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Abstract

We study formal path expressions for two edge-labeled two-terminal directed
acyclic graph families: directed triangulated grid graphs (TGGs) and directed
king graphs. The expression is the path polynomial, namely the formal sum
of all source-to-target path products in the free noncommutative semiring,
and its length is the number of label occurrences in an explicit formula. For
TGGs with fixed depth m and variable size n, the backtracking construction
has length O,,(n™), while decomposition and alternating decomposition give
Om(nlog™ ' n). We prove that this bound is globally optimal for depths
m < 4 by a binomial-language projection. For every fixed depth, we also
prove a matching lower bound within a recursively defined balanced interval-
decomposition model that contains the recursive algorithms. For directed king
graphs, backtracking is exponential already in depth 2. Geometric decomposi-
tion gives O, (nl°g2(4m_2)), and a column-transfer interpretation as a fixed-
width algebraic branching program (ABP) improves this to Oy, (n!t1°82m™),
Parity-language restrictions give an unrestricted €2(n2) lower bound, tight for
depth 2, and iterated-matrix-multiplication restrictions give product-depth lower
bounds. The final part relates path-polynomial factorizations to min-cuts and
two-terminal reliability through zero substitutions.
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1 Introduction

A graph G consists of a vertex set V(G) and an edge set E (G), where each edge
corresponds to a pair (v, w) of vertices. If the edges are ordered pairs of vertices (i.e.,
the pair (v,w) is different from the pair (w,v)), then we call the graph directed or
digraph; otherwise, we call it undirected. If (v, w) is an edge in a digraph, we say that
(v,w) leaves vertex v and enters vertex w. A vertex in a digraph is a source if no
edges enter it, and a target if no edges leave it.

A path from vertex vy to vertex vi in a graph G is a sequence of its vertices
[vo,v1, V2, ..., Vk—1,vk] such that (v;_1,v;) € E(G) for 1 < i < k. G is an acyclic
graph if there is no closed path [vg,v1,va,..., 0k, Vo] iIn G. A two-terminal directed
acyclic graph (st-dag) has only one source s and only one target ¢. In an st-dag, every
vertex lies on some path from s to ¢t (an s-t-path).

For an st-dag G, a set C C F(G) is an s-t cut if every s-t path contains at least
one edge of C, or equivalently, if deleting C' destroys all directed paths from s to ¢.
An s-t cut C is inclusion-wise minimal if no proper subset of C' is an s-t cut. In the
reliability literature such inclusion-wise minimal cuts are often called min-cuts. This
terminology is used below in the cut-substitution theorem and in the discussion of
reliability and fractal grid graphs.

A graph G’ is a subgraph of Gif V (G') CV (G) and E (G') C E(G). A graph G’ is
homeomorphic to a graph G (a homeomorph of G) if G’ can be obtained by subdividing
edges of G with new vertices (replacing corresponding edges with paths of new edges).
Two graphs G and G’ are isomorphic if there exists a bijection f : V (G) — V (G')
such that (v,w) € E(G) if and only if (f (v), f (w)) € E(G").

Given a graph G, let Xg = {z. | e € E(G)} be a set of formal edge labels, one
label for each edge. Throughout the paper, expressions are interpreted in the free non-
commutative semiring N(X¢). Addition is formal sum, multiplication is concatenation
of words, 1 is the empty word, and no cancellation or idempotent law is used. Thus
all length estimates below count occurrences of formal labels and are not affected by
accidental identities that may hold in a particular ring. In what follows, elements of
X are called labels, and a labeled graph refers to an edge-labeled graph with all labels
distinct.

Two algebraic expressions F} and Fy are algebraically equivalent if they define the
same element of N(X¢); equivalently, one can be transformed into the other using
associativity of 4+ and -, commutativity of 4, distributivity, and the identities for 0
and 1. We regard F; as a representation of Fy and Fy as a representation of Fy. For
instance, a(b+ ¢) + ad is a representation of a(b + d) 4+ ac and vice versa.



Each s-t-path in an st-dag can be represented as the product of all edge labels
along the path. The label order in every product (from the left to the right) is identical
to the order of corresponding edges in the path (from the source to the target). We
define the sum of edge label products corresponding to all possible s-t-paths of an st-
dag G as the canonical expression of G. This is the same path-sum polynomial that is
computed by an algebraic branching program (ABP), except that here the given st-
dag itself is fixed and the edge labels are formal noncommuting variables [4, 15, 49].
An algebraic expression is called an st-dag expression (a factoring of an st-dag in [3])
if it is algebraically equivalent to the canonical expression of an st-dag. An st-dag
expression consists of labels, the operations + and -, and parentheses. We denote an
expression of an st-dag G by Ex(G).

For example, the canonical expression of the st-dag presented in Figure 1 is abd +
abe + acd + ace + fe + fd. All its representations (e.g., a(b + ¢)(d + e) + f(d + e),
(ab+ ac+ f)(d+ e) and others) are st-dag expressions. On the other hand, ab + be is
not an st-dag expression of any graph.

We define the number of label occurrences in an st-dag expression as its length.
For example, the lengths of the above expressions for the st-dag in Figure 1 are 16,
8, 7, respectively. An optimal representation of the expression F' is an expression of
minimum length algebraically equivalent to F'. In this paper we construct compact
representations produced by specified recursive algorithms and analyze their lengths.
Except where explicitly stated, the bounds below are bounds for the expressions
generated by these algorithms, not claims of global optimality.

Remark 1 (Formula length versus shared syntax DAGs) All lower and upper bounds in the
paper are stated for formulas or explicit expression strings, i.e., for tree representations in
which repeated subexpressions are counted each time they occur. An implementation may
store repeated subexpressions as a shared syntax DAG, but then the storage measure is
different from the formula length analyzed here. Thus the formula-length theorems should
not be read as bounds on the size of a maximally shared circuit representation.

A series-parallel graph is defined recursively as follows:

(i) A single edge (u,v) is a series-parallel graph with source u and target v.

(ii) If G1 and G4 are series-parallel graphs, so is the graph obtained by either of
the following operations:

(a) Parallel composition: identify the source of G with the source of G5 and the
target of G; with the target of Gs.
(b) Series composition: identify the target of G; with the source of Gs.

A series-parallel graph expression has a representation in which each label appears
only once [3, 31] (a read-once formula [16] in which Boolean operations are replaced by
their arithmetic counterparts). This representation is an optimal representation of the
series-parallel graph expression. For example, an expression of the series-parallel graph
presented in Figure 1 can be reduced to the optimal representation (a(b+c)+f)(d+e).

Using the results obtained in [10] for undirected graphs, Burns and Steiner [7]
showed that an st-dag is series-parallel if and only if it does not contain a subgraph
homeomorphic to the forbidden graph (Wheatstone bridge) illustrated in Figure 2.



Fig. 1 An example of a series-parallel graph. b d

Possible optimal representations of its expression are a (ce + d) 4 be or (ac + b) e + ad.
That is, this graph has no expression in which each label appears exactly once. For
this reason, an expression of a non-series-parallel st-dag cannot be represented as a
read-once formula. However, generating an optimum factored form for an arbitrary
expression is NP-hard [45].

Fig. 2 The forbidden subgraph for series-parallel graphs.

Computations on graphs whose edges carry additional data have applications in
many areas. In particular, network problems arising in scheduling [7, 14, 57], reliability
[51, 53, 56], and economics or process analysis [50, 61] are often difficult in general but
admit efficient solutions on series-parallel graphs. Optimization problems on vertex-
labeled graphs are studied in [13, 21, 52].

1 ail 2 ai12 3 ais 4 a4 5 ais 6

16
of—221 a2 az3 a24 I azs
21 22 23 24 25
boj bof bo b/ bo bo
R asi a32 ass a34 ass
31 32 33 34 35
b3 b3 b3 b3, b3 b3
4} 41 a42 43 44 Q45
41 42 43 44 45
b4y b4 by b4/ by by
5} as1 as52 as3 G54 ass
(a) An example of a triangulated grid graph (b) An example of a king graph

Fig. 3 Directed grid graphs with diagonal edges. Horizontal, vertical, down-right diagonal and up-
right diagonal edges are labeled by a, b, ¢ and d, respectively.



In [28] a directed grid graph G, [58] was studied. It has m x n vertices and
m(n—1)4+n(m—1) edges. Each vertex corresponds to a pair of integer coordinates (4, j)
with 1 <4 <mand 1< j <n.Its edge set is {((¢,7), (1 +1,7)) |1 <i<m,1<j<
n}U{((i,7),(5,7+1)) |1 <i<m,1<j<n}. Each horizontal edge ((4,7), (4,7 + 1))
is labeled a;;, and each vertical edge ((4, ), (¢ + 1,7)) is labeled b;;. Throughout this
paper, m is treated as a fixed depth parameter, while n is the size parameter.

