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Abstract 

The aim of this work is to develop a program for calculating symmetrically loaded thin 
cylindrical shells filled with fluid. The study presents analytical formulas based on membrane 
(momentless) theory for computing thin-walled cylindrical shells. A numerical analysis was 
carried out using a program written in Python employing the finite-difference method. The 
results obtained for deflections, bending moments, and shear forces were compared to assess 
the accuracy of the program. It is shown that the numerical error for loaded thin cylindrical 
shells is minimal. Specifically, the discrepancy between the analytical and software calculations 
is less than 0.2% for deflection, less than 1.4% for bending moment, and less than 1.6% for 
shear force. The maximum discrepancy of 1.6% confirms that the software performs 
calculations for thin-walled cylindrical structures filled with liquid with high accuracy. The 
discrepancies are attributed to differences in calculation methods, rounding, and finite element 
size. Despite these minor deviations, the software provides sufficiently accurate results close to 
manual calculations while simplifying the computation of deflection, bending moment, and 
shear forces. 
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1. Introduction 

Calculation of vertical cylindrical thin-walled structures remains relevant in modern times. 

Cylindrical tanks are used in the oil industry, chemical industry, woodworking, and food 

industries (including alcohol and dairy sectors), as well as in construction and housing and 

communal services sectors. 



Cylindrical tanks have become widespread due to their ability to have less mass per unit 

volume compared to non-cylindrical counterparts [1], without compromising strength. 

However, errors in tank calculations lead to serious consequences [2]. For example, in 

February 1979, brittle failure of a vertical cylindrical tank occurred at the Ust-Kuyga oil depot, 

which had been in operation for less than two years. The accident resulted in the spill of 624 

tons of diesel fuel. The cause of brittle failure was the incorrect selection of construction 

material [3]. This emphasizes the necessity of precise calculations during the design of closed 

circular cylindrical shells. 

It should be noted that in the modern world, most calculations of engineering structures, 

including vertical cylindrical thin-walled structures, are performed using software complexes. 

This requires programs to provide results with minimal error. At the same time, it is necessary 

to achieve minimal discrepancy between numerical calculation results of cylindrical thin-

walled structures and software complex calculations. 

Solving any statically indeterminate problem in structural mechanics requires consideration 

from three aspects: geometric, physical, and static. Let us consider one of the simple yet 

illustrative cases — a cylindrical thin-walled shell. Through this case, we can practically study 

the nature of errors appearing in calculations performed using software complexes and 

minimize result deviations. 

It is worth noting that the axial symmetry of the cylindrical structure allows converting shear 

forces and torque to zero. 

Recent studies on thin-walled structures interacting with fluids have focused on hydroelastic 

effects during dynamic loading [24]. Xie et al. [24] experimentally and numerically investigated 

the oblique impact of an elastic thin-walled structure, demonstrating the complexity of stress 

responses under asymmetric loading conditions. 

 

2. Materials and Methods 

A shell is defined as a body bounded by two curved surfaces, with the distance between them 

being small compared to other dimensions of the body. Shells belong to continuous solid 

systems. 



A thin-walled shell is characterized by a thickness that is significantly smaller (20 times or 

more) than other dimensions. The study examines multiple thin-walled cylinders with widths 

of 4 m and 8 m, thickness of 0.1 m, and height varying from 24 to 192 m. 

The shape of the shell’s middle surface and its contour determine whether the shell has a 

closed, open, dome-like, spherical, or cylindrical contour. 

When calculating the strength of thin-walled shells, either the “momentless theory” [4] or 

the more rigorous “moment theory” is applied, depending on various factors. 

When analyzing a thin-walled cylindrical shell filled with liquid, calculations are performed 

using the momentless theory, provided that the tank wall is separated from the bottom. 

 

Fig. 1. Three-dimensional visualization of a thin-walled cylindrical shell. 

Let us establish a rectangular coordinate system, where the abscissa axis runs along the 

cylinder’s axis of symmetry in the direction of decreasing hydrostatic load, while the ordinate 

axis lies on the cylinder’s bottom plane (the direction is not specified since the abscissa axis 

serves as the symmetry axis, and the orientation of the ordinate axis will not affect subsequent 

calculations). The geometry of the structure under consideration is shown in Figure 1, which 

provides a three-dimensional visualization of the thin-walled cylindrical shell employed for the 

numerical analysis. 



