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Abstract

We introduce Platonic Projection Structures (PPS), an operator-theoretic framework for
analyzing observability in representation learning systems. Rather than treating observable
outputs as direct reflections of latent representations, PPS models observation as a geometry
induced by a self-adjoint positive semidefinite operator acting on a latent Hilbert space. Within
PPS, a system is represented as a triple (H,Π, O), whereH denotes a latent representation space,
Π ⪰ 0 is an observation operator, and O(v) = ⟨v,Πv⟩ defines an induced observable quantity.
The framework characterizes observability through the quotient geometry H/ ker(Π), which rep-
resents equivalence classes of latent states that are indistinguishable under observation. From
this perspective, observable behavior is governed not by latent representations themselves, but
by the geometry induced through the observation operator. We show that both quantum mea-
surement and deep learning inference can be formulated within this common operator-theoretic
structure while differing in the algebraic properties of their observation operators. Within this
perspective, quantum measurement serves primarily as a mathematically canonical example of
projection-mediated observability. The correspondence developed in PPS is therefore structural
rather than physical. Within the same framework, representation transfer and knowledge dis-
tillation can be interpreted as approximate preservation of observable geometry through the
intertwining condition ΦΠT ≈ ΠSΦ. PPS further reveals a structural limitation of output-
based interpretability: latent components contained in ker(Π) are fundamentally inaccessible
from observables generated through the induced observation process. Accordingly, attribution
and explanation methods inherit intrinsic constraints imposed by the observation geometry it-
self. We provide controlled empirical validations demonstrating kernel-invariant observability,
projection-induced attribution gaps, and rank-controlled observable geometry in latent represen-
tation spaces. Overall, PPS provides a mathematically explicit operator-theoretic perspective
for analyzing observability, interpretability, and representation transfer in projection-mediated
learning systems.
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1 Introduction

Modern machine learning systems are increasingly interpreted through observable quantities such as
output distributions, attribution maps, intermediate representations, and feature activations [1, 2,
3, 4, 5, 6, 7]. At the same time, recent developments in representation learning, interpretability, and
information-theoretic analysis have highlighted that observable outputs often provide only partial
access to the underlying latent structure of a system. Despite substantial progress in explainable
artificial intelligence (XAI), representation analysis, and information bottleneck approaches [8,
9, 10, 11, 1, 2, 3], the notion of observability itself remains only partially formalized in modern
learning systems. In many existing formulations, observable outputs are implicitly treated as
sufficiently informative reflections of latent representations. However, practical learning systems
frequently operate under restricted observation geometries in which only selected latent directions
contribute to observable behavior. This paper introduces Platonic Projection Structures (PPS),
an operator-theoretic framework for analyzing projection-mediated observability in representation
learning systems [12, 13, 14]. Rather than treating observation as direct access to latent states,
PPS models observable quantities as induced through a self-adjoint positive semidefinite operator
acting on a latent Hilbert space [12, 14]. Within PPS, a system is represented as

(H,Π, O), (1)

where H denotes a latent representation space, Π ⪰ 0 is an observation operator, and the observable
quantity is defined by

O(v) = ⟨v,Πv⟩. (2)

The central principle of PPS is that observability is governed not by latent representations them-
selves, but by the geometry induced through the observation operator. These assumptions are
standard in operator theory and positive semidefinite analysis [13, 14].

The operator Π induces the equivalence relation

v1 ∼Π v2 ⇐⇒ v1 − v2 ∈ ker(Π), (3)

yielding the quotient structure
H/ ker(Π), (4)

which represents the effective observable space. Under this formulation, latent components con-
tained in ker(Π) are structurally inaccessible from observables generated through Eq. (2). This view-
point leads naturally to a spectral interpretation of observability [15, 16, 17, 18, 19]. The eigenspec-
trum of Π determines which latent directions are strongly observable, weakly observable, or entirely
suppressed. Consequently, the effective observable dimension is governed not by the ambient latent
dimensionality itself, but by the rank and spectral structure of the observation operator [18, 15, 20].
The PPS framework provides a unified abstraction for projection-mediated observation across mul-
tiple domains. This perspective is related to operator-theoretic formulations appearing in quantum
mechanics, kernel methods, and information geometry [21, 22, 23, 24, 25, 26, 20]. In quantum
systems, idealized measurements correspond to orthogonal projections satisfying [21, 22]

Π2 = Π, (5)

whereas deep learning systems generally induce non-idempotent positive semidefinite operators.
Despite these differences, both settings share the same abstract operator-theoretic structure: ob-
servable quantities are generated through operator-induced structure rather than through direct
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access to latent states. Within this perspective, representation transfer and knowledge distillation
can also be interpreted geometrically. Within PPS, projection-mediated observability is treated as
an explicit mathematical structure rather than as a purely metaphorical analogy between domains.

Given teacher and student observation operators ΠT and ΠS , a transfer map

Φ : HT → HS

approximately preserves observable geometry when

ΦΠT ≈ ΠSΦ. (6)

This formulation is motivated by approximate intertwining relations commonly appearing in operator-
theoretic alignment and representation-transfer settings. Equation (6) interprets distillation as ap-
proximate consistency between induced observation geometries rather than solely as output-level
distribution matching [27, 28, 29, 30, 31]. A central implication of PPS concerns the structural lim-
its of output-based interpretability. Since observables generated through Eq. (2) are invariant under
perturbations contained in ker(Π), they depend only on the equivalence classes induced by Eq. (3)
and represented by the quotient structure Eq. (4). Latent components lying in ker(Π) cannot, in
general, be recovered from observables alone. From this perspective, limitations of interpretability
are not merely algorithmic, but geometric and operator-induced.

