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Abstract

Optimizing the T-depth of quantum circuits is a central challenge in fault-
tolerant quantum computation, where non-Clifford resources dominate imple-
mentation cost. Graph-based abstractions provide lower bounds on achievable
T-depth by grouping commuting gates into parallel layers, typically computed
via graph coloring. In this work, we investigate the extent to which such graph-
optimal T'-layerings can be realized using a fixed, replayable local-commutation
transformation framework. We introduce a formal distinction between graph-
optimal depth, obtained via SAT-based certification, and the depth produced by
a concrete transformation procedure. This leads to the notion of an observed con-
struction gap. A replayable local-commutation constructor is defined, providing
verifiable transformation sequences and a deterministic mapping from circuits to
transformed circuit representations. Empirical evaluation across multiple circuit
families indicates that the constructor frequently fails to realize graph-optimal
layerings, even in structurally simple cases.

In particular, positive observed construction gaps are found in a substantial frac-
tion of benchmark instances. These results highlight a systematic discrepancy
between graph-level optimality and realizability under local transformation con-
straints. The findings suggest that graph-optimal T-depth should be interpreted
with caution when used as a proxy for achievable circuit performance under fixed
replayable construction procedures.

Keywords: Clifford+T circuits, graph-based scheduling, SAT-based certification,
replayable transformations, construction gaps, circuit realizability, graph-optimal
T-layering



1 Introduction

Fault-tolerant quantum computation places significant emphasis on the efficient use
of non-Clifford resources, in particular T gates, which dominate implementation cost
in many architectures [1, 2]. Consequently, reducing the T-depth of quantum cir-
cuits—that is, the number of sequential layers of T gates—has become a central
objective in quantum circuit optimization.

A broad range of approaches has been proposed to reduce T-count and T-depth
in Clifford+T circuits. Early work by Selinger [3] investigated circuit construc-
tions with T-depth one, while polynomial-time optimization techniques based on
matroid partitioning were introduced in [4]. Subsequent methods explored heuristic
and synthesis-based optimization strategies [5-7], as well as compiler-level certificate-
guided realization frameworks for large-scale quantum circuits [8].

In parallel, graphical techniques based on the ZX-calculus have enabled powerful
rewrite-based simplification procedures by translating quantum circuits into graph-like
representations and applying algebraic rewrite rules [9, 10]. These methods, imple-
mented in tools such as PyZX [11], can explore large transformation spaces and often
achieve substantial reductions in non-Clifford resources [12]. Modern quantum com-
pilers such as Qiskit [13] and tket [14] similarly incorporate heuristic rewriting and
scheduling strategies to reduce circuit depth in practice.

Another important direction uses SAT- and synthesis-based techniques to derive
depth-optimal circuits or certify optimality for restricted instances. SAT encodings
have been proposed for Clifford circuit synthesis [15, 16], {CNOT, T} synthesis [17],
and more general synthesis formulations based on satisfiability and counting tech-
niques [18]. These approaches provide strong optimality guarantees, but typically
operate at the level of global search and synthesis rather than constrained replayable
circuit transformations.

Complementary to optimization and synthesis methods, formal verification tech-
niques have been developed to ensure correctness of quantum circuit transformations.
Equivalence-checking frameworks [19, 20] provide rigorous guarantees that optimized
circuits preserve circuit semantics, while formally verified certificate-guided realization
frameworks such as VOQC [21] demonstrate that certified transformation pipelines
are feasible in practice.

Despite the diversity of these approaches, a common abstraction underlying many
certificate-guided realization frameworks is the notion of T-layering, where commut-
ing T gates are grouped into parallelizable layers. Graph-based formulations of this
abstraction naturally lead to graph coloring problems, in which the chromatic number
of a dependency graph defines a graph-optimal T-depth.

However, such graph-level optimality implicitly assumes that the corresponding
layering can be realized through valid circuit transformations. In practice, certificate-
guided realization frameworks are typically restricted to finite sets of local rewrite
rules that preserve semantic equivalence but may not enable all globally admissible
reorderings. Structural constraints arising from locality, intermediate dependencies, or
restricted transformation systems may therefore obstruct realization of graph-optimal
layerings.



