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Abstract: Robotic manipulators with revolute joints evolve on periodic configuration spaces, but many
planning and trajectory-analysis pipelines still evaluate angular motion through Euclidean coordinate
differences. This mismatch can introduce branch-cut discontinuities and distort path length, smoothness,
and safety-margin assessment near angular wrap-around boundaries. This paper develops a topology-
aware trigonometric barrier geometry for safety-margin motion planning on periodic configuration
spaces. Angular coordinates are represented by sine-cosine embeddings, trajectory smoothness is
measured by a torus-consistent chordal distance, and tangent-barrier terms penalize approach to obstacle-
clearance, joint-limit, and Jacobian-singularity boundaries. The resulting functional is quotient-consistent
under angular representative changes, smooth in the safe interior, divergent at unsafe boundaries, and
stable under bounded perturbations away from the boundary. A finite candidate-search planner with edge-
sampled admissibility checks and an online safety-filter formulation implements the framework.
Controlled simulations compare Euclidean, trigonometric-only, barrier-only, and full trigonometric-barrier
planners. The full planner succeeds in the coupled constrained scenario, while DROID-100 diagnostics
show a 5.896-fold Euclidean path inflation relative to the shortest-periodic trigonometric representation.
These results support trigonometric barrier geometry as a mathematically consistent planning and
diagnostic layer for periodic robotic systems.

Keywords: Trigonometric robotics; periodic configuration spaces; torus-consistent motion planning;
tangent barrier functions; singularity avoidance; angular wrap-around correction; robot trajectory
diagnostics

1. Introduction
Research into robot motion planning has recently shifted its focus from geometric path design alone to
safety-aware planning in the face of kinematic, environmental, and deployment limitations. Even though
sampling-based motion planning is still the gold standard due to its ability to deal with complicated
constraints and high-dimensional configuration spaces, newer evaluations have highlighted the ongoing
difficulties in dealing with tight spaces, changing environments, planner selection, and unique
configuration-space structures (Orthey et al., 2024; Zhang et al., 2025a).
More recent research has expanded this focus to industrial and human-centered manipulator contexts,
such as the optimisation of BiRRT/B-spline trajectories for 6-DOF arms and the modification of APF-
PRM planning for human-centric obstacle avoidance (Elgohr et al., 2026; Narendula et al., 2026).
Since revolute joints introduce periodic coordinates, these problems become even more specific for
robotic manipulators; in addition, practical implementation necessitates avoiding singularities,
redundancy, obstacles, and preserving joint limits. Aydogmus & Boztas (2024), Baron et al. (2020),
Hentout et al. (2023), Li et al. (2023), Secil & Ozkan (2023), and Zhang et al. (2025b) are among the
many manipulator-planning studies that have tackled topics such as collision-free trajectory generation,
safe human-robot interaction, redundancy-based inverse kinematics, singularity-free arm motion, and
geometric singularity avoidance using optimisation, fuzzy logic, geometric methods, and learning-based



models. Although these studies highlight the significance of constraint-aware manipulation, the angular
topology of revolute-joint coordinates is more often seen as a part of the modelling process than as a
planning geometry that has an impact on path-length diagnostics and trajectory smoothness.
The second important base is provided by safety-critical controls. When it comes to maintaining nominal
control objectives while imposing state limits, control barrier functions and safety filters have emerged as
key techniques. According to recent reviews, safety filters are modular supervisory mechanisms that step
in when a nominal controller is about to breach safety constraints (Hsu et al., 2024). On the other hand,
control-barrier-function theory has been revised to include input constraints, high-relative-degree systems,
disturbances, sampled-data effects, and implementation challenges in autonomous and robotic systems
(Cohen et al., 2024; Garg et al., 2024).
Recent human—robot interaction work further shows that CBF-based controllers can prioritize safety
constraints in real time when manipulators operate near moving humans (Maithani et al., 2026).
Predictive safety filters and learning-based model predictive control further show how constrained
dynamics, uncertainty, and online correction can be incorporated into safety-aware control pipelines
(Brunke et al., 2022; Hewing et al., 2020; Wabersich & Zeilinger, 2021). Related work on learned
certificates also reflects growing interest in combining data-driven control with Lyapunov, barrier, and
contraction-based guarantees (Dawson et al., 2023). These developments motivate the command-level
safety-filter pathway in the present study. However, most safety-filter formulations focus on constraint
satisfaction in the state or control space; they do not explicitly address the topological distortion that
arises when angular coordinates are measured through Euclidean subtraction across branch cuts.
Geometric collision representations are also closely related. Neural signed-distance fields, configuration-
space distance fields, and robot-geometry distance representations have recently been used to support
manipulation planning, perception, and reactive control (Koptev et al., 2023; Li et al., 2024a, 2024b; Ortiz
et al., 2022).
When local reactive corrections or collision costs need to be factored into motion planning, these methods
furnish effective means of encoding robot geometry and obstacle proximity. Researchers have shown that
distance-field mapping and planning can help humans and robots work together in shared spaces safer
during interactions (Ali et al., 2024). This line of research is supplemented by the present work. Prior to
evaluating the clearance and barrier terms, it creates a trigonometric configuration-space geometry rather
than suggesting a new signed-distance model or scene reconstruction. This difference is significant
because, unless periodic coordinates are fundamentally handled, a chart-dependent angular smoothness
cost can be linked with an otherwise accurate distance or barrier model.
A new reason to use topology-aware trajectory diagnostics has emerged from recent real-robot datasets.
There has been a general movement away from fixed laboratory evaluation and toward heterogeneous
manipulation data, and DROID is a large-scale in-the-wild robot manipulation dataset that reflects this
trend (Khazatsky et al., 2024). By combining trajectories from different embodiments, tasks, and
environments, Open X-Embodiment and similar robot-learning datasets continue this trend. On the other
hand, generalist policies like Octo emphasise the increasing use of big recorded trajectory corpora for
manipulation research (Ghosh et al., 2024; O'Neill et al., 2024; Walke et al., 2023). While these datasets
open up new possibilities for diagnostics at the trajectory level, they also reveal a methodological flaw:
angular wrap effects, which can inflate smoothness and Euclidean path length measurements, can be
present in recorded motor-state signals or signals from joints. Within this framework, the DROID-100
analysis is situated in the current study. The proposed trigonometric geometry aims to prevent periodic-
coordinate artefacts; however, it does not validate online safety filtering, collision avoidance, joint-limit
protection, singularity avoidance, or recorded robot trajectories.

1.1. Research Gap, Aim, and Scope
The design and evaluation of robotic motion have been greatly enhanced by recent advancements in
safety filters, distance-field representations, manipulator constraint handling, and large-scale robot
datasets. The lack of preparation or safeguards is not the remaining void. Instead, current methods seldom
combine divergent safety-margin barriers for obstacle-clearance, joint-limit, and Jacobian-singularity
borders with trigonometric functions as a single planning geometry for periodic configuration spaces.



Because of this, topology-aware planning functionals that address angular branch-cut distortion and
safety-margin penalisation are typically treated as independent implementation concerns.
To fill that void, this study develops a trigonometric barrier geometry for regular configuration spaces that
safety-margin robots can use for motion planning. An ideal planning functional for controlled ablation
and recorded-trajectory diagnostics would be one that is quotient-consistent under angular representative
changes, smooth inside the safe region, and divergent at unsafe boundaries. A real-time safety-filter
pathway for local command correction, torus-consistent trajectory smoothness, finite candidate search,
edge-sampled admissibility checks, tangent-barrier safety margins, and sine-cosine angular embedding
are all part of the architecture.
On purpose, it has limited the scope. Examining the feasibility of wrap-around continuity, singularity-
margin preservation, joint-limit, and ablation behaviour under geometrically specified conditions is done
through controlled simulations. In order to detect periodic-coordinate branch-cut distortion in recorded
manipulation trajectories, the DROID-100 analysis is only employed as an offline real-data diagnostic.
The study did not assert any validated safety at the scene level, compliance at the hardware level,
manufacturer-approved validation of joint limits, or certification for real-time deployment. It adds a
mathematically consistent diagnostic and planning layer that tests periodic-coordinate correction on
recorded robot trajectory data and evaluates safety-margin behaviour under controlled settings.

