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I. ABSTRACT

Quantum low-density parity-check codes reduce quan-
tum error correction overhead but require dense, long-
range connectivity that challenges hardware implemen-
tation, particularly for superconducting processors. We
address this problem by demonstrating that long-range
connections can be reduced at the cost of increased syn-
drome extraction circuit depth. Our approach is based
on the observation that X and Z ancilla qubits form
short loops with data qubits—a property that holds for
any quantum code. This enables implementing stabilizer
measurement circuits by routing data qubit information
through ancilla qubits when direct connections are un-
available. For bivariate bicycle codes, we remove up to
50% of long-range connections while approximately dou-
bling the circuit depth, with the circuit-level distance
remaining largely preserved. This method can also be
applied to surface codes, achieving the same hexagonal
connectivity requirement as McEwen et al. [1]. Our rout-
ing approach for designing syndrome extraction circuits
is applicable to diverse quantum codes, offering a prac-
tical pathway toward their implementation on hardware
with connectivity constraints.

II. INTRODUCTION

While quantum bits provide significant computational
advantages over classical bits, they are inherently more
susceptible to errors. Quantum error correction (QEC)
is therefore essential for executing long quantum circuits
and algorithms. Among various QEC schemes, the sur-
face code [2, 3] has emerged as particularly promising due
to its local connectivity requirements, with recent experi-
ments demonstrating sub-threshold error rates on super-
conducting platforms [4]. However, the surface code’s
very low rate imposes steep resource overheads. This has
motivated interest in quantum LDPC (qLDPC) codes
with higher encoding rates [5-13].

Significant effort has gone into constructing and opti-
mizing qLDPC codes for experimental systems [14-21].
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This will be a long-lasting but worthwhile process, as
current platforms have yet to achieve low logical error
rates even with the surface code. A central objective
is to reduce the number of required long-range opera-
tions. In mobile platforms such as neutral atoms, shut-
tling time can dominate the cost of fault-tolerant com-
putation. In solid-state platforms such as superconduct-
ing processors, each direct long-range gate requires a
physical coupler[22-27]. Such gates are typically slower,
and increased connectivity degrades fidelity and amplifies
crosstalk (see Appendix VD).

Bivariate bicycle (BB) codes [15] are a recently intro-
duced family of qLDPC codes that combine strong per-
formance with a pseudo-2D layout and commonly use
weight-6 stabilizers. In the standard “toric” layout, each
measurement qubit typically performs four local and two
long-range gates to data qubits [15]. To further reduce
connectivity, “morphing circuits” [19] lower the local de-
gree from four to three but still require two long-range
couplers, leaving the main hardware bottleneck.

Recently, McEwen et al. demonstrated how to execute
surface code with reduced connectivity requirements [1].
They achieved implementation using only 3-fold connec-
tivity in a 2D layout, which forms a hexagonal lattice
rather than a square lattice. We refer to this method as
the mid-cycle approach, which is derived intuitively from
the “mid-cycle code” of surface codes. This connectivity
reduction comes at the cost of doubled circuit depth for
1 round of syndrome extraction. The comparison of per-
formance can be found in Fig. 3. A similar approach is
also explored for bivariate bicycle codes in [19], where the
method is called morphing circuits. The two main ideas
of the mid-cycle and the morphing circuit approaches are

1. Put the main focus on the code which is supported
on both data and ancilla qubits. For example, this
is the case when in the middle of a normal surface
code measurement circuit.

2. Using 2-qubit gates to transform a subset of sta-
bilizers to single-qubit Pauli operators to measure
them. Importantly, we only need partial connec-
tivity between qubits in a stabilizer to achieve this.
For example, 3 connections in a ‘C’ shape is enough
to shrink a weight-4 stabilizer.

A more straightforward and older approach to reduc-
ing connectivity is simply moving quantum information


mailto:guangqi_zhao@outlook.com
mailto:xiaotong.ni@gmail.com

by using 2-qubit gates or LOCC teleportation [28]. This
is also related to the tasks such as quantum circuit map-
ping, which is about running quantum circuits on quan-
tum processors with different connectivities. Compared
to other approaches, circuit mapping in general does not
change the QEC code used and does not consider circuit-
level distance as its main objective. Works in this direc-
tion include [29-32].

In this work, we introduce a routing-based syndrome
measurement approach that systematically reduces long-
range connectivity for quantum LDPC codes. In the
case of BB codes, our method removes up to 50% of
long-range connections while largely preserving circuit-
level distance, at the cost of roughly doubling circuit
depth. Concretely, the BB requirement can be reduced
to four local connections and one long-range connection
per qubit. The same idea transfers to the surface code,
achieving degree-3 connectivity with performance compa-
rable to mid-cycle circuits [1]. These reductions can sim-
plify recent qLDPC demonstrations [22] and enable less
demanding multilayer layouts [33]. Simulation results
show that our circuit preserves the code distance, mean-
ing the circuit-level distance matches the code distance.
By applying this routing strategy, we demonstrate that
up to 50% of long-range couplers can be eliminated while
largely maintaining circuit-level distances. Furthermore,
the logical error rate of our circuit is comparable to that
of conventional circuits, despite the reduced connectivity
requirements. The code used to conduct the simulation
is available in our code repository on GitHub [34].