The PPS framework is conceptually related to several existing research directions. Information
bottleneck formulations characterize information compression through mutual-information con-
straints [32, 8, 9, 10, 11], whereas PPS characterizes observability through operator-induced ge-
ometry on latent spaces. Similarly, concept bottleneck models [33] and representation-constrained
learning methods may be interpreted as imposing explicit structural constraints on induced ob-
servable subspaces [33, 34, 35, 36]. PPS also exhibits structural parallels with observability theory
in control systems [37], although the present framework focuses on projection-induced accessibility
in representation spaces rather than dynamical state reconstruction. To empirically examine the
PPS formulation, we construct controlled latent-space experiments directly evaluating projection-
induced observability. The experiments verify three central predictions of the framework: (i) ob-
servables generated through Eq. (2) remain invariant under perturbations confined to ker(Π), (ii)
the rank structure of Π governs effective observable dimensionality and predictive behavior, and
(iii) attribution methods inherit structural limitations induced by the observation geometry.

The primary contribution of this work is conceptual rather than architectural. PPS provides a
unified operator-theoretic perspective on observability, interpretability, and representation transfer
in projection-mediated learning systems. By emphasizing operator-induced geometry, the frame-
work shifts attention from observable outputs alone to the structural mechanisms determining what
can become observable in the first place [20, 14]. Importantly, PPS does not aim to introduce a new
class of operators or geometric spaces. Rather, its novelty lies in treating observability itself as a
primitive operator-induced geometric structure governing representation accessibility. In contrast
to kernel similarity methods or probabilistic information-geometric formulations, PPS explicitly
centers the quotient structure induced by ker(Π) as the defining object of observable equivalence.
PPS is therefore intended primarily as a structural framework for reasoning about observability
across representation systems.

The resulting framework provides a mathematically explicit perspective on observability across
projection-mediated representation systems. The main contributions of this paper are summarized
as follows:

1. We introduce PPS, an operator-theoretic framework for projection-mediated observability in
representation learning systems.
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2. We characterize observability through quotient geometry and the spectral structure of positive
semidefinite observation operators.

3. We formulate representation transfer as approximate preservation of observable geometry via
the operator-consistency relation in Eq. (6).

4. We analyze structural limitations of output-based interpretability arising from the kernel
structure of observation operators.

5. We provide controlled empirical analyses of kernel-invariant observability, projection-induced
attribution gaps, and rank-controlled observable geometry.

2 Operator-Theoretic Framework of Observability

This section introduces Platonic Projection Structures (PPS) as an operator-theoretic framework
for analyzing projection-mediated observability in representation learning systems. Rather than
treating observable quantities as direct reflections of latent states, PPS models observation as a
geometric process induced through a self-adjoint positive semidefinite operator acting on a latent
Hilbert space.

2.1 Platonic Projection Structures

Let H denote a real or complex Hilbert space of latent representations. Within the PPS framework
introduced in Eq. (1), observability is induced through an observation operator Π : H → H, which
generates observable quantities through the quadratic functional defined in Eq. (2). We distinguish
two regimes of observation:

1. strict projection operators satisfying Eq. (5),

2. generalized positive semidefinite operators satisfying Π ⪰ 0.

Idealized quantum measurements naturally belong to the first regime [21, 22], whereas representa-
tion learning systems are generally associated with the second. Despite this distinction, both set-
tings share the same structural mechanism: observable quantities are generated through operator-
induced structure rather than through direct access to latent states. The observation operator is
assumed to satisfy

Π† = Π, ⟨v,Πv⟩ ≥ 0 ∀v ∈ H,

ensuring that the observable functional in Eq. (2) is well-defined and non-negative. Under PPS, the
operator Π becomes the primitive object governing observability. Observable structure is therefore
determined not by latent representations themselves, but by the geometry induced through the
observation operator.

2.2 Observable Geometry and Quotient Structure

Throughout this paper, the term “observable geometry” refers to the quotient-semimetric structure
induced by Π through the equivalence relation in Eq. (3) and the semi-inner product defined in
Eq. (7). A central consequence of PPS is that observability is defined only up to the equivalence
relation introduced in Eq. (3). Two latent states differing only by a component contained in ker(Π)
are observationally indistinguishable under Eq. (2). Accordingly, the effective observable space is
not the ambient latent space H itself, but the quotient geometry defined in Eq. (4) [12, 13]. This
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quotient space represents equivalence classes of latent states that generate identical observables
under the induced observation process. The operator Π further induces the bilinear form

⟨v, w⟩Π := ⟨v,Πw⟩, (7)

which defines a semi-inner product structure on H. Since directions contained in ker(Π) contribute
no observable signal, the form in Eq. (7) becomes non-degenerate only after quotienting by ker(Π).
The quotient geometry in Eq. (4) therefore defines the effective observable geometry induced by
the observation operator [12, 13]. This establishes a central principle of PPS:

Observable structure is determined not by latent states themselves, but by the geometry
induced through the observation operator.

Under this viewpoint, observability becomes a structural property of induced operator geometry
rather than a property of individual latent vectors.

2.3 Spectral Structure of Observability

The PPS framework naturally admits a spectral interpretation of observability [15, 16, 17, 18, 19].
Let

Π =
∑

i

λieie
∗
i (8)

denote the spectral decomposition of the observation operator. The eigenvalues λi determine the
degree of observability associated with each latent direction:

λi ≫ 0 ⇒ strongly observable direction,

λi ≈ 0 ⇒ weakly observable direction,

λi = 0 ⇒ ei ∈ ker(Π) ⇒ structurally unobservable direction.

Accordingly, the effective observable dimension is governed by

rank(Π). (9)

Equation (9) implies that observable dimensionality depends not on the ambient latent dimension
itself, but on the spectral structure of the observation operator [38, 18]. From an information-
theoretic perspective, the eigenspectrum in Eq. (8) characterizes the relative accessibility of latent
information under the induced observation process [32, 8, 20]. Large eigenvalues correspond to
latent directions strongly represented in observable quantities, whereas directions associated with
vanishing eigenvalues become inaccessible through Eq. (2). This spectral viewpoint plays a central
role in later experiments, where controlled manipulation of the eigenspectrum systematically alters
observable geometry, attribution behavior, and predictive performance.