The present paper focuses on grid graphs augmented with diagonal edges. Such
graphs arise naturally in the study of maze-solving and reachability problems [23].
The first family is the directed triangulated grid graph (TGG) Ty, p [41, 59]. It has the
same vertices and edges as Gy, and additionally includes edges {((¢,7), (i+1,j+1)) |
1 <i<m,1 < j < n} labeled ¢;;. The second family is the directed king graph
Kpn [43, 60]; in addition to all vertices and edges of T, ., it also includes edges
{((4,5),(i—=1,j+1)) | 2 <i<m,1 < j < n} labeled d;_; ;. Examples of T5 ¢ and
K5 ¢ are shown in Figure 3(a) and Figure 3(b), respectively.

The reliability connection is especially relevant for two-terminal directed acyclic
networks. In a probabilistic st-dag, each edge may be operational or failed, and two-
terminal reliability asks for the probability that at least one operational source-target
path remains. Inclusion-wise minimal cuts are then minimal failure certificates. Their
enumeration is a classical component of network-reliability algorithms, and Provan
and Ball showed that reliability can be computed in time polynomial in the number of
source-target cuts [51]. This places the growth of min-cut families next to the expres-
sion length questions studied here: both measure, in different ways, how complicated
the same source-target path structure is.

Interrelations between graphs and expressions are discussed in [2, 3, 5, 9, 12, 17, 20,
45-48, 50, 54] and related work. Many of these papers develop algorithms for obtaining
good factored forms of graph-related expressions; this is especially important in logic
synthesis [17, 45].

Several previous works studied algebraic expressions for special non-series-parallel
st-dags. For example, [31] gives an algorithm that generates an expression of length
0] (n2) for an n-vertex Fibonacci graph [18], a standard non-series-parallel exam-
ple. More complicated rhomboidal graphs were considered in [27]; for these n-vertex
graphs, the derived expression lengths are O (n1°g2 6).

There is also a related reliability and min-cut line in the earlier work of Korenblit
and Levit. For Fibonacci graphs they studied st-connectedness and the number and
sizes of min-cuts [30, 32], and they computed reliability polynomials for Fibonacci and
related graphs [33]. For general two-terminal directed acyclic graphs they investigated
minimal cuts and nested graphs [34, 35], while generalized Fibonacci graphs of degree
3 were treated in [36]. This earlier line is not a separate application appended to the
present paper; it explains why the path-expression viewpoint and the cut-enumeration
viewpoint belong to the same source-target algebra.

A recent continuation of this cut-enumeration viewpoint was presented for frac-
tal grid graphs in [40]. In that work, a fractal grid graph is understood as a directed
graph with recursive or self-similar grid-like structure, and the families considered
include generalized Fibonacci graphs, directed grid graphs, and directed trapezoidal



grid graphs. The common parameter is the range: the reported number of inclusion-
wise minimal source-target cuts grows linearly with the number of vertices for range
1, quadratically for range 2, and exponentially for range greater than 2. This is
closely related to the present paper because the canonical path polynomial records all
source-target paths. As shown in Theorem 4 below, a set of edges is an inclusion-wise
minimal source-target cut precisely when setting its labels to 0 is an inclusion-wise
minimal way to annihilate the path polynomial. Thus path factorization and minimal-
cut enumeration give two complementary algebraic views of the same source-target
structure: one compresses the set of all paths, while the other enumerates minimal
blockers of all paths. In reliability language, these blockers are precisely minimal failure
configurations.

Our goal is to construct compact expressions for directed TGGs and directed king
graphs and to prove bounds on the lengths of the expressions produced by the specified
algorithms. We use two recursive methods: the backtracking method and the decomposi-
tion method. Most upper bounds below are algorithm-specific output bounds. However,
Section 2 also proves general lower bounds. In particular, the TGG decomposition
bound is shown to be asymptotically optimal globally for depths up to four and optimal
for all fixed depths inside a precisely defined balanced interval-decomposition model.
The depth-two king-graph formula bound is shown to be tight. General monotonicity
questions for shortest st-dag expressions of subgraphs were studied in [39].

Notation for method-specific lengths. The symbol L,,(n) is used locally in each
algorithmic section for the length produced by the method under discussion. When
several methods are compared, the following optional superscripts clarify the meaning;:

Lyy(n), Lye(n), LyP(n),  Liyt(n),

for backtracking, basic decomposition, improved decomposition, and alternating
decomposition, respectively. The local notation L,,(n) is kept in the theorem
statements to avoid overburdening formulas.

Relation to the conference version. An earlier conference version appeared in [29].
The expanded title of the present article is intended to signal the added lower-bound
and algebraic-branching-program components. The present article is a substantially
revised journal version. The conference version introduced the two diagonal grid fam-
ilies and the basic recursive constructions. The current version makes the formal
algebraic model explicit by working in the free noncommutative semiring; supplies full
recurrence proofs, including a canonical-transposition and naturality proof of the sym-
metry L,,(n) = L,(m) for backtracking; corrects boundary and indexing cases in the
king graph definition and in the small TGG examples; states the alternating decom-
position rule precisely and separates its symmetry from graph isomorphism alone;
replaces the sketch of the king-graph decomposition bound by a uniform proof over
rectangular, upper-cut, under-cut, and two-cut subgraphs; adds lower bounds based
on regular-expression complexity of binomial and parity languages, exact small base
cases, an all-depth balanced interval-decomposition optimality theorem for TGGs,
a column-transfer algebraic-branching-program simulation for king graphs, an unre-
stricted quadratic lower bound for king graphs, and a depth-restricted lower bound via



iterated matrix multiplication; and expands the literature positioning, bibliography,
and applications discussion.

Although a graph under consideration may be a subgraph of another graph, we
assume that, when representing expressions of TGGs and king graphs, these graphs
are initial and their vertices and edges are numbered starting from 1, as in Figure 3.

2 General Lower Bounds and Restrictions

Before analyzing particular construction algorithms, we record several lower bounds
that hold for all expressions in the formal semiring model. Let Pg denote the canonical
path polynomial of an edge-labeled st-dag G, and let £(Pg) be the minimum possible
number of label occurrences among all expressions equivalent to Pg in N(Xg). Thus
the algorithmic quantities denoted by L,,(n) in later sections are upper bounds on
¢(Pg) for the corresponding graph family, and equality is asserted only in the special
cases explicitly proved below.

Theorem 1 (edge-occurrence lower bound) Let G be an edge-labeled st-dag in which every
edge lies on at least one s-t path, and suppose all edge labels are distinct. Then

U(Pg) = |E(G)|.

Proof Let xe be the label of an edge e. Since e lies on an s-t path, there is at least one
monomial of Pg containing ze. If an expression contains no occurrence of z¢, then every
monomial obtained after expanding that expression belongs to the free subsemiring generated
by X \ {ze} and therefore contains no xze. Hence every edge label must occur at least once
in any expression for Pg. Since the labels are distinct, at least |E(G)| label occurrences are
necessary. O

Proposition 2 For triangulated grid graphs and directed king graphs,
¢(Pr,, ) >3mn—2m—2n+1

and, with the edge set of Km,n defined as in Section 1,
{(Pxk,, ) > 4mn —3m —3n + 2.

Proof In Ty, n there are m(n—1) horizontal edges, (m —1)n vertical edges, and (m—1)(n—1)
downward diagonal edges. Their sum is 3mn — 2m — 2n + 1. In Ky » there are additionally
(m—1)(n—1) upward diagonal edges, giving 4mn —3m — 3n+ 2. Every such edge is contained
in an s-t path, so the result follows from Theorem 1. O

The next observation is the formal replacement for informal subgraph monotonic-
ity. It will be used later to transfer lower bounds from hard restricted subgraphs.



Theorem 3 (restriction monotonicity) Let G be an edge-labeled st-dag. Suppose a semir-
ing homomorphism o obtained by assigning some labels to 0, some labels to 1, and possibly
renaming the remaining labels maps Pg to a polynomial Pgr. Then

L Pg) > £(Py).

In particular, lower bounds for a polynomial obtained from Pg by deleting edges and
contracting forced labeled paths are also lower bounds for Pg.

