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Intrinsic Sampling-Aware Discrete-Time Geometric
Backstepping for Aggressive Quadrotor Tracking on
SO(3)

Cao Yuan! and Alessandro Rizzo!

Abstract—This paper addresses a well-recognized
inconsistency arising in sampled implementations of
nonlinear geometric control: continuous-time (CT) Lya-
punov stability does not, in general, guarantee a decreas-
ing discrete-time (DT) Lyapunov difference under non-
negligible sampling effects, potentially leading to dis-
crepancies between predicted and implemented closed-
loop behavior. To resolve this issue for quadrotor trajec-
tory tracking, an intrinsic DT geometric backstepping
framework is developed on SO(3) that explicitly accounts
for sampling effects while preserving the Lie-group
structure of the attitude dynamics. The proposed frame-
work resolves the noncausal dependence inherent in DT
backstepping through a structure-preserving geometric
predictor that enables causal one-step matching directly
on SO(3). Geometric consistency is preserved through a
Lie-group formulation, while a rigorous DT Lyapunov
difference analysis explicitly characterizes sampling-
dependent stability properties arising from finite-step
residual effects. The analysis establishes global exponen-
tial stability of the translational subsystem and Semi-
Globally Uniformly Ultimately Bounded (SGUUB) of
the rotational tracking errors with sampling-dependent
margins. Simulations demonstrate accurate tracking
under aggressive maneuvers, machine-precision preser-
vation of SO(3) orthogonality, and closed-loop behavior
consistent with theoretical sampling bounds, supporting
the effectiveness of intrinsic DT design for achieving
sampling-consistent closed-loop behavior under practi-
cal sampling conditions.

Index Terms—Quadrotor, nonlinear control, discrete-
time control, geometric control, backstepping, SO(3).

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) have been widely
deployed in complex missions such as reconnaissance and
search-and-rescue [1], [2], owing to their high agility and
mechanical simplicity [3]. However, quadrotors are under-
actuated, strongly coupled, and highly nonlinear systems
whose dynamics become particularly challenging during
aggressive maneuvers involving large-angle rotations and
rapid trajectory transitions [4], [5]. Achieving accurate and
stable trajectory tracking under such demanding conditions
remains a fundamental challenge in UAV control [4], [5].
Moreover, practical UAV systems operate on onboard
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digital processors, where control algorithms are inherently
executed in discrete time. Consequently, finite sampling
intervals may become non-negligible relative to system dy-
namics under practical computational and communication
constraints [6], [7].

Geometric control formulations on the Special Orthog-
onal Group (SO(3)) provide a global and singularity-free
representation of rigid-body attitude, thereby avoiding
limitations associated with traditional Euler-angle and
quaternion-based methods [8], [5]. Such formulations have
demonstrated strong performance in aggressive UAV ma-
neuvers [4], [5]. When combined with recursive backstep-
ping structures, geometric control becomes particularly
attractive for quadrotor trajectory tracking. Backstepping
provides a systematic Lyapunov-based framework for han-
dling nonlinear coupling and underactuated dynamics [9],
[4]. Nevertheless, most geometric backstepping approaches
for quadrotor systems remain predominantly formulated
in the continuous-time (CT) domain [4], [10].

In practical implementations, CT controllers are com-
monly deployed through sampled-data execution using
emulation-based discretization [6]. Existing studies have
investigated Lyapunov-based redesign strategies for sam-
pled implementations by modifying CT controllers to
compensate for sampling effects [11]. Such implementations
typically assume sufficiently high sampling rates, which may
not always be achievable under practical computational
or communication limitations [6]. Under non-negligible
sampling effects, finite-step dynamics may alter closed-loop
behavior and stability properties [7], [12]. In particular,
a negative CT Lyapunov derivative V' < 0 does not
necessarily imply a negative discrete-time (DT) Lyapunov
difference AV < 0 [6], [7], [12]. Consequently, Lyapunov
stability properties predicted by CT analysis may not
directly translate into sampled implementations. Such
discrepancies motivate the development of direct DT
controller formulations that explicitly account for finite-
step effects [13], [14], [12].

To explicitly account for finite-step effects during con-
troller synthesis, direct DT controller formulations provide
a natural alternative [6], [7]. Among nonlinear design
approaches, backstepping remains attractive due to its
recursive structure and systematic Lyapunov construc-
tion [15], [13]. However, extending geometric backstepping
directly into the DT domain introduces several fundamental
challenges. Within DT backstepping, future virtual control



laws naturally introduce noncausal dependencies [15]. More-
over, when attitude dynamics evolve on SO(3), prediction
mechanisms must preserve the manifold structure to avoid
violating geometric constraints [16], [17]. In addition, nested
nonlinear difference equations can rapidly increase alge-
braic complexity [18], [19]. Establishing Lyapunov stability
directly in the discrete domain also remains challenging [13],
[14], [20], [7).

To address these challenges, this paper develops an
intrinsic DT geometric backstepping framework for quadro-
tor trajectory tracking using structure-preserving SO(3)
dynamics and a causal geometric prediction mechanism.
The proposed framework resolves the noncausal dependence
of DT backstepping through a geometric predictor, enabling
causal one-step matching directly on SO(3). The Lie-group
formulation preserves geometric consistency on SO(3). A
DT Lyapunov difference analysis further characterizes
sampling-dependent stability properties arising from finite-
step residual effects.