This motivates the following question: to what extent can graph-optimal T-
layerings be realized under fixed replayable local-commutation transformation proce-
dures?

Existing work primarily focuses on optimizing or synthesizing low-T-depth cir-
cuits. In contrast, the present work investigates whether graph-optimal T-layerings
are realizable under a fixed replayable local-commutation transformation framework.

The framework distinguishes between graph-optimal T-depth and the depth pro-
duced by a fixed replayable local-commutation constructor. Rather than interpreting
discrepancies between these quantities solely as implementation artifacts, the frame-
work studies them as potentially structural phenomena arising from the interaction
between graph-level abstraction and local realizability constraints.

To formalize this distinction, each circuit is associated with a dependency graph
over its T' gates, capturing pairwise commutation constraints. The chromatic number
of this graph defines a graph-optimal layering obtainable via SAT-based certifica-
tion. In contrast, a replayable local-commutation constructor produces a concrete
transformed circuit whose achievable T-depth may differ from this graph-level
optimum.

This leads to the notion of an observed construction gap, defined as the difference
between graph-optimal depth and the depth produced by the replayable constructor.
The framework combines:

® SAT-based certification of graph-optimal T-layerings,
® replayable local transformation sequences preserving circuit equivalence,
® empirical evaluation across multiple circuit families.

The experimental results show that positive observed construction gaps occur fre-
quently in practice, including in structurally simple circuit regimes with low graph
complexity.

Unlike prior optimization-oriented approaches, the present work does not aim to
improve circuit depth directly. Instead, it investigates the realizability of graph-optimal
T-layerings under constrained replayable transformation procedures, thereby separat-
ing abstract graph-level optimality from locally constructible circuit realizations.

These findings suggest that graph-based optimality notions should be interpreted
with caution when used as proxies for achievable circuit performance under restricted
local transformation models.

2 Related Work
2.1 T-Depth and Non-Clifford Resource Optimization

The optimization of non-Clifford resources, in particular 7" gates, is a central problem
in fault-tolerant quantum computation due to the high implementation cost of magic-
state distillation and fault-tolerant T gate execution [2]. As a consequence, reducing
T-count and T-depth has become a major objective in quantum circuit optimization.

Early investigations of Clifford+T circuits with T-depth one established that sub-
stantial reductions in sequential non-Clifford layers are possible under suitable ancilla
assumptions [3]



Algebraic techniques based on meet-in-the-middle search and phase-polynomial
optimization were subsequently developed for depth-oriented Clifford+T synthesis [1,
4].

A variety of additional optimization strategies have since been proposed. Heuristic
synthesis procedures targeting T-depth optimality have also been investigated [5, 6].

Other approaches focus on reducing non-Clifford resource usage through compiler-
level or structural simplifications [7, 22]. Large-scale parameterized circuit optimiza-
tion has also been explored in practical compiler frameworks [8].

These works primarily address the problem of constructing or synthesizing circuits
with reduced T-depth. In contrast, the present work investigates whether graph-level
optimal layerings are realizable under constrained replayable local transformation
systems.

2.2 ZX-Calculus and Rewrite-Based Optimization

Graphical reasoning frameworks based on the ZX-calculus have become a powerful
tool for quantum circuit optimization and simplification.

Graph-theoretic simplification procedures derived from ZX-diagram rewriting have
been shown to substantially reduce circuit complexity [9].

PyZX [11] provides an automated large-scale implementation of such rewrite pro-
cedures and has become a widely used certificate-guided realization framework for
Clifford+17 circuits.

Non-Clifford gate reduction using ZX-calculus-based rewriting strategies has also
been studied [12], while expository treatments such as [10] further established the
ZX-calculus as a practical framework for quantum circuit optimization.

These approaches typically explore large rewrite spaces using algebraic or graph-
based simplifications. However, the relationship between graph-level parallelization
and realizability under restricted replayable local transformations is usually not ana-
lyzed explicitly. The framework instead focuses on the realizability of graph-optimal
T-layerings under constrained local transformation procedures.