III. RESULTS

A. Reducing connectivity through Routing:
Surface code

The key idea of our approach is to use ancilla qubits
for routing the information during the syndrome mea-
surement process. To facilitate this, we need the
circuit to measure X and Z stabilizers sequentially.
Specifically, the circuit follows the repetition pattern
CxCyzCxCyz---, where Cx measures all X stabilizers
and Cz measures all Z stabilizers. While it is gener-
ally not necessary to arrange the syndrome measurement
circuits in this structure, designing a mixed X and Z
stabilizer measurement circuit represents a challenging
optimization problem [35].

After choosing the circuit pattern CxCzCxCyz -- -, we
observe that X ancillae and their connections can be
repurposed for measuring Z stabilizers, and vice versa.
This provides a straightforward method for reducing con-
nectivity requirements across various quantum codes.

We first implement a rotated surface code where each
qubit has at most three connections. Asshown in Fig. 1a,
the circuits within the blue and red dashed rectangles
illustrate the measurement processes for Z and X sta-
bilizers, respectively, with numbered CNOTs indicating

the sequential order of CNOT gate operations. The first
three layers of CNOTSs transfer the parity of the four
data qubits into the Z ancilla. The final two CNOT lay-
ers reverse the routing and decouple the X ancilla, which
became entangled during the previous operations. To fa-
cilitate these detours, we add extra X ancilla qubits at
the lower boundary and extra Z ancilla qubits at the
right boundary, as shown in Fig. la. A more traditional
depiction of parts of the circuit is shown in Fig. 2.

One can check the effect of the Z stabilizer measure-
ment circuit on computational basis states. Because
CNOT gates can be viewed as classical gates on such
states, one can easily compute the combined transforma-
tion. Given four data qubits |z1),|z2), |x3), |z4), |0.) as
the Z ancilla, and |0,) as the X ancilla, the CNOT gate
transformation can be written as

‘$1$2$3$40z0$> — |J)1$2$3I4($1 Dxo D x3 D x4)20x>(. )
1

Therefore, if no error occurs in this circuit, the Z ancilla
qubit measures the parity, and the X ancilla qubit |0)
remains unchanged. The X ancilla qubit |0,) can thus
be used as a flag qubit [36]. However, we found that
when using the MWPM decoder, including additional
flag qubit information leads to worse performance (See
Appendix VF for a detailed discussion). Therefore, we
do not use the flag qubits for the results shown in Fig. 3.

The position of removed couplers and the sequence of
CNOT gates must be carefully arranged to prevent hook
errors [37]. The gate order can be selected similarly to
conventional rotated surface code approaches, where data
qubits involved in the first two CNOT layers form lines
perpendicular to the direction of minimal Z-type logical
operators [38, 39]. We confirmed through circuit-level
simulation that our implementation preserves the code
distance, using the same method as in [15]. Moreover,
the slopes of the logical error rates in Fig. 3 also suggest
that the circuit-level distances are preserved.

In the numerical simulation corresponding to Fig. 3,
we used the SI1000 error model [40], which is inspired by
superconducting qubit systems (see Appendix V C for a
brief introduction). We first constructed the syndrome
measurement circuit and then generated the detector er-
ror models using Stim [41]. The decompose errors pa-
rameter was set to true, instructing Stim to suggest a
decomposition of hyperedges into edges for decoding with
the PyMatching decoder library [42].

In our implementation, X and Z stabilizer measure-
ments each require 5 layers of CNOT gates, resulting
in a total of 10 CNOT layers to complete one round of
stabilizer measurements. In comparison, the mid-cycle
approach uses 8 layers of CNOT gates. To determine the
logical error rates of these circuits, we conducted circuit-
level simulations and compared them to the conventional
4-layer circuit.

Specifically, we plotted logical error rate versus phys-
ical error rate for different code distances under the
SI1000 noise model in Fig. 3. As a summary for the
SI1000 model, the error rates from largest to smallest are
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(b) flows of the Z stabilizer through the circuit

FIG. 1. Stabilizer measurement is achieved by accessing adja-
cent ancilla qubits in this rotated surface code. (a) shows our
arrangement allows for a 2D grid where all qubits (circles rep-
resent data qubits, and squares represent ancilla qubits) have
at most three connections (dashed black lines), effectively
forming a hexagonal lattice. In this configuration, stabilizer
measurements utilize adjacent ancilla qubits of the opposite
type; the blue dashed rectangle illustrates how a Z stabilizer
is measured using an X ancilla located below it. Similarly,
the red dashed rectangle demonstrates an X stabilizer mea-
surement via a Z ancilla positioned to the right of it. On
the lower and right boundaries, we place additional X ancil-
las (indicated by dark red squares) and Z ancillas (indicated
by dark blue squares) to ensure all required measurements
can be performed. The numbered CNOT gates indicate the
sequential layers of operations required for syndrome extrac-
tion. We show the evolution of two stabilizer operators in (b),
one labeled with light blue and one with dark blue. Note that
the initial dark blue stabilizer operator is the 4-body surface
code stabilizer multiplied by the Z stabilizer of the ancilla
qubit.