 

Fig. 2. Visualization of the created coordinate system relative to the vertical section of the 

cylinder passing through its diameter. 

Figure 2 presents a visualization of the created coordinate system relative to the vertical 

section of the cylinder passing through its diameter. The hydrostatic load function in the 

specified coordinate system is determined by the formula [5]: 𝑝restraint  = ߛ  ⋅ − ܮ) ,(ݔ  (1) 
where γ is the specific weight of the liquid filling the cylindrical shell; L is the height of the 

cylinder. The dependence of the hydrostatic restraint pressure on the vertical coordinate (x) is 

shown in Figure 3. 

 

  

Fig. 3. Graph showing the dependence of hydrostatic restraint pressure (prestraint) on the 

vertical coordinate (x). 

Prestraint 



Let us determine the hoop stress using the formula: ܰ =  𝑝restraint  ⋅  ܴ = ߛ  ⋅ − ܮ) (ݔ  ⋅ ܴ, (2) 
where R is the radius of the cylinder. Figure 4 presents a three-dimensional visualization of 

the hoop stresses at various points of the cylinder. 

 

Fig. 4. Three-dimensional visualization of hoop stresses at various points of the cylinder. 

Let us calculate the deformations using the formula: 

= ߝ ⋅ ܧܰ   ℎ  = ߛ  ⋅ − ܮ) (ݔ  ⋅ ⋅ ܧܴ  ℎ , (3) 
where E is the modulus of elasticity of the cylinder material, h is the wall thickness of the 

cylinder. 

Given the axial symmetry of the cylinder and the load acting on it, three equilibrium 

equations satisfy the identity. The remaining three equations are obtained by projecting all 

forces onto the X and Y axes and equating to zero the sum of moments of all forces relative to 

the Y axis. Thus, we obtain a system of three equations for each grid point [6,7]: 

{   
ݔܰ݀݀    =  0 ݔ݀ܳ݀(4.1)  − ܴܰ  =  − 𝑝restraint(4.2)݀݀ݔܯ −  ܳ = 0 (4.3) (4) 

 



where Q is the shear forces. 

Equation (1) can be transformed as follows: 

ௗ2ௌ௫2  −  ேோ  =  − 𝑝restraint                                                                 (5) 

 ܰ = ⋅ ܧ   ℎ ⋅  ఠோ                                                              (6) 

= ܯ  ⋅ ܦ −  2ݔ2߱݀݀  (7) 
⋅ ܦ  4ݔ4߱݀݀   + ⋅ ܧ   ℎ ⋅   ܴ߱2  =  𝑝restraint (8) 

 

The general solution of the non-homogeneous differential equation (8) is represented as the 

sum of solutions of the corresponding homogeneous differential equation (9):  

⋅ ܦ  ௗ4ఠௗ௫4  + ⋅ ܧ   ℎ ⋅   ఠோ2  =  0 (9)  
and any particular solution of the non-homogeneous differential equation (8), then:     ߱ =  ߱0  +  ߱1, (10) 
where 

ω0 = ݁ఉ௫ (D1݁௟ఉ௫ + D2݁−௟ఉ௫) + ݁−ఉ௟௫ (D3݁௟ఉ௫ + D4݁−௟ఉ௫) , 

It follows that: ߱0 = ݁ఉ௫ ⋅ 1ܦ) ⋅ cos(ݔߚ) 2ܦ + ⋅ ((ݔߚ)݊݅ݏ +  ݁−ఉ௫(3ܦ ⋅ (ݔߚ)ݏ݋ܿ + 4ܦ  ⋅ ((ݔߚ)݊݅ݏ (11) 
The particular solution ω1, which has the form (12): 

߱1 = ߛ ⋅ ܴ2 ⋅ − ܮ ⋅ ܧݔ   ℎ (12) 
satisfies the inhomogeneous differential equation (13). 

