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Abstract

This paper presents a rigorous error analysis of a variable time-step, second-order implicit-explicit
backward differentiation formula finite element method (IMEX-BDF2-FEM) for solving the nonsta-
tionary incompressible Navier—Stokes equations. The scheme combines a skew-symmetric form of
the convection term with variable time steps, enabling efficient simulation of multiscale flow phe-
nomena. The analysis establishes fully optimal a priori error estimates in both space and time for
the velocity in the L? norm, as well as for the pressure—a result not previously available in the
variable-step setting. A key technical contribution is the use of the discrete orthogonal convolution
(DOC) kernel to handle time-step variations, coupled with a negative-norm argument to upgrade
the H! estimate to an L? estimate without sacrificing optimality. The initial step is computed using
a Crank-Nicolson method to preserve second-order accuracy. Numerical experiments confirm the
predicted convergence rates and illustrate the effectiveness of the proposed approach. This work
closes a notable gap in the theory of variable-step BDF2 methods for the Navier—Stokes equations,
providing a complete and optimal error portrait for the scheme.

Keywords: Navier-Stokes equations, variable time steps, optimal L?-norm error estimate,
negative-norm technique, IMEX scheme

1. Introduction

This paper presents an analysis of a variable time-step, fully discrete scheme for solving the
non-stationary incompressible Navier-Stokes (NS) equations in primitive variables:
u+ (u-V)u—vAu+Vp=§f, in (0,7] x £, (1.1)

V-u=0, in (0,7]x 9, ’

subject to Dirichlet boundary conditions wu(t,x) = up(t,x) on (0,7] x 9 and initial condition
u(0,2) = up(x) in Q. Here, Q@ C RY (d = 2,3) is an open bounded domain, 7 > 0 is the terminal
time, u = u(t, ) and p = p(t, ) denote the fluid velocity and pressure, respectively, and v = 1/Re
is the kinematic viscosity for Reynolds number Re. The term f represents external body forces. The
development of efficient, accurate, and long-term stable numerical methods for this system remains
a central challenge in scientific and engineering applications.

The NS equations exhibit intrinsic multiscale behavior, posing significant challenges for numer-
ical simulations, particularly at high Reynolds numbers. Kolmogorov’s pioneering work [26] char-
acterized this phenomenon, distinguishing between deterministic large-scale eddies and stochastic
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small-scale structures. The latter, governed by viscous dissipation, decay rapidly below the Kol-
mogorov microscale n = O(Refg/ 4). Common strategies to address this multiscale interplay include
Large Eddy Simulation (LES) [11, 32], Variational Multiscale Methods (VMS) [19, 23], and Time
Relaxation Models (TRM) [34, 34]. Specifically, LES filters subgrid scales and VMS reintroduces
them via resolved scales, TRM employs convolution-based filtering, each offering distinct trade-offs
between accuracy and computational cost. An alternative, complementary approach is adaptive
time-stepping, a vital tool for balancing accuracy and efficiency by naturally refining the temporal
resolution during dynamic flow transitions. John and Rang [24] underscored its utility in CFD,
noting that “adaptive time stepping is an important tool for controlling accuracy and enhancing ef-
ficiency." Among variable-step methods, the second-order backward differentiation formula (BDF2)
is particularly attractive for stiff problems like the incompressible NS equations due to its strong
stability and robustness in handling differential-algebraic constraints [9, 15, 36].

Recent work on variable-step BDF2 schemes for NS equations reveals a specific and important
gap in the theory. Frutos et al. [5] analyzed an IMEX variable-step method but established stability
and convergence only for a first-order scheme. Garcia-Archilla and Novo [10] performed a rigorous
error analysis for a variable-step BDF2 scheme applied to the NS equations; however, while obtaining
an optimal temporal rate in L? for constant steps, their variable-step analysis provided estimates
only in a G-functional norm. Ji and Zhao [21] later provided an L? error estimate for a variable-step
BDF2 scheme using the discrete orthogonal convolution (DOC) kernel technique [28-30], but their
result remained suboptimal in space. Notably, a concurrent, optimal error estimate for the pressure
field in the variable-step setting is absent from these studies.

Achieving a fully optimal, simultaneous L? error estimate in both time and space typically re-
quires analytical tools beyond an optimal H' estimate. While the duality (Aubin-Nitsche) argument
is a standard approach [2], its application to nonlinear problems is nontrivial. The negative-norm
technique [16] offers an effective alternative pathway to this goal.

In this work, we close this theoretical gap by establishing fully optimal L? error estimates in
space and time for a variable-step IMEX-BDF?2 finite element discretization of the incompressible
NS equations. To ensure exact second-order accuracy from the initial step, we generate the first step
via a Crank-Nicolson scheme. Leveraging the DOC framework, we precisely quantify the influence
of this initial step in both L? and H~! norms. We then prove an optimal H' error estimate
via mathematical induction, which yields explicit constants. Finally, we employ a negative-norm
argument to lift this result to an optimal L? error estimate for the velocity and, concurrently, derive
an optimal estimate for the pressure. This analysis provides a complete error portrait, solidifying
the theoretical foundation for this widely used variable-step scheme.

The remainder of this paper is organized as follows. Section 2 presents the necessary preliminaries
and introduces the notation used throughout the analysis. In Section 3, we formulate the fully
discrete scheme for variable time steps, which employs the IMEX-BDF2 method combined with a
skew-symmetric finite element discretization. Subsequently, Section 4 establishes an optimal-order
error estimate for the velocity in the H' norm via a mathematical induction argument. This result
is complemented in Section 5 by deriving an optimal error estimate on the pressure and Section 6
by deriving an optimal error estimate in the L? norm via the negative norm technique. Section 7
provides two numerical experiments that illustrate and confirm the theoretical convergence rates.
Finally, concluding remarks and directions for future work are summarized in Section 8.

2. Notations and preliminaries

To simplify the presentation, we first introduce some standard notations. Let (-, -) and ||-|| denote
the inner product and the corresponding L?(2) norm, respectively. Sobolev spaces are denoted as
usual: for k > 0 and 1 < p < oo, the LP(Q) norm and the W*?(Q)) norm are written as || - || » and
|| - llwe.», respectively. For integer £ > 0 and 1 < p < oo, we denote the usual LP(Q)) and Sobolev
WHP(Q) norms by || - ||z» and || - ||ysr. When p = 2, we write H*(Q) = W*2(Q), with || - ||z and
| - |x representing its norm and seminorm, respectively.

Let Hg () be the subspace of H'(f2) consisting of functions with zero trace on 952, and denote
by || - ||=1 the norm of its dual space H~1(£). For time-dependent functions on (0,7) x €, we
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shall also use the Bochner norms || - | Lm0, ryw.r(q)) for 1 < m < oo. Unless otherwise stated, we
assume throughout the paper a homogeneous Dirichlet boundary condition, i.e., up(t,x) = 0 for all
(t,x) € (0,T] x O9.