2.3 SAT-Based Synthesis and Optimality Certification

SAT- and synthesis-based methods provide another important direction for quantum
circuit optimization. SAT encodings have been used for exact or depth-optimal syn-
thesis of Clifford and Clifford+7T circuits [15-17]. More recently, satisfiability-counting
formulations based on #SAT have been proposed for quantum circuit synthesis and
optimization [18].

These approaches are particularly valuable because they provide explicit optimality
guarantees and certified constructions. In many cases, SAT-based formulations can
determine provably minimal circuit depth or gate count for restricted circuit classes.

SAT-based techniques are also employed here, but with a substantially different
objective. Rather than using SAT solving to synthesize optimized circuits directly,
SAT-based graph coloring is used to certify graph-optimal T-layerings. The primary
focus is then placed on whether such graph-optimal layerings can be realized through
replayable local transformations.



2.4 Verification, Equivalence, and Realizability Constraints

As quantum circuit optimization pipelines become increasingly complex, formal veri-
fication and equivalence checking have become important complementary directions.
Advanced equivalence-checking techniques for quantum circuits have been developed
together with practical verification tooling [19, 20].

These methods provide rigorous guarantees that optimized circuits preserve the
intended unitary semantics.

Verified certificate-guided realization frameworks have also emerged. Formally veri-
fied optimization pipelines have also been shown to be feasible in proof-assistant-based
frameworks such as VOQC [21].

In parallel, recent work has highlighted the intrinsic computational hardness of
quantum circuit optimization problems. Several important quantum circuit optimiza-
tion problems, including tasks related to non-Clifford resource minimization, have been
shown to be computationally hard in general [23] .

A different question is addressed here. Rather than proving global hardness or
constructing formally verified optimizers, the focus here is on the realizability of
graph-optimal layerings under a fixed replayable local-commutation constructor. The
resulting observed construction gap characterizes a discrepancy between abstract
graph-level optimality and locally realizable circuit transformations.

In contrast to prior optimization-, synthesis-, and verification-oriented approaches,
the present work focuses on the realizability of SAT-certified graph-optimal T-layerings
under a fixed replayable local-commutation constructor.

The present work instead focuses on the discrepancy between graph-level optimal-
ity and replayable constructive realizability under constrained local transformation
systems.

3 Formal Model

This section introduces the formal framework used to distinguish graph-optimal
T-layering from constructor-induced circuit depth under a fixed replayable transfor-
mation procedure.

3.1 Circuit Model

Definition 1 (Clifford4+T circuit) A Clifford+7 circuit C' is a quantum circuit composed
of gates from the Clifford group together with the T gate. Let T (C') denote the set of all T
gates appearing in C.

Definition 2 (7-depth) The T-depth of a circuit C, denoted depth;(C), is the minimum
number of sequential layers of T' gates required to implement C, where gates in the same
layer can be executed in parallel.



3.2 Dependency Graph

Definition 3 (Dependency graph) Given a circuit C, the dependency graph is an undirected
graph
G(C)=(V,E),

where:

e cach vertex corresponds to a T gate in T (C),

e an edge (u,v) € FE exists if the corresponding gates are incompatible under the
considered scheduling abstraction and therefore cannot be assigned to the same
T-layer.

The dependency graph captures sufficient non-commutation constraints for graph-
level certification, while constructive realizability is treated separately at the circuit-
transformation level.

Remark 1 The dependency graph captures pairwise incompatibility constraints used by
the graph-level scheduling abstraction. It does not encode realizability under a specific
transformation procedure.

3.3 Graph-Optimal T-Layering
Definition 4 (Graph-optimal T-depth) Let G(C) be the dependency graph of a circuit C.
The graph-optimal T-depth is defined as

L*(C) = x(G(C)).

Proposition 1 For any circuit C, the following lower bound holds:

depth(C) > L*(0).