The main contributions of this paper are summarized as
follows:

e An intrinsic DT geometric backstepping framework is
developed for aggressive quadrotor trajectory tracking
under sampled implementation.

o A structure-preserving geometric predictor is proposed
to resolve noncausal dependencies and enable causal
one-step matching directly on SO(3).

e A DT Lyapunov characterization is established to ex-
plicitly capture finite-step residual effects and quantify
sampling-dependent stability properties. These include
residual scaling behavior and the evolution of the
ultimate bound under varying sampling conditions.

o Extensive simulations under aggressive trajectories,
large-angle maneuvers, and sampling-period variations
validate the proposed framework and demonstrate
behavior consistent with theoretical predictions.

The remainder of this paper is organized as follows.
Section II reviews related work on geometric and DT
quadrotor control. Section III introduces the mathematical
preliminaries, structure-preserving DT modeling, and the
geometric prediction mechanism. Sections IV and V present
the DT backstepping designs for the translational and
rotational subsystems together with their respective Lya-
punov stability analyses. Simulation results are provided in
Section VI, followed by concluding remarks in Section VII.

II. RELATED WORK

This section reviews existing studies related to geomet-
ric backstepping control for quadrotor systems, sampled
implementation of CT controllers, and challenges arising
in direct DT formulations.

A. Geometric Backstepping Control for Quadrotors

Various nonlinear control strategies, including sliding
mode control [21], feedback linearization [22], and model
reference adaptive control [23], have been applied to
quadrotor systems to address nonlinear dynamics and

strong coupling effects. Among these approaches, back-
stepping has attracted considerable attention owing to its
recursive structure and systematic Lyapunov-based design
philosophy [13], [24], [4].

To improve performance under aggressive maneuvers
involving large-angle attitude evolution, geometric formu-
lations directly developed on SO(3) have been increas-
ingly incorporated into backstepping-based UAV control
designs [5], [4], [25]. Such formulations avoid singularities as-
sociated with local attitude parameterizations and preserve
the intrinsic geometric structure of rotational dynamics.
However, most existing geometric backstepping methods for
quadrotor systems remain formulated in the CT domain [4],
[10].

B. Sampled Implementation of CT Controllers

Practical UAV systems execute control algorithms on
digital processors, where CT controllers are commonly
implemented through sampled-data emulation [6]. Such
approaches generally rely on sufficiently high sampling
rates so that sampled implementations closely approximate
the original CT behavior. However, under finite sampling
intervals, discretization effects may alter closed-loop dy-
namics and degrade stability or performance [7], [12]. In
particular, Lyapunov stability properties established in
CT analysis do not necessarily remain valid after sampled
implementation [13], [7]. Such discrepancies may become
more pronounced during aggressive UAV maneuvers, where
rapid state variations can increase sensitivity to finite-step
effects. These limitations have motivated increasing interest
in direct DT formulations that explicitly account for finite-
step effects during controller synthesis.

C. Challenges in Direct DT Geometric Backstepping

Direct DT backstepping provides a systematic framework
for sampled-data control design but introduces several
fundamental challenges. Within DT backstepping, future
virtual control laws naturally introduce noncausal de-
pendencies because control inputs at the current step
may require future states or virtual signals unavailable
at the current sampling instant [15], [26]. In addition,
repeated substitution of nonlinear difference equations
can significantly increase algebraic complexity [18], [19].
Stability analysis is further complicated by cross terms
and finite-step residual effects arising in the DT Lyapunov
difference formulation [19], [27].

These challenges become more pronounced when at-
titude dynamics evolve on SO(3). Existing prediction
or approximation approaches are typically developed in
Euclidean spaces and may not preserve geometric con-
straints during DT evolution. Consequently, maintaining
structure-preserving implementation directly on SO(3)
remains challenging [16], [17].

D. Positioning of This Work

Despite these developments, existing studies on sampled-
data nonlinear UAV control have primarily focused on indi-
vidual aspects of the problem. CT backstepping approaches



mainly emphasize nonlinear tracking performance, while
sampled implementations are commonly handled through
emulation-based discretization, where finite-step sampled
dynamics are not explicitly incorporated during controller
synthesis. Existing direct DT formulations, on the other
hand, rarely address geometric structure preservation and
causality issues simultaneously on SO(3). Consequently, a
unified DT geometric backstepping framework that simul-
taneously addresses finite-step sampled dynamics, causal
DT implementation, and structure-preserving evolution
on SO(3) remains relatively underexplored in the current
literature. From this perspective, the present work is
positioned within the emerging direction of intrinsic DT
geometric control, where sampled implementation, finite-
step Lyapunov evolution, and geometric consistency on
SO(3) are treated within a unified framework.

III. MATHEMATICAL PRELIMINARIES AND DT
MODELING

A. Geometric Notation and Properties on SO(3)

1) Hat/Vee Operators and Basic Identities: To provide
the mathematical foundation for the geometric controller
design, the configuration space of the quadrotor attitude is
modeled as the Special Orthogonal Group SO(3), defined
as

SOB)={ReR¥>3|R'R=1, det(R)=1}. (1)

The Lie algebra associated with SO(3) is denoted by so(3),
which consists of all 3 x 3 skew-symmetric matrices [5].

The hat map (-)" : R?* — s0(3) establishes an isomor-
phism between a vector x = [z1,72,23]" € R® and a
skew-symmetric matrix:

0 —xs3 To
X/\ = I3 0 —I (2)
—x9 I 0

The inverse map is denoted by the vee operator (-)V :
50(3) — R3, satisfying (x)V = x.

For any x,y € R3, the following identity holds:

x'y =x xy.

(3)

2) Exponential and Logarithmic Maps: A crucial opera-
tion in geometric control is the exponential map

exp : 50(3) — SO(3),

which maps elements from the tangent space to the
manifold. For a vector ¢ € R?, Rodrigues’ formula gives
the closed-form expression

eXp(¢A) =1 + sin ||¢|| ¢/\
Tl @
L= cos[ @l e
llol?