We now define the continuous velocity—pressure spaces X x M as

X = (Hy(Q))" = {v e (H'(Q)[vlon =0}, M =L§(Q):={q € L*(Q)] /Qq =0}

Let 75, be a quasi-uniform triangulation of 2 with the mesh size h = max{diam(K) | K € Tp}.
For spatial discretization, we employ the standard Taylor-Hood mixed finite element pair X; x M,
[35] , defined as

X, = {v, € X |uplx € (PHE)LVK €T}, My :={q € M|an|x € P""1(K),VK € Ty},

where PF(K) denotes the set of polynomials of total degree at most k on the element K. In this
work, we restrict ourselves to the classical case k = 2. The following approximation properties [4]

hold:
i%g l[w — ||k < Ciph® ||w|]z, Yw e (H*(Q)?, k=0,1,
veEXh

) ) ) (2.1)
inf ||r—q|| < Cuph®||rll2, Vre H(Q),
qEMyp,
where Cip, is a positive constant depending only on the domain 2. It is well-known that the Taylor—
Hood element satisfies the discrete inf-sup condition, i.e. there exists a constant v > 0 such that

(qn, V - vp,)

_ 7 2.2
aallonll = (2.2)

inf  sup
€M v, eX),

Furthermore, let us define V' as the divergence-free subspace of X and V} as the weakly
divergence-free subspace of Xj, i.e.,

Vi={veX|V-v=0ae inQ}, V,:={v, EXh‘(Qh,v"Uh) =0,Yqn € My}.

It is noted that V;, ¢ V. For any given (w,q) € X x M, we introduce the Stokes projection
(Pstw, Qstq) € X, X My, such that

V(V(w - PStw)’ V’Uh) - (V *Uh,q — QstQ) + (v : (w - Pst’lU), Qh) =0, N (’Uh, qh) € X X My,. (23)
Regarding the Stokes projection (2.3), the following conclusions hold.

Lemma 2.1 ([6, 13, 14]). For any fized r € [2,00], there exists a constant Cs; > 0 depending only
on ) such that
HVPStw”LT‘ S Cst”vw”Lr, YweV.

In addition, the following error estimates hold:
|w — Pyw| + h|lw — Pywl|; < Csh®|wls, Yw e VN (HQ)).
We shall also use the following inverse inequality [4]:

Lemma 2.2 ([4]). For any fited 0 <n <m <1,1<q<p< oo, there exists a constant Cip, > 0,
depending only on €2, such that

—m—d(i-1
||whHWm,p < Cin’uhn mn d(q p) HwhHWn,qa \V/wh S Xh-

In particular, we will frequently use the following specific inverse estimates:

0 < Cinwh V2 ||Jwy]|.

_d —
lwnll L < Cawh ™2 llwnll,  llwnll g < Ciaeh ™ lwnll, - Jlwnll | 20
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Next, let us also introduce some operators which are needed when estimating the pressure. Let us
first define the linear operator A; : V), — V}, by

(Apwp,vy) = (Vwy, Vo), Ywp, v, € Vi,

and it holds that HA;LQwhH = ||[Vwy|| and HVA,:ImwhH = ||wp|| . The linear operator Dy, : L?(Q) —
V}, is defined by
(Dng,vp) = (V-vpn,q), Vg€ L*(Q), v, € Vi

The discrete Leray projection II{Y : (L2(2))¢ — Vj, is defined by

(¥ w,vy) = (w,vy), Vw e (L*(Q)% v, € V.
There also exist constants Cr(é)g > 0 and Cr(lg)g > 0 depending only on §2 such that

lwl-1 < Claxllwll,  Yw e (L2(2))°, (2.4)

neg

and the following inverse inequality holds [6]

lwnll-1 < CE)

neg

(llwnll + 14, *wn]) . Vaon € Vi (2.5)

We set Cpeg = maX{Cr(léI)g, C’I(f;)g} for simplicity.
We conclude this section with some auxiliary results for the nonlinear term. Define the skew-symmetric
trilinear form c(-,-,-) : X x X x X — R, that is

ou, v, w) = %((u V), w) — %((u V)w, v),

such that c¢(u,v,v) = 0, and there exists a positive constant Ci, > 0 depending on € satisfying
c(u, v, w) < Cop[[Vull[| Vo[ V]|

Furthermore, by the Sobolev embedding theorems [1], there also exists a positive constant Cp; > 0
depending only on €2 such that

Jwlli < Cllwlh, 1<p<d4, ifd=2% 1<p<6, ifd=3.

3. Variable-step IMEX-BDF2-FEM scheme

For the temporal discretization, let us consider a nonuniform partition of the time interval [0, T]:
0=ty <t <--- <ty =T with time step-size 7, =t —tr_1 for 1 < k < N. Denote the maximum

step-size 7 = 1£r}€zi<xN 7, and the adjacent time-step ratio ry := 73 /7,1 for 2 < k < N. Besides, we

make the following assumption:
A0, 0< 7 <rpax for 2 <k <N, where 1 < rp.c < 4.864.

For a generic variable ¢, let " = ¢(t,), and define V,p" = ¢ — "~ and 0,¢" = V,.¢"/7,.
Then, the variable-step BDF2 discretization is given as

14 2r, r2 . n ) .
Dypti= 1T g Tn g ot SN v i s,
2 ™ (1 I rn) 2 ™ (1 ¥+ Tn) ® ; n—j @ n -~
where {bEZL_) ;1j=1 for m > 2 are the discrete convolution kernels [21, 29] and defined as
1+2r, 2
bén) = L, bgn) = —rin, and 5™ =0 for 2 <j<n-1
T (1 +75) Tn (L+1y) /
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As its counterpart, we introduce the discrete orthogonal convolution (DOC) kernels {ﬁr(ﬁ)k}ﬁ:z as

" 1 n 1 n
B(() ) ::(—n) and ﬁé)k = — Z 67(1 jbgj) for2<k<n-—1,
bO b j=k+1

so that the following orthogonality identity holds
Zﬁflnjbgj)kzénk, for2<k<n, 2<n<N, (3.1)
j=k

where 0, is the Kronecker delta symbol. By exchanging the summation order and using the
definition (3.1), it is easy to check that

S B, Dy = Z BB Vot Z B S b
m=2 i= (3.2)

= V" + BV 0!, 2<n < N.
Several useful lemmas are presented for the subsequent theoretical analysis.

Lemma 3.1 ([8, 28, 30]). If AO holds, then the DOC kernels {ﬁ k} defined in (3.1) are positive
semi-definite, i.e., for any real sequence {wk}kZQ, it holds that

n k
ZwkZﬂ,(gk_)jwj >0 forn>2.
k=2  j=2

Moreover, the following properties hold

n n k
B >0 for2<k<nm Y B <m, DY A <ty forn>2.
k=2

k=2 j=2

Lemma 3.2 ([28]). If AO holds, there exists three positive constants m; (i = 1, 2, 3) such that they
are independent of the time t,, time-step sizes T, and the step-size ratios r,. Then for any real
vector sequences {vk}ZZQ and {wk}zzz, there holds that

my (k)
— <
2m2 Z 5

and fore >0

n,k n k
where the symbol > = > > .
kg o k=2j=2

We will also make use of the following discrete Gronwall’s inequality in our error analysis.

