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Abstract

Noise models support quantum-circuit simulation and need recalibration as
hardware and workloads change. For circuits whose ideal outputs occupy one
Hamming-weight sector, independent bit-flip (IBF) models tie leakage from the
sector to the flip rate. We introduce SA-IBF, a two-parameter closed-form model
whose sector-preserving weight mixes independent bit flips with flips conditioned
on the sector to control this leakage separately. For nonzero weights, no mixture
of product bit-flip channels reproduces its kernel. Given ideal distributions, we
derive local identifiability conditions and a rank diagnostic for each fit. Across
two data sets on four IBM Heron processors, SA-IBF predicts test data with
lower Hellinger distance than IBF on every execution. On molecular quantum-
autoencoder circuits, it matches a 21-parameter noise model fitted by Bayesian
optimization to within 0.01 in Hellinger distance at three of four qubit numbers,
at over 200-fold lower computational cost. This enables low-cost noise modeling
of small symmetry-preserving circuits.
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1 Introduction

Noise models describe how imperfect quantum operations alter the measurement
statistics of a circuit. They support the characterization of hardware errors [1–3], the
evaluation of variational and quantum machine-learning algorithms under realistic
conditions [4–8], and the development of model-based error mitigation [9–12]. At the
level of circuit outputs, a noise model maps the ideal output distribution of a circuit to
the distribution observed on a device. Data-driven methods learn related corrections
directly from such outputs [13–18].

Many circuits in these applications conserve a quantity. A Hamming-weight sector
is the set of bitstrings with a fixed number of ones. Particle-number-conserving
chemistry circuits and magnetization-conserving spin circuits that start in one sector
keep their ideal output in that sector [19]. On hardware, noise redistributes probability
within this sector and leaks probability to other sectors. Only the leakage violates the
ideal constraint, and it provides the signal that symmetry verification uses to detect
errors [19]. A noise model for such circuits therefore has to describe two features of
the measured distribution: how probability spreads over bitstrings, and how much of
it leaks out of the ideal sector. A noise model is updated as calibration conditions
and workloads change, so it should also be compact. A compact model also has to be
identifiable, and two parameters that both affect the population of the sector can be
nearly indistinguishable in finite-shot data. Two questions follow: can a compact noise
model describe the leakage separately from the spreading, and under what conditions
can the two be distinguished from output measurements?

Existing approaches balance physical detail against computational cost. Noise
models built from device calibration data and learned Pauli-channel models describe
several error mechanisms [3, 20–23]. Fitting them can require a repeated numerical
search over many parameters, 20 or 21 in the noise models compared here. Simple noise
kernels, such as Pauli-twirled depolarization, independent bit flips, or depth-dependent
white noise [24–27], reduce this cost by strongly restricting the output distribution.
In the independent bit-flip (IBF) model, for example, one flip rate controls both the
spreading and the leakage out of the sector, and this coupling limits a compact fit.
Because the sector is known, the coupling can be relaxed without a detailed gate-level
model. Conditioning the same bit flips on the known sector adds a sector-preserving
weight and keeps the parameter space small enough for direct identifiability analysis.

Here, we introduce SA-IBF, the Symmetry-Aware Independent Bit-Flip model, for
circuits whose ideal output is supported on a single Hamming-weight sector (Fig. 1).
SA-IBF mixes independent bit flips with the same flips conditioned on remaining in the
input’s sector. Both components share the flip rate q, and the sector-preserving weight
α sets their proportions. At a fixed flip rate, α changes only the population of the sector
and leaves relative probabilities within the sector, and separately outside it, unchanged
(Eq. (5)). The flip rate q sets the spreading and the IBF leakage, and α is the fraction
of that leakage the model suppresses. Given the ideal distribution computed from
the circuit, both parameters are fitted to hardware histograms by minimum Hellinger
distance and evaluated on test data. An analytic Jacobian at the fitted parameters
then assesses local identifiability and conditioning. The model applies unchanged to
ideal outputs concentrated in one sector, such as the molecular circuits studied here.
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a Symmetry-aware forward prediction

Within-sector redistribution

Independent bit flips

Ksym(q)

KIBF(q)

Condition IBF on H(y) = H(x)
Row-normalize

Spread within and across sectors

H = h

H = h
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α

1 − α

Known ideal
distribution

Predicted noisy
distribution

H = h H ≠ h H = h H ≠ h

Pideal P ̂
Example n = 3, h = 1

IBF SA-IBF
q = 0.20, α = 0.45

IBF leakage × (1 − α)
at fixed q

KSA = αKsym + (1 − α)KIBF

α: sector-preserving weight

b Fit, evaluate, and diagnose

Known Pideal +
training data

α̂
q ̂
Fitted parameters

Minimum Hellinger fit

Prediction accuracy

Parameter identifiability

At the fitted parameters

Prediction vs test data
Prediction Test data

Hellinger distance DH

Lower DH = better prediction
Rank diagnostic

Condition number
Cramér–Rao
standard errors

Analytic Jacobian

J =

∂αP ̂ ∂qP ̂
Local identifiability

∂αP ̂
∂qP ̂ rank J = 2

Independent
directions

Fig. 1 SA-IBF model and fitting pipeline. a Forward prediction for n = 3 qubits with the ideal
distribution in the sector of weight h = 1. Both components act on the known ideal distribution Pideal

with a shared flip rate q. The sector component Ksym applies independent bit flips conditioned on
keeping the Hamming weight of each input, and the bit-flip component KIBF spreads probability
within and across sectors. Their mixture with weight α (Eq. (3)) gives the predicted distribution

P̂ . Blue and orange bars mark probability inside and outside the ideal sector, and open bars show
the IBF prediction at the same q. b Fitting, evaluation, and diagnosis. Both parameters are fitted
by minimizing the Hellinger distance to the training data, the prediction (bars) is evaluated by its
Hellinger distance DH to the test data (open circles), and the rank diagnostic checks the analytic
Jacobian at the fitted parameters.