(a) Z stabilizer measurement via routing through a X
ancilla

(b) X stabilizer measurement via routing through a Z
ancilla

FIG. 2. Stabilizer extraction circuit for a single stabilizer in
surface code with one coupler removed. Blue and red lines
show the respective flows of stabilizer. (a) Z stabilizer mea-
surement when data qubit g3 and Z ancilla have no direct
coupler; the information from g¢s is transferred through the X
ancilla via routing. (b) X stabilizer measurement when data
qubit g3 and X ancilla have no direct coupler; the informa-
tion from g¢s is transferred through the Z ancilla via routing.
Note that the first three CNOT layers transfer stabilizer in-
formation to the Z ancilla. The final two layers decouple data
qubits from X ancillae entangled during earlier operations.

measurement, two-qubit gates, and single-qubit gates,
with the measurement error rate being 50 times that of
single-qubit gates. We observe that the routing approach
exhibits slightly worse logical error rates compared to the
mid-cycle approach, and both perform worse than the
conventional approach. However, the slopes of the logical
error rates are the same, as shown in the figure, suggest-
ing that the circuit-level distances are comparable across
these approaches. In particular, this indicates that the
circuit-level distances are equal to the code distances d
for the routing approach.

Our routing approach for surface codes provides a more
direct generalization pathway across various quantum
codes. Graphically, our method can be understood as
removing a single connection from a connection loop con-
taining both X and Z ancillae, and rerouting the infor-
mation between the resulting endpoints through the re-
maining connections. In subsequent sections, we demon-
strate how to apply our method to BB codes to reduce
long-range connection requirements.
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FIG. 3. Physical error rate versus logical error rate per round
under the SI1000 circuit-level error model for: conventional
4-layer surface code syndrome extraction circuit (solid line),
mid-cycle three-coupler circuit (dashed line, generated with
code provided by Ref. [1]), and our new three-coupler syn-
drome measurement circuit via routing (dotted line). We can
see that while the mid-cycle approach has slightly better per-
formance compared to the routing approach, the slopes of
logical error rates are the same in the figure.

B. Reduce connectivity for Bivariate bicycle codes

BB codes with polynomials defined in Eq. (6) main-
tain a toric code layout supplemented with long-range
connections. Fach stabilizer ancilla connects to six data
qubits—four local and two nonlocal. These long-range
connections are characterized by the parameters a, b, c,
and d. This toric layout, including these connections, is
translation-invariant.

Fig. 4 illustrates an example configuration where
[a,b,c,d] = [1,1,1,1]; a notable structural feature is that
pairs of X and Z ancillae form length-four coupler loops
with two data qubits. The existence of such loops allows
us to apply the same connectivity reduction technique
used in surface codes to BB codes. For each length-four
long-range loop, we can remove one connection. Addi-
tionally, the translational symmetry of these length-four
loops facilitates the design of circuits with lower depth.
Following the strategy we used for the surface code, we
measure X and Z stabilizers sequentially. As illustrated
in Fig. 5, both X and Z stabilizer measurements require
a circuit of 8 CNOT layers if one coupler is removed.

There are different ways to remove connections. For
example, the two choices illustrated in Fig. 4 eliminate
25% and 50% of all long-range connections, respectively.
These different choices result in slightly different depths
for syndrome extraction circuits and logical error rates.
We perform simulations for both removal approaches: the
“three-quarters LR circuit”, which retains 75% of long-
range (LR) couplers, and the “half LR circuit”, which
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retains 50% of long-range couplers. In the three-quarters
LR circuit, all X stabilizers maintain full connectivity,
while each Z stabilizer has one long-range coupler re-
moved. Specifically, we remove the same long-range cou-
pler (the term =%y~ in polynomial A7) from all Z
stabilizers. This configuration results in 6 CNOT lay-
ers (without routing) for all X stabilizer measurements
and 8 CNOT layers for all Z stabilizer measurements.
In the half LR circuit, we remove the same long-range
coupler from all Z stabilizers (the term =%y~ in poly-
nomial A7) and the same coupler from all X stabilizers
(the term z°y? in polynomial B). The half LR circuit
can also be viewed as removing an additional edge per
Z stabilizer compared to the three-quarters LR circuit.
This represents a general strategy that can be explored
further in future work. As long as short loops remain in
the connectivity graph, we can continue to remove more
edges.

We benchmark the performance of these two new cir-
cuits alongside IBM’s original circuit [15]. The numer-
ical simulations follow a similar approach to those used
for the surface code, with the main difference being the
choice of decoder. We construct the circuit and generate
the detector error model using Stim with default settings.
First, we estimate the circuit-level distances, which serve
as a useful initial metric for evaluating performance. We
employ the same method developed in [15]. Specifically,
we randomly sample approximately 1000 different logical
qubit errors with a trivial syndrome and use the decoder
to find corresponding errors with small weights. The de-
coder is a belief propagation decoder with ordered statis-
tics (BP-OSD) [43-45]. We use the min-sum method for
belief propagation and osd-0 for ordered statistics decod-
ing. The results are presented in Table I for all three
implementations, including the original length-7 circuits
from IBM [15]. Notably, the circuit-level distances for
our two new circuits are identical, despite their differ-
ent reduced connectivity, and are comparable to those
achieved by IBM’s circuit.

In Fig. 6, we present logical error rates from circuit-
level simulations for all codes listed in Table I. These sim-
ulations were conducted using the SI1000 error model. To
compare the performance with IBM’s simulation, which
uses the standard depolarization error model [15], we sim-
ulate our circuits using the same model. Specifically, we
compare our approaches with IBM’s results for the [[90,
8, 10]] BB code, with results shown in Fig. 7.