1.2. Novelty and Contributions
The particular contribution of this study is to reframe trigonometric functions from discrete terms in
forward kinematics to a topology-aware planning geometry for periodic robotic configuration spaces. The
architecture integrates divergent safety-margin barriers and periodic-coordinate correction into a single
planmng functional. Four distinct contributions are made by the paper.

i. A torus-consistent distance and a sine-cosine angular embedding for periodic robotic
configuration spaces are introduced in the paper. This depiction gives a quotient-consistent
measurement of angular motion and eliminates the artificial branch-cut discontinuities that are
caused by Euclidean angular subtraction.

ii.  For the obstacle-clearance, joint-limit, and Jacobian-singularity margins, the tangent-barrier terms
are defined in the study. Without changing the underlying periodic geometry, these barriers
provide boundary-sensitive penalisation by remaining smooth inside the permissible region and
diverging as a trajectory approaches risky bounds.

iii.  Safety margins for tangent barriers, torus-consistent trajectory smoothness, and terminal target
attraction are all part of the suggested functional. The quotient consistency, boundary divergence,
interior smoothness, finite-cost nodal safety, and perturbation stability away from dangerous
boundaries are the main structural qualities that it exhibits. Implementing the same geometry is
done by finite candidate search, edge-sampled admissibility checks, and shortest-arc
interpolation.

iv.  Period-geometry correction and safety-margin penalisation are separated responsibilities in the
validation. Under controlled conditions, ablation can be used to compare plans that rely just on
geometry, geometry plus trigonometry, geometry plus barrier, and full geometry plus barrier. The
DROID-100 diagnostic test checks if the trigonometric representation eliminates the branch-cut
artefact and if the recorded periodic-coordinate motion in actual robot trajectories is inflated by
the use of Euclidean angular subtraction.

2. Methodology

2.1.Problem Statement and Mathematical Setting
Consider an n-degree-of-freedom robotic manipulator with configuration ¢ = (q4, ..., q5). Let N' =
{1,...,n}, let A < {1, ..., n} denote index set of periodic angular coordinates, and let £ € {1, ..., n} denote
the index of mechanically limited coordinates. The two sets may overlap: a revolute joint is angular, but it
may also be manufacturer-specified mechanical stops. The ambient periodic
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Mechanical joint limits are not removed from the topology. They are imposed as safety constraints
through barrier terms. This distinction allows the formulation to preserve the periodic nature of revolute
coordinates while still penalizing approach to manufacturer-specified joint-limit boundaries.
Let m: R™ — Q, denote the quotient projection. If k € ZI*!, then q4 and q, + 2k represent the same
physical angular state. A planning cost J is geometrically well-defined on @ only if it is invariant under
angular representative changes:

J(qa,amu) =J(aa + 27k, g a), k € ZH. 2
The integer shifts in Eq. (2) act only on angular coordinates. This condition is the quotient-consistency
requirement.
Let 0y,...,0x S R3 denote the workplace obstacle, and set let B(q) € R? denote the robot body volume
at configuration q. The clearance from obstacle O is

dr(q) = xEB(zr)lfyeokllx =yll2,  dops(q) = 1rsr}clsank(Q)- 3)

A clearance tolerance d* > 0 is imposed, so collision safety requires d,s(q) > d*.
Let T,(q) € SE(3) denote the end-effector pose, and let J,(q) € R™", m < 6, denote the corresponding
task Jacobian. The Jacobian singularity margin is

S(Q) = Omin (]x(Q))' 4)
where g,;,denotes the smallest singular value. A singularity tolerance ¢* > 0 is imposed, so singularity
safety requires s(q) > ¢”.
For each mechanically limited coordinate j € £, let q; < q}“ enote the admissible joint interval in the
selected manufacturer-specified chart. For angular joints with mechanical stops, this interval is
understood in the corresponding manufacturer-specified angular branch. Define the normalized joint-limit
margin by

_ [2min{q; — g7, qf —q;} ®)
My () = min T - )
JEL q i q j

with my;,(q) = 1if £ = @. Thus, my;,(q) > 0 means that every mechanically limited coordinate lies
strictly inside its admissible interval.
The safe planning set is

S = {CI € QO: dobs(q) >d’, mlim(q) >0, S(CI) > O'*}. (6)
Thus, § excludes collision-risk states, joint-limit boundary states, and near-singular configurations.
Definition 1 (Admissible Trajectory): For horizon H € N, a trajectory qo.5y = (qo, ---, qg) is admissible if
qo is fixed, qy € G € S, and q; € S forall t = 0,..., H. The admissible trajectory class is

I4(q0,9) ={qo.n:qo is fixed, qy € G, @ €SVt =0,...,H}. (7
The Euclidean increment ||g,,; — §¢||3 is not intrinsic on @, when angular coordinates are present.
Proposition 1 (Euclidean Angular Subtraction is not Quotient-Consistent): Let 8, ¢ € T, and let 8, § € R
be representatives. The expression |§ - $| does not define an intrinsic distance on T.
Proof. Take § = m — e and ¢ = —m + &, where 0 < £ < 1. On T, the two points are separated by the
short periodic arc of length 2¢. Direct Euclidean subtraction gives

|§—$| = 2m — 2¢.

As g | 0, the physical periodic separation tends to 0, whereas the Euclidean coordinate difference tends to
2m. Hence Euclidean subtraction depends on the chosen lift and violates Eq. (2). m
The planning problem is to construct a functional that is quotient-consistent on angular coordinates and
divergent at the unsafe boundary of S.
Problem 1 (Trigonometric Barrier Motion Planning): Given q, € S, a goal set § C S, obstacles 04, ..., O,
joint limits {qj_, q;r} o clearance tolerance d* > 0, and singularity tolerance ¢* > 0, find

jE
Sy € ar min :H), 8
qo:H ng: EFH(qO,g)JH (qo: H) )



where Jyis quotient-consistent, smooth in the interior of §, and divergent as trajectory node approaches
dobs = d*, Miim = 0, ors =c".

Central constraints in manipulator motion planning and safe human-robot interaction include preserving
obstacle clearance, avoiding joint limits, handling redundancy, and being aware of singularities
(Aydogmus & Boztas, 2024; Baron et al., 2020; Li et al., 2023; Secil & Ozkan, 2023; Zhang et al.,
2025a).

The principal notation used in the mathematical formulation is summarized in Table 1

Table 1. Core notation used in the trigonometric planning formulation.
Symbol Meaning
9=, 9) Robot configuration
N={1,..,n} Full coordinate index set

AN Index set of periodic angular coordinates
LN Index set of mechanically limited coordinates
T =R/2nZ Periodic angular coordinate space
9 Ambient periodic configuration space
m:R" - 9, Quotient projection from lifted coordinates to physical configurations
B(q) Robot body volume at configuration g
(O k-th workspace obstacle
d,(q) Clearance from obstacle Oy,
dos(q) Minimum obstacle clearance
T.(q) End-effector pose
J.(q) Manipulator task Jacobian
s(q) = omin(Jx(q)) Jacobian singularity margin
my,,(q) Normalized joint-limit margin
S Safe planning set
g Goal region
qo.5 = (qq,..-,qy) Discrete trajectory over horizon H
T'y(q0,9) Admissible trajectory class from g, to G
Iu Trigonometric planning functional

2.2. Trigonometric Configuration Embedding
Define the angular embedding ¢: T — R? by ¢ (8) = (cos 8, sin ). For a lifted representative g € R? of
a physical configuration in 9, define the full trigonometric embedding by

— ; Al+IN\A 9
P(q) = ((cos q;,sin qj)jeﬂ, (qf)jeﬂ) € R2AIHMAL )
Proposition 2 (Periodic Invariance of Trigonometric Embedding): For every angular integer shift k €
214, d(q.4 + 21k, qarna) = P(qa + aa\a)-
Proof. For each j € A, the trigonometric identities cos(qj + 21Tkj) = cosq; and sin(qj + 21Tkj) =
sin g; hold for every k; € Z. The non-angular coordinates q;, j € A, are unchanged. Therefore, the full

embedding is invariant under angular representative changes. m
Eq. (9) removes the artificial branch cut from periodic coordinates by representing each angular
coordinate through its sine-cosine image rather than through a selected real-valued angular branch.