We first establish what the model can represent and what the data can determine.
For nonzero sector-preserving weights, no mixture of product bit-flip channels repro-
duces the SA-IBF kernel (Proposition 1). With the ideal distribution known, we give
conditions for local identifiability of (α, q) [28–30], including a rank condition that can
be checked for each fit (Theorems 1 to 3). We also bound the information on α at weak
noise. For up to twelve qubits, the Fisher information on α when q is estimated jointly
is at most proportional to Nq2 for N shots (Theorem 1(b)). We then test the model
on IBM Heron hardware. On the 230 circuits of the main data set, every fit passes the
rank diagnostic (Fig. 2b,c). SA-IBF has lower Hellinger distance to test data than IBF
on all of these circuits and on all 400 executions of a four-processor data set (Table 1
and Figs. 3 and 4a). On molecular quantum-autoencoder (MolQAE) circuits [31], we
compare it with Ji-BO [20], a noise model built from device calibration data whose
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parameters are fitted by Bayesian optimization. At three of four qubit numbers, the
95% confidence interval of the difference in Hellinger distance between SA-IBF and
the 21-parameter sector-aware Ji-BO lies within ±0.01, and SA-IBF is fitted over 200
times faster (Table 2). On magnetization-conserving circuits with four qubits, SA-IBF
has a lower mean Hellinger distance than every Ji-BO variant tested.

2 Results

2.1 The SA-IBF noise model

We consider circuits whose noiseless output distribution Pideal is computable from
the circuit specification and whose noisy output is observed as a finite-shot hardware
histogram Pobs. A noise model maps Pideal to a predicted distribution through a
stochastic kernel fitted to training data and evaluated on test data.

Fix n ≥ 2 qubits, written nq in the hardware sections. Write {0, 1}n for bitstrings,
H(x) :=

∑

i xi for the Hamming weight of x, and d(x, y) := ∥x ⊕ y∥1 for Hamming
distance. Let ∆2n be the probability simplex on {0, 1}n, with strictly positive interior
Int(∆2n). The sector [x]S of x is the set of bitstrings with the same Hamming weight as
x. The fitted parameters are a pair (α, q) with α ∈ [0, 1] and q ∈ (0, 1/2), defined below.

IBF noise describes incoherent bit-flip errors, and its kernel does not depend on the
sector of the input. Particle-number- and magnetization-conserving circuits keep Pideal

in the sector of their initial state [19]. Neither IBF nor the other baselines compared
below spread probability while keeping it in the input’s sector. We therefore mix IBF
with a sector-preserving component, and we take Ksym to be IBF conditioned on the
sector of each input.

Kernel definition. For α ∈ [0, 1] and q ∈ (0, 1/2), define

KIBF(y | x; q) := qd(x,y)(1− q)n−d(x,y), (1)

Ksym(y | x; q) := 1[H(y) = H(x)]KIBF(y | x; q)/Zx(q), (2)

KSA(y | x;α, q) := αKsym(y | x; q) + (1− α)KIBF(y | x; q), (3)

where Zx(q) :=
∑

y′∈[x]S
KIBF(y

′ | x; q) is the sector normalizer. Throughout, Pideal ∈
∆2n is the noiseless output distribution computed from the circuit specification and is
a known input to the fit. Only (α, q) are estimated. The SA-IBF predicted distribution,
sketched in Fig. 1a, is

P̂ (·;α, q, Pideal) : y 7→
∑

x

Pideal(x)KSA(y | x;α, q),

p̂y(α, q, Pideal) := P̂ (y;α, q, Pideal).

(4)

Sector population. Let Pideal be supported on the sector of weight h, and write
Bq := K⊤

IBFPideal for the IBF prediction. The unitary coupled-cluster (UCCSD) state-
preparation circuits and the magnetization-conserving spin circuits (Magnetization)
used below satisfy this exactly. The MolQAE circuits of the main and four-processor
data sets place at least 94% of their ideal mass on the all-zero bitstring, which
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forms the weight-0 sector, and the remaining mass is treated below. The normalizer
Zx(q) depends on x only through H(x), so on the support it takes the single value

Zh(q) =
∑min(h,n−h)

j=0

(

h
j

)(

n−h
j

)

q2j(1− q)n−2j , the probability that bit-flip noise leaves

the Hamming weight unchanged. Eq. (4) then reduces to

P̂ (y) =

{

(

1− α+ α/Zh(q)
)

Bq(y), H(y) = h,

(1− α)Bq(y), H(y) ̸= h,
P̂ (H=h) = α+ (1− α)Zh(q).

(5)
SA-IBF therefore rescales the IBF output uniformly inside the sector and uniformly
outside it, so it changes only the population of the sector. Fig. 2a shows this population
as a function of q for several values of α. The flip rate q sets the spreading and the IBF
leakage 1− Zh(q), and α is the fraction of that leakage the model suppresses, since
SA-IBF leaks (1− α)

[

1− Zh(q)
]

. Suppose a fraction η of the ideal mass lies outside
the sector, as for these MolQAE circuits with η ≤ 0.06. The predicted population of
the sector is then (1− η)

[

α+ (1− α)Zh(q)
]

+ ηs for some s ∈ [0, 1], so it differs from
α+ (1− α)Zh(q) by at most η.

Every stochastic sector-preserving component in place of Ksym gives the same

sector population P̂ (H=h) = α + (1 − α)Zh(q). Among such components, Ksym is
the unique one whose output equals the IBF output conditioned on the input sector
for every single-sector Pideal, as follows by taking point-mass inputs. Because both
components share q, SA-IBF adds a single degree of freedom to IBF. Eq. (5) also gives
the sensitivity of P̂ to α: P̂ is affine in α with ∥∂αP̂∥1 = 2

[

1− Zh(q)
]

≤ 2nq, twice

the IBF leakage, which tends to 2
[

1−
(

n
h

)

2−n
]

as q → 1/2.

Physical interpretation. The kernel KIBF is the computational-basis output distri-
bution of a product Pauli channel with effective per-qubit flip rates ri = pXi + pYi , and
uniform ri ≡ q gives Eq. (1) exactly [24, 32]. The (1− α)KIBF component therefore
describes Pauli bit-flip noise, and KSA as a whole is a model of the output distribution
(Supplementary Note 1). The fitted α̂ is an effective parameter of this model and is
specific to a circuit family on one processor. A simulation with readout error only, at
the median readout error rates of the ibm_boston processor (Boston), gives a van-
ishing median α̂ in each of the seven configurations, so readout error alone does not
account for the fitted weight (Supplementary Table 4).