2.4 Structural Factorization of Observation

The observation process induced by PPS factors naturally through the quotient geometry defined
in Eq. (4) [12, 13]. Specifically, the observable functional in Eq. (2) admits the factorization

H
q
−→ H/ ker(Π)

Õ
−→ R, (10)
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where q denotes the canonical quotient map. Equation (10) formalizes a central implication of PPS:
observable quantities do not uniquely determine latent states, but only equivalence classes induced
by the observation geometry. Consequently, latent components lying in ker(Π) are structurally
inaccessible from observables generated through Eq. (2). This limitation is therefore geometric
rather than merely algorithmic [2, 3]. From an information-geometric viewpoint, the quotient
structure in Eq. (4) may be interpreted as the effective observable information geometry induced
by the observation operator [4, 5, 6, 3]. The observation process therefore acts as a structured
projection mechanism that compresses latent information according to the spectral accessibility
encoded in Eq. (8) [8, 10, 11]. Overall, PPS provides a unified operator-theoretic framework in which
observability, representation accessibility, and projection-induced information loss are described
through induced observable geometry [14, 20, 1].

3 Projection-Mediated Observation Across Systems

This section shows that both quantum measurement and deep learning inference can be interpreted
within the PPS framework as instances of projection-mediated observation [21, 22, 24, 23]. The cor-
respondence is structural rather than physical: in both settings, observable quantities are generated
through operator-induced geometry acting on latent representation spaces [13, 14, 20].

3.1 Quantum Measurement as Projection-Induced Observation

Quantum measurement provides a canonical example of projection-mediated observability [21, 22].
A quantum system is represented by a normalized state vector

|ψ⟩ ∈ HQ, ⟨ψ|ψ⟩ = 1,

where HQ denotes a Hilbert space of admissible states. Measurement is described by a Hermitian
operator admitting the spectral decomposition [21, 13]

M =
∑

m

mPm, (11)

where each Pm is an orthogonal projection operator satisfying Eq. (5). The probability of observing
outcome m is given by the Born rule [21, 22]

p(m) = ⟨ψ|Pm|ψ⟩. (12)

Equation (12) is structurally equivalent to the PPS observable functional defined in Eq. (2) under
the identification

v = |ψ⟩, Π = Pm.

From the PPS viewpoint, quantum measurement can therefore be interpreted as a projection-
mediated observation process:

|ψ⟩ → Pm → p(m).

This formulation emphasizes that measurement accesses only the projected component of the quan-
tum state. Information contained in complementary directions remains inaccessible under the in-
duced observation process. Importantly, this correspondence is structural rather than physical.
PPS does not identify learning systems with quantum systems, but instead uses quantum measure-
ment as a mathematically well-defined example of projection-induced observability [21, 22].
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3.2 Deep Learning Inference as Operator-Induced Observation

Deep learning inference can similarly be interpreted within the PPS framework as an operator-
mediated observation process [1]. Let

fθ = fL ◦ fL−1 ◦ · · · ◦ f1 (13)

denote a deep neural network, and let

z = fθ(x) ∈ HL

represent the final latent representation. In standard architectures, outputs are generated through
a linear readout

y =Wz, (14)

where W maps latent representations to output space. The corresponding quadratic observable
becomes [14, 20]

∥y∥2 = ⟨z,W⊤Wz⟩. (15)

Equation (15) naturally defines the positive semidefinite observation operator [14]

Π :=W⊤W. (16)

The operator in Eq. (16) induces the latent observation geometry governing which directions in
representation space contribute to observable outputs [15, 18, 20]. Under PPS, deep learning
inference can therefore be interpreted as

z → Π → ∥y∥2,

which is structurally analogous to the projection-mediated process described by Eq. (12). Impor-
tantly, PPS does not claim that neural networks are fundamentally quadratic systems. Rather,
Eq. (16) identifies a canonical observable geometry induced by the output map. Directions con-
tained in ker(Π) remain inaccessible from observables generated through Eq. (15). Consequently,
latent representations are observable only up to the quotient geometry defined in Eq. (4). More
generally, Eq. (16) shows that observable behavior in deep learning systems is governed not solely
by latent representations themselves, but by the operator-induced geometry through which latent
information becomes accessible.

3.3 Structural Correspondence Between Quantum and Learning Systems

Within the PPS framework, both quantum systems and deep learning models can be described
through a common abstract structure [21, 24, 23, 25] consisting of:

1. a latent Hilbert space H,

2. an observation operator Π,

3. an induced observable generated through Eq. (2).

Under this perspective, the two domains admit the formally parallel structure

Quantum system: HQ, |ψ⟩, Pm, p(m) = ⟨ψ|Pm|ψ⟩,

Deep learning system: HL, z, W
⊤W, ∥y∥2 = ⟨z,W⊤Wz⟩.
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In both cases, observable quantities are induced through self-adjoint positive semidefinite operators
acting on latent spaces [14, 13]. The distinction lies not in the existence of projection-mediated
observability itself, but in the algebraic structure of the corresponding operators. Quantum systems
typically involve orthogonal projections satisfying Eq. (5), whereas deep learning systems generally
induce non-idempotent positive semidefinite operators such as Eq. (16). This correspondence should
therefore be understood as operator-theoretic rather than physical. PPS does not identify neural
inference with quantum dynamics, but instead provides a unified geometric language for describing
observability across projection-mediated systems [24, 23, 26]. From this viewpoint, observability
becomes a property of induced operator geometry rather than a property specific to a particular
physical or computational substrate. Figure 1 summarizes this shared projection-mediated struc-
ture.