2.3. Torus-Consistent Distance and Smoothness
For two physical configurations q,p € Q,, choose any lifted representative in R™. Define the weighted
trigonometric squared distance by

diig(a.p) = Z w;{2 — 2cos(q; —p;)} + Z wi(a-p)",  w>0. (19)

jeA jgA



The value of Eq. (10) does not depend on the selected angular representative because angular part is
invariant under 2m-shifts. For angular coordinates, 2 — 2 cos(q =D ]-) is the squared chordal distance on
the unit circle. Thus, Eq. (10) is quotient-consistent and locally agrees with squared Euclidean angular
displacement for small angular increments.
Proposition 3 (Local Euclidean Agreement): For || «< 1,
2—2cosé = 8%+ 0(6%).

Proof. The Taylor expansion cos § = 1 — §2/2 + 0(5%) gives
2—2cos8§=2-2(1-6%/2+0(6*) = 8% — 0(6*). Hence the angular chordal term agrees with
squared Euclidean angular displacement to second order. m

Proposition 4 (Embedded-Distance Equivalence): For j € A,

2
lo(a;) — @), = 2= 2cos(q; —p;).
Proof. Using @(0) = (cos 8, sin 8), we obtain

le(a,) = @(@)Il; = (cos q; — cosp;)” + (sing; — sinp;)”
Expanding the right-hand side and simplification gives

2
lo(a;) — @), =2 —2cos(q; —p;)
this proves the identity. m
The first-order trajectory smoothness functional is
H-1 (1 1)
Ry(qon) = Z dtzrig(qt+1'qt)-
t=0

This functional replaces Euclidean joint-space smoothing with torus-consistent smoothing. It therefore
avoids artificial smoothness penalties caused by angular branch-cut crossings.

2.4. Tangent Barriers for Unsafe Boundaries
For a safety margin ¢ and scale r > 0, define the extended tangent barrier by

T_r (12)
() = {tanz (2u o) o

+o0, u<o
The map ,-is smooth on (0, ), nonnegative, and divergent as u | 0. Thus, a finite barrier value is
possible only when the corresponding safety margin is strictly positive.
For obstacle Oy, define the obstacle safety margin by u%*(q) = dy(q) — dj, where dj, > 0. The obstacle
barrier is

K (13)
Bans(@) = ) Bty (1°(@), i > 0.
k=1
For each mechanically limited coordinate j £, define the lower and upper joint limit margins by
wi(@=q;—q;, u(@=qf—aq;
The joint-limit barrier is
. = Nw- (u7 + . (14)
Bin(@ = ) & [ (7 @) + 9, (1} @), >0
JEL
For singularity avoidance, define singularity safety margin by u*"2(q) = s(q) — o*. The singularity
barrier is
Bing(4) = vy, (1°"8(@)),  v>0. (15)

The total barrier is
B(Q) = Bobs(q) + Blim(q) + Bsing(Q)- (16)



Barrier and safety-filter formulations are widely used in safety-critical control to encode boundary-
sensitive constraints. The present formulation differs by defining the barrier on a trigonometric planning
geometry for periodic robotic configurations, so that safety-margin penalization is combined with
quotient-consistent angular motion (Cohen et al., 2024; Garg et al., 2024; Hsu et al., 2024).

2.5. Unified Trigonometric Planning Functional

For a goal configuration g, € G, define the trigonometric planning function by

1 (17)

TG0 H) = 292, (41, 9g) + AsRu (o) + 2 ) B@),  AgAoy > 0.

t=0

For a goal region, the terminal attraction term may be replaced by
7\9 ;relg dtzrig(qH! g) .

Eq. (17) is the explicit objective used in Eq. (8). It combines terminal goal attraction, torus-consistent
trajectory smoothness, and divergent tangent barriers for unsafe boundaries.
The objective in Eq. (17) separates two mechanisms that are evaluated in the ablation study. The
trigonometric distance terms define quotient-consistent motion geometry on the periodic configuration
space, whereas the tangent-barrier terms impose boundary-sensitive penalties through obstacle-clearance,
joint-limit, and singularity margins. Therefore, the trigonometric-only planner isolates the effect of
periodic geometry, the barrier-only planner isolates the effect of safety-margin penalization, and the full
trigonometric-barrier planner evaluates their coupled contribution.

2.6. Mathematical Properties
Theorem 1 (Quotient Consistency of Jsr): The functional in Eq. (17) is invariant under 2m-shifts of
angular coordinates.

Proof. The terminal goal term and the smoothness term depend on angular coordinates only through
cosine differences. These quantities are invariant under angular representative changes. The robot body
volume, obstacle distances, task Jacobian, and singularity margin are functions of the physical
configuration, not of a particular lifted angular representative. The tangent-barrier terms therefore also
remain unchanged under 2m-shifts of angular coordinates. Hence all terms in Eq. (17) satisfy the quotient-
consistency requirement in Eq. (2). m

Theorem 2 (Boundary Divergence): If any trajectory node approaches an obstacle boundary u$®™ | 0, a
joint-limit boundary uj (q;) 1 0 or ,uf (q0) L 0, or a singularity boundary u*™2(q,) ! 0, then B(gq,) — oo.
T

Proof. For every margin £ > 0, and scaler > 0,r/(u+ 1) T 1 asu | 0. Hence >

— 1 Z and therefore,
u+r 2

T r

tan? (Em) — 00,

Since each obstacle, joint-limit, and singularity barrier is a positive multiple of this expression, the
corresponding barrier term diverges. Thus B(q;) — c.m

Corollary 1 (Finite-Cost Nodal Safety): If J5(qo: H) < o, then every evaluated node g, lies in §.

Proof. If some evaluated node q; € S, then at least one safety margin is nonpositive: an obstacle margin, a
joint-limit margin, or the singularity margin. By Eq. (12), the corresponding tangent barrier is +o0. Since
Eq. (17) sum the barrier values over all trajectory node with A, > 0, this would imply Jy(qo: H) = o,
contradicting finite-cost assumption. Therefore, every evaluated node satisfies g; € S. m

Proposition 5 (Interior Smoothness): Assume that the obstacle-clearance functions dy (q), the task
Jacobian J, (q), and the singularity margin s(q) are continuously differentiable on a compact subset K c
§, away from non-smooth obstacle-distance points and singularity-value multiplicities. Then B(q) and
Jsc are continuously differentiable on K.