Separation from heterogeneous bit-flip noise. The sector component is also
distinct from heterogeneous bit-flip noise, in which each qubit has its own flip rate.
Let F := {Kr : r ∈ [0, 1]n} with Kr(y | x) := ∏

i:xi ̸=yi
ri
∏

i:xi=yi
(1− ri) be the family

of bit-flip kernels with per-qubit rates, which contains KIBF at equal rates.

Proposition 1 (Separation from heterogeneous bit-flip kernels) For n ≥ 2, q ∈ (0, 1/2), and
α ∈ (0, 1], the kernel KSA(· | ·;α, q) lies outside the closed convex hull of F .

Every kernel in the closed convex hull of F depends on (x, y) only through the flip
pattern x⊕ y, whereas KSA(e2 | e1)−KSA(e1 ⊕ e2 | 0n) = αq2(1− q)n−2/Ze1(q) > 0,
where ei has a single one at position i (proof in Supplementary Note 2).
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Fit objective. Let P tr
obs and P te

obs denote disjoint training and test histograms, the first

with N shots. The Hellinger distance is DH(P,Q) := 2−1/2∥
√
P −√

Q∥2, a bounded
minimum-distance objective that is well defined with zero-count bins [33–35]. For a
fixed search region [0, 1]× [qmin, qmax] with 0 < qmin < qmax < 1/2 chosen in Methods,
the fitted parameters are

(α̂(Pideal, P
tr
obs), q̂(Pideal, P

tr
obs)) ∈ arg min

(α,q)∈[0,1]×[qmin,qmax]
DH

(

P̂ (·;α, q, Pideal), P
tr
obs

)

,

with ties broken by preferring smaller α. The rank diagnostic of Methods is evalu-
ated at the constrained optimum. Accuracy is measured by the Hellinger distance
DH(P̂ (·; α̂, q̂, Pideal), P

te
obs) to the test histogram, and DH denotes this distance to test

data throughout unless stated otherwise.

2.2 Identifiability of SA-IBF

We now establish local identifiability of (α, q) from P̂ (Eqs. (3) and (4)) and bound
the information on α as q → 0.

Assumption 1 (Regularity of the identifiability domain) Fix n ≥ 2. The parameters satisfy
α ∈ [0, 1−ϵ] for some ϵ ∈ (0, 1), q ∈ (0, 1/2), and the ideal distribution Pideal lies in the strictly
positive interior Int(∆2n). The observation model is N-shot multinomial with probabilities
p̂y(α, q, Pideal) given by Eq. (4); Pideal is known and (α, q) is the estimand.

Theorem 1 (SA-IBF identifiability) Under Assumption 1, let J(α, q, Pideal) := [∂αP̂ , ∂qP̂ ] ∈
R
2n×2.

(a) Small-q local identifiability. There exists a threshold q1(n, ϵ) ∈ (0, 1/2) depending only on
(n, ϵ) such that for every (α, q) ∈ [0, 1−ϵ]×(0, q1), the set {Pideal ∈ Int(∆2n) : rank J < 2}
is a proper real-analytic subvariety of the simplex interior in its affine coordinates. On
its open dense complement, the analytic extension of (α, q) 7→ P̂ is locally injective; for
α = 0 this means local injectivity relative to the stated parameter domain.

(b) Computer-assisted finite-n Fisher upper bound and Cramér–Rao divergence (2 ≤ n ≤ 12).
For every (α, q, Pideal) ∈ [0, 1 − ϵ] × (0, 1/(8n)] × Int(∆2n) with n ∈ {2, . . . , 12}, the
marginal multinomial Fisher information for α under N-shot observations of P̂ satisfies

Iα|q ≤ c+(n, α)Nq2, c+(n, α) :=
10n4

(1− α)5
, (6)

with the projection convention Iα|q := Iαα−I2αq/Iqq when Iqq > 0 (the Schur complement;
when I is rank-deficient but Iqq > 0 the Schur complement equals 0), and Iα|q := Iαα
when Iqq = 0. When Iα|q > 0, any regular unbiased estimator α̂ at a two-sided interior
point, e.g. α ∈ (0, 1 − ϵ) and q ∈ (0, 1/(8n)), with unbiasedness and regularity in a
neighborhood, satisfies Var(α̂) ≥ 1/(c+(n, α)Nq2); when Iα|q = 0, α carries no first-order
efficient information and the Cramér–Rao lower bound is +∞. For fixed (n,N, α) with
α < 1, this gives a uniform lower envelope Ω(q−2) for the population Cramér–Rao lower
bound as q → 0 whenever Iα|q > 0; if Iα|q = 0, the local bound is +∞.
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Theorem 2 (Generic support-face identifiability) Fix n ≥ 2, ϵ ∈ (0, 1), and a nonempty
known support T ⊆ {0, 1}n, and let relint∆T denote distributions that are strictly positive on
T and zero off T . Under the SA-IBF observation map over all output bitstrings, there exists
qface(n, ϵ) > 0 such that, for every (α, q) ∈ [0, 1− ϵ]× (0, qface), the set of Pideal ∈ relint∆T

for which rank J(α, q, Pideal) < 2 is either empty or a proper real-analytic subvariety of the
support face. On its relative open dense complement, the analytic extension of (α, q) 7→ P̂ is
locally injective; for α = 0 this means local injectivity relative to the stated parameter domain.
Moreover, the joint rank-deficient set in (0, 1−ϵ)×(0, 1/2)×relint∆T is relative-Lebesgue-null.

Theorem 3 (Rank-conditioned local identifiability on a support face) Fix n ≥ 2, a known
support T ⊆ {0, 1}n, P0 ∈ relint∆T , α0 ∈ (0, 1), and q0 ∈ (0, 1/2). Let ΦP0

(α, q) :=

P̂ (·;α, q, P0) and J(α0, q0, P0) := D(α,q)ΦP0
(α0, q0). If J(α0, q0, P0) has column rank 2,

equivalently if some 2× 2 row minor of J is nonzero, then ΦP0
is locally injective at (α0, q0).

Theorem 2 holds for generic Pideal on a fixed support face, and Theorem 3 drops the
small-q requirement by conditioning on the rank of J at the given point. The bound in
Theorem 1(b) is computer-assisted. The Fisher aggregation is analytic after reduction
to four finite-n pointwise residual envelopes, which are certified by interval arithmetic
for 2 ≤ n ≤ 12 (Remark S1), and the remaining contributions for each Hamming
distance are exact in closed form. Proofs of Theorems 1 to 3 are in Supplementary
Note 4.