Lemma 3.3 ([30]). Let A > 0 and the sequences {fk}kN:O and {Vk}szl be nonnegative. If

Va <A mVI4> ¢ for1<n<N,
L =
5



then it holds that

n

V" <exp(Atp_1) ij for 1<n<N.

7=0
The following temporal truncation error result is used for the first time level error analysis.

Lemma 3.4 ([37]). There exists a positive constant Cy > 0 depending only on Q such that
(i) If f"(t) € LA([t"1,¢"]), then we have

_ 1 n ne
Fn 2 = 5 (FE) + @) + Yoy [To < Coll £ Nl z2n—1.0mp ™2
(i) If f"(t) € L2([t"~1,t"]), then we have

B ) — tn—l
f/(tn 1/2) — % _|_ @2, |@2| S Ct”fll/”L2([tn—l,tn])7—3/2.
The weak form for the NS equations (1.1) is given as follows: find (u(t),p(t)) € X x M for
t € (0,7] such that

{(@u, v) + c(u, u,v) + v(Vu, Vo) — (p,V -v) = (f,v), Vve X, (3.3)

(V-u,q) =0, Vqe M,

where we denote c(u, u,v) := (M (u,u),v) is the skew-symmetric form of the nonlinear term. Next,
we discretize the weak form (3.3) using the Taylor-Hood finite element method in space and the
second-order implicit-explicit backward differentiation formula in time, and propose the following
variable-step IMEX-BDF2 scheme.

Variable-step IMEX-BDF2-FEM. Given (u},p%) for £ =n —2,n —1 and n > 2, find (ull,p}) €
X}, X My, such that

(Dauy,vn) + c(ty, up,vn) — (pp, V- vn) + v (Vug, Vo) = (f",vn), Vo, € Xy, (3.4)
(V-up,qn) =0, Vaqn € Mp, .
where @} = (1 + rn)uz_l — rnuZ_Q denotes the second-order extrapolation at ¢ = ¢,. For the

first step ¢t = t;, we approximate (3.3) using the implicit Crank-Nicolson scheme, that is, given
u) = Pyug, find (u},p}) € Xp, x Mj, such that

{(BTu,lL,vh) + c(u,ll/au,llm,vh) — (p;ll, V. vh) + V(Vu,ll/Q,Vvh) = (f1/2,vh), Vo, € Xy,

(V- uj,qn) =0, Van € Mp,
(3.5)

1/2 ul+uf
where uh/ = %

4. Optimal H! error estimate on velocity

Let (u,p) be the exact solutions of the NS system (3.3) and {(u},p})}2_; be the numerical
solutions produced by the variable-step FEM (3.4)—(3.5). Moreover, we assume that the exact
solutions (u,p) satisfy the following regularity requirement:

w € L0, T; (Hy () N (H*(Q))), dyu € L=(0,T; (H*(2))),
Oru € L°°(0,T; (HY(Q)Y), dyew € L0, T; (H())), (4.1)
p € L>=(0,T; H*()).
In this section, we will carefully analyze the convergence behavior in time and space of the proposed
variable-step IMEX-BDF2-FEM scheme.
Define n(t) := u(t) — Pyu(t), el := Pyu(t,) —uy, then u(t,) — u) = n(t,) +el. Since the first
step is the standard Crank-Nicolson finite element scheme, it has been fully analyzed, see [3, 18, 22].

Hence, we will directly present its error estimate and omit its proof here.
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Lemma 4.1. Assume that (4.1) holds. There exists a positive constant By such that

leL||* + rvh? || Vel ||* < Bi(+* + 19). (4.2)
Furthermore, there exists a positive constant 0 < hg < 1 such that if h < hg, then
led]|” + v | Vel ||* < 722 (74 + ). (4.3)

Next, we give an estimate for 9, e, with optimal temporal convergent rate.

Lemma 4.2. Assume that (4.1) holds. If the first time step-size Ty < 7% := ; (2460

—1
IO [
then there exist positive constants By and B3, such that

T H(?wh”z < By(r{ +h*) and 7| 0-e < B3(r} + h"). (4.4)

Wl <

Proof. The proof is divided into two parts.

Part I: the first conclusion of (4.4). Let v = vy, in (3.3) and ¢ = ¢ /5, and then by subtracting
(3.5) from the resulting equations, it yields
(Oyu(tya) — Orup, vp) + c(u(ty2), ulty ), vp) — c(u}l/2 ui/27vh)
— (1) =2 V- vn) + v (V(ults o) = w/), Vo) =0, (4.59)
(V- (u(ty) —up),qn) =0. (4.5b)

Take v, = V,el = el — e = el then (4.5a) turns to be

u

14
1]|0-ep|® + §HV€«1L||2 = — (Bru(t1/2) — Pstdru(tr), e,,)

- <vPst (u(tm) a "(’51)*“@0)> ,Vei>

2 (4.6)

2 )

C(u(tl/z),u(t1/2),6,}t)+c<uh+uh ’Uth‘i"UJh e1) ZJka

where each term Ji (k= 1,...,4) can be estimated as follows.
By Taylor’s expansion and Lemma 2.1, we first have

= - (atu(t1/2) — O0ru(ty), e,h) - (a‘ru(tl) — Py0ru(ty), etlL)

v 112 2 6C§1 2
< 1cz lleul (ti/2) = Oru(ty)||” + =2 (t1) — PstOru(ty)|
3 2 6C2,C3h° 2
< Ve l” + 6401/ S0ueull oy 4002 T =20 10l 2y 403 -
Via Young’s inequality and Lemma 3.4, it yields
I < HIVELI2 + 60| (u(tr/) — M) P < 2wl 2 4+ 2 ol 0,

Ja+li=—c(u tl/ u(tl)-‘ru(to) (t1/2>7 eqll) — e (u(tl);u(to),’u,(tl/g) _ u(tl)‘;‘u(to) , 611‘)

aeu>

(u t1)+u to) P, u(t1)+'u.(t0) u(t1)+'u.(to)
_c (Pb u(t1) +u(to u(t1)+u(to) _P tu(t1)+u(t0) 7 611,4)

—C

st ) S 2

6

1 1 0 1

Cu u(t1)+u(to) +“(t0) 1 uptu, ey 1) .

—c( 3, Pst ) €u c 5, ey ) = § K,
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where
Kl S Cvtr

v (ulty2) - M) | Ivutts )1V

Ct T

14 T
< glveal® + =7 10uull 01,00y V2t 2) 12

Similarly,

c2
Ky < #IVey|* + ”Tl ||3ttu||L2 (ot [ V(t12) [

In addition,

Kz < Cy, ||V (u(h);u(to) Py u(tl);u(tO)) H Hvu(tl);u(%) ‘ VeL |l
v 120t2r052th4 w(ty)+u(t 2 w(ty)+u(t 2
< EHVGLHQ ( ); (to) , Hv (t )-5 (to) ‘ )
As for Ky, it holds
2 2
Ky < L||Veb |2 + 12CaCuh’ || ulh)ulto) ’3 Hv“(mg"(to)

Next,

3CZTE u(ty) + u(to) o 192
adult) bulto) )2 g o1 2.

v
Ks < ol Veh?+
Lastly, by integration-by-part, we have
Ko = 2 ((et : v)e;’pstum);u(to)) +3 ((V ceb)el Py, u(tl);u(to)>
5 (Puttt) ) e )

243C2 12 t1)tu(t
< il Vel |? + 2T e 3 Jorel |2

Hence,

2
8%u

cirt || ot
ot L2(to,t1;H?Y)

v

1 [ 246C2
v

2466; u(t + (t
Jg+Ju < 4| Vel |2 4 20Cart | ul)tutto) 215 c1|j2 4

IVu(t/2)]?