Thus, the general solution of the inhomogeneous fourth-order differential equation (9) has 

the form (13): 

߱ = ݁ఉ௫((ݔߚ)ݏ݋1ܿܦ + ((ݔߚ)݊݅ݏ2ܦ + ݁−ఉ௫((ݔߚ)ݏ݋3ܿܦ + ((ݔߚ)݊݅ݏ4ܦ  + ߛ  ⋅ ܴ2 − ܮ ⋅ ܧݔ   ℎ (13) 



Let us determine the coefficients using the following formulas [8, 9]: 

= ߚ  (ܴ ⋅  ℎ)−12  ⋅  (3 ⋅ ,14((2ߥ − 1) 3ܦ (14)  =  − ܴ2  ⋅ ⋅ ߛ  ⋅ ܧܮ   ℎ , (15) 
4ܦ  =  ܴ2  ⋅ ߛ  ⋅ (1 − ⋅ ߚ  ⋅ ܧ(ܮ   ℎ ⋅ ߚ  , (16)

Then the deflection ω(x) is determined by the formula (17) [10, 11]: 

(ݔ)߱  =  ݁−ఉ௫((ݔߚ)ݏ݋3ܿܦ + ((ݔߚ)݊݅ݏ4ܦ  + ⋅ ߛ   ܴ2 ⋅ − ܮ ⋅ ܧݔ   ℎ (17)
The bending moment M(x) and shear forces Q(x) are determined by the following formulas 

(18) and (19) [12, 13]: (ݔ)ܯ = ⋅ ܦ −  ,(ݔ)′′߱  (ݔ)ܳ (18) = ⋅ ܦ −  ,(ݔ)′′′߱  (19) 
where the cylindrical rigidity is determined by the formula (20) [14]: 

ܦ = ܧ ∙  ℎ312 ∙ (1 − (20) (2ߥ 
where ν is the Poisson’s ratio. 

To determine the numerical values of deformation, bending moment, and shear force, 

Program No. 1 was developed in the Python programming language. The program utilizes the 

finite difference method [15-17] and incorporates the math and matplotlib libraries. 

The process begins by defining variables (Figure 5). The float(input()) functions are used to 

accept input values as floating-point numbers, which enable working with fractions and 

performing arithmetic operations with high precision. This input function is repeated to 

determine all necessary values: cylinder height (L), cylinder radius (R), wall thickness (h), 

Poisson’s ratio (ν), elastic modulus (E), and fluid specific weight (γ). 

The use of floating-point numbers ensures accurate calculations required for engineering 

analysis of cylindrical structures [18, 19]. 



 

Fig. 5. Demonstration of the code section responsible for defining variables: cylinder 

height (L), cylinder radius (R), wall thickness (h), elastic modulus (E), specific weight of the 

liquid (γ) and constants – Poisson’s ratio (ν). 

At the next step (Figure 6), Program No. 1 provides all necessary constants for calculations: 

bet (β), D3 (D3), D4 (D4), which are calculated using formulas (7.1) - (7.3). Additionally, the 

program computes the cylindrical rigidity (D) values based on formula (11). The deflection is 

calculated by calling the function ω(x). 

 

Fig. 6. Demonstration of the code section responsible for calculating: cylindrical rigidity 

(D) and coefficients bet (β), D3 (D3), D4 (D4) defining the deflection function (ω(x)). 

The functions m(x) and q(x) determine the bending moment and shear forces at point x using 

the finite difference method.  

 



Fig. 7. Demonstration of the code section responsible for defining the functions of bending 

moment (m(x)) and shear forces (q(x)). The difference that will provide optimal values has 

not been determined yet; it is recorded as the variable dx. 

 

Figure 7 shows the section of code responsible for defining the functions of the bending 

moment (m(x)) and shear forces (q(x)). The difference that will provide optimal values has not 

been determined yet and is recorded as the variable dx. In Python, variables do not store the 

value itself, but rather a reference to that value in the computer’s memory. These values are 

limited and do not have infinite precision. This means that the more digits a number has and 

the more operations are performed on it, the greater the discrepancy between the actual result 

and the result produced by Python. 

That is why it is important to avoid using extremely small values of Δx when applying the 

finite difference method in Python [18, 19].  

ƒ′(0ݔ) = ƒ(0ݔ  + (ݔ߂  −  ƒ(0ݔ)ݔ߂    when  ݔ߂ → 0, (21)
At the same time, the derivative is the limiting value of the rate of change of a function as 

the change in the argument approaches zero (18). The smaller the increment of the argument, 

the more accurately one can approach the correct value of the derivative [20, 21, 23]. 

 



 

Fig. 8. Schematic graph showing the dependence of the root mean square deviation on the 

number of decimal places in the number used as the difference step in the finite difference 

method within a Python-based software package. 