Rank diagnostic. Theorem 3 holds for any flip rate q ∈ (0, 1/2) and on any support
face. It therefore covers the UCCSD and Magnetization ideal outputs, which lie on
symmetry-restricted support faces, and the MolQAE fits at high q̂. We check its rank
condition for every circuit of the main data set with the diagnostic of Definition 1
(Fig. 1b), which requires strictly positive predictions, a nonsingular Fisher information,
κ(J) < 103, and Cramér–Rao standard errors below 0.1 (Methods). Every fit passes,
both with the 15,000-shot training histograms (Fig. 2b,c) and with the full 30,000 shots,
and every fit lies in the parameter interior that Theorem 3 requires (Supplementary
Note 5). Refitting resampled histograms gives standard deviations of α̂ close to these
Cramér–Rao standard errors (Supplementary Table 3).

The conditioning of the fits follows Eq. (5). As q → 0 the population curves for
different α merge (Fig. 2a), so the two Jacobian columns approach collinearity. Across
all 230 fits, the condition number is largest at small fitted flip rates and smallest near
q̂ = 1/2 (Fig. 2b). We refer to q̂ < 0.15, 0.15 ≤ q̂ < 0.40, and q̂ ≥ 0.40 as the signal,
intermediate, and saturation regimes. The molecular fits lie in the saturation regime,
where IBF leakage is large and the Jacobian is well conditioned. The Magnetization
fits lie in the signal regime and have the largest condition numbers and standard errors,
which remain inside both diagnostic thresholds (Fig. 2b,c).

2.3 Comparison with baseline noise models

To test whether the sector-preserving weight improves prediction of test data, we fit
SA-IBF, IBF, and three other baseline noise models (Methods) to the 230 circuits
of the main data set, run on Boston (Table 1). SA-IBF has lower DH than IBF on
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Fig. 2 Sector population and conditioning of the hardware fits. a Population of the ideal sector,
P̂ (H=h), against the flip rate for four values of α; the dashed curve is IBF, and the arrow shows
the population gained by one α curve at fixed q. Colored bars give the range of fitted flip rates on
hardware in each family (blue, MolQAE; orange, Magnetization; green, UCCSD). b Condition number
of the analytic Jacobian and c larger of the two Cramér–Rao standard errors (seCRLB) of (α̂, q̂) for
the 15,000-shot training histograms, for the fit of each circuit in the main data set (small circles),
against the fitted flip rate. Large circles are configuration medians labeled by nq . Dotted lines separate
the signal, intermediate, and saturation regimes, with saturation shaded grey, and dashed lines with
grey horizontal bands mark the diagnostic thresholds of Definition 1. Per-configuration values are in
Supplementary Tables 1 and 2.

every circuit of every configuration (Table 1 and Fig. 3). Hamming-weight shrinkage,
the only two-parameter baseline, is less accurate than SA-IBF on every UCCSD and
Magnetization configuration and matches it on MolQAE.

The improvement over IBF extends to other processors and physical registers
(Fig. 4a). When the same 100 MolQAE circuits are run on four processors, SA-IBF has
the lower DH on every execution. Grouping 85 MolQAE nq=4 executions by physical
register gives a positive median improvement in each of the six groups on Boston and
Kingston. Across these ten groups, the median improvement rises with the group’s
α̂, as expected from Eq. (5). To test whether fitted parameters carry over between
registers, we apply the pooled (α̂, q̂) of each group unchanged to the other groups on
the same processor. In 12 of the 14 transfers, this gives a lower mean DH than IBF
fitted to the target group. The other two transfer from J1 and J2 into A2, the group
with the smallest α̂ (Fig. 4b and Supplementary Note 7).

Replacing the within-sector shape of Ksym by a q-independent uniform component
or an identity component changes DH on MolQAE nq=4 by a small fraction of the
tolerance δ defined below (Supplementary Table 5). All these components give the same
sector population at fixed (α, q), which therefore carries the improvement over IBF.

The gains are largest on MolQAE, intermediate on Magnetization, and smallest on
UCCSD (Fig. 3 and Table 1). Fig. 5 tests the result in settings closer to downstream
use. The improvement persists when both models are fitted to only 1k, 3k, or 10k
training shots (Fig. 5a). On MolQAE it extends to the population of the ideal sector
and to the populations of all sectors (Fig. 5b and Supplementary Table 10). The
improvement also holds under zero-noise extrapolation (ZNE) of the fitted predictions
with gate folding. For 15 circuits run at the original depth and with folded gates,
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in DH; dotted lines separate the signal, intermediate, and saturation regimes, with the saturation
regime shaded grey. b Improvement DIBF
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H of every circuit (small dots) on a logarithmic

axis, with the median of each configuration (large circles, values at right) and its interquartile range
(shaded bars), colored as in a.

Table 1 Median Hellinger distance to test data for SA-IBF and four baseline noise models in each
configuration. Lower DH is better. ∆ is the median paired difference, IBF minus SA-IBF, so positive
values favor SA-IBF. Wins count circuits where SA-IBF has lower DH than IBF. Ncirc is the number
of circuits. Baselines are defined in Methods: Depol. is depolarization toward uniform, Conc. is
concentration shrinkage, and HW-shr. is Hamming-weight shrinkage. Shading marks SA-IBF, and
bold marks the smallest median in each row, ranked before rounding.

Family nq Ncirc SA-IBF IBF Depol. Conc. HW-shr. ∆ Wins

UCCSD 4 30 0.2250 0.2261 0.2887 0.6141 0.2887 +7.7×10−4 30/30
Magnetization 4 60 0.0754 0.0780 0.1437 0.2895 0.1437 +2.7×10−3 60/60
Magnetization 6 40 0.0930 0.0953 0.2236 0.3087 0.2232 +1.9×10−3 40/40
MolQAE 4 20 0.2218 0.2399 0.2300 0.6821 0.2219 +1.8×10−2 20/20
MolQAE 5 20 0.0809 0.0857 0.0809 0.8221 0.0809 +3.8×10−3 20/20
MolQAE 6 20 0.0863 0.0900 0.0925 0.8477 0.0862 +4.0×10−3 20/20
MolQAE 7 40 0.1946 0.2355 0.2072 0.7727 0.1947 +3.6×10−2 40/40

the extrapolated SA-IBF prediction lies closer to Pideal in every metric and for every
circuit (Fig. 5c). We also extrapolate the probability Π that qubits 0 and 1 both read
0. Across 50 circuits, the SA-IBF value is closer to its ideal value than the IBF value
on all but four circuits (Fig. 5d and Supplementary Table 11).