2 214
+ 120trcsth (1 +C52t)

‘ t1)+u(to)

[t pu

-1
Collecting all the estimates J; ~ J4 into (4.6), if 71 < 3 u(t)||2L°°(0,T;L°°)) , then we

have
e e e e e [ S

+ VC“TI ||attu||L2 (to,tr;HY) T 40&7? Hattu”iZ(to ty;HY) IVu(ty/2)|®
4 1203rc§h4( 1402) ‘ t1)+u(to) Hv t1)+u(t0) ‘
< Bi(ri 4+ hh),

where

B; :Z%O‘z; ||atttu||i°° 0,T;L2) M ||atu||ioo 0.7H3) T Vcsm ”amuHL”(O T;H?)
1% By o7y IV )P+ 25 (1 4 03 || ettt | )| g wttaputeo |

Part IT: the second conclusion of (4.4). Let v;, = A; '110,el, = A, ‘el then (4.5a) turns to be
v u u u
rul0reL P + Zlebl? = — (Brultyyn) — Po M0 gitel) —y (P (w(typ) — ML) L)

= e (ulta/2),ult/2), A7 el) + ¢ (Hipuh, vk At ) = 3 T

1<k<4



Adopting the arguments in Part T with (2.4), we can directly have the following estimates:

~ 302, 0373 6C2,,C%C2 RS 2
T < fllenl? + o™ 10wl 72 a502) + 2= 100wl 721 1,170 -
T Vcnegcsc

-3
Jo < Fllewl? + - HattullLQ(to’thHl)'

In addition, J]g + J]4 = Z Kl, where K corresponds to K; with the modified test function A;le1

i=
Then, we can also follow the arguments in Part I to obtain

K1 < £llebll? + S 0w}y s | Vealta2)|?,
Ko < %lleLl? + %5 \\Bnulle<to rsey 1Vt )12,
Rs < Llek|? + Cum | wltatulto) 2 _y5 o1 )2

Ro < flled|” + 2 L2l o, 12

Now, let us focus on ]K3 and ]K4, that is,

R < 0 (0 p, g gt
< 2] + 12c§rf3th6 u(tl);—u(to) E Hvu(tl);u(to) ‘2

Similarly, we have

~ C2 C4 6
Ky < 4%3”611/,”2 1205, Cgh

ut)+ulto) E Hv"“l);"“@

‘ 2

\uHLm(OTLOO)) , we have

Combining all the above estimate and assuming 7 < 1/2 (2460

v
nOreq |2y + Glleull” < Bi(ri + 1°),

where
2 C3 24C2  C%C2 hS 2 Cf 3 2
B3 ~—41§(g)up* attuHL2(OTL2)+7egup 100l 210 0. mr9y 5 10l 21 4y 1)
2 12C2.C2 h*
oty 1Vt )2 + 2GR (1 1 02 || atdtutn)| )| g uit it |
The proof is completed. O

Next, we will present an updated optimal H'-norm error estimate for (3.4). Similar theoretical

results are present in [21]. However, we update their results from 0(7'1% + 724+ h?) to O(7% + h?),

which is strictly second-order accurate in time due to the Crank-Nicolson scheme for the first step.

In addition, we adopt the DOC from [28] with index starting from n = 2, which is more reasonable

since the first time level does not fit the discrete convolution kernel. In addition, we perform the

error estimate to have an explicit upper bound on the mesh size h with an improved mesh ratio.
First, let us denote

256m2m303r6’§t(1 + Tmax)47'max
vm?

561112 ms C Cl2nv ( 1+ T'max ) 4Tmax

2
HVUHL‘X’(O,tn;LS) + le ’

Cl =

82 32m3(1+7“max)2

720“‘“325
my

Bg(tn) = 371 tn||atttu||L°°(0,t ;L2) + n Hatu”LOQ(O,tn;HS)
32m3C2 (1457 max)> "

e (L a2l 0,10 IVl i 0.,

1024m3C2 (1+C2) (14 rmax)*
msC, ( L )(1+Tmax) t”||u||2°°(o,tn;H3)HVUHZM(QM;H)'

9

+




Theorem 4.3. Assume that (4.1) holds. There exists a positive constant 0 < hy < 1 such that if
h<hy and T < min{h%+%,7*71}, then

leall® + 523" n || Vel | < 2exp((261 + Dtn-1) (By +2Ba(t) (0 +77) . (47)
2 k=1

Proof. In order to show (4.7), we will first estimate the following sub-optimal estimate

llem||* + m—2 kz:lfk [Vek|[® < 172 (ht 4+ ), (4.8)

which is devoted to showing the boundness of the discrete velocity, then the estimate (4.7) comes
directly by repeating the following arguments.
Thanks to Lemma 4.1, we have

lewllie < Clh™ el < Ch h ™" 1/2(7 +ht) <203

mv mv)
_d

IVel2s < Ca 2 S]lel > < C2,h 3~ 4+ 1*) < 202

mv mv*

Now, we assume (4.8) is true for i < n, so that
lewlie < Ciwh™lell* < Chh™" 1/2(7 +ht) <203,

IVeLl2s < C2 h~25|el |2 < C2 53 (74 + 1) < 202

mv mv mnv?

which implies that ||el,|| L~ and ||Vel | s are bounded. When ¢ = t,,, the error equation is

(Daey,vn) +v (V wVvh) = (Oyu (tn) — Dou(tn), o) — (Dan (tn) , vn)

—c(u(ty),u(ty),vn) +c(uy,up,vp) + (Qstp (tn) — pp, V- vp) . (4.9)

Changing the index n to j, multiplying (4.9) by ,Bk ;» summing up j from 2 to k, and letting v), = ek
it yields

(rchoeh) v 35 A, (Ved V) = = 32 611, (O () = Do 1) )

k . .
= j; 8, (Danlty).eh) = 33 B, (e (wty) s w (1) ) = ¢ (@] i k) )
_ (50«) KDV el e ) .