Proof. On K c § is compact, all obstacle, joint-limit, and singularity margins have positive lower bounds
on K. Therefore, the arguments of the tangent barrier remain inside (0, w/2). The maps



Ho——,  xwtan? (E),(p,q) = ditiy (4, )

(w+r) 2 e
are smooth on their respective domains. By composition with differentiable margin functions, B(q) is
continuously differentiable on K. The functional [J is a finite sum of continuously differentiable
terminal, smoothness, and barrier terms, so it is continuously differentiable on K. m
Proposition 6 (Perturbation Stability away from Boundary): Let K € § be compact, and assume that all
obstacle, joint-limit, and singularity margins on K are bounded below by some & > 0. Then there exists as
constant L > 0 such that, for any two trajectories qq.y, Po.y € K,

4 (18)

11 (@0: H) = I @o: DI < L ) 10(g) = 2@l

t=0

Proof. On K, all safety margins are bounded away from zero. Hence the tangent-barrier arguments remain
below 7 /2 by a positive margin, and all derivatives of the barrier terms are bounded. The terminal and
smoothness terms are also smooth functions of the embedded trigonometric representation. Therefore, the
gradient of Jy is bounded on the compact set of trajectories with nodes in K. Applying the mean-value
theorem term by term gives the stated Lipschitz-type perturbation bound. m

Corollary 1 guarantees safety only at the evaluated trajectory nodes. It does not certify continuous-edge
safety between consecutive nodes. Certified segment collision checking, dense resampling, or
interpolation-based admissibility checks are therefore still required for continuous-motion safety. The
simulation procedure below includes this additional edge-checking criterion.

2.7. Real-Time Trigonometric Safety Filter
Let u? € R™ denote a nominal control command at time ¢, and let F}, (q;, u) denote a discrete-time local
motion model over one sampling interval h > 0. Safety-filter architectures provide a supervisory layer
between nominal control and constraint enforcement in safety-critical systems (Ames et al., 2017; Hsu et
al., 2024; Wabersich & Zeilinger, 2021).
Let U(q;) € R™ denote the admissible action set, including actuator, velocity, and task-dependent
command limits. The trigonometric safety filter modifies u{ only when the predicted state approaches the
unsafe boundary. It is defined by

uf € argué%i(gt) {”u — u?”f2 + nB(Fh(qt,u))}, (19)

where

lvl2=v"Rv, R>0, n>0
and B is the aggregate tangent-barrier functional defines in Eq. (16). Since B(q) = +oo for q € S, for
q €, any finite-cost solution of Eq. (19) satisfies F,,(q;, uz) € S.
Thus, the filter preserves the nominal command when the predicted state remains admissible and applies
the smallest R-weighted correction needed to keep the one-step predicted state inside the safe planning
set. In implementation, the infinite barrier is enforced through explicit feasibility checks on F,(q;, u),
while large finite barrier values are used only for numerical conditioning. If no feasible finite-cost action
exists, the controller stops, replans, or activates a fail-safe mode.
The filter is treated as an online extension of the trigonometric barrier geometry. Its safety-margin
behavior is evaluated in controlled simulation. The DROID-100 analysis is used only for offline periodic-
coordinate diagnostics and is not used to certify real-time safety-filter performance.

2.8. Algorithmic Implementation and Optimization Procedure
Let Q = (qo, ..., qy) be a discrete trajectory with fixed initial configuration q,. The terminal
configuration is handled through the goal term in Eq. (17), or through a hard terminal constraint when
qy € G is prescribed. Accordingly, the free optimization nodes are denoted by

eree = (Ch; ey QH—I)I



with qy removed Q.. When the terminal configuration is fixed. Angular coordinates are updated in a
lifted chart, while distances and costs are evaluated through the quotient-consistent quantities in Egs. (10)
and (17).
Given an iterate Q(©, a generic descent update can be written as
Qf(lf(:el) =W [Q)(c{;)ee - anf_lVeree‘-(]}[ (Q (‘f))]’ (20)
where a, > 0, M, > 0, and W maps angular components back to the chosen lifted representatives
without changing the corresponding element of T. A candidate update is accepted only if
IJn(Q¥) <du(@®),  Ju(Q¥V) < oo
Since Corollary 1 ensures safety only at evaluated trajectory nodes, every edge is also checked by
interpolation. Fort =0, ..., H — 1, let
Ea(qe, qes1) = {Zt,r”” =0, ---:NA}

be the set of interpolated samples between q; and q;, 1. Angular coordinates follow the shortest arc on T,
while non-angular coordinates are interpolated linearly. The edge-safety condition is

Z€ES vz € E4(q1,q: + 1), t=0,..,(H-1). (21)
A trajectory is accepted only if it has finite cost, decreases the objective, and satisfies the edge-sample
admissibility condition in Eq. (21).
For controlled simulation, Eq. (20) is implemented through a deterministic finite candidate search rather
than through high-dimensional gradient optimization. A finite candidate set

C = {Q(l), ___’Q(Nc)}
is generated from shortest-arc interpolation, barrier-biased perturbations, and ablation-specific variants.
The selected trajectory is
Q* € arg min J5;(Q), (22)
Q€Cadm

where

Cadm = 1{0Q € C: q; € SVt,and Eq.(21) holds for every edge}.
If Caam = O, the planner returns failure. In the controlled validation, this finite-search method avoids
unstable high-dimensional numerical optimisation while preserving the mathematical structure of Eq. (8).

Algorithm 1. Trigonometric Barrier Trajectory Optimization
Input: qo, G, H,0,d", 6%, Ag, A, Ap.
Output: Q* = qg.y or failure.
i.  Generate candidate trajectories C using shortest-arc angular interpolation and control-point
perturbations.
ii.  Foreach Q € C, compute Ry (Q), Bobs, Biims Bing, and Jy (Q).
iii.  Reject Q if J4(Q) = oo.
iv.  Reject Q if any interpolated edge violates Eq. (21).
v.  Select the finite-cost trajectory with minimum (J.
vi.  Return Q, or failure if no admissible candidate exists.

The proposed trigonometric planning geometry is implemented in Algorithm 1 using a finite candidate-
search variant. The torus-consistent distance identifies smoothness without wrap-around artefacts, the
sine-cosine representation maintains angular periodicity, and the tangent barriers impose safety limits by
means of boundary-sensitive penalties. With the use of the edge-sampling condition in Eq. (21) we may
verify admissibility along interpolated motion segments as well as at discrete trajectory nodes.

2.9. Controlled Simulation Design
Let M = {M;, M,, M5, M, } denote the planner set, where
M, = Euclidean, M, = Trig-only, M3 = Barrier-only, M, = Full trig-barrier.
Below is a summary of the versions, which differ solely in terms of smoothness and safety. the controlled
simulation makes use of planner-variant structures.

Planner Smoothness term Safety term




M,y q41 — qcll3 finite diagnostic penalty

M, diie(qeer — 9¢) finite diagnostic penalty
M ges1 — qclI3 B(q)
M, dt2r1g||Qt+1 — q¢ll3 B(q)

The primary validation set is
Vimain = {angular wrap, joint-limit grazing, near-singular reach, combined}
The supplementary diagnostic set is
Viiag = 0bstacle clutter, narrow passage, perturbed tracking }
Only Vi, 1s used for the main quantitative claims. The supplementary diagnostic scenarios are retained

only to examine qualitative stress behavior under obstacle clutter, narrow passages, and tracking

perturbations. For each planner M; and scenario v, the trajectory q(()f’;,’) is summarized by

: : (23)
D(qo:n) = <Succ. dnin s (q¢), N M (G2, Ewrap Re (qO:H)>-

Here Succ € {0,1}. The angular wrap excess E\rap measures the excess path length produced by raw
Euclidean angular subtraction relative to the shortest periodic angular displacement. It is defined by
H-1
Ewrap(qO:H) = z Z [|CIt+1,j - CIt,j” atanz(Sin(QtH,j - CIt,j) ) COS(Qt+1,j - CIt,j))lL ,
t=0 jEA
max{x, 0}. This diagnostic is zero when the Euclidean angular increment agrees with the shortest periodic
increment.
A trajectory is classified as successful when
qu € G, q: €SvVt=0,...H, z€SVZEEH(Qt,qe41), t=0,...,(H—1). (24)
The simulation evaluates three properties:
Periodic correction:  Eyyrap(My) < Eyrap (M),
Safety-margin preservation: Orsntisr}i s(qe) >0, orgtian Myim (q¢) > 0,
ablation effect: M, isolates dyg, M3 isolates B, M, combines both mechanisms.
Thus, the controlled simulation is restricted to wrap-around continuity, singularity-margin preservation,
joint-limit margin preservation, and ablation behaviour. Obstacle-clutter, narrow-passage, and perturbed-
tracking cases are retained only as supplementary diagnostics and are not used as primary basis for the
main quantitative claims.