2.4 Accuracy and computational cost against Ji-BO

We compare SA-IBF with Ji-BO [20], a noise model built from device calibration
data whose parameters are fitted by Bayesian optimization with the tree-structured
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H −DSA-IBF

H
of each circuit against the pooled α̂ of each group: the same MolQAE circuits on four processors
(squares) and MolQAE circuits grouped by physical register (circles). Markers give the median, thick
bars the interquartile range, and grey bars the full range. b Mean DH of IBF fitted to the target group
minus that of the source group’s (α̂, q̂) applied unchanged, in units of 10−2, with groups ordered by
α̂. Italic diagonal entries give each group’s own improvement. Transfers are tested between groups
on the same processor, and hatched cells pair groups on different processors. Positive values favor
SA-IBF. In b, positive values are blue and negative values orange. Register groups J1–K2 are defined
in Supplementary Table 8.

Parzen estimator (TPE) in Optuna [36, 37]. Ji-BO has 20 parameters, and a sector-
aware variant adds a sector weight, for 21 parameters (Methods). The comparison
uses five-fold cross-validation over circuits on MolQAE at four qubit numbers and on
Magnetization at nq=4 (Table 2), with 100 TPE trials per fold for each Ji-BO variant
unless stated otherwise. Two models agree when the 95% confidence interval of their
difference in DH lies within ±δ, with tolerance δ=0.01 (Methods).

Accuracy. On MolQAE, SA-IBF and sector-aware Ji-BO agree within the tolerance
at nq ∈ {4, 5, 7} (Fig. 6a and Table 2). At nq=6, sector-aware Ji-BO is more accurate,
with its confidence interval entirely below −δ, and both Ji-BO variants reach the same
fit. The 20-parameter Ji-BO is less accurate than SA-IBF at nq=4 by more than five
times the tolerance. On Magnetization at nq=4, SA-IBF has a lower mean DH than
every Ji-BO variant tested, including sector-aware Ji-BO with up to 500 warm-started
trials (Fig. 6a and Table 2).

Computational cost. Each SA-IBF fold is fitted in seconds, whereas each sector-
aware Ji-BO fold takes minutes to over half an hour under the same CPU
implementation (Fig. 6b). SA-IBF is therefore fitted over 200 times faster at every
qubit number, and a GPU-accelerated Ji-BO run at nq=4 gives a similar speedup
(Table 2 and Supplementary Table 12).

Zero-noise extrapolation. On the 35 Boston circuits of the three-scale gate-folding
experiment, for which Ji-BO uses the calibration from the day of execution, the
extrapolated Π from the SA-IBF fit is closer to its ideal value than that from the
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Fig. 5 Fewer training shots, sector observables, and zero-noise extrapolation (ZNE). a Median
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H − DSA-IBF
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configuration, colored by family as in Fig. 2, and black lines are medians across configurations. b

Reduction of the error in the population of the ideal sector for each MolQAE circuit (dots) and its
median (black line) at each qubit number. c Reduction of the zero-noise error with respect to Pideal

for each pair of original and folded circuits (dots) and its median (black line) in three metrics: the
error in the population of the ideal sector, the L1 error of the sector populations, and the clipped DH.
d Reduction of the absolute error of the zero-noise-extrapolated probability Π that qubits 0 and 1
both read 0, for each circuit, relative to IBF (left) and to sector-aware Ji-BO on the circuits with a
calibration from the day of execution (right), sorted within each comparison; blue bars favor SA-IBF
and orange bars favor the comparator. Labels in b–d give wins over circuits or pairs.

sector-aware Ji-BO fit on 25 circuits. Its median error is also lower (Fig. 5d and
Supplementary Table 11).

3 Discussion

The identifiability results yield a check that can be run for every fit. Theorem 1(a) estab-
lishes generic local identifiability on the open simplex interior for small q. Theorem 3
needs only a full-rank Jacobian at the fitted parameters, and the diagnostic of Defini-
tion 1 checks this condition from the analytic Jacobian at the same order of cost as
one prediction (Methods). All 230 fits of the main data set pass it. The construction
extends to any partition of the outcomes into symmetry sectors. Theorem 3 and the
diagnostic apply unchanged, because they use only the block structure and a nonzero
2× 2 Jacobian minor. Theorem 2 and the Fisher bound are proved for the Hamming
partition, through a distance-two witness and a decomposition by Hamming distance.
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Fig. 6 SA-IBF against Ji-BO. a Ji-BO minus SA-IBF DH for every Ji-BO variant: sector-aware
with 21 parameters (blue circles; error bars are 95% confidence intervals over folds, computed as in
Methods) and 20 parameters (open grey squares) on MolQAE, and both variants plus warm-started
sector-aware Ji-BO (open blue diamond) on Magnetization. The shaded band is the tolerance ±δ. On
MolQAE, filled circles mark intervals inside the band and the open circle an interval outside it. The
other points are fold means without intervals. Positive values favor SA-IBF. b CPU runtime per fold
for both models, labeled with the speedup of SA-IBF.

Table 2 Accuracy and computational cost of SA-IBF and Ji-BO under five-fold cross-validation.
Lower DH is better. The Ji-BO columns give the sector-aware variant with 21 parameters and the
variant with 20 parameters. ∆ is sector-aware Ji-BO minus SA-IBF fold-mean DH, with its 95%
confidence interval (CI) over folds (Methods), so positive values favor SA-IBF. Rows whose interval
lies inside ±δ agree within the tolerance. Speedup is the summed five-fold CPU time of sector-aware
Ji-BO divided by that of SA-IBF under the same implementation. aBest of four warm-started sector-
aware search strategies. Supplementary Table 12 details the nq=4 rows. Shading marks SA-IBF.