Latent 

Structure

(Latent States)

Projection 

Mechanism

(Observation

Operator)

Observable

Outputs

(Output space)

(1) PPS: Projection-Induced Observability

Quantum

(Latent States)

Deep Learning

(Observation 

Operator)

Distillation

(Representation 

Transfer)

(2) Mathematical Model of Projection-Mediated Observation

(3) Unified Operator-Theoretic Structure

Projection 

Operator

  π݋ = ݃(π(s))

Latent Space

(High-

Dimensional)

Observation 

Space

(Outputs)

(݉)݌  =  ⟨߰| ܲ݉ | ߰⟩, ∣߰⟩∈ℋQ
݅ݕ = ݅ݓ⟩ , ݖ ⟩ℋࣴ , ,ݖ ܹ :ߔ ℋ் → ℋௌߔΠ் ≈ Πௌߔ

Latent–Observable 

Schema

Operator-Induced

Observation

Computational 

Instantiation

1

2

3

Observable

Outputs

Latent 

States

Figure 1: PPS framework as projection-induced observation geometry. Schematic illus-
tration of projection-mediated observability under PPS. A latent state v ∈ H is mapped through a
self-adjoint positive semidefinite operator Π to an observable quantity generated through Eq. (2).
Quantum systems correspond to projection operators satisfying Eq. (5), whereas deep learning sys-
tems generally induce non-idempotent positive semidefinite operators such as Eq. (16).

4 Information Geometry and Representation Transfer

This section develops an information-theoretic interpretation of PPS and introduces a geometric
formulation of representation transfer [32, 8, 20, 27]. Within the PPS framework, observable infor-
mation is determined not only by latent representations themselves, but by the operator-induced
geometry through which latent directions become accessible. From this viewpoint, representation
transfer can be interpreted as approximate preservation of observable geometry between latent
spaces.

4.1 Information-Theoretic Interpretation of PPS

The PPS framework admits a natural interpretation from the perspective of information accessi-
bility [32, 8, 20]. Let v ∈ H be a latent representation, and consider observables generated through
the quadratic functional defined in Eq. (2). Under PPS, the observation operator determines which
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latent directions contribute to observable quantities. In particular, directions contained in ker(Π)
are structurally inaccessible under the induced observation process. The spectral decomposition
introduced in Eq. (8) therefore characterizes the relative accessibility of latent information [20, 8].
Large eigenvalues correspond to strongly observable latent directions, whereas vanishing eigenvalues
identify directions that are completely unobservable. Accordingly, the effective observable dimen-
sion is governed by Eq. (9), rather than by the ambient latent dimensionality itself. From this
perspective, the observation process may be interpreted as a structured compression mechanism in-
duced by the observation geometry. Observable quantities generated through Eq. (2) preserve only
information contained within the effective observable quotient defined in Eq. (4). This viewpoint
is related in spirit to the information bottleneck principle [32, 8, 10, 11], which studies compressed
representations through mutual-information constraints. However, PPS differs fundamentally in
formulation. Rather than characterizing information through probability distributions over ran-
dom variables, PPS characterizes observability through the spectral geometry of an operator acting
on latent representation spaces [14, 20]. Under PPS, information accessibility is therefore governed
geometrically through induced observable structure. The quotient geometry in Eq. (4) may conse-
quently be interpreted as an effective observable information geometry induced by the observation
operator.

4.2 Knowledge Distillation as Operator Alignment

Within the PPS framework, knowledge distillation can be interpreted as a geometric alignment
problem between operator-induced observable structures [27, 29, 30, 31]. Standard knowledge
distillation is commonly formulated by minimizing the divergence between teacher and student
output distributions [27]:

LKD = DKL(pT ∥ pS), (17)

where
pT = σ(WT zT ), pS = σ(WSzS).

From the PPS viewpoint, Eq. (17) aligns observable distributions in output space while leaving
the geometry of the underlying observation operators implicit. Several extensions, including Fit-
Nets [28], RKD [29], and CRD [30], and attention transfer [31], introduce increasingly structured
alignment constraints between latent representations. Within PPS, these approaches may be inter-
preted as partial instances of a broader operator-alignment principle. We associate the following
positive semidefinite operators with teacher and student models:

ΠT =W⊤
T WT , ΠS =W⊤

S WS . (18)

The corresponding quadratic observables become

OT (zT ) = ⟨zT ,ΠT zT ⟩, OS(zS) = ⟨zS ,ΠSzS⟩. (19)

Equation (18) defines the induced observation geometries of the teacher and student systems. Under
PPS, knowledge distillation can therefore be interpreted as approximate preservation of operator-
induced accessibility structure between these induced geometries. Importantly, this formulation
shifts the focus of distillation from output agreement alone to structural compatibility between
observation operators.

9



4.3 Operator Consistency and Intertwining Relations

When the teacher and student latent spaces differ, we introduce a linear map

Φ : HT → HS . (20)

A natural notion of structural compatibility between teacher and student observation geometries
is expressed through the approximate intertwining condition introduced previously in Eq. (6).
Equation (6) states that projecting before or after the transfer map yields approximately consistent
observable structure. From the PPS viewpoint, this condition expresses approximate preservation
of observable structure under representation transfer. The corresponding commutative structure is
represented by

HT
ΠT−−−→ HT

↓ Φ ↓ Φ

HS
ΠS−−−→ HS

Under exact commutativity, observable quotient structures induced by Eq. (4) are preserved under
the transfer map. Approximate commutativity therefore provides a geometric notion of observable
consistency between latent representation systems [29, 30, 20]. To empirically examine this in-
terpretation, we compare standard KL-based distillation with a PPS-regularized variant explicitly
incorporating the operator-consistency objective

LPPS = ∥ΦΠT −ΠSΦ∥
2
F . (21)

The experiment is conducted on CIFAR-10 using a ResNet18 teacher model and a lightweight
CNN student model. The map defined in Eq. (20) is implemented as a trainable linear projection
jointly optimized with the student network. Figure 2 summarizes the comparison between standard
KL-based distillation and PPS-regularized distillation. Panel (a) shows the evolution of the com-
mutativity gap induced by Eq. (21), panel (b) reports predictive accuracy, and panel (c) shows the
final operator inconsistency after training. The PPS-regularized formulation consistently reduces
operator inconsistency between teacher and student systems while maintaining comparable predic-
tive performance [27, 29, 30]. Importantly, this reduction occurs at the level of induced observation
geometry rather than solely at the level of output alignment. These results suggest that successful
representation transfer may depend not only on agreement between observable outputs, but also
on approximate compatibility between the corresponding observation operators. Within PPS, the
primary object of analysis therefore becomes the geometry induced by the operators themselves
rather than the output distributions alone. Equation (6) provides one possible formalization of this
geometric compatibility.