2.10. Real-Data Application Protocol
The real-data layer uses the public DROID-100 subset as an oftline recorded-trajectory diagnostic for
periodic-coordinate effects in robot motor-state data. DROID contains large-scale in-the-wild
manipulation demonstrations, which makes it suitable for testing whether angular branch cuts affect
recorded robot trajectories (Khazatsky et al., 2024). The analysis is restricted to periodic-coordinate
diagnostics; it does not certify collision avoidance, manufacturer joint-limit safety, Jacobian singularity
avoidance, or real-time safety-filter performance.
Let q1.m = (q4, ---, qum) be a recorded motor-state trajectory, and let Aq denote the motor-state channels
treated as periodic in the diagnostic analysis. These channels are used only for periodic-coordinate path
diagnostics. They are not treated as a calibrated manufacturer-certified joint model.
The Euclidean periodic-coordinate path length is

M1 1/2 (25)
2
Leye(q1:m) = Z Z (Qt+1,j - Qt,j)
t=1 \JjEAp

The trigonometric shortest-periodic path length is



M-1 1/2 (26)
Ltrig(ql:M) = Z Z Ot (qt+1,j: Qt,j)z ,
t=1 \JjEAp
where
o6r(a,b) = atanZ(sin(a —b),cos(a — b))G(—T[, |
is the signed shortest periodic angular displacement from bbb to aaa. The angular wrap excess is

Ewrap(ql:M) = LEuc(ql:M) - Ltrig(ql:M)' (27)
A local wrap event is recorded when
|Qt+1,j - Qt,jl >, J € Ap. (28)
The sine-cosine embedding is evaluated through the numerical unit-circle identity error
et = | max - [sin(qe;) + cos®(qs;) 1 (29)

and the chordal-distance identity error

2
onod =, maxl0(ges1) = @(ac), — {2 2cos (8r(aesa ) | G0

The DROID-100 analysis therefore tests whether recorded robot trajectories contain angular branch-cut
artefacts and whether the proposed trigonometric representation removes the resulting Euclidean path
inflation. Safety-margin claims involving Bjiy, Bging, S(q), and the online filter in Eq. (19) are evaluated
only in controlled simulation, where the required geometry, Jacobian, and admissible set are explicitly
defined.

The proposed workflow is summarised in Figure 1. commence with a periodic manipulator planning
problem, fix angular geometry with sine-cosine embedding and torus-consistent distance, and add tangent
barriers for obstacle-clearance, joint-limit, and singularity margins in the framework. The mathematical
analysis of quotient consistency, boundary divergence, nodal safety, smoothness, and perturbation
stability is performed on this unified planning functional. A real-time safety-filter pathway, edge-sampled
admissibility tests, shortest-arc interpolation, and finite candidate search are all used in the
implementation. For safety-margin and ablation behaviour, validation is divided into controlled
simulation, and for periodic-coordinate wrap correction in recorded robot trajectories, DROID-100
diagnostics.
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Figure 1. Methodological workflow of the proposed trigonometric barrier planning framework.

3. Simulation
3.1. Controlled Numerical Evaluation



The proposed planner is tested in the controlled numerical assessment with known safety-margin
diagnostics, preset kinematic situations, and explicit admissibility constraints. Detailed start and terminal
setups, as well as planner-variant definitions, are included in Appendix Table A1, and Table 2 summarises
the main and supplementary simulation scenarios. The main cases study topics such as wrap-around
continuity, preservation of the joint-limit margin, preservation of the Jacobian singularity-margin, and the
combined impact of periodic geometry and tangent barriers. Instead of using them as the major basis for
the quantitative claims, the obstacle-clutter, narrow-passage, and perturbed-tracking scenarios are kept as
extra diagnostics.

A full trigonometric-barrier planner, an only-trigonometric planner, an only-barrier planner, and a
Euclidean baseline planner are the four versions that are compared. The effects of tangent-barrier safety
penalisation and torus-consistent distance are isolated by this ablation. These metrics are listed in Table 3:
success status, minimal singularity margin mtin s (q¢), minimum normalised joint-limit margin

mtin Myim (q¢), angular wrap excess, and the trigonometric smoothness functional R_H.

3.2. Periodic Wrap-Around Behavior

The angular-wrap scenario isolates the discontinuity created by the —mt/m branch cut. Table 3 shows that
the Euclidean baseline and the barrier-only planner both follow the long coordinate path, producing a
wrap excess of 5.963 and (Ry = 1.039). In contrast, the trigonometric-only and full trigonometric-barrier
planners reduce the wrap excess to 0.000 and Ry to 0.001.

Figure 2 shows the same effect at the trajectory level. The Euclidean representation produces an artificial
long displacement when the first joint crosses the angular branch cut, whereas the trigonometric variants
follow the shortest periodic arc. This result supports the main geometric claim that dyig removes branch-

cut artefacts while preserving the physical configuration.

3.3.Singularity and Joint-Limit Margins
The scenario that approaches the singularity tests if the tangent-barrier terms maintain a positive margin
for the Jacobian singularity. Both Table 3 and Figure 3 demonstrate that when mtin s (g¢) = 0.000, the

trigonometric-only planner and the Euclidean baseline both fails. In comparison, both the barrier-only and
full trigonometric-barrier planners succeed in achieving trajectories with mtin s (g¢) = 0.050. This finding

demonstrates that while trigonometric distance can rectify angular geometry, it is insufficient to guarantee
protection from singularity margins on its own. The active mechanism that maintains distance from the
singularity boundary is the tangent barrier.

A less discriminatory situation is the joint-limit grazing scenario. The minimal normalised joint-limit
margin, mtin Myim (q¢) = 0.431, is maintained by all planner variants. The positive joint-limit margin is

maintained across the principal-controlled scenarios, as shown in Figure 4. This finding should be taken
with a grain of salt: the full trigonometric barrier planner that has been suggested maintains joint-limit
feasibility, but in this particular case, we do not see any distinct benefit above the comparator planners in
terms of joint-limit.

3.4.Coupled Constrained Performance

The most robust main test is the combination scenario, which concurrently incorporates safety-margin
requirements and angular wrap-around effects. Given a wrap excess of 5.883, a singularity margin of
mtin s (q¢) =0.004, and Ry = 1.164, the Euclidean baseline is rejected. Though it eliminates the wrap

excess, the trigonometric-only planner is still inadequate due to the absence of the tangent-barrier method.
Even though it also fails, the barrier-only planner manages to increase the singularity margin from 0.004
to 0.013 while keeping the 5.883-point Euclidean wrap excess.



Among all possible combinations, only the full trigonometric-barrier planner achieves success. The result
is zero wrap excess, with mtinm (q+)=10.590, mtin s (q¢) =0.087, and Ry = 0.465. According to this

design, the two parts serve separate purposes: dyig fixes periodic-coordinate distortion, and B(q)
discourages movement close to potentially dangerous borders.

lim

3.5. Ablation Evidence
In comparison to the geometric baseline, Figure 5 displays the ablation effects in all of the controlled
conditions. There is no one component responsible for the observed improvements, as shown by the
heatmap. The alternative that simply uses trigonometry primarily modifies periodic-motion smoothness
and decreases wrap excess. Only the singularity-margin preservation is enhanced by the barrier-only
form. To date, in the linked limited case, no planner has been more successful than the full trigonometric-
barrier planner, which integrates both effects.
The results obtained under these controlled conditions lend credence to the postulated mechanism. Under
known geometry, they show that they can correct wrap-arounds, preserve singularity margins, make joint
limits feasible, and behave as ablation targets. Neither their validity at the hardware level nor their
certification against real-world collisions are warranted.