Proof Let F' be an expression of minimum length for Pg. Applying o to all labels in F'
gives an expression for Pg. Deleting occurrences of the constants 0 and 1, and simplifying
the corresponding zero summands and unit factors, cannot increase the number of label
occurrences. Therefore Py has an expression of length at most ¢(Pg). O

The same substitution language gives a concise algebraic interpretation of source-
target cuts. This will be used as a structural and reliability-theoretic bridge to the
fractal-grid min-cut work cited in the introduction, but it is worth making explicit.

Theorem 4 (cut substitutions) Let G be an edge-labeled st-dag and let C C E(G). Let o¢
be the homomorphism of N(Xq) defined by

co(we) =0 (c€C),  oolwe) =z (e¢C).

Then oc(Pg) = 0 if and only if C intersects every s-t path of G. Consequently, C is an
inclusion-wise minimal s-t cut if and only if oc(Pg) = 0 and op(Pg) # 0 for every proper
subset D C C.

Proof The polynomial Pg is the formal sum of the monomials corresponding to all s-t paths
of G. After applying o¢, the monomial of a path @ vanishes exactly when @ contains at
least one edge of C. Since the semiring has no cancellation, the whole polynomial becomes 0
exactly when every source-target path contains an edge of C, i.e., exactly when removing C
disconnects t from s. The statement about inclusion-wise minimality is the same equivalence
applied to all proper subsets of C. O

Theorem 4 explains why the min-cut growth phenomena for fractal grid graphs in
[40] are naturally adjacent to the formula-length questions studied here. The present
paper does not enumerate minimal cuts of T}, ,, or K, ; instead it studies the size
of factored expressions for their path polynomials. Nevertheless, both problems are
governed by the same recursive source-target geometry. In particular, the range tran-
sition reported in [40]-linear, quadratic, and then exponential growth of the number of
inclusion-wise minimal cuts—suggests that cut-complexity and expression-complexity
should be compared systematically for broader self-similar grid families.

This comparison should be interpreted carefully. The path polynomial is not, by
itself, the reliability polynomial: path events overlap, and reliability is a probability
of a union of operating-path events. The relevance is more basic and more robust.
The formal path polynomial is a support object for all source-target paths; its mini-
mal zero-substitution sets are exactly the minimal edge-failure sets disconnecting the
target from the source. Thus the same factorized expression can be used on the path



side, while its annihilating sets describe the minimal cut side that underlies cut-based
reliability methods.

For a finite language L, let aw(L) denote the minimum number of alphabet-symbol
occurrences in a regular expression for L, using only union and concatenation. For
N>1and 0 <k <N, put

BN,k = {w S {0, l}N : |w|1 = k‘}

These are the standard binomial languages. We use the following consequence of
Mousavi’s linear-program lower-bound analysis for binomial languages: in Section 7
of [44], a feasible solution of the relaxed program P’(N,k) with objective value
Q(Nlog® N) is constructed for k < 3, and hence the Ellul-Krawetz Shallit-Wang
expressions for By j are asymptotically optimal in these cases. Equivalently, for each
fixed k < 3,
aw(Bn.) = Qi (N log® N).

This is the exact range needed below, because the depth parameter in T, , gives
k = m — 1. The later work of Cseresnyes and Seiwert places this and related lower
bounds in a regular-expression-to-arithmetic-formula framework, and also separates
the all-fixed-k strengthening from the cases used here [6, Sec. 5.1].

Theorem 5 (global TGG lower bound for depths at most four) For m € {1,2,3,4},

{(Pr,, ) =0m (n log™ ! n) .

Proof For m = 1 the claim is £(Pr, ,) = Q(n), which follows from Theorem 1. Assume
2 <m < 4 and let I be an arbitrary expression for Pr, . Define a homomorphism from
edge labels to binary words by

ajj = 0, biJ — 1, ci,j = 10.

After applying this homomorphism to F', and reading + as union and multiplication as
concatenation, we obtain a regular expression over {0,1}. Each source-target path in T n
advances exactly n — 1 columns and m — 1 rows; a diagonal edge contributes one column
advance and one row advance. Therefore every image word has length N = n +m — 2 and
exactly £ = m —1 ones. Conversely, every word in By j, is realized by the path that uses only
horizontal a-edges for the zeros and vertical b-edges for the ones. Hence the image language
is precisely By m—1-

Each occurrence of an a- or b-label contributes one alphabet symbol to the regular
expression, and each occurrence of a c-label contributes two. Thus

aw(Bn,m—1) < 2|F|.
Since m — 1 < 3, Mousavi’s lower bound for binomial languages gives
1 - —
|| > B aw(Bn m—1) = Qm (N log™ ! N) = Qm(nlog™ 1 n).

Taking the minimum over all expressions F' proves the theorem. 0



Conjecture 1 (binomial-language route to all fixed TGG depths) For every fixed k > 0,
aw(By, i) = Qi (N logh N).
If this conjecture holds, then the same projection proof gives
K(PTmm) =Qm (n logm71 n)

for every fixed m.

Proposition 6 (exact small cases) The following optimal lengths hold:
Z(PTm,l) =m — 1, E(PTL”) =n— 17 E(PT2,2) = 5,

and
E(PKM) =T.

Proof The first two polynomials consist of one path product of length m — 1 or n — 1,
respectively. For T o,
Pr, , = a11b12 +b11a21 +c11,
which has a length-5 expression, and Theorem 1 gives the matching lower bound.
For K272,
Pk, , = aiibi2 + bi1a21 + c11 + bridiibie.
The expression
c11 + a11bi2 + b1 (az1 + di1bi2)
has length 7. Theorem 1 gives only the lower bound 6. If a length-6 expression existed, then
each of the six labels would occur exactly once, so the expression would be read-once. The
singleton monomial c1; must be separated by a sum gate. The remaining three monomials
a11b12, b11a21, and by1d11b12 admit no nontrivial read-once root decomposition. Indeed, any
sum decomposition would have to partition the three monomials into two groups using disjoint
sets of labels, but the first and third monomials share b12, while the second and third share
b11. A product decomposition is also impossible: since there are three monomials, one factor
would have to contribute a single monomial, which would force a common nonempty prefix
or suffix among all three words. No such common prefix or suffix exists. Hence no read-once
expression computes Pf, ,, and the optimal length is 7. O

3 Generating Expressions for Directed Triangulated
Grid Graphs by a Backtracking Method

The method is universal and suitable for generating expressions of any st-dag. An
expression is derived by using intermediate subexpressions which are accumulated at
the graph’s vertices.

For TGGs, a subexpression accumulated at vertex (i, j) of Ty, ,, corresponds to its
subgraph located between vertices (i,7) and (m,n), and is denoted by F(i,7). The
subexpression accumulated at vertex (1,1) is the resulting expression. The method is
implemented recursively using Algorithm 1.

The subexpression related to a single-vertex subgraph in Step 1 is accepted to be
1, so that its multiplication by another factor does not affect the result. Steps 2 and

10



Algorithm 1 Generating expressions for TGGs by the backtracking method
F(m,n) <1

: F(Z,?’l) < bi,nbi-i-l,n"-bm—l,n (Z < m)

: F(m,j) < am, jQm jt1---Gmn—1 (j <N)

c F(i,7) < ai jF(i,j+1)+b; jF(i+1,j)+¢;Fli+1,j+1) (i<m,j<n)

B oW N e

3 describe expressions of subgraphs that are TGGs of size 1 or depth 1, respectively.
The general case is processed in Step 4.

While the proposed algorithm optimizes the prefix parts of all subexpressions, the
backtracking method can be applied by traversing the st-dag in the opposite direction.
In this case suffix parts of subexpressions are optimized. The length of the derived
expression will be the same.

3.1 Canonical transposition and algorithmic naturality

For TGGs there is a distinguished transposition map. This map is more than an
abstract graph isomorphism: it is compatible with the recursive rules used to con-
struct expressions. This compatibility is the reason why the equalities of lengths below
are algorithmic equalities rather than merely consequences of the existence of some
isomorphism.

Definition 1 For a directed triangulated grid graph Tm, n, the canonical transposition
Tmm i Impn — Tham
is defined on vertices by
Tm,n(i’j) = (]7 'L)
On edge labels it acts by
@j = bja,  big e, Cig G

The same notation is used for the induced relabeling of formal expressions in the free
noncommutative semiring.

Lemma 7 (Canonical transposition) The map Tm,n 18 a source-target preserving isomor-
phism from T n onto Tn,m. It induces a bijection between the s-t paths of T, and the s-t
paths of T, m, preserves label-occurrence length, and satisfies

Tn,m © Tm,n = id.

