tooth root. From Fig.17, the grinding force in the root region remains almost constant 

and is significantly greater than that in both the involute and transition arc regions. 

As dictated by the geometric contact relations in the grinding zone, the normal grinding depth 

grows as the rolling angle increases and declines as the transition arc angle becomes larger. 

Therefore, the smallest normal grinding depth occurs at the intersection between the tooth profile 

and base circle, while the largest occurs at the tooth root. Owing to the position-dependent variation 

of normal grinding depth and its direct contribution to grinding force generation, the grinding force 

demonstrates a clear non-uniform distribution over the complete tooth depth. The grinding force is 

minimal near the base circle and maximal at the tooth root. 



 

Figure 15 Grinding force distribution along the involute  

 

Figure 16 Grinding force distribution along the transition arc 

 

Figure 17 Grinding force distribution along the tooth root 
7 Conclusions 

To investigate the distribution and variation of grinding forces during helical gear form 

grinding, a theoretical force model was proposed and experimentally validated. Based on this, the 

effects of grinding parameters on both the magnitude and the non-uniform distribution of grinding 

forces along the tooth profile were thoroughly examined. The main conclusions can be summarized 

as follows: 

(1) A theoretical model for predicting grinding forces during helical gear form grinding was 

proposed by integrating the spatial kinematic model and geometric contact relationships. The 

experimental constants in the model were determined through grinding experiments. By comparing 

the calculated and measured forces under different processing conditions, good agreement and 

consistent trends were observed, thereby confirming the validity of the proposed model. 

(2) The influence of processing parameters on grinding forces was investigated using single-

factor experiments. Both theoretical and experimental results indicate that the normal and tangential 

grinding forces increase with the grinding depth and workpiece feed rate. As the wheel speed 



increases, the tangential grinding force decreases, while the normal grinding force first increases 

and then decreases. 

(3) Using the developed theoretical model, the tangential and normal grinding forces along the 

tooth profile were calculated to elucidate the impact of tooth geometry on force distribution. The 

results reveal that both forces increase with the involute rolling angle and decrease with the 

transition arc angle. Along the involute, the grinding force is largest at the tooth top and smallest 

near the base circle. Along the transition arc, the grinding force increases toward the tooth root. In 

the root region, the grinding force remains nearly constant due to the uniform grinding depth. 

Overall, the grinding force exhibits a distinct non-uniform distribution along the helical tooth profile, 

being minimal at the base circle and maximal at the tooth root. 
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