Summing up k from 2 to n with (3.2), we have

n = k
legl? = llewl® + 2 lle, — et 1H2+2VZ35( ) (Ved,, Vek)
225(’“) — Dou(t 225(“ (Dan(t;), €k) (4.10)

k i k
22/3( (et i) h) e (i ufeh) ) —2 55 (700 Vochch ).
By Lemma 3.2, the left-hand side could be estimated as

n n,k n
_ k ;
ezl = lebl? + 3 llek = ek~ + 2@@24 (Vel, Veb) 2 gl = llel I + 55 32 mll Vel
= »J

(4.11)
10



Compared to [21], — (5](611)2b§2)v,,-611“ vh) is the extra term. This term can be estimated as

235 (BpEV eh k) < 2 0neh]| 35 o ek
k=2 k=2

< 3 ot el | ek (412)
<33 k] + 5 onel”
In addition, )
-2 "Z Bl(c]i)j (0ru (t;) — Dau (t5) ,€p,)

< 425 (L ) T2 Bueetall oo (1 1522 eyl (4.13)

L 32ms(l+r -
< ZTkHGUH —W’IAZTk||attt’ul||Loo(tk7htk;L2).
k=2

1 1+2r ti-1
J tj—2

Since

J—

then there holds

n,k n
. 1 7202 hSm
—225122 (D2n(t;), eq) < 3 ZTk HeﬁHz + :1713 ZTk Hatu”LOO(tk oot HB) (4.14)
k. k=2 k=2

As for the nonlinear terms, we first have

e (ulty), ulty) k) — (@, uh,eh) = e (ulty) - alty), ulty),eh) + e (alty), ulty) - at;), ch)

+e(i(ty), alty), e) + ¢ (Psca(ty), (), eq)

where ~ i
Ly < Cul|V(u(t;) — alt))) [ Vult;)| Lol
2 1+ 57max

< Cut TH@WHLOO(@ wtysm V()| s lles |,
1+ 57rmax -
L, < CtrTQTma||3ttUHLoo(tj,2,tj;H1)||Vu(fj)||L3||eﬁ||,

Ls < Cull V@) IVt [le ]
< CuCuth?|[alty) sl Va(t;)| s e,
Ly < CuCaR?||Vau(t)l| e [ a(t;)ls ]l exll,
Ls < CuCutl|Va(ty) | o €l Verl,
Lo < Cu(VE] || s + Cutl| V& || 13) 1€ [[[|V ez |-

11



Therefore, by Lemma 3.2 we have

n,k . .
—92 kz ﬁ,(ck_)j (c(u (t;),u(t;),ek) —c(a),ul, eﬁ))
J

n 2 43 C2. (1457 max
<32 mflenl]” + = &M“"a“ (L4 i) 21Buctel e 1,10y IVl e 01,99

1024m3C2 (1402 ) (14T max)
et mi)( s oy el (0,0, I Vel 0 0,0,:29)

+

+ 4y i Th HVeZH2 256m2m305,6:52;1(1+rmax) o |17y 12 o Z - HeuH

56m2m302r ]nv(l‘i""mdx) Tmax k 2
+ L vm2 Z Tk HeuH

Combining all the above estimate from (4.11) to (4.15) and applying Lemma 4.2, it yields

n
lezll® = lles|I® + et k; 7| ey

L 32m3 (14 max)?
= %kX::szH@ﬁHQ + %32(7'4 +ht) + %T%i"Hatttu”%‘”(o,tn;L?)

72C2 hSmy "

mip kH

n—1
+ n ||8tu||i°°(0,tn;H3) +C1 Y Trle
k=1

32m3C2 (1457 max ) 272
uiteAths (1 + Tanase) 21002 (0.1 iy IV 0.4 c19)

1024m5C2 (14+C2) (14T max ) b
m3 P ( mi)( Tmax) tn||u||2x(%;m)||Vu\|§x(0,tmm).

+

+

If 7 < 1, then we can further have

slenll® + 3 3 7l Vepl? < (€1 + 3) X mellell? + llewll? + Bs(ta) (7 + 1Y).

Finally, by Gronwall’s inequality (cf. Lemma 3.3), we have
llenll® + %ot k; T Vey|I* < exp((2C1 + Dtn—1) (2lleq, > + 2B (tn) (r* + 1))

< 2exp((2C1 + Dtn—1) By + Bs(t,)) (7% + h?).

By setting hy := min {(2 exp((2C1 + 1)T) (By 4 2Bs(T))) 2, 1}, the proof is complete.

(4.15)

O

Remark 4.4. We found the explicit formula for the upper bound hy of mesh size h. In addition,

the chosen hi is independent of the index n, which is uniform for each time step.

5. Optimal error estimate on the pressure

In this section, we establish the optimal error estimate for the pressure in the variable time-step
setting. This result is a novel contribution, absent from the existing literature. The proof relies

crucially on a negative-norm technique, following the arguments in [6, 27].

oojen

Theorem 5.1. Assume that (4.1) holds. If h < hy and < min {h%+

error estimate for the pressure holds
TZ P (tig1) — ZHH < K(T,v)(h* +7%) + Th4||pHL°o(o T;H2)

for 1 <n < N —1, where K(T,v) > 0 is a constant depending on T and v.
12

, T, 1}, then the following



Proof. We can obtain the following error equation at t =t;41 (1 <i < N —1):
(Dgeﬁj‘l7 vh) +v (Veﬁ'j‘l7 Vvh)
— (8w (tig1) — Dow (ti1) ,vn) — (Dan™,0p) — ¢ (w (tigr) su (tign) o) + ¢ (@, a5 on)
+ (p (tig1) — pﬁfl, V. vh) .
Projecting the above equation onto V;, by picking vy, € V},, we then have

Daeift = — vApeift — I (N (u(tivr), ultivr)) — N(@, ™ upt™))

4 o (5.1)
— Du(p(tiy1) = Map(tivr)) — Y (Qpu(tivr) — Dow (tig1)) — T Donit1.
By using the discrete inf-sup condition (2.2), it holds
i pp(tip1)—pitt,Veuy,
YTap (ti41) = P < sup,, e, et p Yoon)
< |10su (tiv1) — Do (tig1)l|_; + HD277i+lu 1 T HDQ@HIH 1 (5.2)

+ V| Ve + IV (w(tir), w(tivr)) — N(ap up™)|
+ Ciph?|lp (tir1) |2 = Lo, K.
For the first two terms on the right-hand side of (5.2), we have
K1 < Cheg 100w (ti41) — Dot (ti1) ]| < Cueg(1 + Trmax) 272 100wl 2ty 041502)

and
K, < Cstcneg(l + rmaX)h?)||atuHL°°(ti_1,ti+1;H3)'

For the fifth term on the right-hand side of (5.2), we have
Ks = supj g, =1 ¢ (w (tis1) ,w (tiy1) @) —c (@), ', upt™, ¢) |
< supjg, o (o (@ tirn) =@ (tin) u (tie) ,0)| + e @ (tisa) u (tin)  0) — e (@7 uf™, ) ),

where

14+ 5rmax o

le(u (tiv1) —a(tiv1),u(tiv1),9)| < 5 7 0uullioe 0,102 [l Loe 0, 1w 1),

and

| (@ (tig1) w(tivr), ¢) —c (@, l+17¢){

= | (@ (tip1) — a (i), 8) — ¢ (Pow (tig1) ,u (tivn) —ujt @) +c (€57, w (tipn) — u}fl,gb)|

<l (tigr) e[ (fig1) = @3, |+ Catlla (i) llwes [l (fig1) — uy™ |
+ Culle hllu (i) — up™
< (14 rmas) ull oo o mwroey (10| 4 (17 H T+ Nletll + lew ) + Cotllaall oo o, 25m 100 (I I+ e 1)
+ O Cinyh ™ (1 4 ) (e || + Nl DUl + Cineh™ e D