Rather than claiming universality, this experiment serves as a controlled illustration that
operator-level geometric consistency can be introduced as an explicit and measurable quantity
within standard representation-transfer pipelines. From this perspective, successful representa-
tion transfer may depend not only on output agreement, but also on preservation of the induced
observable geometry governing representational accessibility.

5 Structural Limits of Output-Based Interpretability

This section analyzes the structural limits of output-based interpretability from the PPS perspec-
tive [2, 3, 20]. The central implication is that explanation methods operating on observable outputs
cannot, in general, access the full latent representation space [7, 4, 5, 6]. Instead, they inherit the
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Figure 2: Operator-consistent knowledge distillation under PPS. Comparison between
standard KL-based distillation and PPS-regularized distillation on CIFAR-10. The PPS formulation
explicitly introduces the operator-consistency objective defined in Eq. (21). (a) Evolution of the
commutativity gap during training. (b) Test accuracy over epochs. (c) Final operator inconsistency
after training. The results indicate that operator-level consistency can be introduced as an explicit
optimization objective without degrading predictive performance in this setting.

geometric constraints imposed by the observation operator [20, 14]. Under PPS, observables gen-
erated through Eq. (2) depend only on the operator-induced observable geometry [12, 13, 14].
Consequently, latent components contained in ker(Π) are structurally inaccessible to explanation
methods derived solely from outputs. This limitation is not a failure of a particular attribution
algorithm, but a consequence of projection-mediated observability itself [3, 2].

5.1 Projection-Induced Observability Limits

To make this limitation explicit, we consider the strict projection regime introduced in Eq. (5) [21,
12]. Let P : H → H be an orthogonal projection operator. For a latent representation x ∈ H, the
projection-induced decomposition is given by

x = P (x) +
(

x− P (x)
)

, (22)

where P (x) is the observable component and x − P (x) lies in the complementary unobservable
component. Equation (22) formalizes a key point: interpretability is not an intrinsic property of
the latent representation x alone, but of the observation operator acting on it [20, 14]. In this regime,
output-based explanations can access only the component preserved by P . Latent directions outside
range(P ) do not contribute to observable outputs and therefore cannot be recovered by explanation
methods that operate only after projection [7, 4, 5, 6]. This projection-induced decomposition is
illustrated conceptually in Fig. 3.

5.2 Observational Equivalence Under Projection

The quotient geometry introduced in Eq. (4) implies that distinct latent states may be observa-
tionally indistinguishable [12, 13]. This property can be stated formally as follows.

Proposition 1 (Observational Equivalence Under Projection). Let the observable functional be
defined as in Eq. (2), where Π is a self-adjoint positive semidefinite operator. If v1 ∼Π v2 under
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Eq. (3), then
O(v1) = O(v2). (23)

Consequently, any explanation method that operates solely on observables generated through Eq. (2)
cannot distinguish between latent states belonging to the same equivalence class induced by ker(Π).

Proof. Let u = v1 − v2 with u ∈ ker(Π). Then Πu = 0, and hence Πv1 = Π(v2 + u) = Πv2.
Substituting this into Eq. (2) yields Eq. (23). Thus, observables cannot distinguish latent states
differing only within ker(Π).

Although algebraically straightforward, Proposition 1 plays a structurally foundational role
within PPS because it formalizes observational indistinguishability as a quotient-geometric property
induced by the observation operator.

Corollary 1 (Non-Identifiability of Latent Structure). Under PPS, latent representations are iden-
tifiable only up to the quotient geometry defined in Eq. (4). In particular, if dim(ker(Π)) > 0, then
the mapping from latent states to observables is non-injective.

This result shows that output-based interpretability methods cannot reconstruct the full latent
representation space [2, 3]. They can only characterize equivalence classes visible through the
induced observation geometry.

5.3 Structural Interpretability and Attribution Limits

PPS does not imply that post-hoc attribution methods are invalid. Rather, the framework suggests
that such methods are structurally bounded by the induced observation geometry through which
observable quantities become accessible. The PPS framework provides a structural explanation
for limitations of post-hoc interpretability methods such as SHAP [4], LIME [7], GradCAM [5],
and integrated gradients [6]. These methods operate on outputs, activations, or gradients that are
already constrained by the observation geometry [2, 3, 20]. Therefore, they characterize only the
observable component of the system, not the full latent structure. If a latent factor is encoded in
a direction that lies in or near ker(Π), its contribution to observables generated through Eq. (2) is
suppressed. As a result, attribution methods may assign negligible importance to a latent compo-
nent even when that component remains meaningful within the pre-projection latent process [4, 6].
This distinction is important because observational sensitivity and intervention sensitivity need
not coincide [39, 36]. A latent component may be unobservable from the output perspective while
still affecting downstream behavior through transformations that occur before projection. Thus,
absence of attribution should not be interpreted as absence of latent relevance [3, 2]. Figure 4
summarizes this structural limitation of post-hoc explanation.