Proof The vertex map sends (1,1) to (1,1) and (m,n) to (n,m). A horizontal edge
((4,7), (i,5+1)) labeled a; ; is sent to the vertical edge ((j,%), (j+1,%)) labeled b; ;. A vertical
edge ((¢,7), (i+1,4)) labeled b; ; is sent to the horizontal edge ((4,4), (7,14 1)) labeled aj ;. A
diagonal edge ((4,7), (i+1,j+1)) labeled c; ; is sent to the diagonal edge ((j,4), (j+1,7+1))
labeled ¢; ;. Thus directed edges, source, and target are preserved. The formula for the label
map is involutive, SO Tn,m © Tm,n = id. Since relabeling changes only the names of labels and
not their number of occurrences, expression length is preserved. O
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Lemma 8 (Naturality of the backtracking recursion) Let Fm n(i,j) be the subexpression
produced by Algorithm 1 for the subgraph of Ti, n from (4, j) to (m,n). Then

Tm,n (Fm,n(’l,])) = Fnﬂ'”«(j? 7‘)
up to the order of summands. Consequently, the backtracking lengths satisfy
Lm(n) = Lp(m).

Proof The proof is by induction on the remaining distance (m — ) 4+ (n — j). The terminal
case is immediate. If ¢ = m or j = n, the horizontal boundary product is carried by 7m n to
the corresponding vertical boundary product in the transposed graph, and conversely. In the
interior case,

Fmn(i,j) = aijFmn(,5 +1) + b jFmn(i+1,5) + ¢i jFma(i+ 1,5 +1).
Applying Tm,n and using the induction hypothesis gives
bjiFnm (i +1,4) + ajiFnm (G i + 1) + ¢jiFnm (G + 1,04 1),
which is exactly the recursive expression for Frn m(j,¢) after commuting the first two sum-

mands. Taking (i,7) = (1,1) proves equality of the generated expressions up to relabeling
and hence equality of their label-occurrence lengths. O

Proposition 9 The length Lm(n) of the expression Ex(Tm,n) derived by the backtracking
method is defined recursively as follows:

Ln(l)=m—-1, Li(n)=n-—-1 (1)
Lyn(n)=Lmn—1)+Lym—1(n) + Lin—1(n—1)4+3 (m>1,n>1).

Proof Initial statements (1) follow directly from Steps 1, 2, 3 of Algorithm 1. The resulting
expression Ex(Tm,n) is equal to a1 1 F(1,2)+b1,1F(2,1)+¢1,1F(2,2). F(1,2) is Ex(Tymn-1),
F(2,1) is Ex(Typ—1,n) and F(2,2) is Ex(Tm—1,,n—1). Labels a11, b1 and c11 are three
additional labels in Ex(Tm,n). O

Lemma 10 Suppose m > 1 and n > 1. Then the length Ly, (n) of the expression Ex(Tm,n)
derived by the backtracking method can be defined as follows:

n n—1
Lin(n) = Lin(1) + Y Lim—1(k) + Y Lm—1(k) + 3(n — 1).
k=1 k=2

Proof The proof is obtained by induction on n. By Proposition 9,
Lin(2) = Lon(1) + Lon1(2) + Lon_1(1) + 3.
On the other hand,

2 2—-1
Lm(l) + Z Lm,—l(k) + Z Lm—l(k) + 3(2 - 1)
k=1 k=2

= Lm(l) + mel(l) + mel(z) +3.

12



Therefore, the lemma holds for n = 2.
The following is the induction step from n — 1 to n, where we make use of Proposition 9.

Lm(n) = Lm(n—1)+ Lyp—1(n) + Lyp—1(n — 1) + 3

n—1 n—2
= Lin(1)+ > Lm-1(k)+ > Lim—1(k) +3(n —2) + Liy_1(n) + Lm_1(n— 1) +3
k=1 k=2

n n—1
= L)+ > Lm—1(k)+ > Lm—1(k) +3(n —1).
k=1 k=2

]

Theorem 11 The length L (n) of the expression Ex(Tm,n) (m is considered as a constant)
derived by the backtracking method is O (n™).

Proof The proof is obtained by induction on m. By Proposition 9, Li(n) = n —1 = O(n).
Therefore, the theorem holds for m = 1. We will prove it for any m > 1, assuming it is correct
for m — 1. According to Lemma 10, for n > 1

n n—1
Lin(n) = Lin(1) + > Ln—1(k) + > Lm—1(k) +3(n — 1)
k=1 k=2

n n—1
=Y Lm-1(k)+ Y Lm—1(k)+3(n—1)+m— 1.
k=1 k=2

Hence, by the induction hypothesis, there exists a positive constant c such that

n

n—1
Ln(n) <c (Z Emt 4 Z km_l> +3n—1)4+m—1.

k=1 k=2
In accordance with Faulhaber’s formula for the sum of the p-th powers of the first n positive

integers
n p
1 kfp+1 +1—k
SR =——>"(-1) < )Bknp :
k=1 P+ 1 k=0 k
n
where Bj, are Bernoulli numbers (31 = f%) That is, > k¥ = O (np+1) and, therefore,
k=1
Lyp(n)=0m")+3(n—1)+m—1=0(n™). O

Specifically, for n > 1,
2 23, 2, 4
La(n)=n"4+n—1, L3(n) = 3" +n°+ gnfl.
For example, Ex(T54) derived by the backtracking method is

ar1(aiz(aigbiabas + bi3(a3bas + bazass + cas) + c13b2a)+
bi2(a22(a2sboa + bagass + cas) + basasaass + caoass) + c12(aasbas + bazass + ca3))+

bi1(az1(aze(azsbas + bazass + c23) + basasaass + caoass) + barasiassass + ca1az2a33)+

13



c11(ag2(aggbay + baszass + cag) + bosasaass + casass).

It contains 63 labels.

Thus, the length of Ex(T,,,) obtained by the backtracking method grows poly-
nomially with n. For large fixed values of m, however, the polynomial degree makes
these expressions grow quickly. This behavior is illustrated by the data in Table 1. In
addition, L,,(n) = L, (m). By Lemma 8, this equality is not based merely on the exis-
tence of an abstract isomorphism between 7}, , and T, ,,. It follows from the canonical
transposition 7, ,, which intertwines Algorithm 1 on 75, ,, with the same algorithm
on Ty -

Table 1 Lengths of Ex(Ty,,») derived by the backtracking method.

[mA\nf[1] 2 ]3] 4 [ 5 [ 6 | 7 [ 8 [ 9 [ 10 ]

1 0 1 2 3 4 5 6 7 8 9

2 1 5 11 19 29 41 55 71 89 109

3 2 11 30 63 114 187 286 415 578 779

4 3 19 63 159 339 643 1119 1823 2819 4179
5 4] 29 114 | 339 840 1825 3590 6535 11180 18181
6 5 | 41 187 | 643 1825 4493 9911 20039 37757 67121
7 6 | 55 | 286 | 1119 | 3590 9911 24318 54271 112070 216951
8 7| 71 415 | 1823 | 6535 | 20039 | 54271 132863 | 299207 628231
9 8 | 89 | 578 | 2819 | 11180 | 37757 | 112070 | 299207 | 731280 1658721
10 9 | 109 | 779 | 4179 | 18181 | 67121 | 216951 | 628231 | 1658721 | 4048725

4 Generating Expressions for Directed Triangulated
Grid Graphs by a Decomposition Method

The decomposition method recursively reveals smaller subgraphs inside a graph of
regular structure. The resulting expression is obtained by a special composition of
subexpressions describing these subgraphs. The existence of a decomposition method
for a graph G is a sufficient condition for the existence of a polynomial-length expres-
sion for G, provided that in each recursive step the graph is split into a constant
number of subgraphs whose sizes decrease proportionally.

The graph T, ,, is conceptually split into left and right parts connected by connect-
ing edges a; ; (1 =1,2,..,m)and ¢; ; (i =1,2,...,m—1), where a; ; and ¢; ; are chosen
so that sizes of subgraphs in the left and in the right parts are equal for even n and are
distinguished by one for odd n. For example, these are edges a3, ..., ass, €13, ..., C43 in
Figure 3(a)). Each connecting edge leaves a target of a subgraph belonging to the left
part (its source is a source of the graph) and enters a source of a subgraph of the right
part (its target is a target of the graph). Any path from the source to the target of
the graph passes through one of the connecting edges. This decomposition is applied
recursively to each revealed subgraph.

14



We denote by F((p1,p2), (q1,¢2)) a subexpression of a subgraph with source (p1, p2)
and target (q1,¢2) (it has depth ¢1— p1 + 1 and size ga— pa + 1). The decomposition
procedure is initially invoked by substituting (1, 1) and (m, n) for (p1,p2) and (¢1, ¢2),
respectively and is implemented using Algorithm 2.