Proof Any valid T-layering induces a proper coloring of G(C'), where each layer corresponds
to a color class. Since adjacent vertices cannot share the same color, every realizable layering
requires at least x(G(C)) layers. O

Remark 2 The graph-optimal depth characterizes parallelism within the dependency-graph
abstraction rather than directly realizable circuit schedules. Consequently, small graph-
optimal depths may coexist with large constructor-induced depths under constrained
replayable transformation systems.

3.4 SAT-Based Optimal T-Layering

Computing the chromatic number x(G(C)) is NP-hard. To obtain graph-optimal T-
layerings in practice, a SAT-based encoding is used. The encoding is expressed using
pseudo-Boolean constraints for clarity.



Let G(C) = (V, E) and let k be a candidate number of layers. Introduce Boolean
variables
zoe €{0,1}, veV, Le{l,... k},
where z, ¢, = 1 indicates that vertex v is assigned to layer /.
The constraints are:
e Assignment:
k
dwmp=1 WweV.
=1
e Conflict:
Ty +Tpe <1 Y(u,w)eE, L=1,... k.

The formula is satisfiable if and only if G(C') admits a proper coloring with & colors.
The smallest such k yields L*(C). The search for k£ can be performed incrementally,
starting from simple lower bounds. In practice, the above constraints are translated
into conjunctive normal form (CNF) before being passed to a SAT solver.

Remark 8 This formulation provides both the optimal depth and an explicit certificate of the
corresponding layering.

3.5 Constructor-Induced Depth

Definition 5 (Replayable local-commutation constructor) Let A denote a fixed transforma-
tion procedure that applies a sequence of replayable local commutation rules to a circuit C,
producing a circuit A(C).

Definition 6 (Constructor-induced T-depth) The constructor-induced T-depth is defined as
L4(C) = depthp(A(C)).

Remark 4 The value L A(C) is not claimed to be optimal over all circuits reachable under local
commutation rules. It reflects the depth achieved by the specific replayable transformation
procedure used in this work.

3.6 Observed Construction Gap
Definition 7 (Observed construction gap) The observed construction gap is defined as

A(C) = Ly(C) — L*(C).

Remark 5 A positive value of A(C) indicates that the SAT-certified graph-optimal T-layering
is not realized by the considered replayable local-commutation constructor.



3.7 Problem Statement

The central problem investigated in this work is whether the graph-optimal T-depth
L*(C) is realized by a fixed replayable local-commutation constructor A, and if not,
to characterize the resulting observed construction gap.

4 Transformation Framework

This section describes the replayable local-commutation constructor A used to
evaluate the constructibility of graph-optimal T-layerings.

4.1 Overview

The constructor A transforms an input circuit C into a new circuit A(C') by applying
a sequence of local commutation rules. Each transformation step is explicitly recorded,
resulting in a replayable sequence that certifies semantic equivalence between C' and
A(C).

The objective of the constructor is to attempt the realization of the SAT-certified
graph-optimal T-layering through replayable local commutation transformations. The
SAT layer assignment is defined over the dependency-graph abstraction, whereas the
constructive realization operates over the ordered circuit instruction sequence under
replayable local commutation constraints. The constructor is deterministic given a
fixed input circuit and rule set, ensuring reproducibility of the resulting circuit and
its depth.

4.2 Local Commutation Rules

The transformation procedure is restricted to a fixed set of local rewrite rules. Each rule
operates on adjacent gates and allows their reordering if the corresponding operations
commute.

Formally, a transformation step has the form

C; = Ciya,

where (41 is obtained from C; by swapping two adjacent gates that satisfy a valid
commutation condition.
These rules are:

® Local: they operate only on neighboring gates,
® Sound: they preserve the unitary semantics of the circuit,
e Replayable: each step can be recorded and verified independently.

4.3 Replayable Transformation Sequences

Each execution of A produces a sequence

C=Cy—Cp—-—Cp=A),



where each transition corresponds to a valid application of a local commutation rule.

This sequence serves as an experimentally verifiable transformation witness
between C' and A(C), since each local rewrite step can be independently replayed
and checked. The replayability property therefore provides a concrete verification
mechanism for the constructor output, avoiding reliance on black-box optimization
procedures. Every accepted transformation is represented as a replayable adjacent
swap justified by an explicit local commutation rule. Global equivalence follows by
composition of replay-validated locally sound adjacent commutations.