The logarithmic map
log : SO(3) — s0(3),

denotes the matrix logarithm on SO(3) and is given by
0

log(R) = — (R~ RT), )
where
6 = cos™! (tr(RQ) — 1) , (6)

with the limit log(R) — 0 as § — 0.
3) Structure-Preserving Property: For any Ry € SO(3)
and body angular velocity Q € R3, the update rule

Rk+1 = Rk exp (TSQ;;)
guarantees that Ry1 € SO(3), i.e.,

R, Ry =1

(7)

This property is fundamental for avoiding numerical drift
and preserving geometric consistency. In contrast, additive
updates such as

Ryi1 ~ Ry + Ry T, (8)

do not, in general, preserve the orthogonality constraint
R'R =1, and may lead to deviations from the manifold
SO(3) over time [16], [28].

4) Attitude Error Representation and Useful Identities:

For any R € SO(3) and x € R?, the identity
Rx"R" = (Rx)" (9)

holds, which will be used repeatedly in the subsequent
geometric derivations.
Define the attitude tracking error as
R.=R/R.
The attitude error function is defined as

U(R,) = %tr(I—ReL (10)

which satisfies 0 < ¥(R.) < 2 and achieves its global
minimum at R, = I. The function ¥(R.) is positive definite
with respect to R, = 1.

The corresponding attitude error vector is defined as

(11)

a) Key Lemma: For any R € SO(3) and a € R3, let
A =a”. Then

1
ep = §(Re -R])V.

(RA+ART)" = (tr(R)I - R)a. (12)
Define the matrix-valued function
1
DR) = i(tr(R)I - R), (13)

which relates angular velocity errors to attitude error
dynamics and will be used extensively in the controller
design.

B. CT Quadrotor Dynamics

The quadrotor UAV is modeled as a rigid body evolving
on the configuration manifold SE(3) = R? x SO(3). Let
p, v € R? denote the position and velocity, R € SO(3) the
attitude, and £ € R3 the angular velocity.



1) CT Dynamics on SE(3): Under the rigid-body as-
sumption with constant symmetric positive-definite inertia
matrix J, the Newton-Euler equations governing the
system dynamics are

p=v, (14)

v = iReg, — ges, (15)

. m

R =RQ", (16)
JQ=-Qx(JQ) +7. (17)

Given a smooth desired position trajectory pg4(t) with
specified yaw angle 14(t), the desired thrust vector is

F; = m(ges — Pa). (18)

Assuming non-zero thrust, the desired body z-axis is

F,
b3g = ———,
[ Fall

from which the desired rotation matrix Ry is constructed
geometrically [5]. The desired angular velocity satisfies
Rg = R,Q).

2) Tracking Error Dynamics: The position and velocity
errors are

(19)

e, =P — Pd, €, =V — Pa.

With attitude and angular velocity errors
1
€eRr = §(R€ - R;F)\/7
eq =0 —-R/ Q.
The time evolution of the attitude error vector satisfies

ép = D(Re)eg, (22)

where D(-) is defined in Section II-A.

C. Structure-Preserving Discrete-Time Modeling

To enable digital implementation while preserving the
geometric structure of SO(3), a structure-preserving dis-
cretization is adopted. Let the sampling period be Ty > 0
and define the discrete step k such that ¢, = kT5.

Unlike standard discretization methods that treat the
state space as Euclidean, we employ a Lie group integration
approach. This model serves two crucial purposes. First,
it ensures structure preservation by guaranteeing R(k +
1) € SO(3) inherently without requiring re-normalization.
Second, it resolves causality issues by acting as a geometric
predictor to compute the future attitude R(k + 1) based
on current information, addressing the noncausal problem
often encountered in DT backstepping design.

1) Translational Dynamics: Since the position space R3
is Euclidean, a standard forward Euler discretization is
sufficient:

p(k+1) = p(k) + Tov(k),

vik+1)=v(k)+Ts (JCT(:)R(k)eg - ge3> . (24)

(23)

2) Rotational Dynamics (Geometric Predictor): For the
attitude kinematics R = RQ", the exact discretization on
the manifold is used:

R(k + 1) = R(k) exp(T.Q(k)"). (25)

For the angular velocity, a first-order forward Euler
approximation is applied:

Qk+1) = Qk) + T, (7(k) — Qk) x (IQUEK))).
(26)
3) DT Desired Dynamics: The desired rotation evolves
as

Ry(k + 1) = Ry(k) exp(T:Qa(k)"). (27)
The desired angular velocity is approximated by
1
Qu(k) ~ = (log(Ra(k — 1) "Ra(k)))".  (28)

T
4) DT Error Dynamics: Let R.(k) = Rg(k) TR (k). The
error propagation on the manifold is

Re(k+1) = exp(— TsQq(k)")Re (k) exp(Ts2(k)"). (29)

Define the error vectors

1

SR = Re()T),

ea(k) = k) — Re(k) (k).

(30)
(31)

A first-order error dynamics approximation used for
Lyapunov design is given by

enl(k +1) = ep(k) + TLD(R.(k)ea(k),  (32)

which is a first-order consistent DT approximation of ég =
D(Re)eg.

IV. DISCRETE-TIME TRANSLATIONAL BACKSTEPPING
CONTROLLER

This section develops the outer-loop DT translational
controller. The objective is to construct the thrust vector
Fu(k) such that the vehicle position p(k) tracks the
reference trajectory pg(k). The controller is designed via
a two-layer DT Lyapunov backstepping procedure with
one-step exact matching and is fully consistent with the
SO(3) rotational subsystem presented in the subsequent
section.