Algorithm 2 Generating expressions for TGGs by the decomposition method
1: F((p17p2)7 (plap2)) —1

2: F((p1,p2)7 (Q17Q2)) — bpl,pszlﬂ,pz~--bq1—1,p2 (ql > P1,q2 =p2)
3: F((p1,p2), (q1,42)) < F((p1,p2), (P1,7))ap, jF((p1,J + 1), (a1, 92))+

((p17p2)a (pl +1 j))aPH‘LjF((pl +17j+1)’ (QI, Q2))+"'+
F((p17p2), (Q1? ))alh ]F(((h,j + 1)7 (q17Q2))+
F((p1,p2)s (p1,5))ep, jE((p1 + 1,5 + 1), (g1, g2))+
F((p17p2)a (pl +1 j))CPH‘LjF((pl +27.j+1)’ (QI, Q2)) tot
F((p1,p2), (@1 —1,5))cq—1,;F ((q1, 5+ 1), (41, ¢2)) (g2 > p2)
j= ’7112-‘1-22 1'| or Lqﬁ-g’z 1J

The subexpression related to a single-vertex subgraph in Step 1 is accepted to be
1. Step 2 describes expressions of subgraphs that are TGGs of size 1. The general case
is processed in Step 3.

There are m connecting edges labeled a and m — 1 connecting edges labeled c,
each of which connects two subgraphs. Thus, in the general case Ex(T, ) includes
4m — 2 subexpressions related to subgraphs of size approximately n/2 and 2m — 1
additional labels corresponding to connecting edges. This expression can be simplified
by factoring out subexpressions which appear twice (e.g., from the left). After the
simplification, Step 3 of Algorithm 2 takes the form:

F((p1,p2), (q1,92)) + (2)
F((p1,p2), (P1,5)) (apy,; F((p1,5 + 1), (q1,92)) + cpy s F((p1 + 1,5 + 1), (g1, q2))) +

F((p1,p2), (P1 + 1,5)) (apy+1,;F((p1 + 1,5 + 1), (q1,92)) + cpy+1,5 F((p1 + 2,5 + 1), (a1, 92)))
+o+

F((p1,p2), (@1 — 1,5)) (agy —1,;F((@1 — 1,5 + 1), (q1,92)) + cq1—1,;F((q1,5 + 1), (a1, g2)))
+F((p1,p2), (q1,5))aq, i F((q1,5 + 1), (g1, g2))-

The number of recursive subexpressions corresponding to subgraphs of size approx-
imately n/2 is thereby reduced to 3m — 1. To factor out the longer repeated
subexpression, we choose j = [%5271].

The lengths of the expressions Ex(T,, ) (m = 1,...,10; n = 1,...,10) derived by
the decomposition method based on Algorithm 2 with Step 3 implemented by (2) are
presented in Table 2.

The values in Table 2 are substantially smaller than the corresponding values in
Table 1 for the displayed range; the asymptotic improvement follows from Theorem
13. However, for n = 2, the backtracking method gives shorter representations than
the basic decomposition method.
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Table 2 Lengths of Exz(Ty,,») derived by the decomposition method.

[mA\nJ 1] 2 ]3] 4] 5 6] 7] 8 ] 9 10
1 0 1 2 3 4 5 6 7 8 9
2 1 5 10 16 22 29 36 44 51 59
3 2 12 27 47 68 95 122 156 184 219
4 3| 22 56 105 160 236 312 415 498 609
5 4| 35 100 199 319 494 669 920 1123 1409
6 5 | 51 162 | 338 569 920 1271 1797 2231 2868
7 6 | 70 | 245 | 531 937 1574 | 2211 3199 4039 5313
8 7| 92 | 352 | 787 | 1453 | 2525 | 3597 | 5306 6812 9158
9 8 | 117 | 486 | 1115 | 2150 | 3851 | 5552 | 8325 10866 | 14913
10 9 | 145 | 650 | 1524 | 3064 | 5639 | 8214 | 12490 | 16571 | 23193

For m > 3, the expressions Ex(T,,2) and Ex(T,,3) can be further simplified
(the improved decomposition method). Specifically, when decomposing Ty, 2 or Th, 3,
subgraphs of size 1 are revealed on both sides or on one side, respectively, of the
decomposed graph. Expressions of these subgraphs are label products (see Step 2 of
Algorithm 2), and their common labels can also be factored out.

For example, Ex(T5 2) derived by the decomposition method is

3)

a11b12b22b32b49 + €11b22032b42 + b11(a21b22b32b40 + co1b32b42) +
b11b21(as1b32bas + c31b42) + b11b21b31 (aa1ba2 + ca1) + b11ba1bzibaras:.

It contains 35 labels. After the transformations described above, this expression will

look like this:

(@11b12 + c11)b22b32ba2 + b11((a21b22 + c21)b3abas +
ba1((a31b32 + €31)bag + b31(@a1baz + ca1 + barast))).

(4)

In general, the number of labels in Ex(T,, 2) after such simplification decreases by
2142+...+#m—2) = (m—1)(m—2). In particular, the length of Ex(T5 3) decreases
by 12, and the expression (4) contains 23 labels.

As noted above, when decomposing T, 3, subgraphs of size 1 are revealed only on
one side. For example, Ex(T5 3) derived by the decomposition method is

a11(@12b13b23b33bas + c12basbssbas) + (a11b12 + c11 + bi1a21)(a22b23b33bas + ca2b33bas) +
F((1,1),(3,2))(a32b33bs3 + c32b43) + F((1,1), (4,2))(a42b43 + ca2) + F((1,1),(5,2))ass,

where subexpressions of three left subgraphs of size 2 (depths 3, 4, 5) are denoted for
brevity as in Algorithm 2. In accordance with Table 2, this expression contains 100
labels. It can be shortened by a two-stage simplification (first, factoring out common
right subproducts in local sums; second, factoring out common labels b across the
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entire expression) as follows:

((a11(aizbiz + c12)baz + (a11bi2 + c11 + bi1a21)(a2baz + c22))bss +
F((1,1),(3,2))(as2bss + c32))baz + F((1,1), (4,2))(aszbasz + ca2) + F((1, 1), (5,2))asz.

Compared to Table 2, the lengths of F'((1,1),(3,2)), F((1,1),(4,2)), F((1,1),(5,2))
are reduced by (m—1)(m—2), i.e., by 2, 6, 12 and are equal to 10, 16, 23, respectively.
Ultimately, this expression contains 71 labels.

In general, the above two-stage simplification of Ex(T,, ) reduces its length by
1424..+m—2 = W at the first stage and by 1+2+...+m—3 = (7”72)2&
on the second stage. In total the length decreases by (m — 2)2. In particular, in the
previous example, along with internal reductions in F((1,1),(3,2)), F((1,1),(4,2)),
F((1,1),(5,2)), the length of Ex(T5 3) further decreases by 9.

Proposition 12 The length Ly (n) of the expression Ex(Tm,n) derived by the improved
decomposition method is defined recursively as follows:

Lm(1) = m—1 (5)
Lin(2) = %m2 + gm 2 (m>1) ©6)
Lim(3) = %m3 + ng + l??m -4 (m>2) (7)

) =25 w([]) + o (3 + S5 ven-r o

forn >3, and also for m =1,n = 3.

Proof The initial statement 5 follows directly from Step 2 of Algorithm 2.

The general formula (8) is based on the structure of the statement (2). For each subgraph
of depth m; = 1,...,m on the left, there exists a complementary subgraph of depth mo =
m—m1-+1 on the right. Since the split is located at [%5271—‘ , there are 2m—1 subexpressions

related to subgraphs of size L%J, and m subexpressions related to subgraphs of size [%] In

addition, as previously noted, there are 2m — 1 additional labels. Thus, before the additional
size-2 and size-3 simplifications, the same decomposition count holds for every n > 1. In the
improved method, (8) is used as the recursive clause for n > 3 and also for the harmless case
m = 1,n = 3, where no additional simplification is available.