Table 2. Controlled simulation matrix and planner variants.

Scenario Role Obstacles Main tested property Main-text use
Angular wrap Primary 0 Periodic wrap-around Main result
continuity
Joint-limit grazing  Primary 0 Joint-limit margin preservation Main result
Near-singular reach Primary 0 Jacobian singularity avoidance Main result
Combined Primary 4 Coupled wrap, singularity, and Main result
barrier effects
Obstacle clutter Stress test 3 Link-aware obstacle clearance  Supplementary
diagnostic
Narrow passage Stress test 4 Narrow-passage feasibility Supplementary
diagnostic
Perturbed tracking  Robustness 3 Post-perturbation safety Supplementary
margins diagnostic

Table 3. Quantitative performance summary for primary controlled scenarios.

Scenario Method Success mins(q,) minmy, (q,) Wrap Ry
¢ ¢ Excess

Angular wrap Euclidean 1 0.073 0.824 5.963 1.039
Trig-only 1 0.073 0.824 0.000 0.001
Barrier-only 1 0.073 0.824 5.963 1.039
Full trig-barrier 1 0.073 0.824 0.000 0.001

Joint-limit grazing Euclidean 1 0.098 0.431 0.000 0.065
Trig-only 1 0.098 0.431 0.000 0.065
Barrier-only 1 0.098 0.431 0.000 0.065
Full trig-barrier 1 0.098 0.431 0.000 0.065

Near-singular reach ~ Euclidean 0 0.000 0.851 0.000 0.046
Trig-only 0 0.000 0.851 0.000 0.046
Barrier-only 1 0.050 0.608 0.000 0.371
Full trig-barrier 1 0.050 0.608 0.000 0.371

Combined Euclidean 0 0.004 0.694 5.883 1.164
Trig-only 0 0.004 0.694 0.000 0.140




Barrier-only 0 0.013 0.369 5.883 1.740
Full trig-barrier 1 0.087 0.590 0.000 0.465

— Euclidean_baseline == Trig_only == Barrier_only = Full_trig_barrier

Trajectory node

Figure 2. Figure 2. First-joint angular trajectory under —m/m wrap-around crossing..
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4. Real-Data Periodic-Coordinate Validation

4.1. Recorded-Trajectory Diagnostic Scope
The real-data component used the public LeRobot DROID-100 subset as an offline recorded-trajectory
diagnostic layer for the periodic-coordinate part of the proposed framework. DROID is a large-scale in-
the-wild robot manipulation dataset introduced by Khazatsky et al. (2024), with demonstrations collected
across diverse real-world scenes and manipulation tasks. The DROID-100 subset provides recorded state,
action, timestamp, episode-index, and frame-index fields in tabular time-series form. These fields are
sufficient for testing whether raw Euclidean angular subtraction produces branch-cut path inflation in
recorded robot motion. The analysis was restricted to topology-aware trajectory diagnostics. It did not use
reconstructed scene geometry, robot Jacobians, obstacle fields, or manufacturer-certified joint-limit
models. Therefore, the DROID-100 results support only the periodic-coordinate component of the
framework, while collision avoidance, singularity-margin preservation, and joint-limit safety are
evaluated in the controlled simulation layer.

4.2. Periodic Path Inflation
In the DROID-100 diagnostic sample, there are 100 recorded episodes, 32,212 trajectory frames, and 47
task labels, as mentioned in Table 4. Among these paths, 398 raw wrap jumps were identified, with 84
episodes exhibiting an angular wrap discontinuity or more. While the trigonometric shortest-periodic path
length was 507.335, the Euclidean periodic-coordinate path length was 2991.414. Under raw Euclidean
angular subtraction, this equates to an inflation of 5.896 times.
At the episode level, Figure 6 demonstrates the identical effect. When we use trigonometric shortest-
periodic representation, we get compact path-length values, but when we use Euclidean angular
subtraction, we get bigger and more scattered path lengths. This finding lends credence to the concept
that, in the case of branch-cut crossings, the recorded periodic-coordinate motion can be greatly
exaggerated by using Euclidean angular subtraction. It is important to consider both the findings of the
paired baseline tests and the statistical comparison when interpreting the data from Appendix Table A2.

4.3. Episode-Level Wrap Excess
The distribution of angular wrap excess at the episode level is displayed in Figure 7. The majority of the
episodes that have been recorded have nonzero wrap excess, and the trajectories with large or recurrent
branch-cut discontinuities are shown by the upper tail. Recorded robot trajectories can show large fake
path inflation when periodic coordinates are evaluated using raw Euclidean subtraction, as shown in Table
4's diagnostic finding.

4.4. Channel-Level Wrap Structure
The channel-level decomposition shows that the wrap effect is concentrated in one periodic motor-state
coordinate. Table 4 reports that 397 of the 398 detected wrap jumps occur in channel g4, while g5 and gg
contribute only negligibly. Figure 8 confirms this structure: g, has a large Euclidean path accumulation
and a much shorter corresponding trigonometric path. This pattern indicates a localized branch-cut effect
rather than a uniform artefact across all periodic channels.

4.5. Numerical Consistency of the Trigonometric Embedding
The numerical consistency of the sine-cosine embedding is further confirmed by the recorded trajectories.
The highest unit-circle identity error is 2.22 X 1071¢ and the maximum chordal-distance identity error is
7.53 X 10719, as shown in Table 4. These numbers prove that the trigonometric model keeps the desired
periodic geometry exactly as expected. The assertion that trigonometric geometry eliminates branch-cut
path inflation in recorded periodic-coordinate robot motion is supported by real-data in Table 4 and
Figures 6-8 taken together. Only periodic-coordinate correction has been validated by this data; it does not
support claims of success in avoiding collisions, certification of joint limits, avoidance of singularities, or
performance of safety filters in real time.



Table 4. DROID-100 real-data periodic-coordinate diagnostics.

Diagnostic quantity Value Interpretation

Recorded episodes 100 Real-data diagnostic sample

Recorded frames 32,212 Total trajectory observations

Task labels 47 Heterogeneous manipulation tasks

Episodes with wrap 84 Wrap effects occur in most recorded episodes

discontinuity

Raw wrap jumps 398 Euclidean angular subtraction detects many branch-cut

jumps

Euclidean periodic- 2991.414 Raw coordinate accumulation

coordinate path

Trigonometric periodic- 507.335 Shortest-periodic path accumulation

coordinate path

Path inflation factor 5.896 Euclidean subtraction overstates periodic motion

Angular wrap excess 2484.070 Artificial motion removed by trigonometric geometry

Dominant wrap channel q4: 397/398 Wrap inflation is concentrated in one periodic channel
jumps

Maximum unit-circle
identity error

(2.22 x 10716)

(sin?(g) + cos?(gq) = 1) holds to numerical precision

Maximum chordal-
identity error

(7.53 x 10719)