Denote CP := \/2exp((2C1 + 1)T) (B1 + 2B3(T)). Thus by Theorem 4.3, we get

K5 < 72 88858max | 0ppu| oo (0,7 12) | @] Loe (0,771 )
+ h3(2(1 + max) + Cst) Cstl|w| oo (0,75w1.00) || oo (0,75 19)
+ 2C’trC’invC’st(l + Tmax)(hB + hT25)CpHu”L°°(07T§H3)
+ (2(1 + Tmax) + Cso) |l o 0,7:w1.5)CP (A% + 72) + 4(1 + riax) Cn C2,, (CP)? (B2 + 72) .
Now, we are turning to analyze K3 on the right-hand side of (5.2). According to [6], we have by
(2.5)
K <Chex(Ciny + 1)||4;, /> Daeif],
13



by (5.1)

|42 Daeit|| < Vet + [N i), wltien) = N up ™)
+ Cieph®|lp (ti1) [l2 + 0su(tiz1) — Dou (ti+1 Iy + || Dot

Combination of all the above estimates gives us

YlIp (i) — pj; I

S (Cneg(cinv + 1) + 1) {Cneg(l + Tmax)
+ CatCreg (1 + Tmax) [ 00ttl| Lo 4,1 t,115m2) + Cioph®[Ip (ti1) |2

+ || Vel | + 72 2E85max |0y oo 0,702 | wl| Loe (0,701 00),

+ h3(2(1 + rmaX) + Cst)cst”U”LW(O,T;leOO) ||u||L°°(0,T;H3)

+ 204 Ciny Cst (1 + Timax ) (B3 + hT2)CpHuHLoo(O,T;H3)

+(2(1 + Tmax) + Cst)CP ||| oo 0,715y (% + 72) 4+ 4(1 + rimax) Cn C2,, (CP)? (R2 + 72) } .

Sr3 ||<9tttUHL2(ti—1’ti+1;LQ)

Taking square on the both sizes, multiplying by 7, summing up from 7 = 1 to n, and applying the
Cauchy-Schwarz inequality and Theorem 4.3, we finally obtain

TZ lp (ti41) = i, 1 < K(T,v) (A" + 7%,

where

=
+ CRoTlIDlI7 o (0,712 + " exp((2C1 + 1)T) (By + 2B5(T))

A 2 G
K(T, v) =2 Cnes(Cune+D+1) (cgcg(l + Tmax) *[|0stel| 7 2 0 7.2y + O Creg (1 + Tmax) *T N0 |7 (0. 7.119)

14+5rmax

+ %T”aﬁUHLm(O’T;Lﬂ||u||L°°(O,T;W1’°°)

+ (2(1 + rmax) + Cst)ZCEtTHuH?Lm(O,T;lem) H“||%°@(0,T;H3)
C2 Cc? 02 (]- + Tmax)z(cp)2HUH%W(O,T;H?’)

mv

21+ ) + Cot) (€O [0l 1. + 16(1+ i) 2GR Cl (€)1,

which completes the proof. O

Remark 5.2. Regarding the initial step of the CN scheme, the earlier pressure error estimate given
in [18] is suboptimal. Recently, [31, 33] have provided an optimal error estimate for the pressure.
Consequently, the CN initial step can indeed yield optimal pressure accuracy—a point that is not
further addressed in this work.

6. Optimal L? error estimate on velocity

In this section, we are going to show the optimal [°°(0,T; L?(2)) error estimate on the velocity
via the negative norm technique [16]. First of all, we will show the optimal 1?(0,T; L3()) error
estimate. Denote

32m3 (14 rmax) 2C2,
Ba(tn) = 3583 + =%t 0wl < (0.0, :12)

720202, m3
miy

+ t, Hatu||L°°(0,tn;H3)

32ms3 C“(1+5’r‘mmx) t (
my

1024m3C2 (140
my

+ L+ Pmax) 200wl T (0,4, 22) I VUl T (0,1, 2)

1+ 7max)*
i) (14 Tma) tn”u”%w(o,tn;H?’)HVUHL“’(O,tn;LS)'
14

+



d

Lemma 6.1. Assume that (4.1) holds. If h < h; and 7 < min {hﬁJ“%,T*, 1}, then

len|® 1+L““Zmuu (tr) — u ]

rmy Cszttn
m

< 2exp((2C1 + Dty_1) (C2.,Br + Ba(tn)) (7* + 1) + RO ||u||§w(0,tn;H3) :

Proof. Setting vy, = A, 'ek in (4.9), similar to the derivation of (4.10) we have
o2 = leb 2+ 55 lek = k212,420 5 A0, (el
2% ) — Dou (t;), A}t 23 M (D Ay tek
Zﬁ ( u(t;) 2w (1)), ev) — ZB ( 21(t5), Ay, e)
ko o
=254, (e (ule) 1) 45 eh) () 48

—2 z (B0 Ve, A7 tel )

(6.1)

Observed from the proof of Theorem 4.3, we should deal with s and L4 to obtain the higher
spatial accuracy. The other terms can be estimated similarly. First of all, the left hand side of (6.2)

can be estimated as

n k n
lenllZy = lleall2, +k22lleﬁ en % +2VZB( i (edrel) = llenl2y = lleh ]2y + 42 3 mellel ).

Now, let us turn to the right hand side. That is,

-2 (52@2b52>vfe;,/1;16g) <L mlleh]®, + 5 Zm ol
k=2 k=2
225““) (9w (t;) — Dou (), Ay tek)

k
< 4Cneg2ﬁ( D (Ut ) T2 Ostew Lo (152 |1

n 32m3 (14+-7max) 2 C2, n
< % Z Tk He']z”—l —+ — 3 = ng4 Z Tk||8tttuH%°°(tk,1,tk;L2)7
k=2 k=2
and
n,k n n
Dk 2 72C2 C2,  h°m 2
=25 B (Dan(ty), 45 el) < & 3 me[leb)” ) + TR 3 mlloul e oy pm
k,j k=2 k=2
Next, let us denote EZ (¢ =1,---,6) as the corresponding term L; with the test function A;Lle’c
Then, there hold
~ 1+ 57
L; < CtrTQ%HattuHLw(tj sty [Vt oo lled | -1,
~ 1457 -
Ly < Cort? — 50wl o (1, 1y:22) [ VB [ 22 el |1

Ls < Cella)IIVa(t;) ol |-
< CuCuth®[la(t;) s Vat;)ll e lenll-1,
L < CuCaR*|Vau(ty)l| |l a(t;)lls ] ehll-1.
Ls < CuCul Va(ty)l|cslléd | -1llel ],
Lo < Cu(]| Ve, | s +CstHVl{]HL3)H€ AR A




Therefore, we have

n,k . .
23 ,Bgi)j (c (u(t;), A u(ty),ek) —c ('&i, u%,A;leﬁ))

n 2 32m3C2 (1+57max) 27
<435 e+ RS2 (1 210 T

1024m3CE (1+C2) (14 max)*h®
| 1024m, O ( mi)( Tmax) thuH%x(O,tn;HB)||Vu|\%oo(01tni3)
n 2 | 256mamsC2O2 (14 max) *max = 2
+m S5 || BomemCh Gt T oy S

+

n—1
56mom3C2 C2 (14 max)* Tmax Z

2
o 7 flewlZ -

Combining all the above estimates and the second conclusion of (4.4), it yields

n
12012y — llewll?y + 3t 3 mllenll?

n—1 32m3 (14 rmax )2 C2

< (C+1/2) 3 mrlleglZy + g2 Ba(rt + h°) + =t r (10w 0.4, 12
7202 C2  h%m 2
: ™ “tn Hatu”L‘x’(Oin;H:‘)
2 2_4
32m30n(1mt5rmx) "t (14 Tmax)2||3ttu||2w(07t7L;Lz)HV“”QLw(o,tn;m)

1024m3sC2 (1+C2 ) (14+rmax ) h®
+ mg3 tr( m;r)( T'ma. ) tn||u||%oo(07tn;H3)||Vu||%oo(07tn;L3).