To illustrate this phenomenon empirically, we consider a controlled synthetic setting in which
a latent variable z∗ is placed outside the observable subspace. When z∗ is excluded from the
observable representation, SHAP assigns negligible attribution to it. When the same variable
is explicitly included in the observable representation, the attribution becomes non-zero. This
change reflects not a change in the underlying latent mechanism, but a change in the accessible
observation geometry [20, 14]. Importantly, the intervention in this experiment is applied before
projection. Therefore, the experiment does not contradict Proposition 1, which concerns invariance
under perturbations confined to ker(Π) after the observation geometry has been fixed. Instead, it
demonstrates a separation between latent-space sensitivity and output-based attribution [39, 36].
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Observable Accessibility ≠ Latent Accessibility
XAI explanation appears sufficient

Ethical consequence

Input features

Post-hoc explainability Projection structure (PPS)

Model (MLP)

Decision output

SHAP / LIME

"explanation"

Observable explanation 
appears sufficient

Latent space ℋ
Observable subspace 

range(Π)

x₁, x₂ SHAP ≠ 0
visible to post-hoc methods

output: o = g(Π(s))

ker(Π) — invisible

SHAP = 0 here

── Π (projection) ──

sensitive feature z*

Output decision

Observability ≠ Causality
ker(Π) may remain unobservable from output-based perspectives

Sensitive attribute
SHAP(race) = 0

but outcome shifts on 

intervention

Loan assessment
SHAP(zip code) = 0

but reject rate differs by 

group

Latent suppression

observable bias masking

projection-induced 

invisibility

Latent causal influence may remain observationally inaccessible.
Post-hoc explainability is bounded by the observation structure — not by causal structure

Figure 4: Structural limitations of post-hoc explainability under PPS. Post-hoc explana-
tion methods operate only on the observable subspace induced by the observation operator [20].
Latent components weakly represented within this observable geometry may remain inaccessible
to output-based attribution methods such as SHAP, LIME, and GradCAM. Consequently, output-
based explanations characterize only the observable quotient structure defined in Eq. (4), rather
than the full latent representation space.
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Figure 5: Empirical illustration of the observability–sensitivity gap under PPS. (a) Spec-
tral structure of the observation operator showing a non-trivial kernel. (b) When the latent variable
lies outside the observable subspace, SHAP attribution becomes negligible. (c) When the same
variable is included in the observable representation, attribution becomes non-zero. (d) Latent
intervention prior to projection induces measurable output variation, illustrating the distinction
between latent-space sensitivity and output-based attribution. Together, these results show that
attribution methods inherit structural limitations imposed by projection-mediated observability.

5.4 Toward Structural Accountability

Projection-induced observability limits suggest that output transparency alone is insufficient for
characterizing the behavior of representation learning systems [3, 2]. This motivates a shift from
output-centric explanation toward structural analysis of the observation operator itself [20, 14].
Within PPS, structural interpretability means explicitly characterizing the operator geometry that
determines what can become observable [20]. Correspondingly, structural accountability concerns
whether the observation operator preserves, suppresses, or distorts application-relevant latent di-
rections. This perspective leads to several structural questions:

• Which subspaces are preserved within range(Π)?

• Which latent directions are eliminated by ker(Π)?

• How does the spectral structure in Eq. (8) regulate representational accessibility?

• How does the effective observable dimension in Eq. (9) constrain explanation and prediction?

The PPS framework therefore suggests that interpretability constraints can be imposed directly
at the operator level [33, 34, 35]. Representative examples include spectral constraints control-
ling eigenvalue decay, subspace constraints enforcing preservation of designated latent directions,
and operator regularization penalizing suppression of application-relevant components. Existing
approaches can be reinterpreted in this language. Concept Bottleneck Models [33] impose explicit
constraints on intermediate observable subspaces, while invariance-based learning methods may be
viewed as inducing constraints on observation geometry [35, 36]. PPS provides a unified formu-
lation in which these methods correspond to different ways of shaping the operator that governs
observability [20, 14]. From this perspective, interpretability is not merely a property of explana-
tions produced after inference. Rather, it is a property of the observation geometry that determines
what can become visible in the first place.
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6 Empirical Verification of PPS

These experiments are intentionally designed as controlled operator-level empirical analyses rather
than benchmark-oriented evaluations. The objective is not empirical superiority over existing
methods, but direct isolation of projection-induced observability effects predicted by PPS. This
section presents controlled experiments designed to directly evaluate central predictions of the PPS
framework [14, 20]. The experiments focus on three theoretical consequences derived from the
operator-theoretic formulation developed in previous sections:

1. invariance of observables under perturbations confined to ker(Π),

2. dependence of observable behavior on the rank and spectral structure of the observation
operator,

3. approximate preservation of observable geometry through operator-consistent representation
transfer.

Unlike conventional performance-oriented evaluations, the experiments presented here are designed
primarily as direct empirical examinations of projection-induced observability predicted by PPS [2,
3].

6.1 Kernel-Invariant Observability

We first evaluate the PPS prediction that observables remain invariant under perturbations confined
to the kernel of the observation operator [12, 13]. Consider a latent representation space H ∼= R

D

equipped with a positive semidefinite observation operator Π ⪰ 0 of rank R < D. The latent
representation is explicitly decomposed into observable and structurally unobservable components:

v = vobs + vker, (24)

where
vobs ∈ range(Π), vker ∈ ker(Π).

Observables are generated through the PPS quadratic functional defined previously in Eq. (2) [14].
According to Proposition 1, perturbations restricted to ker(Π) should leave observables invariant,
whereas perturbations within range(Π) should induce systematic observable variation. To verify
this prediction directly, we constructed an 8-dimensional latent space with an observation operator
of rank 4. The eigenspectrum therefore consists of four observable modes and four kernel modes.
Two perturbation regimes were evaluated:

1. Kernel perturbation

v → v + δker, δker ∈ ker(Π), (25)

2. Observable perturbation

v → v + δobs, δobs ∈ range(Π), (26)

Figure 6(a) shows the eigenspectrum of the observation operator, separating observable and
kernel directions. Figure 6(b) demonstrates that perturbations generated through Eq. (25) leave
observables numerically invariant up to machine precision. In contrast, Figure 6(c) shows that per-
turbations generated through Eq. (26) induce substantial observable variation with approximately
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quadratic dependence on perturbation magnitude. This provides a direct empirical visualization
of the PPS prediction that latent directions contained in ker(Π) are structurally inaccessible un-
der the induced observation geometry [20, 14]. Finally, Figure 6(d) compares SHAP attribution
behavior between restricted and unrestricted models. When the model is explicitly constrained
to range(Π), kernel dimensions receive zero attribution by construction. In contrast, unrestricted
models distribute attribution across both observable and kernel components. This suggests that
attribution methods may reflect representational leakage outside the intended observable subspace
structure induced by the operator.
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Figure 6: Direct verification of kernel-invariant observability under PPS. (a) Eigenvalue
spectrum of the observation operator showing decomposition into observable and kernel directions.
(b) Observable quantities remain invariant under perturbations confined to ker(Π), directly validat-
ing Proposition 1. (c) Perturbations within range(Π) induce systematic observable variation. (d)
SHAP attribution comparison between restricted and unrestricted models. The restricted model
assigns zero attribution to kernel dimensions, whereas unrestricted models distribute attribution
across both observable and kernel components. Together, these results illustrate that observability
is governed by operator-induced geometry rather than latent representations alone.