Figure 8 presents a schematic graph showing the dependence of the root mean square 

deviation on the number of decimal places in the number used as the difference step in the finite 

difference method. It is necessary to determine the optimal value of Δx that will produce the 

smallest resulting error in Program No. 1. For this purpose, Program No. 2 is created, whose 

operating principle involves comparing the already found numerical values of the bending 

moment M(x) and transverse forces Q(x) with the result provided by the program at different 

values of the step Δx (Figure 9). 

Program No. 2 calculates the root-mean-square deviation of Q(x) and M(x) for various 

changes in the argument. To optimize the iteration of Δx in Program No. 2, the following is 

adopted: 〖Δx = 2〗^((-n)/A), where n is a variable value, and A is the inverse of the iteration 

step Δx. 

This method is as efficient as iterating through all options because computers store data in a 

binary number system. This makes it clear that storing all numbers from 2^(1-n) to 2^(-n) will 

occupy the same amount of computer memory and provide the same error for the same 

calculations. 

σ₁— mean squared error (MSE) in computations with excessively large residuals

σ₂— мean Squared Error (MSE) in Python when residuals (differences) are too 
small

σ₁₂— combined error



If all numbers in the range provide the same error in Program No. 2 calculations, the one 

closest to 0 is selected (since the derivative is the rate of change of the function as the change 

in the argument approaches zero). In this case, the number closest to zero is 2^(-n).  

 

Fig. 9. Double loop verifying the discrepancy between the true and calculated values, 

running 13 times with previously calculated transverse forces of cylinders. 

Program Output Result:  

 

Fig. 10. Graph of 13 discrete functions showing the deviation of the calculated Q(x) from 

the actual value at different Δx values. 

Figure 10 presents a graph of 13 discrete functions showing the deviation of the calculated 

value of Q(x) from the actual value at different Δx values. The smallest error was observed in 

all 13 experiments with step A = 4 at n = 14. Consequently, in the finite difference method, we 

will adopt:  

Δх = 2–14/4 = 2–3.5 = 0,08838834765... 



These values are used in Program No. 1, which provides numerical values for deflection, 

bending moment, and transverse forces (Figure 11). 

 

Fig. 11. Function q(x) considering the new dx value. 

Program No. 2 uses a for loop to analyze the cylinder from its bottom point to its top point 

with a step of 0.5 mm. By repeatedly calling the functions ω(x), M(x), and Q(x), we obtain a 

uniform graph of bending, bending moment, and transverse forces for a thin-walled cylinder. 

Additionally, this process provides the maximum values of these functions on the interval [0, 

L], where L is the height of the cylinder. 

 

Fig. 12. Program section analyzing functions ω(x), q(x), m(x) on the interval [0, L] with a 

step of 0.5 mm. 



Figure 12 shows the program section that analyzes the functions ω(x), q(x), m(x) on the 

interval [0, L] with a step of 0.5 mm. At the end of the program, three graphs are generated 

showing the dependence of functions ω(x), M(x), and q(x) on the argument x. The console 

outputs the maximum function values within the domain. 

The following tasks are solved using the program method. Initial data for three tasks are set: 

1. Cylinder height: L = 12 [m]; Cylinder radius: R = 4 [m]; Wall thickness: h = 0.1 [m]. 

The constructed dependence curves, as well as maximum function values, are shown 

in Figure 13–14. 

2. Cylinder height: L = 24 [m]; Cylinder radius: R = 8 [m]; Wall thickness: h = 0.1 [m]. 

The constructed dependence curves, as well as maximum function values, are shown 

in Figure 15–16. 

3. Cylinder height: L = 24 [m]; Cylinder radius: R = 4 [m]; Wall thickness: h = 0.1 [m]. 

The constructed dependence curves, as well as maximum function values, are shown 

in Figure 17–18. 

All three tasks use the following values: poisson’s ratio: ν = 0.24, elastic modulus: E = 2 × 

10⁸ [kN/m²], specific weight of liquid: γ = 9.81 [kN/m³]. 

This approach allows for a comprehensive analysis of cylinder behavior under different 

geometric parameters while maintaining consistent material properties and loading conditions 

[22]. 

a) b) c) 

   
 

Fig. 13. Calculation results from the software complex: graphs of deflection (a), bending 

moment (b), and transverse forces (c) for the first task. 



 

Fig. 14. Maximum values of deflection, bending moment, and transverse force functions 

for the first task. 

a) b) c) 

   
 

Fig. 15. Calculation results from the software complex: deflection graphs (a), bending 

moment (b), and transverse forces (c) for the second task. 