DH

Ji-BO

nq Ncirc SA-IBF 21 par. 20 par. ∆ 95% CI Speedup Outcome

MolQAE

4 100 0.15146 0.15035 0.20736 −0.00111 [−0.0063,+0.0041] 447× Within δ

5 20 0.08106 0.08179 0.08082 +0.00072 [−0.0039,+0.0054] 272× Within δ

6 20 0.08492 0.06514 0.06514 −0.01978 [−0.0225,−0.0170] 231× Ji-BO better
7 40 0.20115 0.20002 0.20130 −0.00114 [−0.0079,+0.0057] 312× Within δ

Magnetization

4 60 0.0776 0.0920a 0.0933 +0.0144 — — SA-IBF lowest

The fitted parameters have a direct reading through Eq. (5), and q̂ places each circuit
family in the signal, intermediate, or saturation regime. Refitting both parameters
when the processor or circuit family changes takes seconds per fold (Fig. 6b). At
MolQAE nq=6, sector-aware Ji-BO reaches a lower DH at higher computational cost
(Table 2). Identifying the physical terms behind this gap is a direction for future work.
All empirical evaluations use 4–7-qubit circuits and a classically available Pideal.
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The gate-folding experiments (Fig. 5c,d) suggest using SA-IBF inside zero-noise
extrapolation and other error-mitigation pipelines [9, 12]. The rank diagnostic can flag
ill-conditioned fits before a model enters such a pipeline.

4 Methods

4.1 Circuits and hardware execution

MolQAE circuits load a molecule from a 512-molecule subset of QM9 [38] into nq

qubits with one U3 rotation per qubit followed by a ring of CNOT gates. They then
apply a trained quantum autoencoder with nq−2 latent qubits [31] and invert the state
preparation, so that the probability of the all-zero bitstring is the reconstruction fidelity.
The molecules come from the part of this subset not used for autoencoder training, and
the trained checkpoints reach mean noiseless reconstruction fidelities between 0.9744
and 0.9761 on the autoencoder training set. UCCSD circuits prepare a four-qubit,
two-particle state from the Hartree–Fock bitstring with two layers of a Jordan–Wigner
double excitation and nearest-neighbor single excitations, with angles drawn uniformly
from [−0.2, 0.2]. Magnetization circuits start from a bitstring of Hamming weight nq/2
and apply four layers, each made of random Z rotations followed by a brick-wall of
random XX+Y Y gates. Three diagnostic families complete the set. GHZ circuits apply
a Hadamard gate, a random Z rotation, and a CNOT chain. Clifford circuits apply
five layers of random two-qubit Clifford gates on random qubit pairs. Near-boundary
circuits follow a depth-four even-parity circuit with a rotation RY (0.7) between two
RXX gates, which moves 12% of the ideal mass out of the even-parity sector. Ideal
distributions are computed by exact statevector simulation in Qiskit [39].

Circuits were transpiled at optimization level 1 without a fixed initial layout and
executed with the Qiskit Runtime sampler. The 100 circuits of the four-processor data
set were transpiled once and run unchanged on all four processors. The four-processor
data set used the default sampler options, which disable dynamical decoupling, and
all other executions used XY4 dynamical decoupling. No readout-error mitigation or
twirling was requested, and all fits use the measured counts directly. After transpilation,
the MolQAE circuits contain 101, 203, 325, and 497 CZ gates at nq = 4, 5, 6, and 7,
and the UCCSD and Magnetization circuits contain 100 and 12–20.

4.2 Hardware data and splits

The analyses use the IBM Heron 156-qubit processors ibm_boston, ibm_kingston,
ibm_pittsburgh, and ibm_marrakesh. All 1,040 executions use 30,000 shots (Table 3).

The data span six families: MolQAE, UCCSD, Magnetization, GHZ, Clifford,
and near-boundary, with nq ∈ {4, 5, 6, 7}. Comparisons with Ji-BO use MolQAE
at nq=4 (Ncirc=100) and at nq ∈ {5, 6, 7} (Ncirc=20, 20, 40), and Magnetization
at nq=4 (Ncirc=60). The main data set of 230 circuits covers MolQAE, UCCSD,
and Magnetization in seven configurations of family and nq. GHZ, Clifford, and
near-boundary circuits enter only the Boston diagnostics (Supplementary Note 7).

Table 3 lists all subsets. The four-processor data set runs the same 100 MolQAE
nq=4 circuits once on each of the four processors. About ten days after the Kingston
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run of this data set, a second Kingston run uses 30 MolQAE nq=4 circuits with a
different molecule set on the same physical qubits and layout (Supplementary Note 7).

Table 3 Hardware data, counted as circuit executions, with the role of each subset in the analyses.

Processor Subset Executions Role

All four Four-processor data set 4× 100 MolQAE nq=4 comparison across
processors, and with Ji-BO on Boston

Boston Main data set I 190 UCCSD nq=4 (30), Magnetization nq=4
(60), and MolQAE nq=4, . . . , 7 (20,20,20,40)

Boston Main data set II 40 Magnetization nq=6 (40)
Boston Diagnostic circuits 120 Diagnostic families and two-scale gate

folding (Supplementary Table 9)
Pittsburgh Comparison with

Boston
30 Magnetization nq=4 (30)

Kingston Comparison with
Boston

80 Magnetization nq=4 and MolQAE nq=6
(40 each)

Kingston Second Kingston run 30 MolQAE nq=4 on the register of the
Kingston four-processor run

Boston Three-scale gate
folding

105 MolQAE nq=4, 35 circuits at noise scales 1,
2, 3

Kingston Three-scale gate
folding

45 MolQAE nq=4, 15 circuits at noise scales 1,
2, 3

For the main data set, every 30,000-shot histogram is split at the shot level by
binomial thinning of each bitstring count. For each observed count cy, the training
count is Binomial(cy, 0.5) and the test count is cy minus the training count. Splits use
a fixed random seed, and test histograms are used only for evaluation. The resulting
training and test histograms contain approximately 15,000 shots each, and each circuit
is fitted to its own training histogram and evaluated on its test histogram.

Comparisons across circuits use five-fold cross-validation with shuffled folds and a
fixed seed. Each fold uses a fifth of the circuits as test circuits: 20 of 100 for MolQAE
at nq=4, 4 of 20 at nq ∈ {5, 6}, 8 of 40 at nq=7, and 12 of 60 for Magnetization. In
these comparisons and in the four-processor data set, each model fits one parameter set
per training fold by minimizing the mean Hellinger distance over the full 30,000-shot
histograms of the training circuits. The fit is evaluated on the full test histograms.