Thus, by Gronwall’s inequality and (4.2), we have

les 2y + 5t kZQ Tillen | < exp((2C1 + 1)tn—1) (2lleg 121 + 2Ba(tn) (74 + 1%))

< 2exp((2C1 + Dtn—1) (ChegBi + Ba(tn)) (7* +1°).
Therefore, the conclusion (6.1) is proved via the triangle inequality. O

Next, we have the following optimal ¢°°(0,t,; L?) error estimate on the velocity.

Theorem 6.2. Assume that (4.1) holds. If h < hy and 7 < min{h,7*,1}, then
lu(tn) = upl* < 2exp(tn)Bs(tn) (r* + h°) + CARCfull Lo (0,1, 19)- (6.3)

Proof. We will show (6.3) by modifying the proof of Theorem 4.3. Specifically, we just need to
modify Eq. (4.12) and the nonlinear part. That is

2% (B ek eh) < 3 o 0rel||_, [IVeh |
k=2 k=2

< vmg < \V4 k112 my 8 1112 n 274,

— 8mg Z Tk H €u|| + vm; || T€u||_1 4k—2
k=2 k=2

< g 3 [V + ek

— 8mg =5 Tk Cu 3vmy 7 1 TCull_1-

and
e (ulty) ulty) k) = c (@, uh,eh) = e (ulty) - alty), ulty),eh) + e (alty), ulty) - a(t;), ch)
+ec (~(tj) — @, alty), 65) +e (fti —a(ty), alt;) — @, e’fL)

e (), alt) ek )



where the first two terms are IL; and Lo, so we will not estimate them here. As for the other three
terms, they can be estimated as

¢ (alty) — @), alty). k) < Cullaty) - af ;)2 Vbl
¢ (@) - alty), alt;) — @), el ) < CuCunh™ alty) — ah |V (alty) - @) Vel

¢ (alty) alty) - @hoel) < Cullaty) - @} a2 Vel

Hence, (4.15) can be updated as

o580, (e (uty) uit) k) — e (i) ch))

n 2 | 16m3C2 (145rmax)
< é Z Tk HeﬁH + e (m1 Lowax) T tn(l +rl‘ﬂaX)2||8ttu||%oo(0)t";H1)HVUHQOO(O’tn;L:S)

u 2 | 96mamsO2 rimax (14 max)? =t 2
m S el ittt gy S ) -]

—1
o At O Ol o) s =25 o (t) — uf|* [ 9 an(ts) — )

Due to Theorem 4.3, we have

le(t) —wil* < 2lln(t)I*+2] en]* < 203h°|lu(ti)[|3+4 exp((2C1+1)tn—1) (By + 2Bs(tn)) (A" + 1),

then,
h 2 lu(te) — ub|? < 22CZ [w(t) |7 0.0,y + 4€xp((2C1 + 1)tn_1) (B1 + 2Bs(tn)))h? =: Coh®.

Hence, we have the following estimate

Z 32m3 (1+7max)
lewll® = lewll® < & 3 mullel|® + gma ZB3(rt + 1) + ERelres et 10y ull} o o 0, 1)
72C2 hém: 2
+ 2t HatuHLOO(O,tn;HS)
16m3 02 (145 max) >t
my

+ tn(]- + Tmax)z Hattu”%OO((Ltn;Hl) ||vu‘|%oc(0,tn;L3)

96m3msCyr rmax (1+Tmax)” S ?
4 96myms ty;mi’( Tmax) HUH%OO(O,tn;H%% ki—:l Tk Hu(tk) - uﬁ”

2

48m3m3C2 O (13+Tmax)47‘max Cyh?

tr “inv
v2m3

n—1
+ an:‘l; kz_:l Tk ||V(u(tk) — ui)”

Define

)’ Cm,
Bs(tn) := B1 + - TB3 + %74||8tttu‘|%°°(0,t”;L2) e ) e

16mgc§r(1+5rmax)2t
my n

2 2 2
96 Ol s (Lt |12 (O.t:2)2€XD((2C1 + Dty—1) (CRegBr + Ba(ty))

2m3
vemy

(1+ Tmax)2||3ttu||2Loo(0’tn;H1)HVU||%00(O¢ML3)

_|_
+
96m2m3C2 rinax (1 Tmax) 2 Clitn 2

+ SomamaCupmme Ol |y |2 oy et e 0,0, 109)
_|_

2.2 o2 , 4,
48mimzCr . Co (14+rmax) maxc22exp((2cl+1)tn_1) (Bl+283(tn))

2m3
vemy

48mom3C2 C2 (14 max) Fmax
4 A8mamsCy Un% Tmax) T CZtnCSQtHuH%oo(o,tn;HS)-
By Theorem 4.3, Lemma 6.1, the Growall inequality (cf. Lemma 3.3) and triangle inequality, we

can eventually obtain the conclusion. O
17



7. Numerical experiments

In this section, we present several numerical experiments to verify the optimal-order error es-
timates for the proposed variable-step IMEX-BDF2-FEM scheme (3.4) with variable time steps.
We further examine mesh robustness and evaluate the effectiveness of the adaptive time-stepping
strategy. All computations are performed with FreeFEM-++ [17], using the P2 — P1 Taylor-Hood
elements (quadratic for velocity, linear for pressure) for spatial discretization.

7.1. Accuracy test

To verify the numerical accuracy of the IMEX-BDF2 scheme (3.4), we solve the two-dimensional
lattice-vortex problem [7] with zero body force. The problem admits the following exact solution on
the unit square Q = (0,1)%:

u(,y,t) = <<S:ions((2277rri)) 2:5(227?;)) exp( — 8vmt),

p(x,y,t) = —%(sin2(27m‘) + cos2(27ry)) exp( — 16vm?t).

The Dirichlet boundary conditions and the initial data are determined by the exact solution, and
the simulation proceeds up to a final time T = 0.25.

We investigate spatial and temporal convergence using two distinct classes of time grids, with
the kinematic viscosity set to v = 0.1:

(i) Graded grids. The time nodes are distributed according to ¢t = T'(k/N)” with v > 1. Let
T =ty — tg—1 and 7, = 7% /7k—1. The maximum step ratio then satisfies maxy r, = 27 — 1.