4.4 Greedy Retiming Strategy

The constructor follows a greedy replayable strategy that attempts to realize the target
graph-optimal layering through admissible adjacent local commutations.
At each step:

a target layering, typically derived from the SAT-based optimal solution, is
considered,

® gates are examined in circuit order,

local commutation rules are applied to move T' gates toward earlier positions,
transformations are accepted only if they are valid under the local rule set.

If no valid sequence of local commutations allows a gate to be moved further, the
gate is considered blocked.

4.5 Blocking and Structural Limitations

A key feature of the constructor is the presence of blocking configurations.

Definition 8 (Blocking) A T gate is said to be blocked if it cannot be moved to an earlier
layer using any sequence of admissible local commutation steps.

Blocking arises when:

® required reorderings involve non-adjacent gates,

® intermediate transformations are not permitted by the local rule set,

® circuit structure enforces ordering constraints not captured by pairwise commuta-
tion alone.

These situations may prevent the constructor from realizing a graph-optimal T-
layering.
4.6 Depth Evaluation

After applying the transformation, the T-depth of the resulting circuit A(C) is com-
puted using a greedy scheduling procedure consistent with the dependency constraints.
This yields the constructor-induced depth

La(C) = depthy (A(C)).



4.7 Relation to Graph-Optimal Layering

The constructor A operates independently of the SAT-based optimal layering. The
graph-optimal value L*(C) provides a lower bound on achievable depth, while L 4(C)
reflects what can be realized using the restricted transformation system.

A discrepancy between these values indicates that the optimal layering is not
realized by the constructor.

Remark 6 The constructor does not explore the full space of circuits reachable under all
possible local commutation sequences. Instead, it provides a controlled, replayable, and
implementation-aligned procedure for evaluating constructibility.

The constructor is intentionally conservative. Its role in this work is not to serve
as a competitive T-depth optimization heuristic, but to provide a replayable construc-
tive realizability test relative to the SAT-certified graph optimum. Consequently, the
inability of the constructor to realize the graph-optimal layering is interpreted as evi-
dence of a construction gap under the fixed local commutation system, rather than as
a failure of the graph certificate itself.

5 Theoretical Results

This section establishes the key theoretical properties of the replayable local-
commutation framework and clarifies the relationship between graph-optimal layering
and constructor-induced realizability under a fixed replayable transformation system.

5.1 Equivalence under Local Commutation

Theorem 2 Let C' be obtained from a circuit C through a finite sequence of replayable local
commutation transformations. Then C and C' are unitary equivalent.

Proof Each local commutation rule preserves circuit semantics by reordering adjacent com-
muting operations. Since semantic equivalence is preserved at every transformation step,
the composition of these locally sound transformations also preserves the implemented uni-
tary. Therefore, the overall replayable transformation sequence preserves unitary equivalence
between C and C’. O

Remark 7 The equivalence claim applies specifically to the replayable transformation
sequence produced by the constructor A. The framework does not assume correctness of
external optimization or transpilation procedures.

5.2 Limitations of Local Commutation

Lemma 3 Local commutation transformations do not, in general, realize all gate reorderings
compatible with pairwise commutation constraints.
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Proof Local transformations operate only on adjacent gates. Reordering non-adjacent gates
may require intermediate transformations that are not permitted by the considered local rule
system. Consequently, pairwise compatibility alone does not guarantee realizability through
replayable local transformations. O

Proposition 4 Pairwise compatibility in the dependency graph does not, in general, imply
replayable realizability under adjacent local commutation systems.

Proof The dependency graph abstraction captures pairwise incompatibility constraints
between T' gates. However, realizability under replayable local commutation depends on the
existence of a valid sequence of admissible adjacent transformations in the ordered circuit
representation. Intermediate blocking configurations may prevent such realizations even when
the corresponding graph-level layering is combinatorially valid. O

Remark 8 The graph-optimal layering is defined over the dependency-graph abstraction,
whereas replayable realizability is defined over constrained circuit transformations. These
notions therefore characterize different levels of abstraction.