A. Error Definitions and Discrete-Time Propagation

Define the position tracking error as

ep(k) = p(k) — pa(k). (33)

Based on the structure-preserving predictor, the DT
position dynamics satisfy
p(k+1) = p(k) + Tov(k), (34)

which implies the error propagation



ep(k + 1) = ey (k) + T, (v(k) — va(k)).
k+1) —pq(k
valk) = Pd( T) Pa( ),
where Ts > 0 denotes the sampling period.

The control objective is to construct a thrust input F4(k)
such that the translational error state

converges to the origin.

B. Main Result: Control Law and Stability Guarantee

The main result is summarized below.

Theorem 1 (Global Exponential Stability of Translational
Errors). Consider the DT translational error dynamics
under the assumption that the reference trajectory pq(t) is
available with finite two-step preview.

Let the desired thrust vector be designed as

vy (k+ 1) —v(k)
7).

where v, (k—+1) is a feasible one-step-ahead virtual velocity
computed from the desired trajectory together with current
state measurements.

Assume

F(k) = m <ge3 + (37)

K,=K, =0, p(I-K,T,)<1.

Then there exists a positive constant cr > 0 such that

AVr(k) < —er||zr(k)||?.

(38)

Consequently, the equilibrium zp = 0 of the DT transla-
tional subsystem is nominally globally exponentially stable.

For completeness, detailed derivations of the Lyapunov
forward difference are provided in Appendix A.

Remark 1 (Implementability). The control law (37)
involves a one-step-ahead virtual velocity v, (k + 1), which
may introduce noncausal dependence in standard DT back-
stepping formulations.

In the proposed implementation, this term is computed
causally from the desired trajectory together with current
state measurements.

A feasible realization is

pPi(k+2)—pk+1)+ (I - K,Ts)e,(k +1)

1 =
vy(k+1) T ,
(39)
where
p(k+1) = p(k) + Tsv(k),
and

ep(k+1)=pk+1)—pak+1).

Proof of Theorem 1.
First-layer backstepping design (position loop):
Consider the Lyapunov function

1
Ve (k) = 5 llep (k)] (40)
Impose the one-step contraction model
ep(k+1)= (I - K,T)ey(k), (41)
which yields the virtual reference velocity
kE+1)—p(k I - K,T, k
ooy Pk D) B + U= KyTey)
T
Define
ev(k) = V(k) - Vv(k)a (43)
which gives
ep(k+1) =1 — KTs)ep(k) + Tsey (k). (44)
Second-layer Lyapunov analysis:
Define the composite Lyapunov function
1 2 1 2
Vr(k) = 5llep(K)I1° + S llew (k)] (45)
The forward difference satisfies
1
AV (k) = Wr(k) + Slles(k+ D2, (46)

where Wr (k) collects the quadratic terms in e, (k) and
e, (k).
Applying Young’s inequality yields
Wr(k) < —cr||zz (k)|

er >0, (47)

where detailed coefficient expressions are given in Ap-
pendix A.

One-step exact matching:

The velocity dynamics satisfy

vik+1)=v(k)+Ts (;Fd(k) - geg> . (48)
Imposing

ey(k+1)=0

eliminates the forward Lyapunov term and yields the
thrust law (37). Consequently,

AVr(k) < —er|lzr (k)| (49)

which establishes nominal global exponential stability.
O



C. Desired Thrust and Attitude Generation

The thrust magnitude and desired body z-axis are
computed as

bza(k) = Falk)

fk) = Fa(k)], = Eah

(50)
The desired rotation matrix Rgq(k) € SO(3) is con-
structed such that the thrust axis aligns with bsy(k) while
satisfying the yaw command v4(k).
The command pair (Rg(k), f(k)) is then passed to the
DT SO(3) attitude backstepping controller.

V. DISCRETE-TIME SO(3) BACKSTEPPING
CONTROLLER

This section presents the inner-loop DT rotational
controller on SO(3). Following the translational subsystem,
the design adopts a two-layer Lyapunov-based backstepping
structure with causal one-step matching.

The objective is to construct a causal torque law that
guarantees Semi-Globally Uniformly Ultimately Bounded
(SGUUB) of the rotational tracking errors under intrinsic
DT modeling. Before presenting the detailed backstepping
construction, we first summarize the resulting control law
and the corresponding stability guarantee.

A. DT Rotational Dynamics and Error Definitions

Consider the structure-preserving DT rotational dynam-
ics

{R(k +1) = R(k) exp(T,Q(k)")
Qk+1) = Q(k) + T, I (k) — Q(k) x (JQUEK))],
where R (k) € SO(3), Q(k) € R?, and J > 0. oy
Define the attitude error
Re(k) = R, (k)R(k), (52)
and the corresponding attitude error vector
en(k) = 5 (Re(k) ~R/ (k)" (53)
Let the virtual angular velocity be chosen as
Q, (k) =R] (k)Q(k) — Krer(k),  Kr>0, (54)
and define the angular velocity error
eu (k) = Q(k) — Qu (k). (55)

The control torque is designed via the one-step matching
law

Q,(k+1) — Q(k)

T(k)=J T + Q(k) x (JQUK)). (56)
Define the stacked rotational error state
_ |er(k)
ZR(k) = {ew(k')} : (57)

B. Main Result: Control Law and Stability Guarantee

Theorem 2 (SGUUB Stability of Rotational Errors).
Consider the DT rotational dynamics (51) with the error
definitions (52)—(55), and the control law (56). Suppose
that the sampling period satisfies

Ts* < 2>\min (K}{QJK}{Q) ’
and that the discretization residual satisfies
Irr(k)| < OR, Sr = O(T?).