(ii) Random grids. The time steps are defined by 7, = —=%%—, 1 < k < N, where ¢, are

j=1¢€i

independent and identically distributed random variables uniformly distributed in (0, 1).

Table 1: Temporal accuracy of the IMEX-BDF2 scheme on graded time meshes with v = 3 and N, = 160

N lewll Rate |lew]l g1 Rate llenll Rate
10 5.38e-03 - 5.67e-02 - 1.13e-02 -

20 1.43e-03 1.92 1.49e-02 1.93 2.83e-03 2.00
40 3.61e-04 1.98 3.77e-03 1.99 6.98e-04 2.02
80 9.04e-05 2.00 9.51e-04 1.99 1.72e-04 2.02

Table 2: Temporal accuracy of the IMEX-BDF2 scheme on random time meshes with N, = 160

N lewll Rate l€w || 72 Rate llexl Rate
10 2.37e-03 - 2.32e-02 - 2.23e-03 -

20 4.84e-04 2.29 4.89e-03 2.25 5.06e-04 2.14
40 1.28e-04 1.92 1.32e-03 1.89 1.86e-04 1.44
80 2.84e-05 2.17 3.15e-04 2.06 4.89e-05 1.93

The L?- and H'-norm errors for velocity, along with the L?-norm errors for pressure, and their
corresponding convergence rates, are summarized in Tables 1-4. Using a fixed spatial mesh with
N, =160 and h = 1/N,, both the graded grid with v = 2 and the random grid yields the expected
second-order temporal convergence for both velocity and pressure, which is illustrated in Tables 1-2.
Notably, for v = 3, the maximum step ratio reaches maxy, rr = 7, which exceeds the theoretical bound
of ~ 4.864 (Condition S0). Despite this, the scheme maintains the expected accuracy, suggesting
that the SO condition is just sufficient. For a fixed number of time steps N = 1000, the expected
optimal spatial convergence rates are observed for both grid families in Tables 3—4: the velocity
exhibits third-order convergence in the L? norm and second-order convergence in the H' norm, and
the pressure exhibits second-order convergence in the L? norm.
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Table 3: Spatial accuracy of the IMEX-BDF2 scheme on graded time meshes with v = 2 and N = 1000

N, llewll Rate |lew || 7 Rate llepll Rate
10 5.07e-04 - 3.31e-02 - 6.39e-04 —

20 5.77e-05 3.14 8.43e-03 1.97 1.56e-04 2.04
40 7.04e-06 3.03 2.12e-03 1.99 3.93e-05 1.98
80 9.35e-07 291 5.31e-04 2.00 9.82e-06 2.00

Table 4: Spatial accuracy of the IMEX-BDF2 scheme on random time meshes with N = 1000

N, llewll Rate |lew || 7 Rate llepll Rate
10 5.07e-04 - 3.31e-02 - 6.39e-04 -

20 5.77e-05 3.14 8.43e-03 1.97 1.56e-04 2.04
40 7.02e-06 3.04 2.12e-03 1.99 3.94e-05 1.98
80 9.00e-07 2.96 5.31e-04 2.00 9.88e-06 2.00

7.2. The lid-driven cavity flow problem

We consider the classical lid-driven cavity flow problem in a unit square domain Q = [0, 1]. The
flow is initialized from a state of rest with ug = 0. Dirichlet boundary conditions are imposed as
u = (1, 0) on the top boundary (y = 1) and u = 0 on the remaining three walls (see, e.g., [12, 21, 25]).

To enhance computational efficiency, we incorporate the adaptive time-stepping strategy pro-
posed in [20] into the IMEX-BDF2 scheme. The subsequent time-step size 7,41 is governed by the
following update rule:

Tada = MaX § Tmin, Tmaxz —5 (> Tn+1 = min {Tadaa Tuser Tn} s (71)
\/1+a||Vu;; ||o7uy

where Tyax and Ty, represent the prescribed maximum and minimum time-step sizes, respectively;
Tuser denotes the maximum allowable step-size ratio; and a > 0 is a sensitivity parameter controlling
the degree of adaptivity. For the simulations presented herein, we set Tmin = 1072, Tmax = 1071,
a =103, and ryser = 4.
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Figure 1: Profiles of the u-velocity along z = 0.5 and of the v-velocity along y = 0.5 (left), and evolution of the
adaptive time-step size as a function of time (right), for the lid-driven cavity flow at Re = 103.

Simulations are performed at a Reynolds number Re = 10% up to the final time 7' = 40, by
which point the flow has reached a steady state. The spatial domain is discretized using a uniform
triangular mesh generated by 128 subdivisions along each coordinate direction. The profiles of the
u-velocity along x = 0.5 and of the v-velocity along y = 0.5 are plotted in Fig. 1(a), where the
benchmark data of Ghia et al. [12] are included for comparison. The two sets of results agree very
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Figure 2: Vorticity and stream function of the lid-driven cavity flow with Re = 103 at T' = 40.

01

well. The evolution of the adaptive time-step size is shown in Fig. 1(b). At early times, relatively
small time steps are selected in order to resolve the rapid variation of the velocity field, whereas, as
the flow approaches its steady state, the time-step size quickly increases and remains close to Ty ax.
In contrast to the adaptive strategy of [21], the rule (7.1) updates the time-step size at each time
level as a smooth function of the solution norms, so that the sequence {74} varies gradually and the
profile of 7(t) is nearly continuous rather than staircase-like.

The vorticity and stream-function contours of the lid-driven cavity flow are displayed in Fig. 2.
The flow exhibits a large primary vortex occupying most of the cavity, together with two secondary
vortices located in the lower corners. This vortex structure is consistent with the reference solutions
reported in [12, 25].

8. Conclusions

This work has established optimal L? error estimates for the velocity and pressure of a variable-
step Variable-step IMEX-BDF2-FEM scheme for the incompressible Navier—-Stokes equations. By
combining the discrete orthogonal convolution (DOC) kernel technique with negative-norm esti-
mates, we have derived error bounds that explicitly capture Reynolds number dependencies. This
work also addresses the initialization challenge inherent to two-step BDF schemes by using a first step
based on the Crank—Nicolson method; the analysis shows that this initialization preserves an overall
second-order temporal accuracy while maintaining variable time steps. Future work will extend this
framework in two natural directions: first, applying Aubin—Nitsche duality arguments to establish
long-time stability estimates—particularly relevant for high Reynolds number flows—and second,
developing analogous results for coupled multiphysics systems where the Navier—Stokes equations
interact with other physical processes, such as heat transfer, phase change, or electromagnetism.

The current Reynolds-number-dependent estimates provide a foundation for these planned ex-
tensions, while the DOC methodology offers promising adaptability to more complex physical sce-
narios. Additional developments will examine adaptive strategies combining variable time-stepping
with spatial refinement, particularly for multiscale multiphysics applications where different physical
processes exhibit competing characteristic time scales. Such extensions would significantly enhance
the scheme’s utility in real-world engineering and scientific simulations requiring both accuracy and
computational efficiency.
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