5.3 Observed Separation

Proposition 5 There exist benchmark instances for which

La(C) > L*(C).

Proof This follows from the empirical evaluation presented in Section 6, where multiple circuit
instances exhibit strictly positive observed construction gaps. O

Remark 9 The observed separation characterizes the behavior of the specific replayable
constructor A considered in this work and does not imply limitations of all possible
transformation systems or rewrite frameworks.

6 Experimental Results

This section presents the empirical evaluation of the replayable local-commutation
constructor A and analyzes the relationship between SAT-certified graph-optimal T-
layerings and replayable constructive realizability.

6.1 Experimental Design and Evidence Structure

The experimental evaluation is organized into three complementary evidence regimes
designed to isolate different aspects of the framework:

1. a circuit-derived benchmark suite used to study replayable constructive realizability
in Clifford+7T circuits,
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2. a large-scale separation search used to identify and characterize positive observed
construction gaps,

3. a graph-stress benchmark used to evaluate the scalability of the SAT-based
certification layer independently of circuit realizability.

For each circuit C, the following quantities were computed:

e the dependency graph G(C),

e the graph-optimal T-layering value L*(C) obtained using the SAT-based formula-
tion from Section 3, N

e the constructor-induced depth L 4(C) obtained using the replayable transformation
framework from Section 4,

® the observed construction gap

A(C) = La(C) — L*(C).
All SAT instances in the circuit-derived benchmark suite were solved to optimality,

yielding certified graph-optimal layerings together with explicit coloring certificates.
Replayable transformation logs were generated for every transformed circuit instance.

Table 1 Summary of the experimental evidence regimes.

Block Inst. Pos. Max gap Maxtw Role

Circuit suite 140 78 32 1 Circuit-derived
realizability evi-
dence

Separation search 1620 1036 30 1 Targeted
separation-witness
search

Graph stress 42 — - 50 Certification scala-

bility analysis

The experimental design intentionally separates graph-level certification from
replayable constructive realization. Consequently, graph-optimal layerings are inter-
preted as certified graph-theoretic lower bounds, while the constructor output
characterizes realizability under the fixed replayable local transformation system.

The low graph-optimal depths observed in several benchmark families reflect
the aggressive parallelism permitted by the dependency-graph abstraction rather
than low overall circuit complexity. The experimental objective is therefore not to
interpret the graph-optimal layering as a directly realizable circuit schedule, but to
study the discrepancy between graph-level compatibility and replayable constructive
realizability.

6.2 Certificate and Replay Validation

The correctness of both the SAT-certification layer and the replayable transformation
framework was first validated.
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Across the full circuit-derived benchmark suite of 140 instances:

e graph-optimal layerings were successfully certified in all cases (140/140),

e replayable transformation certificates were valid in all cases (140/140),

® replay-validated global equivalence between the encoding-input circuit and the
conservatively retimed circuit was established in all cases (140/140).

These results validate both the correctness of the SAT-based graph-layer certi-
fication procedure and the semantic soundness of the replayable local-commutation
constructor. Importantly, the equivalence guarantees are derived from replayable
sequences of locally verified adjacent commutations rather than from black-box
optimization procedures.

6.3 Main Circuit Suite: Observed Construction Gaps

Non-zero observed construction gaps occur in a substantial fraction of the circuit-
derived benchmark suite. Specifically, 78 out of 140 circuits exhibit

A(C) >0,

corresponding to 55.7% of the evaluated instances. The maximum observed construc-
tion gap is 32.

These results provide empirical evidence that SAT-certified graph-optimal T-
layerings are frequently not realized by the replayable constructor A.

Importantly, the conservative constructor does not improve the input 7T-depth
within the main benchmark suite: in all 140 instances,

LA(C) = depthy(C).

This is consistent with its intended role in the present work: the constructor serves as
a replayable realizability test relative to the SAT-certified graph optimum rather than
as a competitive optimization heuristic.