Then there exists a constant cg > 0 such that the composite
Lyapunov forward difference satisfies

AVq(k) < —cgrlzr(K)|* + 0r, (58)

where zg (k) is defined in (57). Consequently, the rotational
tracking errors are SGUUB, with an ultimate bound char-
acterized by

B = {ZR : |zr| < \/53/63}.

The origin and bound of the residual term rg(k) are
clarified in Appendix B.

Remark 2 (Residual Origin and Sampling-Dependent
Bound). The residual rg(k) arises from higher-order O(T?)
terms in the DT Lyapunov difference on SO(3) due to the
exponential map and Baker—Campbell-Hausdorff (BCH)
expansion, and is intrinsic to the Lie-group structure.

The desired angular velocity Qq(k) is obtained via finite-
difference approzimation of Rg, introducing an O(T%)
error, which contributes an O(T?) term to the Lyapunov
difference.

Both contributions scale as O(T?) from distinct mecha-
nisms (Lie-group discretization and reference approxima-
tion), and therefore do not alter the SGUUB property, but
determine the ultimate bound.

In contrast, the translational subsystem admits an exact
quadratic Lyapunov difference under one-step matching,
and hence no discretization residual.

Since 6r = O(T?) and the residual contribution depends
on the sampling period, smaller sampling periods generally
lead to a smaller ultimate bound in Theorem 2. This depen-
dence is further quantified and validated in the simulation
section.

The reference approximation error is not separated, but
absorbed into the unified residual bound 0, whose effect
on the ultimate bound is quantified empirically through the
sampling-dependent UUB radius in the simulation section.

Proof of Theorem 2.
Error propagation on SO(3):
The attitude error dynamics on the manifold satisfy

R.(k + 1) = exp(—TuQa(k)") Re (k) exp(T.Q(k)"). (59)

Using the kinematic identity ég = D(R.)eq from
Section II, a first-order consistent DT approximation yields

ep(k+1) = er(k) + T.D(Re(k)) eq(k).  (60)

First-layer backstepping design (virtual angular velocity):



Consider the geometric potential function

Vr(k) = L tr(I — Re(k)).

-2

(61)

Using a first-order expansion of the discrete error dy-
namics, the Lyapunov forward difference can be expressed
as

AVr(k) = Ty e (k) (k) — R] (k)Q(k)) + rr(k), (62)

where rg(k) = O(T?) and is uniformly bounded on

compact sets. Thus, [rr(k)| < 6r with 6r = O(T?).
Substituting the virtual angular velocity yields
AVg(k) = —T,epKrer + Tsefe, 4+ rr(k). (63)

Second-layer Lyapunov analysis (angular velocity loop):
Define
Vo(k) = Vr(k) + e, Je.. (64)
The Lyapunov difference admits the decomposition
AVo(k) = Wo(k) + el (k+1)Je (k+1),  (65)
where
Wao(k) = —TsepKrer+Tsepe, — e/ Je, +rr(k). (66)

Using the matrix form of Young’s inequality, for any
A >0,

Tse;ew < %egAeR + %eIAflew7
which gives
Wa(k) < — Ty e}, (KR - %A)eR
~lel (J . TSA’I)ew +rr(k).
Choose A = fKg, with 0 < 8 < 2. Then
Kp—4A=(1-5)Kn -0,

and the second quadratic term is negative definite if

Ty, _
J- ﬁKRl - 0.

Equivalently,
T, < BAmin (K}_{?JK}{z) .
Letting 8 — 27, this condition is guaranteed whenever
Ty < 2\min (K}{QJK}{ 2) . (67)
For diagonal Kz and J, the above condition reduces to
T, <2 ml_in KpgJ;. (68)
Hence there exists ¢g > 0 such that

Wa(k) < —crlzr(K)|* + 0r.

Under the one-step matching condition e, (k + 1) = 0, this
yields
AVo(k) < —cgllzr(k)]* + Or,

which proves Theorem 2. One-step exact matching:

Imposing the one-step exact matching condition
e (k+1)=0

eliminates the forward Lyapunov term and yields the torque
control law (56).

Causal computation of future virtual rate:

The future virtual angular velocity Q,(k+1) is computed
using the structure-preserving predictor

Q,(k+1)=R/) (k+1)Qq(k +1) — Krer(k+1), (69)
where the predicted attitude is given by

R(k + 1) = R(k) exp(T,2(k)"). (70)

This establishes the claimed SGUUB stability result. [

VI. SIMULATION RESULTS

This section evaluates the proposed intrinsic DT geo-
metric backstepping framework through numerical sim-
ulations, with the primary objective of validating the
sampling-consistent Lyapunov properties established in
the theoretical analysis. The simulation environment and
nominal parameters are first introduced, followed by track-
ing experiments under aggressive reference trajectories,
including figure-8 and helical maneuvers, as well as a 360°
flip to verify large-angle consistency on SO(3). Geometric
consistency is then examined by analyzing the preserva-
tion of the rotation matrix orthogonality, confirming the
structure-preserving property of the proposed formulation.
Subsequently, the discrete-time Lyapunov behavior is
investigated to verify the predicted dissipative property and
the boundedness of sampling-induced residual dynamics.
Finally, a sampling-sensitivity study is conducted to char-
acterize the stability evolution with respect to the sampling
period, including behavior near the theoretical limit, and
is complemented by a comparison with an emulation-
based baseline to highlight the structural inconsistency
of continuous-time Lyapunov analysis under sampling.