6.2 Rank-Controlled Observable Geometry

We next investigate how the rank structure of the observation operator governs effective observable
geometry [18, 17, 38]. Within PPS, the effective observable dimension is determined by Eq. (9).
Consequently, observable behavior should depend not on the ambient latent dimensionality itself,
but on the rank and spectral structure of the observation operator. To evaluate this prediction,
we generated a synthetic classification task in a 16-dimensional latent space where the true signal
was confined to an intrinsic subspace of dimension r∗ = 8. Observation operators Πr with varying
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rank r ∈ {1, . . . , 16} were constructed by progressively truncating the eigenspectrum introduced in
Eq. (8). For each rank setting, we evaluated:

1. classification accuracy,

2. attribution leakage into ker(Π),

3. cumulative observable spectral energy.

Figure 7(a) shows that predictive performance increases systematically with rank(Π) and sat-
urates near the intrinsic signal rank r∗ = 8. Accuracy increases from approximately 0.61 at rank
1 to approximately 0.94 at rank 8, after which additional observable dimensions produce minimal
improvement. Figure 7(b) shows the normalized kernel-attribution leakage ratio, defined as the
proportion of attribution mass assigned to dimensions outside the observable subspace. Leakage
decreases monotonically as rank(Π) increases, indicating that progressively more signal-bearing
directions become observable. Figure 7(c) shows the cumulative observable spectral-energy ratio
captured by the induced observation geometry. At r∗ = 8, the observable subspace captures nearly
all signal-associated spectral energy, consistent with the observed performance saturation. Finally,
Figure 7(d) visualizes cumulative spectral-energy accumulation profiles for multiple rank settings, il-
lustrating how eigenspectrum truncation modifies effective observable geometry. Collectively, these
results support the PPS prediction that observable behavior is governed by the spectral structure
of the observation operator rather than by latent dimensionality alone [18, 17, 20].
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Figure 7: Rank-controlled observable geometry under PPS. (a) Classification accuracy as
a function of rank(Π). Performance increases systematically with observable dimension and satu-
rates near the intrinsic signal rank. (b) Attribution leakage into ker(Π) decreases as the observable
subspace expands. (c) Cumulative observable spectral-energy ratio captured by the induced obser-
vation geometry. (d) Spectral-energy accumulation profiles for multiple rank settings, illustrating
how eigenspectrum truncation modifies effective observable structure. These results demonstrate
that observable behavior is governed by operator-induced geometry rather than ambient latent di-
mensionality itself.

6.3 Operator-Consistent Knowledge Distillation

Finally, we evaluate the PPS interpretation of representation transfer introduced in Eq. (6) [27, 29,
30]. The experiment compares standard KL-based knowledge distillation with a PPS-regularized
formulation incorporating the operator-consistency objective defined in Eq. (21) [27, 28, 29, 30]. A
ResNet18 teacher model and a lightweight CNN student model were trained on CIFAR-10. The
interspace map introduced in Eq. (20) was implemented as a trainable linear projection jointly
optimized with the student network.
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Figure 2 summarizes the comparison between standard distillation and PPS-regularized distilla-
tion. Panel (a) shows the evolution of the commutativity gap induced by Eq. (21), panel (b) reports
predictive accuracy, and panel (c) shows the final operator inconsistency after training. The PPS-
regularized formulation consistently reduces operator inconsistency between teacher and student
systems while maintaining comparable predictive accuracy [29, 30]. Importantly, the improvement
occurs at the level of induced observation geometry rather than solely at the level of output agree-
ment. These results support the PPS interpretation that successful representation transfer may
depend not only on observable output matching, but also on approximate compatibility between
the corresponding observation operators. Rather than serving as a benchmark-oriented evaluation,
the experiment provides a controlled empirical verification that operator-induced geometry can be
treated as an explicit and measurable object within representation-transfer pipelines.

7 Discussion

The PPS framework provides an operator-theoretic perspective on observability in representation
learning systems [12, 13, 14, 1]. Rather than treating observable outputs as direct reflections of
latent representations, PPS models observation as geometry induced through self-adjoint positive
semidefinite operators acting on latent Hilbert spaces [12, 14, 20]. This viewpoint connects sev-
eral previously separate research directions, including information bottleneck theory, observability
theory, representation learning, and interpretability analysis [8, 37, 1, 2, 3].

7.1 Relation to Information Bottleneck and Representation Learning

PPS is conceptually related to the information bottleneck (IB) principle [32, 8, 10, 11], which
studies compressed representations through mutual-information constraints. Both frameworks em-
phasize that learned systems preserve only selected aspects of latent information. However, the two
approaches differ fundamentally in formulation. Information bottleneck methods characterize com-
pression probabilistically through random variables and mutual-information objectives, whereas
PPS characterizes observability geometrically through the spectral structure of observation oper-
ators [32, 8, 20, 14]. Within PPS, information accessibility is governed by the quotient geometry
introduced in Eq. (4) and the eigenspectrum defined in Eq. (8). Observable information therefore
becomes a property of induced operator geometry rather than solely of probabilistic compres-
sion [20, 14]. This perspective also relates naturally to modern representation learning. Many
learning systems implicitly construct observable subspaces through learned readout operators such
as Eq. (16) [1, 15]. From the PPS viewpoint, latent representations should therefore be interpreted
together with the observation geometry through which they become accessible.