At a physical error rate of 1073, the logical error rates
of our routing circuits are approximately ten times higher
than those of IBM’s implementation. This difference is
expected, as our three-quarter LR routing circuit requires
14 CNOT layers and our half LR routing circuit needs 16
CNOT layers, whereas IBM’s circuit uses only 7 CNOT
layers. Despite this performance decline, our approach
offers the significant advantage of eliminating up to 50%
of long-range couplers. The value of this tradeoff de-
pends on future experimental capabilities; if implement-
ing dense long-range connections proves more challenging
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FIG. 4. Torus layout of BB code with polynomials A = 1+z+zy and B = 1+y+ay. (a) Each Z ancilla pairs with an X ancilla
to form a length-four long-range loop with two data qubits. For these loops, our routing circuit enables removing one long-range
connection per loop, reducing overall long-range connectivity by 25%. (b) Alternative approach targeting short-long-short-long
loops, where removing one long coupler per loop eliminates 50% of all long-range couplers. This can also be viewed as removing
an edge per Z stabilizer in addition to the edges removed in (a). In both (a) and (b), gray loops indicate that there are many
other loops we do not draw in the figure. Note that in this work, we remove couplers with translational symmetry for simplicity
of circuit design. In general, there are other ways to remove couplers. However, this may come at the price of increased circuit
depth.

l [[n,k:,d]] [Z,m[ (a,b,c,d) [d3/4[d1/2[doriginal‘
72,12,6 6,6 [(3-1-1,3)|<5[<5| <6
90,8,10]] 3,15 (0,5,-1,3) [<6|<6| <8
98,6,12]] | 7,7 |(1-3-3,1)[<8[<8| NA
108,8,10]] [ 9,6 [(3-1-1,3)[<8|<8| <8
[[144,12,12]][12,6[(3,-1,-1,3)[< 9| < 9| < 10

TABLE I. Some examples of BB codes and their parameters. All codes have the same polynomial structure A = 1 4 x + z%°
and B = 1+ y + z°y? with (a,b, ¢, d) listed in the table. Variables z,y are defined as x = S¢ ® I, and y = I} ® S, with
£, m also listed in the table. All BB codes feature weight-6 stabilizers. We display the circuit-level distance under different
implementation scenarios: ds/4 represents the circuit-level distance of three-quarters LR circuit (14 layers of CNOTS); dy /2
shows the circuit-level distance for the half LR circuit (16 layers of CNOTS); and doriginal Tepresents the circuit-level distance
from IBM’s results (7 layers of CNOTs) [15] .

than reducing physical error rates with fewer connections, ing than reducing physical error rates with fewer connec-
then our scheme would be preferable. tions, our scheme would be preferable. Looking to the
long term, correlated errors arising from extensive con-
nectivity can emerge as the dominant error source [46],

IV. DISCUSSION AND CONCLUSION in which case our reduced-connectivity scheme would be-
come increasingly advantageous.

In this work, we demonstrated that the hardware AS we mentioned in SeC-'??a the mid-cycle and mor-

requirements for implementing gLDPC codes, particu- phing code approach comprises two components: one fo-

larly the number of long-range couplers, can be relaxed ~ cuses on the code spanning both data and ancilla qubits,
through routing techniques. Our simulation results show ~ and the other involves choosing a circuit with low connec-
that, although routing circuits increase circuit depth, the  tivity to contract stabilizers. These two components are
circuit-level distance is not significantly impacted, and not fully dependent on each other. The routing method
logical error rates remain within acceptable limits. Our used in this work solely addresses reducing the connec-

work is compatible with other research [17, 18, 33] on im-  tivity requirement. Tt is likely that this routing method
plementing qLDPC codes on superconducting processors ~ could be applied to the morphing circuit to further re-
and other connectivity-restricted systems. duce connectivity, as the stabilizers still overlap on an

even number of qubits. However, this may require sacri-

This represents a trade-off between circuit depth and ‘ R ! = e |
ficing circuit depth and potentially circuit-level distance.

coupler density, and the value of this trade-off will de-
pend on future experimental capabilities. If implement- In terms of logical error rates, we find that the mor-
ing dense long-range connections proves more challeng- phing circuit approach performs better than the routing
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FIG. 5. Stabilizer extraction circuit for a single stabilizer in
BB codes with one coupler removed. Blue and red lines show
the respective flows of stabilizer. (a) Z stabilizer measurement
when data qubit g4 and Z ancilla have no direct coupler; the
information from ¢4 is transferred through the X ancilla via
routing. (b) X stabilizer measurement when data qubit g4
and X ancilla have no direct coupler; the information from g4
is transferred through the Z ancilla via routing. Both circuits
have 8 CNOT layers. Both circuits are designed to measure
all Z (or X) stabilizers simultaneous. If measuring only a
single stabilizer, both circuits could be optimized to 7 CNOT
layers.

approach when using the same total number of qubits
(with different codes). As a first step toward understand-
ing this performance difference, we observe that the mor-
phing circuit approach yields more syndrome data com-
pared to the routing approach within the same amount
of time. For the morphing circuit approach, switching
between [[2n, k,d]] and [[n,k,d]], we obtain 2n bits of
syndrome data with depth-14 circuits. However, for the
routing approach with a code [[n, k, d]], we only obtain
n bits of syndrome data with circuits of similar depth.
Further work is needed to gain more intuition about the
performance of different syndrome measurement circuits.