A. Simulation Setup

1) Simulation Platform: The simulation environment
is based on the MathWorks Quadcopter Project in MAT-
LAB/Simulink, developed from the Parrot® mini-drone
platform. The platform features a nonlinear quadrotor
model that incorporates key physical effects, including
sensor noise, actuator dynamics, and environmental dis-
turbances. It serves as a medium-fidelity simulation model
for control algorithm evaluation. The nominal physical
parameters are: the mass m = 0.063 kg, gravitational
acceleration g = 9.8 m/s2, and the inertia matrix J =
10~ - diag(0.5829, 0.7169, 1) kg - m?. All simulations use
a fixed-step solver with sampling period Ty = 0.005 s
(200 Hz), consistent with onboard digital implementation.
The control gains are selected as K, = diag(0.2,0.2,0.2)
and Kr = diag(75,60,50). From the sampling condi-
tion (68), for the given inertia matrix J, the bound
evaluates to

Tmaxth ~ 8,60 ms.
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Fig. 1: Tracking performance under aggressive maneuvers. (a) Helical trajectory tracking. (b) Position errors for the
helical maneuver. (c) Figure-8 trajectory tracking. (d) Position errors for the figure-8 maneuver.

The nominal sampling period Ty = 5ms lies well within
this admissible range.

2) Test Scenarios: To evaluate the proposed controller
under demanding kinematic and dynamic conditions,
minimum-snap trajectory generation is used to produce
smooth reference signals with derivatives up to the fourth
order. These trajectories intentionally drive the vehicle
away from near-hover operating conditions in order to
excite strong translational-rotational coupling. Two aggres-
sive trajectory-tracking maneuvers are considered.

(1) A Figure-8 trajectory with lateral excursion +4 m
at constant altitude 1.5 m, which introduces continuous
curvature variation and coordinated banked turns.

(2) A spatial helical trajectory with lateral excursion
45 m and vertical variation from 1.5 m to 5.5 m, which
generates sustained large tilt angles during aggressive flight.

In addition, a 360° flip maneuver is performed as
a large-attitude rotation test to verify the singularity-
free property and large-angle consistency of the SO(3)
geometric formulation. During this maneuver, the outer-
loop translational backstepping controller is temporarily
disabled and a prescribed rotational trajectory is applied
directly to the geometric attitude controller.

B. Performance under Aggressive and Large-Angle Maneu-
vers

The resulting three-dimensional trajectories for the
helical and figure-8 maneuvers are shown in Fig. 1(a)
and (c), respectively. The quadrotor accurately follows the
commanded trajectories throughout the maneuver duration,
including segments with rapid direction changes and
altitude variations, indicating stable closed-loop behavior
during aggressive flight.

The corresponding position tracking errors e, =
[ex,ey,€.] " are reported in Fig. 1(b) and Fig. 1(d). The
errors remain uniformly bounded and rapidly converge after
short transient phases. The steady-state tracking error re-
mains below approximately 0.06 m in the lateral directions
and 0.04 m in the vertical direction, demonstrating high
outer-loop tracking accuracy without drift or oscillatory
growth during the entire maneuver.

Fig. 2 illustrates the vehicle orientation evolution along
the flight trajectory during the maneuver. The vehicle
executes the commanded flip maneuver smoothly while
maintaining a coherent orientation evolution along the
flight path.

For interpretability, Fig. 3(a) presents the attitude profile
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using Euler angles. Although Euler-angle representations
are known to exhibit singularities and branch discontinu-
ities, the attitude trajectories remain smooth throughout
the 360° flip maneuver without numerical irregularities.
This provides an intuitive illustration of the singularity-
free property of the proposed SO(3) geometric controller.

More importantly, the intrinsic geometric attitude error
er € R3, shown in Fig. 3(b), remains uniformly bounded
during the maneuver and rapidly converges to a small
residual set. This confirms that the controller maintains
consistent tracking performance even under large-angle
rotations, without relying on small-angle approximations.

These results confirm that the proposed DT geometric
backstepping controller achieves accurate trajectory track-
ing under aggressive maneuvers while preserving smooth
and singularity-free attitude behavior.

C. Lyapunov Consistency under Sampling Variations

This subsection establishes that the Lyapunov-based sta-
bility properties are consistently preserved in the discrete-
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Fig. 3: Attitude tracking performance for the 360° flip
maneuver. (a) Euler-angle representation of the attitude
evolution (roll ¢, pitch 0, yaw 1), shown only for visual-
ization; the tracked attitude closely follows the reference
throughout the maneuver. (b) Geometric attitude error
components er = [er1, €r2, €r3] |, which remain bounded
and rapidly return to a small neighborhood of the origin
after the flip.

time implementation under sampling variations. To evalu-
ate the sampling-dependent behavior, the sampling period
is varied over a wide range while keeping all controller
gains fixed. The explored range spans the theoretically
admissible region and approaches the predicted sampling
limit 7ma%th ~ 8.6 ms.

Geometric structure preservation. The proposed con-
troller employs a structure-preserving Lie-group update in
(25). To verify numerical consistency during aggressive ma-
neuvers, the orthogonality error e (k) = ||R T (k)R(k)—I|| ¢
is monitored throughout the simulations.

As shown in Fig. 4, the error remains at machine
precision, on the order of 107!%, across all maneuvers,
including the 360° flip. No drift accumulation is observed
despite the high-angular-velocity phase, confirming that
the proposed discrete-time formulation preserves the SO(3)
structure without requiring re-projection or normalization.
This structure preservation provides the foundation for the
subsequent Lyapunov-based analysis in the discrete-time



IR"R—1||r el [rad/s
Flip 10
= Orthogonality Error
14 Precision Band
10" F|l—— Angular Velocity 8

t [sec]

Fig. 4: Orthogonality error |RT R — I||z over time during
the aggressive maneuver. The shaded band denotes the
machine-precision band, and the dashed line indicates the
numerical precision level e. Even during the high-angular-
velocity flip phase, highlighted region, the error remains
within the machine-precision band, confirming that the
proposed structure-preserving update maintains the SO(3)
orthogonality without requiring re-normalization.

setting.