However, as outlined earlier, for m > 3, the number of labels in Ex(Ty,2) and Ex (T 3)
can be decreased further by (m — 1)(m —2) and (m — 2)?, respectively. Therefore, combining
the initial statement (5), the general formula (8), and applying Faulhaber’s formula, we obtain

m—1 m
Lmn(2) =2 L)+ L (1) + > Ly (1) +2m—1— (m—1)(m —2)
k=1 k=1

m—1
=3 Li(1) +2Lm (1) —m* + 5m — 3
k=1
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m—1
3 (k—1)+2(m—1)—m®+5m—3
k=1

- 3%2(”1_1)+2m727m2+5m73
1 5
—§m +2m 2

and

m

m—1
Lmn(3) =2 Ly (1) + Lm (1 +2Lk 2) 4 2m — 1 — (m —2)°
k=1

,_.

m
1o 5 2
-2 D 4m—1 K2y 2k —2) - -
’; ) +m +Z<2k + 5k ) m? +6m —5
_m=2)m-1) La 1,1 5
=2 3 +m 1+6m +qm +12m+4m(m+1) 2m
—m2—|—6m—5
1l s,/ 3 2 10
76m +2m —|—3m 4.

For m = 2 and for m = 1, (m —1)(m — 2) equals 0, and, for this reason, (6) holds already
for m > 1. Also, (m — 2)2 equals 0 for m = 2, and, for this reason, (7) holds already for
m > 2. This completes the proof. O

Theorem 13 The length L (n) of the expression Ex(Tm,n) (m is considered as a constant)

derived by both the decomposition and the improved decomposition methods is O (n logm_1 n) .

Pr 00] FOI' each ﬁXed m, deﬁne
~ ‘
Lm (n) - 11<lla<xn [/’IIL(1 )

It is enough to prove Zm(n) = O(nlog™ 1 n), since L (n) < zm(n) For m =1, Li(n) =
n—1= 0O(n). Assume the statement is known for 1,...,m — 1. The exceptional values r < 3
in Proposition 12 are bounded by a constant depending only on m. For r > 3, (8) and the

inequalities
r n r n
<]z <)z <
LQJ—[QW’ [2—‘_[2—‘ (r<m)
give, after taking the maximum over 1 < r < n,
~ ~ n el n
bt <2 ([2]) 055 ()
k=1
where Cy, is a constant. By the induction hypothesis,
m—1 N n
Z Ly, ([E—D = O(nlogmﬁ2 n).
k=1

Therefore

Lm(n) < 2Lm ([g]) + O(nlog™ 2 n).
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m—1 m—1

The master theorem gives Em(n) = O(nlog n), and hence Lm(n) = O(nlog n).
The basic decomposition method differs from the improved method only in the constant-
size boundary simplifications for n = 2 and n = 3; removing those simplifications changes

lower-order constants but not this asymptotic bound. O

Corollary 14 (global optimality for TGGs of depths at most four) For m € {1,2,3,4},
{(Pr,, ) =Om (n log™ ™! n) .

In particular, for these depths the decomposition and improved decomposition methods are
asymptotically optimal among all expressions over the free noncommutative semiring.

Proof The lower bound is Theorem 5. The upper bound is Theorem 13. O

For later reference we also name the variant used in the last part of this section.
The alternating decomposition method applies the same separator-and-factoring idea
recursively, but splits each current subgraph through its longer side: vertically when
the horizontal size is at least the depth, and horizontally after applying the canonical
transposition when the depth is larger. Thus the method is defined before it is used
in the interval-decomposition model below.

4.1 All-depth optimality in the balanced
interval-decomposition model

The preceding corollary is an unrestricted formula-size statement only for small fixed
depths. We next record a complementary all-depth result for the recursive model used
by the decomposition algorithms. To avoid hiding the restriction in informal language,
we formulate this model as a recursive grammar.

Definition 2 (balanced column-interval decomposition formula) Fix the depth m. A bal-
anced column-interval decomposition formula for a TGG subproblem is generated by the
following recursive grammar.

1. The leaves are the base path polynomials of subgraphs whose horizontal size is at
most a constant No(m), and the one-column vertical products.

2. Every non-base internal node chooses a vertical separator so that the left and right
horizontal sizes differ by at most a constant depending only on m. The node expands
the path polynomial by partitioning paths according to the unique horizontal or
diagonal edge by which they cross the separator.

3. For each crossing class, the grammar creates the corresponding left interval sub-
problem, the crossing label, and the corresponding right interval subproblem.
Empty factors and unit factors are deleted. Ordinary local factoring by distributiv-
ity is allowed, but only after the crossing-class expansion has created these recursive
occurrences.

4. The representation is a formula tree. Thus two equal-looking recursive subproblems
that occur in two different crossing classes are counted as two occurrences; no
sharing as a syntax DAG is allowed.
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The basic, improved, and alternating decomposition algorithms all belong to this model,
after applying canonical transposition to the subproblems that the alternating rule splits
horizontally.

Let I,,(n) be the minimum length of a balanced column-interval decomposition
formula for Pr,, ..

Lemma 15 (separator-occurrence lemma) For every fixed m > 1 there is a constant No(m)
such that every non-base separator expansion of a depth-m balanced interval formula on an
interval of horizontal size N > Ny(m) has the following property. If the separator produces
left and right intervals of sizes Ny, and Ng, then, for each k =1,2,...,m — 1, the expansion
contains at least one recursive occurrence of a depth-k left interval subproblem of horizontal
size N1, +Om (1) and at least one recursive occurrence of a depth-k right interval subproblem
of horizontal size Nr + O (1), apart from unit factors and boundary terms whose total
contribution is Om(1). After increasing the base threshold Ng(m), if necessary, the constant
endpoint shifts in horizontal sizes are absorbed into the Oy, (1) term; in the recurrence below
we therefore write the two child sizes simply as Ny and Ng. Consequently

m—1
In(N) > In(Np) + Im(Ng) + Y (In(Nz) + Ix(NR)) — Om(1).
k=1

Proof A path crossing a vertical separator in a TGG uses exactly one of the m horizontal
crossing edges or one of the m — 1 diagonal crossing edges. For a horizontal crossing edge in
row r, the left factor is a TGG interval subproblem of depth r and the right factor is a TGG
interval subproblem of depth m —r + 1. For a diagonal crossing edge from row r to row r+1,
the left factor has depth r and the right factor has depth m — r. Thus the horizontal crossing
classes already provide left depths 1,...,m and right depths m,...,1, while the diagonal
crossing classes provide left and right depths 1,...,m — 1. In particular, for every k < m, at
least one depth-k subproblem appears on the left side and at least one depth-k subproblem
appears on the right side.

Definition 2 requires the separator expansion to create these left and right recursive
occurrences before local distributive factoring is applied. Such factoring may move a common
factor outside a sum, but it cannot identify two occurrences as one shared object, because the
model is a formula tree. Moreover, different crossing classes carry different crossing labels, so
deleting an occurrence would delete all monomials using that crossing label. The only excep-
tions are unit factors, empty factors, and a bounded number of boundary cases depending
only on m; these are absorbed into the Oy, (1) term. This gives the displayed recurrence. [

Theorem 16 (all-depth optimality in the balanced interval model) For every fivzed m > 1,

Im(n) = Om (nlogm_1 n) .

Proof The upper bound follows from Theorem 13. We prove the lower bound by induction
on m. For m = 1, the graph has one source-target path of length n — 1, so I1(n) = Q(n).
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Let m > 1 and assume the statement for all smaller depths. Consider a non-base formula
occurrence of depth m and horizontal size N. By Definition 2, its first separator produces
intervals Ny, and Npg satisfying

Np,Ng <[N/2] + Om(1), Np 4+ Nr =N+ On(l).
Lemma 15 and the induction hypothesis give
Im(N) 2 Im(NL) + I (NR) + Qm (N7, + Ng) log™ (N +2))
= Im(NL) + Im(NR) + Qun (N log™ 2 (N +2)).
where the equality uses Np, + Ng = N + O (1) and the balanced choice of the separator.
Solving this balanced lower recurrence gives I (N) = Qpm(Nlog™ ! N). Indeed, for suffi-

ciently small Ay, > 0, assume inductively that Ip,(s) > Amslog™ (s + 2) for all s < N.
Since the split is balanced,

Nlog™ YN +2) — Nylog™ (N +2) — Nglog™ ' (Ng +2) < CrNlog™ 2(N + 2)
for a constant Cy, depending only on m. This follows from the mean-value theorem applied
tox logm_l(z + 2) on the two balanced intervals. Choosing Ay, small relative to the implicit
constant in the separator term and to Cp, closes the induction. The finitely many smaller

values of N are absorbed into the constant. Thus I (n) = Qm(nlog™ ! n), and the upper
bound completes the proof. O

Theorem 16 proves all-depth optimality for the precise balanced recursive decompo-
sition paradigm of Definition 2. It does not assert an unrestricted formula lower bound
for all depths; the unrestricted all-depth problem is the binomial-language route iso-
lated in Conjecture 1. The stronger unrestricted statement £(Pr,, ) = Q,,(n log™ ' n)
for every fixed m remains a global formula-size question; Conjecture 1 identifies one
precise route to it through binomial-language lower bounds.