 

Fig. 16. Maximum values of deflection, bending moment, and transverse force functions 

for the second task. 

a) b) c) 

   



 

Fig. 17. Calculation results from the software complex: deflection graphs (a), bending 

moment (b), and transverse forces (c) for the first task. 

 

 

Fig. 18. Maximum values of deflection, bending moment, and transverse force functions 

for the first task. 

To verify the correctness of the results, a calculation of similar problems is performed using 

the analytical method - utilizing the previously obtained formulas for deflection, bending 

moment, and transverse forces (17), (18), (19): 

ω = e–βx(D3cos(βx) + D4sin(βx)) + γ ⋅ R2(L – x)/(E ⋅h), (ݔ)ܯ = ⋅ ܦ −  ,(ݔ)′′߱  (ݔ)ܳ (22) = ⋅ ܦ −  ,(ݔ)′′′߱  (23) 
As well as the formulas for coefficients (14), (15), (16), (20). 

For the first task: β = 2.05 [m⁻¹], D3 = –9.4 · 10⁻⁵ [m], D4 = –9.03 · 10⁻⁵ [m], D = 17685 

[kN·m]. 

For the second task: β = 1.45 [m⁻¹], D3 = –7.5 · 10⁻⁴ [m], D4 = –3.7 · 10⁻⁴ [m], D = 17685 

[kN·m]. 

For the third task: β = 1.45 [m⁻¹], D3 = –3.8 · 10⁻⁴ [m], D4 = –2.6 · 10⁻⁴ [m], D = 17685 

[kN·m]. 

The calculation results are obtained using the PTC Mathcad Prime software package. 



For the first task: maximum deflection ω = 0.087 [mm], maximum bending moment ܯ = 

2.91 [kN·m], maximum shear forces ܳ = 3.82 [kN]. 

For the second task: maximum deflection ω = 0.72 [mm], maximum bending moment ܯ = 

11.64 [kN·m], maximum shear forces ܳ = 10.8 [kN]. 

For the third task: maximum deflection ω = 0.185 [mm], maximum bending moment ܯ = 

11.64 [kN·m], maximum shear forces ܳ = 10.8 [kN]. 

 

3. Results 

Table 1. Comparison of analytical and software calculation results with elastic modulus E = 

2 · 10⁸ [kN/m²], fluid specific weight γ = 9.81 [kN/m³], Poisson’s ratio ν = 0.24. 

 Cylinder 

height [m] 

Cylinder 

radius 

[m] 

Wall 

thickness 

[m] 

Deflecti

on 

[mm] 

Bending 

moment 

[kN·m] 

Shear force 

[kN] 

Software 

calculation 

12 4 0.1 0.0870

1 

2.8707 3.7681 

Analytical 

calculation 

0.087 

 

2.91 

 

3.82 

 

Software 

calculation 

24 8 0.1 0.7212 11.5628 10.7702 

Analytical 

calculation 

0.72 11.64 10.8 

Software 

calculation 

24 4 0.1 0.1849 5.7396 7.5338 

Analytical 

calculation 

0.185 5.82 7.64 

Discrepancy 

between 

analytical and 

software 

calculation results 

   <0,2% <1,4% <1,6% 



 

To verify the accuracy of the software model, a comparison was performed with the 

analytical solution. As shown in Table 1, the discrepancy between the results does not exceed 

1,6% for the shear force and is less than 0,2% for the deflection. This confirms the adequacy 

of the developed software model for further calculations. 

 

4. Conclusions 

1. The observed pressure oscillations in the present study are consistent with those reported by 

Xie et al. [24] for elastic thin-walled structures under dynamic fluid loading, where wavelet 

analysis revealed multiple frequency components associated with hydroelastic coupling. 

2. The discrepancy between the analytical and software calculation results is less than 0,2% for 

deflection, less than 1,4% for bending moment, and less than 1,6% for shear force. 

3. The maximum discrepancy of 1,6% indicates that the software performs calculations for thin-

walled cylindrical structures filled with liquid with high accuracy. 

4. The discrepancies are caused by differences in calculation methods, rounding, and the size of 

finite elements. Despite these discrepancies, the software provides sufficiently accurate results 

close to manual calculations while simplifying the computation of deflection, bending moment, 

and shear forces. 

5. For practical applications, it is recommended to take bending moment and shear force values 

2% higher and deflection 0,5% higher than those provided by the software to compensate for 

the maximum discrepancy in the lower direction. 
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