DT Lyapunov behavior. The dissipative behavior of the
control law is evaluated through the DT Lyapunov forward
difference AV (k), which satisfies the bound in (58). Fig. 5
shows the evolution of AVq (k) during the aggressive helical
maneuver.

The Lyapunov difference remains predominantly nega-
tive, confirming the dissipative property induced by the
causal SO(3) predictor. Occasional positive excursions are
observed but remain strictly bounded within dg, consistent
with the theoretical O(T?) discretization residual.

Sampling-induced Lyapunov residual scaling. To quantify
the effect of sampling on the Lyapunov behavior, Fig. 6
shows the scaling of the positive Lyapunov residual AV (k)
as the sampling period increases. The maximum positive
excursions scale approximately with T2, consistent with
the residual bound derived in Theorem 2. Moreover, the
onset of nonzero residuals is aligned with the theoretical
feasibility limit, confirming the predicted transition in the
DT Lyapunov difference, where sampling-induced residuals
give rise to occasional positive increments.

Empirical UUB radius under sampling. The impact of
the sampling-induced residual on closed-loop stability is
further illustrated in Fig. 7. The empirical ultimate bound
75 (Ts) is estimated from the steady-state magnitude of the
composite rotational error |zg|| after the transient phase.

As the sampling period increases, the empirical bound
grows gradually, consistent with the increase of the Lya-
punov residual. As T approaches the theoretical feasibility
limit, the bound expands more rapidly, indicating a stronger
influence of discretization effects on the closed-loop behav-
ior.
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Fig. 5: DT Lyapunov forward difference AV (k) during the
aggressive helical maneuver. The shaded regions indicate
the dissipative region (AVqh < 0) and the residual-bound
region (0 < AV < dr). The Lyapunov difference remains
predominantly negative, while small positive excursions
remain bounded by g, validating the predicted O(T?2)
discretization residual.

This trend can be directly attributed to the sampling-
induced residual dr, which becomes observable as small-
scale fluctuations at the 10~ level once the tracking error
diminishes. These transient peaks are consistent with the
analytical O(T?) bound and reflect the UUB property of
the closed-loop system established in Theorem 2.

These results demonstrate that the Lyapunov-based anal-
ysis not only guarantees stability but also quantitatively
predicts the sampling-dependent evolution of the ultimate
bound, linking the discretization residual, the invariant set
Br, and the observed closed-loop behavior.

D. Comparison with Emulation-Based Discretization

This subsection compares the proposed direct DT con-
troller with an emulation-based CT geometric backstepping
baseline. The baseline follows the same CT design and
is implemented digitally by sampling the corresponding
control law (see Appendix C).

Lyapunov inconsistency under emulation. Fig. 8 com-
pares the DT Lyapunov difference AVq (k) with the sam-
pled continuous-time prediction T,Vq (k) at Ty = 50 ms,
which lies well beyond the admissible sampling region of the
proposed DT formulation. This choice intentionally places
the system in a regime where instability occurs, allowing
the validity of the Lyapunov prediction under emulation
to be critically examined.

This is not observed. While TV (k) remains predomi-
nantly negative, AVq (k) becomes positive after the onset
of instability. Hence, Vi, < 0 does not imply AV (k) < 0 in
the sampled system, and the Lyapunov decrease mechanism
is lost.

This behavior reflects a structural limitation under
sampling, particularly in regimes where sampling effects are
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non-negligible: the continuous-time Lyapunov framework dation with increasing 7, and remains bounded up to
does not explicitly account for sampling-induced dynamics the theoretical sampling limit, providing a predictable
and therefore may not characterize discrete-time Lyapunov —sampling-dependent stability characterization.

evolution. Importantly, this mismatch persists even when
the continuous-time Lyapunov prediction indicates a dissi-
pative trend, revealing an inconsistency between analysis
and implementation under sampling.

In contrast, the proposed direct DT formulation eval-
uates AVq (k) intrinsically in discrete time, preserving
analysis—implementation consistency within the admissible
sampling region (cf. Fig. 5).

The emulation-based controller does not. Stability is non-
monotonic: for example, the response is stable at Ts = 5 ms
and 8 ms, but unstable at 6 ms. Moreover, stability is not
preserved across neighboring sampling periods, indicating
the absence of local consistency with respect to 1. Stability
is therefore not an ordered function of T and cannot be
inferred from V.

This irregularity is a direct consequence of Lyapunov

Sampling-dependent closed-loop behavior. inconsistency under sampling. Without modeling sampling-
Fig. 9 shows the post-transient error ||zg|| across sam- induced dynamics, the CT framework may not provide
pling periods. a valid and predictable stability characterization after

The proposed DT controller exhibits monotonic degra- discretization due to sampling-induced effects
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indicating loss of the Lyapunov decrease mechanism after
sampling.

The proposed method preserves analysis—implementation
consistency and yields a predictable sampling-dependent
stability characterization. Emulation-based discretization
may fail to provide a consistent characterization in the
considered setting.

VII. CONCLUSION

This paper addressed a fundamental inconsistency arising
in sampled implementations of geometric control systems,
where CT Lyapunov conditions do not, in general, guaran-
tee equivalent DT Lyapunov behavior under non-negligible
sampling effects. To resolve this issue, an intrinsic DT
geometric backstepping framework for quadrotor trajectory
tracking on SO(3) was developed, ensuring that controller
synthesis, Lyapunov analysis, and implementation are
formulated within a unified DT framework.