Several questions remain open for future investigation.
For example, the “half LR circuit” still exhibits redun-
dancy in its couplers, suggesting further tradeoffs be-
tween circuit depth and connectivity for BB codes that
warrant study. Future work could also establish meth-
ods applicable to general LDPC codes and develop op-

timization algorithms to identify minimal-depth circuits
for systems with specific connectivity constraints.

A recent work on directional codes [20] seeks to deter-
mine the optimal performance of quantum codes achiev-
able using only local (geometrically constrained) gates.
Our routing approach suggests that direct gates between
data qubits and their corresponding ancilla qubits are
not always necessary—ancilla qubits can relay quantum
information while preserving code properties. This ob-
servation expands the design space for geometrically con-
strained codes and may enable improved performance by
allowing more flexible circuit arrangements within local-
ity constraints.

We note that Zhou et al. have recently published work
on a related topic [47]. However, our study was con-
ducted independently and without prior knowledge of
their research.

V. THEORETICAL FRAMEWORK
A. Surface code

Surface codes [3, 48] represent the most developed
quantum error correction approach and potentially the
most promising codes realizable in the near term [4, 49],
due to their local two-dimensional structure. For sur-
face codes on an L x L square lattice, characterized
as [[n, k,d]] = [[L?, 1, L]] quantum codes, they saturate
the theoretical trade-off bound for two-dimensional codes
where kd? < O(n) [50].

Fig. 8 shows the structure of a rotated surface code. In
the bulk, each ancilla qubit connects to four data qubits,
and each data qubit connects to four ancilla qubits,
resulting in 4-fold local connectivity in a 2D layout.
Conventionally, syndrome extraction circuits for surface
codes are implemented by performing CNOT gates across
these connections.

Although the conventional circuits for X and Z stabi-
lizer measurements are well-known, for clear comparison
with our new circuit discussed in the following sections,
we illustrate them in Fig. 9 along with the backward
transformation of the measured Z stabilizers. We can
see that we are indeed measuring the code stabilizer op-
erators when no error occurs in the circuit. This is known
as stabilizer flows, as described in [1].

Through careful arrangement of operations, the circuit
depth of surface codes can be optimized to just 4 layers
of CNOT or CZ gates. This circuit has demonstrated
impressive logical performance in experiments [4, 49, 51—
53], and it can be efficiently decoded through matching
algorithms [37, 54, 55].

B. Bivariate bicycle codes

BB codes have recently attracted substantial interest
due to their low overhead and high thresholds [15]. These
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LR circuit with 75% of long-range (LR) couplers remain. (b) presents results for the half LR circuit with 50% of long-range
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lines obtained from Fig. 3 in Ref [15], 7 CNOT layers). Nu-
merical estimates of logical error rates were obtained by sim-
ulating d syndrome cycles for each distance-d code. To facili-
tate comparison with IBM’s results, we applied the standard
depolarizing error model, where the error rates are the same
value p for all operations.
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FIG. 8. 2D square lattice layout of rotated surface code.

codes extend surface codes, as their stabilizers are trans-
lationally invariant and can be interpreted as multiple
copies of the toric code [56, 57]. In this section, we pro-
vide a brief introduction to BB codes.

Quantum Calderbank-Shor-Steane (CSS) codes [58,
59] are a family of stabilizer codes [60] characterized by
stabilizer generators that are exclusively Z-type or X-
type operators. Similar to classical coding theory, these
codes can be represented using parity check matrices H x
and Hz for the X-type and Z-type stabilizers, respec-
tively. The fundamental commutation requirements be-
tween X and Z stabilizers are elegantly captured by the
matrix relation Hx (Hz)T = 0.
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FIG. 9. Conventional syndrome extraction circuit for surface
code. (a) shows the circuit for Z stabilizer measurement,
while (b) shows the X-type stabilizer measurement. Blue and
red lines indicate the flows of stabilizer through the CNOTs.

Generalized bicycle codes [9, 61] represent a class of
CSS codes constructed using two commuting binary £ x £
matrices A and B, where AB = BA. The parity check
matrices for these codes are defined as:

Hx = [A,B] and Hy = [B", A™]. (2)

This construction naturally satisfies the commutativity
condition, as HxH,; = AB + BA = 0, thus yielding
a valid CSS code. A particularly useful approach in-
volves using binary circulant matrices for A and B, since
these matrices inherently commute [61]. This formula-
tion encompasses the original bicycle codes as a special
case when B = AT [62].

BB codes represent a specialized class of generalized bi-
cycle codes where matrices A and B are defined through
polynomials A = f(x,y) and B = g(x,y). These poly-
nomials belong to the Laurent polynomial ring R :=
ZQ [3’], Y, xila yil] [563 633 64]

To align with conventional coding theory and parity
check matrix formulations, we can represent the Laurent
polynomial variables z and y in matrix form. Following
Bravyi et al. [15], let I, and S; denote the identity matrix
and the cyclic shift matrix of size ¢ x £, respectively. In
the cyclic shift matrix Sy, the i-th row contains a single
nonzero entry of one at column ¢ + 1 (mod¢). Then the
variables x and y can be expressed as matrices:

r=5®I, and y=I,R5, (3)

This representation has important properties: zy = yx
(commutativity) and 2 = y™ = I, (periodicity). These
properties ensure that polynomials in z and y maintain

the necessary commutation relations when translated to
the matrix formalism, facilitating the construction of
valid quantum codes with predictable structures.