Specifically, for n that is a power of two (n = 2P for some positive integer p > 1)
we obtain the following explicit formulas for the improved decomposition method:

3 9 15
Ly(n) = §n10g2 n+mn, L3(n)= gnlogg n+ gnlogQ n+3n—2.

For example, Ez(T3 4) derived by the improved decomposition method is

a11(a12((@13b14 + c13)b2a + bi3(a23baa + ca3 + bazass)) + ci2(az3bas + 23 + bazass)) +
(@11b12 + €11 + b11a21)(a22(a2sbas + co3 + bazass) + cazass) +

((a11b12 + €11 + b11a21)bag + b11(ca1 + borasy))aszass.

It contains 43 labels.

Table 3 presenting the lengths of the expressions Ez(T,,,) (m = 1,..,10;
n = 1,...,10) derived by the improved decomposition method shows the numerical
advantage of this method over the decomposition one.

The vertical decomposition method always splits by the column coordinate. Con-
sequently, unlike the backtracking recurrence, it is not invariant under interchanging
m and n. The numerical data in Tables 2 and 3 illustrate this asymmetry and show
that treating the longer side as the size parameter often gives a shorter expression.
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Table 3 Lengths of Ex(Ty,,») derived by the improved decomposition method.

[m\n1]27] 3 4 5 [ 6 7 8 9 10
1 0] 1 2 3 4 5 6 7 8 9
2 1] 5 10 16 22 29 36 44 51 59
3 2110 24 | 43 63 89 115 148 175 209
4 3|16 | 44 | 87 | 135 | 203 | 272 | 367 442 544
5 4123 71 [ 151 | 247 | 391 540 | 758 929 1175
6 5 | 31 | 106 | 238 | 409 | 676 | 957 | 1387 | 1729 | 2242
7 6 | 40 | 150 | 351 | 632 | 1084 | 1566 | 2329 | 2952 | 3917
8 7 | 50 | 204 | 493 | 928 | 1644 | 2415 | 3668 | 4726 | 6407
9 8 | 61 | 269 | 667 | 1310 | 2388 | 3557 | 5497 | 7198 | 9957
10 9 | 73 [ 346 | 876 | 1792 | 3351 | 5050 | 7918 | 10535 | 14853

This motivates the alternating decomposition method defined above: whenever a cur-
rent subgraph has depth greater than its size, we decompose it horizontally into upper
and lower parts by applying the canonical transposition and the same separator rule.

For example, as noted above, expressions Ex(T52) derived by the decomposi-
tion method (3) and the improved decomposition method (4) contain 35 and 23
labels, respectively. Using the alternating decomposition method for 75 o we obtain
the following expression which contains only 22 labels:

b11b21(b31(baras1 + ca1 + ag1baz) + c31b42) +
(b11(b21as1 + c21) + (br1a21 + c11 + a11b12)b22)bs2bas.

The lengths of the expressions Ex(T,,,) (m = 1,...,10; n = 1,...,10) derived
by the alternating decomposition method are presented in Table 4. The expression
Ex(T3 3) is obtained by the improved decomposition method.

Table 4 Lengths of Ex(Ty,,») derived by the alternating decomposition method.

[m\nf[1[2] 3 [ 4] 5 ] 6 [ 7 [ 8 ]9 [ 10 ]
1 0 1 2 3 7 8 9
2 1 5 10 16 22 29 36 44 51 59
3 2|10 | 24 43 63 89 115 148 175 209
4 3116 | 43 87 134 201 271 367 441 542
5 4122 | 63 134 | 237 372 513 724 901 1152
6 5129 | 8 | 201 372 615 868 1262 | 1610 | 2135
7 6 | 36 | 115 | 271 513 868 1345 | 2007 | 2597 | 3535
8 7| 44 | 148 | 367 | 724 1262 | 2007 | 3014 | 3961 5498
9 8 | 51 | 175 | 441 901 1610 | 2597 | 3961 | 5672 | 8026
10 9 | 59 | 209 | 542 | 1152 | 2135 | 3535 | 5498 | 8026 | 11233
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In Table 4 and in the following paragraph, L,,(n) denotes the length obtained
by the alternating decomposition method. The rule “split through the longer side” is
canonical with respect to the transposition 7, ,. After applying 7, », a vertical split
becomes the corresponding horizontal split of the transposed subgraph, and a horizon-
tal split becomes the corresponding vertical split. If the two dimensions are equal, the
two possible choices are paired by the involution 7, ,,. Hence the recursive decompo-
sition trees for T, , and T, ,, are paired node by node; paired nodes contribute the
same number of label occurrences after relabeling. Consequently,

for the alternating decomposition method. This equality is therefore a naturality
property of the rule with respect to canonical transposition, not a consequence of
graph isomorphism alone. Table 4 shows that, for the displayed values, the alternating
rule gives expressions no longer than those obtained by the improved decomposition
method.

For fixed m, the alternating decomposition has the same asymptotic upper bound
as the improved decomposition method. Along any recursive branch, as long as the
horizontal size of a subproblem is at least its depth, the vertical split is governed by
the recurrence used in Theorem 13. If a horizontal split is used, then the horizontal
size is smaller than the depth, and both dimensions of the subproblem are at most m;
all subsequent subproblems have bounded size depending only on m. These bounded
subproblems can be absorbed into the constants in the proof of Theorem 13. Conse-
quently, the length of Ex(T,, ,) derived by the alternating decomposition method is
also O (n log™™! n).

Thus, given a graph T, ,, of any depth m, the length of Ex(T,, ) derived by the
decomposition method and its variations grows quasi-linearly with the size n of the
graph.

As shown in [28], the lengths of expressions Ex (G, ) derived by the backtracking
and decomposition methods are also O (n"™) and O (nlog™ ' n), respectively. In other
words, adding diagonal edges labeled ¢ to a directed grid graph only increases lengths
of corresponding expressions numerically but does not change their asymptotic order.

5 Generating Expressions for Directed King Graphs
by a Backtracking Method

A subgraph enclosed between vertices (4, 7) and (m,n) of Gy, or Ty, ,, is also a grid
graph or a TGG, respectively. The addition of diagonal edges labeled ¢ results in new
paths, which essentially duplicate existing ones in Gy, ,, but provide shorter routes
to the right and downward. However, edges labeled d, although they ultimately lead
to the target, also lead upwards in certain areas. For this reason, a subgraph of K, ,,
positioned between source (4,j) and target (m,n) is generally a pentagon (if i < m
and ¢ — 1 < n — j). In the special cases, this subgraph reduces to a trapezoid (if
i=m,i—1l<n—jori<m,i—1>n—j)ortoatriangle (ifi = mand i—1 > n—j).
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This subgraph (see Fig. 4) is a king graph with a cut upper-left corner and will be
called an upper-cut king graph. We denote such a subgraph by Kﬁ%n, where m and n
are the depth and the size of the initial rectangular king graph (with the same meaning
for KZ}”L), and h is the number of vertices in each side of the cut corner. For example,
the graph in Fig. 4 will be denoted by K5276. An uncut king graph of depth m and size

n may be denoted by KSML.

Fig. 4 An example of an upper-cut king graph

In order to apply a backtracking method to a king graph, we denote by F(i, )
a subexpression accumulated at vertex (¢,j) of K, , corresponding to its subgraph
which is positioned between vertices (i, ) and (m, n). The subexpression accumulated
at vertex (1,1) is the resulting expression. The method is implemented recursively
using Algorithm 3.

Algorithm 3 Generating expressions for directed king graphs by the backtracking
method
1: if m=1and n > 1 then
F(l, 1) <= a1101,2...Q1 n—1
else

Ll 4

)+ 1

m,n
) < bi,nbi+1,n-~-bmfl,n (’L < m)
)

(m,

(i,n

Emﬂ) = F(m,j+1) +dm1 jFim—1,7+1) (j <n)
(

® 3@

Lj) < a1 ;F(1,j+ 1)+ b1;F(2,5) +e1;F(2,5+1) (j <n)
i,J) < a; jF(i,j+1)+bi jF(i+1,5) +cij F(i+1,j4+1) +di—1 ;F(i—1,5+1)
<i<m,j<mn)

e N s N

The special case for a non-single-vertex graph of depth 1 is described separately in
Steps 1 - 2. In all other cases (a graph depth is greater than 1), even when the source
of the subgraph is on the upper or lower rows of the graph, moving along this row is
not, the only way to reach the target.
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The subexpression related to a single-vertex subgraph in Step 4 is accepted to be
1. Steps 5, 6, 7 present expressions of subgraphs whose sources are located on the right
column, the lower row and the upper row of the initial king graph, respectively. The
general case, where a graph traversal can be continued from a given vertex in four
directions, is processed in Step 8 and includes, among other things, a situation where
a subgraph source is on the left column of the initial graph.