7.2 Relation to Observability Theory

PPS also exhibits structural parallels with classical observability theory in control systems [37].
Classical observability theory studies whether internal dynamical states can be reconstructed from
observable outputs over time. By contrast, PPS focuses on structural accessibility induced by
observation operators acting on latent representation spaces [12, 13, 14]. Despite this distinction,
both frameworks share a common conceptual principle: observable behavior depends not only on
latent states themselves, but also on the structure governing access to those states. Within PPS,
this structure is encoded through the operator geometry induced by Π and the quotient structure
defined in Eq. (4) [12, 14].
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7.3 Interpretability and Structural Accessibility

A central implication of PPS concerns the structural limits of output-based interpretability [2, 3].
Since observables generated through Eq. (2) are invariant under perturbations in ker(Π), they de-
pend only on the quotient structure defined in Eq. (4). The experiments presented in Sections 5
and 6 directly illustrate this phenomenon. Kernel-confined perturbations remain observationally in-
visible despite latent modification, while eigenspectrum truncation systematically alters attribution
behavior and effective observable dimensionality [18, 20]. These results suggest that attribution
maps and output-based explanations should not be interpreted as direct reconstructions of latent
structure [4, 5, 6, 3]. Rather, they characterize only the observable geometry induced through the
observation operator. From this viewpoint, interpretability limitations are not merely algorithmic
deficiencies, but structural consequences of projection-mediated observability [2, 3, 20].

7.4 Relation to the Platonic Representation Hypothesis

Recent discussions surrounding the Platonic Representation Hypothesis [40] suggest that indepen-
dently trained neural systems may converge toward structurally similar latent representations. PPS
provides a complementary perspective on this idea. Rather than focusing solely on latent represen-
tation similarity, PPS emphasizes the geometry induced by observation operators acting on those
representations. From this viewpoint, similarity between systems may arise not only from alignment
of latent states themselves, but also from compatibility between induced observable geometries. The
operator-consistency relation introduced in Eq. (6) provides one possible formalization of this per-
spective. The knowledge-distillation experiments further suggest that approximate preservation
of operator geometry may serve as a measurable notion of structural compatibility between rep-
resentation systems [27, 29, 30, 31]. More broadly, PPS suggests that observability may provide
a useful geometric language for relating representation learning, interpretability, information ac-
cessibility, and projection-mediated inference across diverse systems [20, 1, 14]. In this context,
the term “Platonic” is used structurally to emphasize the distinction between latent structure and
observable projection, rather than to invoke a metaphysical claim.

7.5 Limitations and Future Work

Several limitations of the present work should be emphasized. First, the current PPS formula-
tion primarily analyzes static observation geometry. Extensions to temporally evolving operators
and sequential systems remain future work. Second, the empirical experiments are intentionally
controlled and illustrative rather than benchmark-oriented [2, 3]. The primary goal is conceptual
validation of projection-mediated observability rather than state-of-the-art predictive performance.
Third, the present framework focuses mainly on self-adjoint positive semidefinite operators [14, 13].
More general operator classes, including nonlinear, stochastic, and non-self-adjoint observation
mechanisms, remain open directions for investigation. Several future directions appear particularly
promising:

• operator-constrained representation learning,

• spectral regularization for interpretable latent geometry,

• projection-aware explanation methods,

• geometric formulations of transfer learning,

• extensions to sequential and multi-modal systems.
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In addition, the present formulation primarily focuses on linear self-adjoint observation structures.
Extensions to nonlinear operators, stochastic observation processes, non-Hilbert latent geometries,
and temporally evolving observability remain important directions for future work.

8 Conclusions

This paper introduced Platonic Projection Structures (PPS), an operator-theoretic framework for
analyzing projection-mediated observability in representation learning systems [12, 13, 14]. Within
PPS, observable quantities are generated not through direct access to latent representations, but
through geometry induced by self-adjoint positive semidefinite observation operators [14, 20]. The
framework formalizes this perspective through the observable functional defined in Eq. (2), the
quotient structure introduced in Eq. (4), and the spectral decomposition in Eq. (8). From this
viewpoint, observability becomes a structural property of induced operator geometry rather than
a property of latent states themselves. The framework further provides a unified abstraction span-
ning quantum measurement, deep learning inference, representation transfer, and interpretability
analysis [21, 22, 1, 27, 2]. Quantum systems and neural systems were shown to admit structurally
parallel formulations as projection-mediated observation processes, despite substantial differences
in physical interpretation [21, 24, 23]. PPS also provides a geometric interpretation of representa-
tion transfer through the operator-consistency relation introduced in Eq. (6). The corresponding
experiments demonstrated that operator-level consistency can be incorporated explicitly within
knowledge-distillation pipelines while preserving predictive performance [27, 29, 30]. A central
implication of PPS concerns the structural limits of output-based interpretability [2, 3]. Because
observable quantities depend only on the induced observable quotient geometry, attribution meth-
ods operating exclusively on outputs necessarily inherit constraints imposed by the observation
operator itself. The controlled experiments presented in this work verified several central predic-
tions of the framework, including:

1. kernel-invariant observability,

2. rank-controlled observable geometry,

3. operator-consistent representation transfer.

Collectively, these results support the PPS interpretation that observable behavior is governed by
operator-induced geometry rather than by latent representations alone [2, 3]. More broadly, PPS
suggests that observability may serve as a unifying geometric principle connecting representation
learning, interpretability, information accessibility, and projection-mediated inference across diverse
systems [20, 1]. Future work will investigate extensions to nonlinear operators, sequential systems,
adaptive observation geometry, multi-modal architectures, and projection-aware interpretability
methods. Ultimately, the PPS framework proposes a shift in perspective: rather than asking only
what latent representations contain, one may instead ask what the induced observation geometry
allows a system to observe [20, 14, 12].
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