Consider the BB codes defined by a pair of matrices:

A:A1+A2+A3, and B:Bl+BQ+Bg, (4)
where each component matrix A; and B; represents a
power of x or y. To prevent term cancellation, we require
that the A; terms are distinct, and similarly, the B; terms
are distinct.

This construction ensures that matrices A and B have
exactly three non-zero entries in each row and column.
The commutativity requirement AB = BA is automat-
ically satisfied because zy = yx. Consequently, the BB
code is LDPC, with parameters [[n, k, d]] given by [15]:

n=20m, k=2-dim(ker(A)Nker(B)),
d=min{|v|: v € ker (Hx) \rs (Hz)} . (5)

Furthermore, to ensure that BB codes can be imple-
mented with two-dimensional toric code layouts, matri-
ces A and B must satisfy specific conditions outlined in
Lemma 4 of Ref. [15]. For the examples used in this work,
we can always write A and B in the form:

A=1+z+2%" and B=1+y+zy% (6)
This construction provides a straightforward generaliza-
tion of the standard toric code, and when A = 1+
and B = 1 + y, this BB code reduces precisely to the
conventional toric code. Thus, this family can be termed
(a, b, c, d)-generalized toric codes [56].

Similar to the surface code, we also need to put an-
cilla qubits in between data qubits to achieve low-depth
syndrome measurement circuits and to have 4 out of 6
couplers (2-qubit gates) to be nearest neighbor. An ex-
ample of such layout is shown in Fig. 4.

In this work, when we refer to connectivity, we specif-
ically mean the connectivity between data and ancilla
qubits. For connectivity graphs such as Fig. 4, many
length-4 loops are present. This is because X and Z
stabilizers overlap on an even number of data qubits,
creating these loops. In the surface code layout shown
in Fig. 8, all smallest plaquettes are such length-4 loops.
We illustrate these loops for a BB code example in Fig. 4.
The presence of these loops suggests that a certain num-
ber of couplers can be eliminated without compromising
syndrome measurement capabilities. Longer loops also
exist, but we will not utilize them in this work.

C. SI1000 error model

ST1000 is a noise model with significantly different error
rates for each operation, inspired by current supercon-
ducting processors [40]. Let the probability p represent
the 2-qubit gate error rate. Single-qubit gates have a



lower error rate of p/10. More importantly, the measure-
ment error rate is 5p, and because measurement dura-
tion is generally much longer than gate durations, idling
qubits during measurement experience an error rate of
2p. Therefore, this model heavily penalizes measure-
ments, creating a larger gap between conventional and
routed circuits compared to error models like the circuit
depolarizing error model, where all operations have the
same error rate. We note that larger measurement errors
compared to gate errors are also observed in several other
popular quantum computing experimental systems.

D. Crosstalk in superconducting processor

More elements on a superconducting processor typi-
cally lead to increased crosstalk, from both classical con-
trol signals and qubit-qubit interactions.

When applying classical control signals to qubits, sig-
nal leakage often affects nearby qubits. As demonstrated
in Ref. [51], this form of crosstalk can be mitigated
through compensation signals. For operations such as
simultaneous single-qubit gates, the control parameter
space often exceeds the dimensionality of the single-qubit
unitary group. By optimizing these control parameters
during calibration, we can naturally mitigate most of this
crosstalk.

More challenging is crosstalk arising from coupling be-
tween circuit elements, which manifests as unwanted in-
teractions between qubits that decay with distance. Un-
like control signal crosstalk, these interactions cannot be
simply disabled when not performing two-qubit gates.
Tunable couplers represent a common approach, allow-
ing for effective cancellation of nearest-neighbor interac-
tions by adjusting coupler qubit frequencies. However,
this approach likely cannot eliminate all residual interac-
tions, as documented in recent experiments [4, 49, 65, 66]
and theoretical studies [46].

The widespread nature of the crosstalk problem is also
evident in other symptoms. The largest quantum error
correction experiments on superconducting processors to
date [4] highlight significant calibration challenges. As
explained in Ref. [67], optimal control parameters are not
always found through optimization of local regions, indi-
cating that complex residual interactions persist despite
the use of tunable couplers.

To summarize, increasing the connectivity of super-
conducting processors presents two significant challenges:
(1) designing hardware with consistently small unwanted
couplings becomes increasingly difficult, and (2) calibra-
tion complexity grows substantially. For instance, fre-
quency allocation—which must avoid similar frequencies
for connected qubits—faces more constraints in qLDPC
processors, leading to more complex optimization prob-
lems and longer calibration times. Therefore, trading
increased circuit depth for reduced connectivity require-
ments becomes an attractive option when implementing
quantum LDPC code circuits. This trade-off is particu-

larly appealing as qubit coherence times improve, poten-
tially offsetting the impact of longer circuit depths.