For the fits to fewer training shots in Fig. 5a, 1,000, 3,000, or 10,000 training counts
are drawn without replacement from each 30,000-shot histogram, and the remaining
counts form the test histogram. Each circuit and number of shots uses five draws, and
each plotted value is the median paired difference over circuits and draws.

4.3 Model fitting

SA-IBF. SA-IBF uses the box α ∈ [0, 1], q ∈ [0.001, 0.499]. The optimizer first
evaluates a 31-point uniform α grid on [0, 1]. For each grid value it solves the one-
dimensional q subproblem by bounded scalar minimization in SciPy [40] with tolerance
10−4. The best grid point initializes a two-dimensional Nelder–Mead refinement,
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constrained to the same box, with x-tolerance 10−5, function tolerance 10−7, and at
most 300 iterations. The refined solution is accepted if it remains feasible and lowers the
Hellinger objective, and the grid solution is kept otherwise. Raising qmax to 0.99 leaves
six of the seven configurations of the main data set unchanged and changes the median
DH of MolQAE nq=5, where most fits lie at the bound, by 7×10−5 (Supplementary
Note 6). To test the within-sector shape, Ksym is replaced by its column-normalized
or row/column-averaged form, by a q-independent uniform distribution within each
sector, or by the identity within the sector. Each variant is fitted under the same
five-fold cross-validation, and a fine-grid check fits SA-IBF on a 21× 17 grid of (α, q)
followed by Nelder–Mead refinement (Supplementary Table 5). The three-parameter
variants of SA-IBF in Supplementary Table 13 give the two components separate flip
rates, or assign two flip rates to the logical qubits in two contiguous blocks or in even
and odd positions.

Baseline noise models. Each baseline replaces KSA by a Markov kernel applied to
Pideal and is fitted by the same Hellinger objective on the same split. Depolarization
toward uniform uses (1 − θ)1[y=x] + θ 2−n, and concentration shrinkage uses (1 −
θ)1[y=x] + θ 1[y=x⋆] with x⋆ = argmaxx Pideal(x). Hamming-weight shrinkage uses
(1 − F )1[y=x] + F gλ(y) with gλ(y) ∝ e−λH(y), and IBF uses KIBF(y | x; q) with
the same q bounds and bounded scalar minimization as SA-IBF. Depolarization
and concentration shrinkage optimize their scalar interpolation parameter on [0, 1].
Hamming-weight shrinkage uses an 11 × 9 coarse grid over F ∈ [0, 1] and λ ∈ [0, 4],
followed by Nelder–Mead refinement under F ∈ [0, 1], λ ∈ [0, 5].

Simulation with readout error only. To test whether readout error alone produces
a nonzero α̂, each Pideal is passed through the n-qubit tensor-product readout confusion
matrix built from the median per-qubit readout error rates of Boston over all 156
qubits, p10≈0.0037 and p01≈0.0051. One 30,000-shot multinomial sample is drawn
from the result, and SA-IBF is fitted to it. The difference α̂obs − α̂RO between the
hardware fit and the readout-only fit of each circuit is summarized by its median and
interquartile range (Supplementary Table 4).

4.4 Rank diagnostic

Theorem 3 gives local identifiability wherever the analytic Jacobian has rank 2. We
check this condition numerically at seven representative operating points and for the
fit of every circuit in the main data set. The representative points pair the median
(α̂, q̂) of each configuration, fitted to the full 30,000-shot histograms, with the ideal

distribution of its first circuit. The check for each circuit uses its own fit (α̂i, q̂i, P
(i)
ideal).

Definition 1 (Rank diagnostic) For each fitted (α̂, q̂, Pideal):
(i) Require the strict-positivity precondition miny P̂ (y; α̂, q̂, Pideal) > 0 (which can fail

when α̂ = 1 and Pideal has sparse sector support, since Ksym vanishes off-support). The
remaining steps are computed only when it holds.

(ii) Compute J(α̂, q̂, Pideal) ∈ R
2n×2 analytically.

(iii) Compute singular values σmin(J) ≤ σmax(J) and condition number κ(J) := σmax/σmin.
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(iv) Compute multinomial Fisher information I = J⊤diag(N/P̂ )J ∈ R
2×2 for N shots (well

defined by step (i)).
(v) Compute the Cramér–Rao standard errors seCRLBα :=

√

[I−1]11, seCRLBq :=
√

[I−1]22 when I is nonsingular.
The diagnostic passes at (α̂, q̂, Pideal) if the positivity precondition (i) holds, I is nonsingular,
κ(J) < 103, and max(seCRLBα, seCRLBq) < 0.1; otherwise it fails.

The condition-number bound limits how collinear the Jacobian columns can be.
The Cramér–Rao threshold is a necessary condition for any regular unbiased estimator
to reach standard errors below 0.1 in both coordinates for the given number of shots.
The thresholds add numerical margins to the exact rank condition of Theorem 3.

Remark 1 The smallest singular value at the representative points is σmin(J) = 1.86×10−2.
The Fisher information is linear in N , so moving from 30,000 shots to the 15,000-shot training
histograms of the main data set multiplies every seCRLB by

√
2 and leaves κ(J) unchanged.

All reported passes hold for both numbers of shots.

Parameter recovery (Supplementary Table 3) uses the first ten circuits of each
configuration of the main data set. For each circuit, 100 multinomial samples of
15,000 shots are drawn from the fitted SA-IBF prediction and 100 from the measured
30,000-shot histogram, and SA-IBF is refitted to every sample with the same optimizer.

The four pointwise residual bounds behind Theorem 1(b) were certified by outward-
rounded interval arithmetic at 50-digit precision on 8,000 subintervals per case, using
the mpmath library (https://mpmath.org) and SymPy [41] (Remark S1).