Two complementary mechanisms were introduced to
address the principal challenges of DT geometric back-
stepping. A structure-preserving Lie-group formulation
maintains geometric evolution of the attitude dynamics
directly on SO(3) throughout sampled operation, while
a geometric predictor resolves the noncausal dependence
inherent in DT backstepping by enabling causal one-
step matching. Together, these components support a
rigorous DT Lyapunov difference analysis establishing
global exponential stability of the translational subsystem
and SGUUB of the rotational tracking errors with sampling-
dependent margins.

Simulation results under aggressive trajectory tracking,
large-angle maneuvers, and sampling-period variations
demonstrated accurate tracking performance, machine-
precision preservation of SO(3) orthogonality, and sampling-
dependent behavior consistent with theoretical predictions.
In particular, the predicted residual scaling and invariant-
set evolution were supported by numerical observations,
supporting the use of intrinsic DT analysis for characteriz-
ing sampled closed-loop behavior.
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periods.

Future work will focus on extending the proposed frame-
work to account for parametric uncertainties and external
disturbances, as well as developing adaptive and robust
extensions within the intrinsic DT geometric framework.

APPENDIX A
TRANSLATIONAL LYAPUNOV DIFFERENCE DERIVATIONS

This appendix provides detailed derivations of the
discrete-time Lyapunov forward differences for the transla-
tional subsystem.

A. Derivation of the Position-Loop Lyapunov Difference

Starting from the closed-loop position error dynamics
ep(k+1) = (I - KpTs)ep(k) + Tsey(k),
the position-loop Lyapunov function
1
Ve(k) = 3 llep(k)]”

yields the forward difference

1 1
AVp (k) = 5llep(k + DII* = 5llep (k).



Substituting the closed-loop dynamics and expanding
the quadratic terms gives

1
AVp(k) = —§e; (k) (2K,Ts — K2TZ)ep(k)

+ Tse;(k‘)(f - KPTs)ev(k)

1
+ T2 e (R

B. Construction of Wr(k)
Using
1
Vi (k) = Ve(k) + 5 lles (B,
the Lyapunov forward difference becomes
1
AVr(k) = Wr(k) + 5llew(k + DI,

where

Wr(k) = AV (k) — 5 lleu(h)

= —%eg(k) (QKst - K;%Tf)ep(k)
+ Tee) (k)(I — K,T.)e, (k)

+ (372 5) leuI2.

C. Coefficient Bounds after Young’s Inequality

(72)

For any o > 0, Young’s inequality gives

T
Toe] (I - K,T,)e, < 0‘2 e, (I - K, 1) (I - K,T.)e,

T 9
D ey 2 (73)
Substituting this bound into Wy (k) yields
Wr (k) < cillep ()| + calles (k)|
where
1 22
e1 = =3 (26,1 — K2T2)
T
+ S N (1 = K, = K1), (74)
1 T,
=_(T?-1)+ =,
=3I =D,

APPENDIX B
DERIVATION OF THE RESIDUAL TERM IN THE SO(3)
LYAPUNOV DIFFERENCE

This appendix clarifies the origin and bound of the
residual term rr(k) appearing in the discrete-time Lya-
punov difference of the rotational subsystem. The residual
arises from the first-order truncation employed in the
Lyapunov difference analysis on SO(3), rather than from
the structure-preserving discrete-time rotational model
itself.
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A. Exact Error Propagation on SO(3)

Using the exact structure-preserving discrete-time at-
titude kinematics of R(k) and Ry(k), the attitude error
R.(k) = R (k)R(k) evolves as

Re(k+1) = exp(_Tst(k)/\) R.(k) eXp(TsQ(k)A) , (75)

which evolves intrinsically on the Lie group SO(3) and
introduces no modeling residual.

B. Lyapunov Difference and First-Order Expansion
Consider the geometric attitude error function

U(R,) = L tr(I - R.). (76)

The discrete-time Lyapunov difference is

AVe(k) = U(Re(k+1))—TU(Re(k)) = %tr (Re(k)—Re(k—l—l)).
(77)
For sufficiently small sampling period Ts, the matrix
exponential admits the first-order expansion

exp(£T: X") =T+ T, X" + O(T?). (78)
Applying this expansion to (75) yields
R.(k+1) = Re(k)+Ts(~Qa(k)"Re (k) + Re(k)Q(k))+O(T7).
(79)
Substituting into the Lyapunov difference and using the
cyclic property of the trace operator gives

AVg(k) = Ty ep(k)(QUk) — R] (k)Qa(k)) + rr(k), (80)

where rg(k) collects all second-order and higher-order
terms resulting from the truncation.

C. Residual Bound

Since the geometric error function ¥(R.) is smooth in
a compact neighborhood of the identity, there exists a
constant cg > 0 such that
re(k)| < crT?(ller(k)|* + [lea(k)]?), (81)
where
ealk) = (k) — R] (k) (k).

Consequently, |rgr(k)] < dr with 6 = O(T?), which
justifies the residual bound adopted in Theorem 2.

APPENDIX C
EMULATION-BASED CT BASELINE

This appendix summarizes the CT geometric backstep-
ping controller used as a baseline in Section VI-D.

A. Control Law
1) Translational Subsystem: Define the tracking errors

e, =P — Pd, (82)
Vg = pd — erp, (83)
e, =V — vy (84)

The desired thrust vector is defined as

F;= m(*f)d+geg +e,+K,(e, —Kpep) +Kvev>. (85)



2) Rotational Subsystem: Define the attitude error as
R. =R, R, (86)

1
er = 5(R. —R[)". (87)

The virtual angular velocity and angular velocity error
are defined as

Q, =R/ Q,; - Kpeg, (88)
e, =02 —Q,, (89)
with
Q,=-0"R/Q; +R] Qs — Krég. (90)
The control torque is given by
T=0x(JIN)+IN, —er — K,e,. (91)
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