E. Detector error model

For current experimental systems, we often cannot di-
rectly measure multi-qubit stabilizers. Even if some sys-
tems permit these operations, we still need to deal with
the complex noise models associated with such opera-
tions. More commonly, a fault-tolerant circuit is decom-
posed into 2-qubit gates and other basic operations, and
the circuit itself can be described by a classical LDPC
codes [68]. In the most basic quantum memory exper-
iments, we still need to design and optimize syndrome
measurement circuits using these operations.

In turn, the decoding task is about decoding the en-
tire circuit rather than just the code itself. The detector
error model [41, 42, 69] provides one framework to de-
scribe how errors trigger detectors. It is based on the fact
that syndrome measurement circuits are Clifford circuits,
which are efficiently simulatable. We can define detectors
as parities of measurement outcome sets. These parities
maintain fixed values when no errors occur in the circuit.
Then by checking these parities, we can obtain informa-
tion about where errors have occurred, allowing for fur-
ther correction. A detector matrix M offers a practical
representation of these relationships. The kernel of this
matrix encompasses all possible measurement outcomes
that can occur in an error-free environment.

Given an error vector of whether errors happened in
each location of the circuit, we first construct a mea-
surement syndrome matrix H that maps errors to their
resulting syndromes. When combined with the detector
matrix, we produce a comprehensive detector-error ma-
trix D = MH. This integrated matrix plays a similar
role as the parity checking matrix of a classical error cor-
recting code. The decoding can be done based on D.

In a quantum memory experiment, the circuit distance
then can be defined as the minimum number of errors
required to flip at least one logical operators of quantum
code without triggering any detectors.

F. Results with different detector error models and
decoders

In our routing circuit, we measure X and Z stabilizers
separately, yielding two measurement outcomes for each
stabilizer measurement. For examples, as illustrated in
Fig. 2a and Fig. 5a, Z stabilizer measurement begins by
resetting both Z and X ancilla qubits to the Z basis.
After applying the CNOT gates, we measure both ancil-
lae in the Z basis. The Z ancilla measurement directly
indicates the stabilizer value, as the circuit transfers sta-
bilizer information to it. The X ancilla measurement
results could potentially provide additional information
about error locations.



Intuitively, we would expect improved performance
when incorporating X ancillae measurement results (in
Z basis) into the detector error model. However, our
simulations in Fig. 10 demonstrate this is not the case
for MWPM decoder. Note that in our simulation, the
detector error model is obtained with Stim. The decom-
pose errors parameter is set to true. This means that
Stim will suggest a decomposition of hyper edges into
edges so that the decoding can be performed with the
PyMatching decoder library [42]. For more details about
the whole simulation, please see the code at Github [34].
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FIG. 10. Logical versus physical error rate per round for sur-
face code with different distances and detector settings (with
MWPM decoder). Dashed lines show results with extra X an-
cilla measurements (in Z basis) as detectors, while solid lines
show results without extra detectors. Notably, the configura-
tion without extra detectors demonstrates better performance
compared to the case with extra detectors.

It is natural to suspect the decoder might be respon-
sible, as MWPM decoder is not necessarily good at han-
dling hyper edges in the decoding graph. To investigate,
we performed the same simulation using a BP-OSD de-
coder, with results shown in Fig. 11. The results demon-
strate that both detector error models performed almost
identically under the BP-OSD decoder. More investiga-
tions are needed to know the underlying reasons.

G. General qLDPC codes

Our routing approach is broadly applicable to quantum
error-correcting codes because the connectivity graph be-
tween data and ancilla qubits contains many short loops.
The performance of syndrome-measurement circuits with
reduced connectivity, however, depends strongly on the
code structure. Bivariate bicycle codes are particularly
well suited to our routing scheme: they have equal num-
bers of X and Z stabilizers (and hence ancilla qubits),
and both stabilizer types exhibit translational symmetry
on the toric layout. For codes without such structure,
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FIG. 11. Logical versus physical error rate per round for sur-
face code with different distances and detector settings (with
BP-OSD decoder). Dashed lines show results with extra X
ancilla measurements (in Z basis) as detectors, while solid
lines show results without extra detectors. The difference be-
tween two detector error model is marginal (the dashed line
lies under the solid line). In this simulation, we use ’osd-cs’
method, and the osd order is set as 20. BP method is min-
sum.

designing low-depth routing circuits can be considerably
more challenging.

For a general quantum LDPC code with sparsity pa-
rameters w, and wg, each stabilizer generator acts on at
most w, qubits, and each qubit participates in at most
wy stabilizer generators. In this setting, our routing pro-
tocol reduces the connectivity required by the full Tanner
graph. The protocol exploits the commutation relations
between Pauli-X and Pauli-Z stabilizers: any two such
stabilizers overlap on an even number of data qubits,
which in turn guarantees many length-4 cycles in the
Tanner graph.

Before removing any connections, measuring only the
X-type or only the Z-type stabilizers requires at most
max{w,, wy} CNOT layers, upper-bounded by the max-
imum degree of the corresponding bipartite graph. To
reduce connectivity, we choose multiple independent
length-4 cycles in the Tanner graph and delete one edge
from each cycle. Here “independent” means both edge-
disjoint and vertex-disjoint. Each deleted edge can then
be replaced by routing through the remaining three
edges, at the cost of a constant overhead of three ad-
ditional CNOT layers for the affected measurement. For
codes with BB-like structure—namely, comparable num-
bers of X and Z stabilizers together with an even,
translation-invariant placement—many such cycles can
be selected in parallel. Consequently, a nonzero fraction
of connections can be removed while increasing the cir-
cuit depth by only a constant factor.