The observed construction gap should therefore be interpreted as evidence of a
discrepancy between graph-level optimality and replayable constructive realizability
under the fixed local commutation system.

6.4 Family-Level Realizability Structure

The observed construction gaps exhibit strong family-dependent structure.

Grover-like, QFT-like, and complete-QAOA circuits exhibit particularly large
observed construction gaps, while VQE-like and clique-based circuits show no sepa-
ration in the main circuit suite. This indicates that replayable realizability depends
strongly on circuit structure and cannot be inferred solely from graph-level layering
properties.
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Table 2 Family-level realizability statistics in the circuit-derived benchmark

suite.
Family Instances  Positive gaps Mean gap  Max gap
grover 7 6 16.86 32
qft_phase_like 12 12 8.00 18
qaoa_complete 14 14 7.64 20
random_ct 21 20 2.43 5
brickwork_ct 12 6 1.00 2
random_interaction_ct 12 6 1.00 2
dense_phase 18 6 0.33 1
qaoa_ring 24 8 0.33 1
clique_stress 12 0 0.00 0
vge-su2 8 0 0.00 0

= Mean gap = Maximum gap

grover

qft
qaoa-comp
rand-ct
brick
rand-int
dense
qaoa-ring
clique

vge

0 5 10 15 20 25 30 35
Observed construction gap
Fig. 1 Family-level realizability structure in the circuit-derived benchmark suite. Bars report mean

and maximum observed construction gaps for each circuit family. Zero-length bars indicate families
in which no construction gap was observed in the main circuit suite.

6.5 Obstruction Certificates

The replayable framework additionally provides obstruction-level evidence explaining
why graph-optimal layerings fail to be realized.
Across the main circuit suite:

® obstruction certificates are present in 127 instances,
® 3 total of 2968 failed replayable swaps were recorded.
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The obstruction analysis reveals that replayability limitations are dominated by a
small number of recurring blocking mechanisms. Across all circuit-derived instances,
the failed swaps are distributed as follows:

CX:2061, H:616, RY :167, RX:124.

Thus, controlled-X operations constitute the dominant obstruction source, while
Hadamard and rotation-induced ordering constraints also contribute in several circuit
families.

OO X blockers ] H blockers ] RX blockers @ RY blockers

T T T T T T T T T T

600 |- y

a0 ™ |

200 - y

Failed replayable swaps

Fig. 2 Obstruction certificate structure by circuit family. The stacked bars report the total number
of failed replayable swaps attributed to the dominant blocking gate types.

These results suggest that the observed construction gap is associated with
recurring structural replayability limitations rather than isolated implementation
artifacts.

6.6 Separation Search

A larger targeted search over 1620 generated circuit instances was performed to
evaluate the robustness of the separation phenomenon.
The search produced:

1036 instances with A(C’) >0,
a separation rate of 63.95%,

a maximum observed gap of 30,
maximum observed treewidth 1,

15



® maximum graph-optimal depth 2.

qaoa-comp
qft

rand-ct

grover
brick
rand-int

dense 0.33 -

clique 0 B
| | | | | |

| | | |
0 01 02 03 04 05 06 07 08 09 1
Separation probability

Fig. 3 Separation probability in the targeted search. Values report the probability that the
replayable constructor fails to realize the SAT-certified graph-optimal layering.

Representative separation witnesses from the circuit-derived benchmark suite are
shown in Table 3. These examples demonstrate that even circuits with extremely small
graph-optimal depth may exhibit large replayability-induced construction gaps.

Table 3 Representative circuits exhibiting large
observed construction gaps.