4.5 Ji-BO settings and agreement tolerance

Ji-BO has 20 parameters [20]. For one- and two-qubit gates, these are a scale factor on
the calibrated error rate ([0, 5]) with an offset ([−0.1, 0.1]), an amplitude-damping offset,
three coherent rotation angles (X,Y, Z and IX,ZX,ZZ), and a dephasing exponent
([0.5, 2]). A two-qubit dephasing offset and a ZZ crosstalk rate ([0, 0.5]) complete
the gate parameters, and the remaining offsets and angles lie in [−0.05, 0.05]. Four
readout parameters set the scale factors ([−1, 1]) and offsets ([−0.1, 0.1]) of correlated
|00⟩ ↔ |11⟩ and |01⟩ ↔ |10⟩ flips on coupled qubit pairs. The sector-aware variant adds
a weight αsector ∈ [0, 1] that mixes the simulator output with Pideal restricted to its
sectors of ideal mass above 0.01 and renormalized. Each TPE trial [36, 37] simulates
the training circuits with the Qiskit Aer simulator at 30,000 shots, and warm-start
points enqueued before the search count toward the trial budget. At nq ∈ {5, 6, 7},
the sector-aware search also enqueues every warm start of the 20-parameter search
at αsector = 0. The main Ji-BO comparisons use 100 TPE trials per fold, and the
Magnetization comparison also reports the best of four warm-started sector-aware
search strategies with 200–500 trials (Supplementary Table 12). All Ji-BO variants are
evaluated on the same folds as the corresponding SA-IBF rows.

Agreement with Ji-BO is judged from the five fold-level differences in DH: their
95% confidence interval must lie within ±δ.
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The tolerance δ=0.01 is about 38 times the half-width of 2.6×10−4 that multinomial
shot noise gives for a fold mean. This half-width comes from 20,000 multinomial
resamples of the test histograms with the five-fold predictions fixed (Supplementary
Table 14). The confidence intervals in Table 2 exceed this floor, so their width reflects
how the model difference varies across folds and circuits.

4.6 Sector observables and zero-noise extrapolation

The MolQAE observable checks use the sector populations P (H=w). The population
of the ideal sector is P (H=w⋆), where w⋆ is the sector carrying most of the ideal
mass (w⋆=0 for every MolQAE circuit), and the L1 error of the sector populations is
∑n

w=0|P̂ (H=w)− P te
obs(H=w)|. Both errors are computed against the test half of the

binomial-thinning split, and wins count circuits where SA-IBF has the smaller error.
The two-scale gate-folding experiment uses 15 MolQAE nq=4 circuits run on

Boston at the original depth and with every two-qubit gate G replaced by GG†G,
which triples the two-qubit gate count. SA-IBF and IBF are fitted separately to the
full histogram at each depth, the two predictions are extrapolated to zero noise as
P̂0 = (3P̂1 − P̂3)/2, and P̂0 is compared with Pideal. Clipped DH sets the negative
entries of P̂0 to zero and renormalizes before computing the Hellinger distance.

The three-scale gate-folding experiment runs 35 MolQAE nq=4 circuits on Boston
at noise scales 1, 2, and 3, where scale 2 triples the first half of the two-qubit gates,
and repeats 15 circuits on Kingston at the same scales. Its observable is the probability
that qubits 0 and 1 both read 0, Π(P ) =

∑

y: y0=y1=0 P (y), evaluated on each fitted
prediction. The value is extrapolated to zero noise from scales 1 and 3 as (3Π1−Π3)/2,
or from all three scales as 3Π1 − 3Π2 + Π3, and its error is |Π0 − Π(Pideal)|. Sector-
aware Ji-BO is fitted to each circuit at scales 1 and 3 with 100 TPE trials, using the
calibration from the day of execution, available for the 35 Boston circuits.

The register analysis groups the MolQAE nq=4 circuits by the physical register
recorded for each execution. It uses the 35 Boston and 15 Kingston circuits of the
three-scale experiment at scale 1, the 15 circuits of the two-scale experiment at the
original depth, and the 20 MolQAE nq=4 circuits of the main data set. This gives six
groups on five registers with 85 circuits, and five-fold cross-validation is applied within
each group. In the transfer test, the pooled (α̂, q̂) of one group is applied unchanged
to another group on the same processor and compared with IBF fitted to that group.

4.7 Computational cost and scaling

For one circuit with m = 2n output states, a direct SA-IBF prediction evaluates
K⊤

IBFPideal and K⊤
symPideal without any quantum-simulator call. The dense bit-flip

component costs O(nm2) = O(n4n) time if Hamming distances are formed on the
fly and O(m2) memory if the kernel is materialized. It can also be implemented as a
hypercube convolution in O(n2n) time. The sector component is block diagonal by

Hamming weight, with
∑n

w=0

(

n
w

)2
=

(

2n
n

)

= O(4n/
√
n) source–target pairs, and the

row normalizer Zx(q) depends only on H(x), so only n+1 normalizers are precomputed.
The analytic Jacobian and 2× 2 Fisher matrix have the same order as one prediction
plus O(m) assembly after the q-derivative kernels are available. With Neval objective
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calls, a direct SA-IBF fit costs O(Nevaln4
n) time and can be streamed in O(2n) working

memory, and Neval is set by the optimizer budget and is independent of the number of
shots. In the reported range nq ≤ 7, the largest prediction vector has 128 bins, and the
per-fold runtimes of SA-IBF and sector-aware Ji-BO under the same five-fold cross-
validation are shown in Fig. 6b. All timings are wall-clock times on one host with an
Intel Xeon Gold 6330 CPU, and Qiskit Aer runs on a GPU use an NVIDIA RTX A5000.
The Ji-BO time covers the TPE loop of noise-model construction, simulation, and
scoring. The speedups in Table 2 divide the summed five-fold CPU time of sector-aware
Ji-BO by the five-fold SA-IBF fit time, and the GPU speedup divides the per-fold
times. The speedups exclude the cost of constructing Pideal.

4.8 Statistics and reproducibility

The unit of analysis is one circuit execution. Comparisons with the baselines use the
DH of each circuit and report, for each configuration, the median paired difference,
its interquartile range (Fig. 3b), and the number of circuits on which SA-IBF has
the lower DH, with n = Ncirc circuits per configuration (Table 1). Comparisons with
Ji-BO use the five fold-level differences in fold-mean DH, with n = 5 per qubit number.
Their 95% confidence interval is the two-sided Student-t interval with four degrees of
freedom, with the variance of the fold mean multiplied by 1 + 5Ntest/Ntrain for the
training circuits shared between folds [42], where Ntrain and Ntest are the numbers
of training and test circuits per fold. Uncertainties of pooled fitted parameters are
standard errors or 95% intervals from at least 1,000 resamples of the circuits with
replacement, and values after ± are standard errors. Each circuit was executed once
on each processor it was run on. Replication across processors, physical registers, and
calibration dates is reported in Fig. 4 and Supplementary Note 7.
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