For less structured codes, the circuit-depth overhead
can be substantially larger. If many stabilizers must
reuse the same opposite-type ancilla—for example, when



the numbers of X and Z checks are highly imbalanced or
when the available length-4 cycles overlap heavily—the
routing operations cannot be fully parallelized and in-
stead must be scheduled sequentially. In that case, the
depth increases by O(k) for k stabilizers sharing the same
routing resource, where k is typically bounded by w, in
an LDPC setting.

H. Circuit level distance

An important consideration is whether the routing cir-
cuit preserves the circuit-level distance of the original cir-
cuit. We propose the following conjecture:

Conjecture 1 Consider a BB code and a syndrome
measurement circuit that measures X and Z stabiliz-
ers sequentially (CxCzCxCyz---). The routing circuit
in Figure 5 has the same circuit-level distance as the se-
quential original circuit (without edge removal) that also
measures X and Z stabilizers separately.

We stress two points about the scope of this conjec-
ture. First, the “original circuit” refers specifically to
a sequential C'xCy circuit—not to the interleaved cir-
cuit of Bravyi et al. [15], where X and Z measurements
overlap in time. The circuit-level distances reported in
Table I for our routing circuits (ds; 4, di/2) are likely
lower than doyiginal from Ref. [15] for several codes (e.g.,
the [[72,12,6]] code has d3;4 < 5 versus doriginal < 6).
This is consistent with the conjecture, since the sequen-
tial baseline itself may have a lower circuit-level distance
than the interleaved one due to the different measure-
ment schedule. To our knowledge, circuit-level distances
for the sequential baseline without routing have not been
independently reported, so a direct numerical compari-
son remains to be completed. Second, below we present
a structured heuristic argument supporting the conjec-
ture, but the final verification step has not been carried
out formally. We therefore present this as a plausibility
argument rather than a complete proof.

Step 1: Reduction to single faults. We aim to show
that for every single fault location in the routing circuit—
defined as any single- or two-qubit Pauli error immedi-
ately before or after a gate, measurement, or reset—there
exists a corresponding fault location in the original se-
quential circuit that triggers an identical set of detec-
tors and induces the same residual data-qubit error (and
hence the same logical observable). We restrict attention
to single faults because the detector error model is linear
over [Fy: the syndrome and logical effect of a multi-fault
event is the Fo-sum of the individual fault effects [15].
Hence, if a weight-a fault set leads to a logical failure in
the routing circuit, a fault set of equal or lesser weight
must cause a logical failure in the original circuit.

Step 2: Reduce to a single round of syndrome mea-
surement. It suffices to analyze the error propagation
in a single complete cycle of sequential X- and Z-type
stabilizer measurements. After this cycle, tthe residual
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data-qubit errors are unchanged and the detectors are
not violated. This holds for both the original circuit and
the routing circuit.

Step 8: X /Z separation from sequential measurement.
Assuming sequential measurements, the CNOT-based
routing circuit keeps X and Z error propagation sepa-
rate. This decoupling simplifies the analysis, because the
circuit-level distance can then be assessed by consider-
ing X and Z errors independently. Therefore, if a set of
faults in the modified circuit causes a logical error, either
its X component or its Z component must already pro-
duce a logical failure, which can in turn be mapped back
to a corresponding failure in the original circuit.

Step 4: Localization to individual measurement blocks.
We wish to restrict the error-propagation analysis to an
individual stabilizer measurement block (such as those
shown in Fig. 5). The validity of this localization rests
on the assumption that errors cannot propagate out
of one block and re-enter it. In traditional syndrome-
measurement circuits, this holds because each ancilla
qubit interacts with data qubits in only one block per
round and is then measured. In our routing construc-
tion, this property is maintained: the routing gates are
appended to the end of each stabilizer block, and the
corresponding two data qubits and ancilla qubits are not
reused or shared between disparate blocks. Therefore, it
is appropriate to restrict the error-propagation analysis
to an individual block.

Step 5: Analysis of routing gate faults. Within an in-
dividual block, most fault locations have direct counter-
parts in the original circuit (e.g., faults on the first several
CNOT gates that are shared between both circuits). The
non-trivial fault locations are those occurring mid-circuit
within the routing gates—the additional gates that re-
place the single removed CNOT.

Viewing the entire routing sub-circuit (the last five
gates in Fig. 5) as a composite unitary, its net effect on er-
ror propagation matches that of the two original CNOT's
it replaces: errors injected before the routing block or
after it propagate identically to those in the original cir-
cuit. The remaining concern is therefore limited to faults
injected at intermediate points within these five gates,
where the data qubits and routing ancilla are transiently
entangled.

For each such intermediate fault location, we need to
verify that the resulting (data-qubit error, detector syn-
drome) pair can be reproduced by some fault in the orig-
inal circuit. This amounts to a finite enumeration. We
have not completed this case-by-case enumeration for-
mally, but we believe that no new pattern of data-qubit
errors and measurement outcomes can arise.
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