Circuit Family [T|] L* La A
grover_nd grover 42 2 34 32
grover_nl2 grover 140 2 32 30
qaoa_comp..nl2 qaoa 132 2 22 20
qft_phase_n10 qft 110 2 20 18

6.7 Near-Tree Structural Regime

An important structural observation is that the circuit-derived benchmark suite
remains in an extremely low-complexity graph regime.
Across the main dataset:

® observed treewidth values never exceed 1,
® the maximum graph-optimal depth is 2,
® nevertheless, 78 out of 140 instances exhibit positive observed construction gaps.
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Despite this structural simplicity, large construction gaps occur frequently. Figure 4
reports the actual T-count/gap pairs from the full circuit-derived benchmark suite.

egroverm qft aqaoa-comp s+random e rand-int
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Fig. 4 Actual T-count versus observed construction gap for all 140 circuit-derived benchmark
instances. All corresponding dependency graphs remain in the near-tree regime, with treewidth at
most 1 and graph-optimal depth at most 2.

This indicates that replayability-induced separation is not merely a consequence
of highly complex dependency structures. Instead, the phenomenon already emerges
in structurally simple graph regimes.

Large observed construction gaps also cannot be explained solely by circuit size,
since several benchmark families with comparable T-counts exhibit substantially differ-
ent replayability behavior. In particular, Grover-like and QFT-like circuits frequently
exhibit large construction gaps, whereas other families with similar or larger T-counts
may show only negligible separation.

6.8 Graph-Stress Certification Analysis

To evaluate the scalability of the SAT-based certification layer independently of cir-
cuit realizability, graph-only stress instances were generated. These instances are
not interpreted as circuit-level construction-gap witnesses. Instead, they isolate the
graph-coloring certification component.

The graph-stress benchmark contains 42 graph instances. The maximum observed
graph treewidth is 50, and the maximum certified graph-layer value is 32.

The graph-stress experiments show that increasing structural complexity can sub-
stantially increase SAT encoding size. These experiments are included primarily to
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Fig. 5 Graph-stress instances: dependency-graph treewidth versus SAT encoding size. Different
graph families exhibit substantially different SAT-growth regimes as structural complexity increases.
These graph-only instances characterize the certification layer and are not interpreted as circuit-level
construction-gap witnesses.

characterize the scalability behavior of the certification layer rather than replayable
constructive realizability.

6.9 Interpretation
The experimental results collectively demonstrate that:

graph-optimal T-layerings can be certified reliably using SAT-based graph coloring,
replayable local transformations preserve circuit semantics,

positive observed construction gaps occur frequently,

the separation phenomenon depends strongly on circuit structure,
replayability-induced obstruction persists even in near-tree graph regimes.

The evidence therefore indicates a systematic discrepancy between graph-level opti-
mality and replayable constructive realizability under constrained local transformation
systems.

Remark 10 The observed construction gaps are relative to the specific replayable local-
commutation constructor considered in this work. Consequently, the results do not exclude
the possibility that more expressive rewrite systems, alternative dependency abstractions, or
non-local transformation procedures could realize smaller gaps for some circuit families.
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7 Conclusion

The relationship between graph-optimal T-layering and realizability under replayable
local-commutation transformations was investigated.

A formal distinction was introduced between graph-optimal T-depth, obtained
via SAT-based certification, and the depth produced by a concrete replayable trans-
formation procedure. This distinction was captured by the notion of an observed
construction gap, which measures the discrepancy between these two quantities.

A deterministic and replayable constructor was defined, enabling verifiable circuit
transformations based on local commutation rules. The formal framework together
with the empirical evaluation provides evidence that locality constraints can limit the
realizability of graph-optimal layerings under constrained replayable transformation
procedures.

Empirical evaluation demonstrated that the constructor frequently fails to real-
ize graph-optimal layerings, even in circuits with simple dependency structures. The
observed gaps are consistent across multiple circuit families and parameter regimes,
indicating that the phenomenon is not isolated.

The persistence of large observed construction gaps even under extremely low
graph complexity suggests that replayable constructive realizability may depend on
structural properties not captured by pairwise graph compatibility alone.

These findings indicate that graph-level abstractions may systematically over-
estimate replayable realizable parallelism under constrained local transformation
systems.

Future work includes extending the transformation framework, exploring more
expressive rewrite systems, and investigating structural conditions under which graph-
optimal layerings become realizable.

Supplementary information. Supplementary material, including replay certifi-
cates, benchmark artifacts, plotting data, and experimental logs, is available in the
public repository associated with this work.
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