Sine-cosine distance identity is numerically stable

Episode-level path length

200

|

| o dan

oordinate model Trigonom
Trajectory diagnostic model

netric periodic model

Figure 6. Recorded DROID-100 periodic-coordinate path length under Euclidean and trigonometric

models.
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5. Discussion
The results demonstrate that path length, trajectory smoothness, and safety-margin behaviour should not
be assessed using periodic robotic coordinates as conventional Euclidean variables. When a trajectory
traverses a coordinate branch cut, two angular states that are physically adjacent may appear far away
because revolute-joint coordinates are defined modulo 2m. This discrepancy changes the geometry of the
planning problem and can cause the robot's apparent motion to be significantly exaggerated. Using
tangent barriers for boundary-sensitive safety margins, torus-consistent trajectory smoothness, and sine-
cosine angular embedding, the suggested trigonometric barrier formulation tackles this issue.
The controlled simulations reveal distinct roles for the trigonometric and barrier components. A big
amount of wrap excess is generated in the angular-wrap case because the barrier-only planner and the
Euclidean baseline both take the long coordinate path over the branch cut. In order to restore the shortest
periodic motion, the trigonometric-only and full trigonometric-barrier planners eliminate this artefact.
This finding lends credence to the paper's central geometric argument: with sine-cosine embedding and a
torus-consistent distance, angular motion becomes quotient-consistent.
The singularity experiments reveal an independent process. A trajectory can nevertheless approach a
Jacobian-singular configuration even after angular geometry corrections. In the case of approaching the
singularity, the trigonometric-only planner and the one based on the Euclidean baseline both collapse,
whereas the ones based on barriers alone and the whole trigonometric-barrier both manage to keep a
positive singularity margin. The tangent barrier is determined to be the active safety-margin component
according to this finding. In order to eliminate periodic-coordinate distortion, one can use the
trigonometric distance; for approaching dangerous borders, one can use the tangent barrier. The assertion
that topology-aware distance alone ensures safe mobility is unfounded, hence it is best to keep these
functions distinct.



The whole formulation is most strongly supported by the coupled constrained situation. Here, safety-
margin limitations and angular wrap-around distortion coexist. A big wrap excess and a small singularity
margin are both retained by the Euclidean baseline, which causes it to fail. The absence of boundary-
sensitive safety penalisation causes the trigonometric-only planner to fail, even after removing the wrap
excess. The singularity margin is improved by the barrier-only planner, but the distortion of the Euclidean
wrap is retained. The only planner that can do all three things at once—remove wrap excess, keep a
positive singularity margin, and maintain joint-limit feasibility—is the full trigonometric barrier planner.
This pattern of ablation lends credence to the idea that the suggested technique integrates two
supplementary processes: topology-consistent angular motion and margin-aware avoidance of hazardous
borders.

A cautious reading is necessary for the joint-limit grazing scenario. There is no clear joint-limit benefit of
the suggested technique in this particular scenario since all planner alternatives are feasible. When safety-
margin behaviour and periodic-coordinate correction are required to work in tandem, the contribution
becomes more apparent in coupled settings. Thus, rather than being consistently better in every single
test, the full trigonometric-barrier formulation is best understood as being most beneficial when safety
constraints intersect with angular wrap effects.

The DROID-100 analysis backs up the framework's periodic-coordinate component with real-data
evidence. The length of the shortest-periodic trigonometric path is 5.896 times less than the length of the
Euclidean periodic-coordinate path, and the majority of the recorded episodes include an angular wrap
discontinuity. The findings demonstrate that recorded manipulation trajectories are not the only places
where branch-cut artefacts can be found; they can also be found in synthetic examples. A localised
branch-cut effect, rather than uniform random noise across all channels, is supported by the channel-level
decomposition, which further shows that the inflation is concentrated in a single periodic motor-state
coordinate.

It is important to interpret the DROID-100 results within the limits of their diagnostic capabilities. Offline
periodic-coordinate analysis is supported by the dataset, but certification of collision avoidance,
singularity avoidance, joint-limit safety, or real-time safety-filter performance requires calibrated robot
geometry, obstacle fields, Jacobians, manufacturer-certified joint-limit models, or closed-loop command
data, which are not provided. Thus, the angular-topology part of the framework is validated by the real-
data layer, and the safety-margin part is evaluated by the controlled simulation layer under admissibility
and geometry constraints that are clearly established.

There is methodological support for the assertion from the algorithmic implementation as well. The finite
candidate-search planner employs boundary-biased perturbations, edge-sampled admissibility checks,
finite-cost rejection, and shortest-arc interpolation. Since finite-cost nodal safety cannot provide safety
throughout segments of continuous motion, these measures are essential. Thus, the edge-sampling
condition adds another admissibility check between successive nodes in the trajectory. Rather than being
advertised as a one-size-fits-all solution for nonlinear optimal control problems, this implementation
offers a repeatable validation method that can be used to compare different types of planning: Euclidean,
trigonometric-only, barrier-only, and full trigonometric-barrier.

A limited but significant contribution is established by the study overall. It establishes quotient
consistency and boundary divergence for the suggested functional, shows that controlled simulations
exhibit complementary ablation behaviour, and verifies on DROID-100 trajectories that recorded
periodic-coordinate motion can be significantly inflated by applying Euclidean angular subtraction. A
certified hardware-safety system is not the intended use of the framework; rather, it is a mathematically
consistent diagnostic and planning layer for robotic systems using periodic configuration spaces. The
system should be expanded in future work to include calibrated robot models, certified segment collision
checks, dynamic obstacle sensing, latency-aware closed-loop filtering, hardware experiments, and
planners for higher-dimensional manipulation tasks that are based on gradients or samples.

6. Real-Time Implementation Pathway



The proposed design is capable of being employed as an intermediary layer for supervision between a
low-level robot controller and a nominal motion generator. Artificial discontinuities induced by periodic
angular coordinates and inadequate penalisation of motion near obstacle-clearance, joint-limit, or
singularity borders are two challenges that need to be solved at the command level before actuation can
get underway. The need for robots to maintain a safe distance from people, obstacles, and command-level
limits is a common problem in collaborative and field manipulation contexts (ISO, 2016; Khazatsky et al.,
2024; Maithani et al., 2026).

To begin a pipeline that is focused on deployment, one must first design a reference trajectory according
to Eq. (17), which is a trigonometric planning functional. A tangent barrier discourages the approach to
potentially hazardous boundaries, while sine-cosine geometry assesses angular motion. To ensure safety
along continuous motion segments, the accepted trajectory must meet both the discrete-cost safety at
trajectory nodes and the edge-sampled admissibility criterion in Eq. (21).

Equation (19) then calls for the safety filter to execute the online layer. Nominal command u} is provided
by a tracking controller, task policy, or local planner at every sampling time. By analysing obstacle-
clearance, joint-limit, and singularity margins, the filter is able to forecast the subsequent state utilising
the local model Fj, (g, u). No changes are made to the nominal command before transmission if the
projected state stays within the safe planning window. When the anticipated state is getting close to a
potentially dangerous border, the filter calculates the smallest R-weighted adjustment that brings it back
to finite-cost acceptability. The controller suspends operations, rethinks its strategy, or enters a fail-safe
mode if no workable solution is found.

The four steps that make up the pathway are as follows: input logging, local command rectification,
safety-margin evaluation, and topology-aware state encoding. Interventions prompted by angular wrap
exposure, loss of obstacle clearance, proximity to joint limits, or singularity danger are recorded in the
logging stage. The ablation design is reflected in this structure: tangent barriers control the distance to
dangerous borders, and trigonometric geometry fixes periodic-coordinate measurements.

There is no certification for hardware safety along this deployment-oriented strategy. Validation of
periodic-coordinate correction on recorded DROID-100 trajectories and evaluation of safety-margin
behaviour in controlled simulation are both carried out in this study. Complete scene-level safety,
manufacturer-level joint-limit certification, certified collision avoidance, and ISO compliance are all
claims that it does not make. In order to launch a certified deployment, several things must be in place,
such as verified collision models, latency and actuator restrictions, dynamic obstacle sensing, emergency-
stop integration, safety protocol approval, hardware testing, and robot geometry calibration.

7. Conclusion
An approach to robot motion planning on periodic configuration spaces using trigonometric barrier
geometry was proposed in this paper. Although revolute-joint motion is periodic, many planning and
diagnostic pipelines still use Euclidean subtraction to determine angular displacement. This work
addressed a structural restriction of conventional trajectory models. This technique can inflate path-length
or smoothness metrics and create fake branch-cut discontinuities, depending on the chart. This
representation is supplanted by sine-cosine embedding and torus-consistent motion measurement in the
suggested formulation.
The two mechanisms that make up the framework work together. The tangent-barrier component
penalises approach to obstacle-clearance, joint-limit, and Jacobian-singularity boundaries, whereas the
trigonometric component gives a quotient-consistent description of angular motion. Their union
establishes a safety-margin functional for robotic systems that takes geometry into account, specifically
for systems with configuration spaces that contain periodic coordinates.
Quotient consistency, boundary divergence, finite-cost nodal admissibility, interior smoothness, and
perturbation stability away from hazardous boundaries were the primary structural aspects of the
formulation that were demonstrated by the theoretical study. Based on these features, the implementation
created a finite candidate-search planner that includes shortest-arc interpolation, edge-sampled
admissibility checks, and a safety-filter pathway for command-level correction in real-time.



Within the specified validation area, the empirical results provide credence to the suggested formulation.
Different types of failures are addressed by topology-aware distance and tangent barriers, according to
controlled simulations. The distortion of the angular wrap is eliminated by the trigonometric component,
and the safety margins close to the singularity and the bounds of the constraints are maintained by the
barrier component. Within the coupled limited scenario, the sole planner capable of eliminating wrap
surplus while preserving positive singularity and joint-limit margins was the full trigonometric-barrier
planner. In addition, the DROID-100 trajectory analysis demonstrated that the trigonometric
representation restores the structure of the shortest periodic path, whereas the use of Euclidean angular
subtraction can significantly amplify the recorded periodic-coordinate motion.

Not a certified hardware-safety solution, but a mathematically consistent planning and diagnostic layer is
what the contribution is supposed to be. Under known geometry and admissibility conditions, the
controlled simulations assess safety-margin behaviour, while the real-data analysis confirms periodic-
coordinate correction. Automated obstacle detection, physical hardware testing in accordance with
established safety standards, validated collision geometry, actuator and delay limitations, and calibrated
robot models are all necessary for certified deployment.

In the future, researchers should build on this framework to include scalable gradient-based or sampling-
based planners for high-dimensional manipulation systems, dynamic obstacle environments, certified
continuous-segment collision checks, calibrated robot trials, and predictive safety filtering using closed-
loop models. Trigonometric barrier geometry offers a solid computational foundation for safety-margin
motion planning on periodic robotic configuration spaces, under the parameters indicated by this research.

8. Limitations and Future Directions
The proposed framework provides a mathematically consistent planning geometry for robotic systems
with periodic configuration spaces. Its validation, however, is limited by the evidence used in this study.
Controlled simulations evaluate the behavior of the trigonometric distance, tangent barriers, edge-sampled
admissibility, and safety-filter formulation under explicit geometric assumptions. The DROID-100
analysis verifies only the recorded-trajectory effect of angular branch-cut correction. These limits are
important because the proposed method is a diagnostic and supervisory planning layer, not a certified
hardware-safety system.

1. The safety-margin claims are supported by scenarios with predefined obstacle geometries,
joint-limit charts, admissibility criteria, and Jacobian-based singularity margins. This design
isolates the mathematical behavior of the proposed functional, but it does not include sensor
uncertainty, dynamic obstacles, actuator saturation, latency, contact interaction, emergency-
stop integration, or hardware-level safety protocols.

ii. The present implementation uses finite candidate search with edge-sampled admissibility
rather than a full nonlinear optimal-control or sampling-based planning architecture. This
choice makes the ablation study reproducible and interpretable, but it limits claims about
global optimality, computational scalability, and performance in cluttered high-dimensional
workspaces.

iil. he DROID-100 results show that Euclidean angular subtraction can inflate recorded periodic-
coordinate motion. This evidence does not validate online safety filtering, collision
avoidance, joint-limit protection, or singularity avoidance. Those claims require calibrated
robot geometry, task Jacobians, collision models, scene-level spatial data, and manufacturer-
specified joint constraints.

iv. Future work should integrate the safety filter into a closed-loop command pipeline with
specified sampling periods, actuator limits, sensing latency, and infeasible-command
recovery rules. Such validation would test whether the correction rule in Eq. (19) can operate
as a reliable online supervisory layer rather than only as a deployment-oriented formulation.

V. The current edge-sampled admissibility check improves safety assessment between trajectory
nodes, but it remains a sampled verification method. Stronger continuous-motion guarantees



would require certified segment collision checking, signed-distance verification, or reachable-
set bounds under bounded tracking error.

vi. A future experimental phase should use a calibrated manipulator model with manufacturer
joint limits, measured actuator constraints, reconstructed scene geometry, and real-time
logging of safety-filter interventions. Such experiments would allow measurement of
computational time, intervention frequency, obstacle-clearance preservation, joint-limit
exposure, singularity exposure, and safety-margin behavior during physical robot operation.
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Appendix
Table Al. Full simulation configurations and planner variants.
Panel Item Role q0 qu Obstacles Purpose
A Angular wrap Main (3.062, (-3.062, 0 Periodic wrap-
-0.45,0.32, -0.45,0.32, around continuity
-0.28,0.22,  -0.28,0.22,
-0.18,0.10)  -0.18,0.10)
A Joint-limit Main (0.25, (0.65, 0 Joint-limit
grazing -0.70,0.55, -1.45,1.25, protection
-0.40,0.30, -1.10,0.90,
-0.20,0.15)  -0.65,0.45)
A Near-singular Main (0.28, (-28,0.38, O Singularity-margin
reach -0.38,0.30, -0.30,0.22, preservation
-0.22,0.18, -0.18,0.12,
-0.12,0.08)  -0.08)
A Combined Main (3.042,0.70, (-3.042, 4 Coupled wrap,
-0.58,0.42, -0.78,0.62, safety, and barrier
-0.30,0.18, -0.46,0.33, effects
-0.10) -0.20,0.12)
A Obstacle clutter  Exploratory (-0.85,0.72, (0.95, 3 Link-aware obstacle
-0.52,0.38, -0.70,0.55, stress test
-0.25,0.18, -0.42,0.28,
-0.10) -0.18,0.10)
A Narrow passage  Exploratory (-0.95,0.76, (0.95, 4 Narrow-passage
-0.56,0.42, -0.76,0.56, stress test
-0.30,0.20, -0.42,0.30,
-0.10) -0.20,0.10)
A Perturbed Robustness  (-0.70,0.65, (0.70,- 3 Post-perturbation
tracking -0.50,0.35, 0.65,0.50, margin diagnostics
-0.25,0.15, -0.35,0.25,




-0.08) -0.15,0.08)

B Euclidean Comparator — — Euclidean
baseline smoothness with
finite diagnostic
safety penalty
B Trigonometric Ablation — — — Torus-consistent
distance only smoothness without
tangent barriers
B Tangent barrier ~ Ablation — — — Tangent barriers
only with Euclidean
smoothness
B Full Proposed — — — Torus-consistent
trigonometric smoothness with
barrier tangent safety
barriers
Table A2. Baseline comparison tests for DROID-100 trajectory diagnostics
Comparison Test Result to report
Euclidean path Paired Wilcoxon signed-rank test ~ Report (p)-value from Table 4

vs trigonometric path

Euclidean full-state increment Paired Wilcoxon signed-rank test ~ Report (p)-value from Table 4
vs topology-aware increment

Euclidean smoothness Paired Wilcoxon signed-rank test ~ Report (p)-value from Table 4
vs trigonometric smoothness