Proposition 17 Denote by Lﬁl(n) the length of the expression E:c(K,},Ll,n) derived by the
backtracking method. Then

Ly(1) =0, L3(1)=1 (9)
Li(n)=Lin—1)+Li(n—1)+2 (n>1) (10)
L(n) :2(L3@-1)+L5(n—1)) +5 (n>1) (11)

Proof The initial statements (9) follow directly from Steps 4 and 5 of Algorithm 3,
respectively. The statement (10) follows from Step 6.
In accordance with Step 7,

LI(n) = LY(n—1)+ Li(n) + La(n — 1) +3
=Ldn—1)+Lin—1)+LIn—1)+Li(n—1)+2+3
— 2 (Lg(n_ 1)+ Ly(n — 1)) +5.

d

Theorem 18 Denote by Lfn(n) the length of the expression Em(KﬁLn) derived by the
backtracking method. Then
0 __an 1 o 3"
) =3"~2, L3m)=" -

N

Proof The proof is obtained by induction on n. By Proposition 17, Lg(l) =1=3-2and
Li1)=0= 3 — 3. Therefore, the theorem holds for n = 1. We will prove it for any n > 1,
assuming it is correct for n — 1.

By the statement (11) of Proposition 17,

L) = 2 (Lg(n —1)+ Li(n— 1)) +5

1 3n=t 3 1
22(371_ -2+ 5 —§>+5—3-3n_ 4-3+5=3"-2
By the statement (10) of Proposition 17,
n—1 n
L%(n):L%(nfl)JrL(z)(nfl)JrZ:32 f§+3"*172+2737f%
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For example, Ex (K> 3) derived by the backtracking method is

ai1(a12b13 + bia(age + di2bis) + c12) +
bi1(azi(age + digbi3) + di1(aizbiz + biz(age + dizbis) + ci2)) + ci1(a22 + di2b13).

It contains 25 labels.

Thus, the backtracking method applied to a king graph of size n produces expres-
sions of exponential length in n, already for graphs of depth 2. Moreover, this
exponential lower bound persists for every depth m > 2. For m = 2 this is exactly
Theorem 18. Let m > 2, and let D, and U, be the lengths of the subexpressions accu-
mulated by Algorithm 3 at vertices (m,n —r+1) and (m — 1,n —r + 1), respectively,
where 1 < r <n. Then D; =0 and U; = 1. Steps 6 and 8 give, for r > 1,

Dr = Drfl + Urfl + 27
Ur=U1+Dr+Dr 1 +W, 1 +42U, 1+ Dr + Dr1+ 3,

where W,._1 is the length of the subexpression accumulated at (m —2,n —r+2) and is
nonnegative. Comparing these inequalities with (10) and (11) shows by induction on r
that D, > Li(r) and U, > L3(r). In addition, F(m — 1,1) occurs as an actual subex-
pression of F'(1,1) through the chain of terms by 1 F(2,1),b21F(3,1),...,byp—21F(m—
1,1) in Algorithm 3. Therefore,

LY (n) > U, > Ly(n) = 3" — 2 (m > 2).

Hence, for all fixed depths m > 2, the backtracking method yields expressions of at
least exponential length in n.

6 Generating Expressions for Directed King Graphs
by a Decomposition Method

We apply the decomposition method to a king graph in a similar manner as for a
TGG in Section 4. K, ,, is conceptually split into left and right parts connected by
connecting edges a; ; (1 =1,2,...,m),¢; ;j (i=1,2,..,m—1)and d; ; (i =1,2,...,m—1)
so that j is chosen in the middle of a row (edges ais, ..., ass, c13, ..., €43, d13, ..., d43 in
Figure 3(b)). The graph is decomposed into 2m subgraphs of size approximately n/2.
The left upper subgraph is connected with two right subgraphs (via edges a;3 and
c13 in Figure 3(b)), the left lower subgraph is connected with two right subgraphs as
well (via edges ass and dy3 in Figure 3(b)), and each of the other left subgraphs is
connected with three right subgraphs by edges labeled a, ¢, d.

In a king graph, targets of left subgraphs can be reached not only from above,
but also from below. For this reason, subgraphs revealed from the left except for the
lower one are generally pentagons. Each such subgraph (see Figure 5(a)) is a king
graph with a cut lower-right corner and will be called an under-cut king graph. We
denote such a subgraph by K;%hn, where m and n are the depth and the size of the

initial rectangular king graph (with the same meaning for K ;Lhn) and h is the number
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of vertices in each side of the cut corner. For example, the graph in Figure 5(a) will
be denoted by K; f. It should also be noted that there are paths leading upward
from sources of right subgraphs. Thus, these subgraphs, except for the upper one, are
upper-cut king graphs (Figure 4).

Upper-cut and under-cut subgraphs are decomposed in the same way. New king
subgraphs and upper-cut or under-cut subgraphs are revealed in the course of decom-
position. In addition, king subgraphs with both the upper-left and the lower-right
corners cut off may appear (see Figure 5(b)). We call such subgraphs, which are hexag-
onal in the general case, two-cut king graphs and denote them by Kf;}’;[h?, where m
and n are the depth and the size of the initial rectangular king graph (with the same
meaning for Kﬁn{’n_h?) and h; and hy are the numbers of vertices in each side of the
upper and the lower cut corners, respectively. For example, the graph in Figure 5(b)
will be denoted by K7 >

Two-cut subgraphs are decomposed in the same manner. New upper-cut, under-cut
and two-cut subgraphs are revealed during decomposition.

Fig. 5 Examples of newly formed graphs: (a) an under-cut king graph, (b) a two-cut king graph.

Thus, in the general case (when the size of a revealed subgraph is not less than
its depth m, which is a constant) each subgraph is decomposed into 2m subgraphs
with the same depth m. An expression of each decomposed subgraph of size n consists
of 6m — 4 subexpressions related to revealed subgraphs (m — 2 triads of pairs of
subexpressions and four additional pairs corresponding to upper and lower subgraphs)
of size approximately n/2 and 3m — 2 additional labels corresponding to connecting
edges. As in Section 4, the expression can be simplified by factoring out subexpressions
which appear more than once (three times or twice in our case). Depending on where
the longer repeating expression is located, factoring out is done on the left or on the
right, so that the longer common subexpression is taken outside the brackets. In the
full-depth general case, the number of recursive subexpressions is thereby reduced by
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2m — 2 and is exactly 4m — 2; boundary cases or smaller-depth recursive calls produce
no more than 4m — 2 recursive subexpressions.

The closure of these subproblem types under one recursive decomposition is sum-
marized in Table 5. The entries are schematic: boundary cases may produce fewer
children or lower depth, but never more than the stated number.

Table 5 Closure of king-subgraph types under one geometric decomposition.

Parent type possible left child types possible right child types max. recursive children

rectangular  rectangular, under-cut rectangular, upper-cut Im — 2

upper-cut upper-cut, two-cut rectangular, upper-cut <4dm -2
under-cut rectangular, under-cut under-cut, two-cut <4m —2
two-cut under-cut, two-cut upper-cut, two-cut <4m —2

The count 4m — 2 is attained only in the full-depth rectangular/general case after
the repeated left or right factors have been removed. Upper-cut, under-cut, two-cut,
boundary, and smaller-depth calls may have fewer recursive children. This is why the
proof below uses the uniform maximum M,,(n) rather than an equality recurrence for
each individual subproblem type.

Theorem 19 The length of the expression Ex(Km,n) (m is considered as a constant) derived
by the decomposition method is Om, (nlog2(4m_2)).

Proof For fixed m, let Kpm(n) be the finite family of all king-type subgraphs of horizontal
size at most n and depth at most m that can occur in the recursive procedure: rectangular
king graphs, upper-cut king graphs, under-cut king graphs, and two-cut king graphs, with
arbitrary admissible cut parameters. Define
M (n) = max{len(Ez(H)) | H € Km(n)},

where the expression is the one produced by the decomposition method. Since m is fixed, all
subgraphs of horizontal size at most m have expression length bounded by a constant Ch,.

Consider now a recursive call on a subgraph H € K, (n) whose horizontal size is larger
than m. The vertical decomposition described above produces, after the same left or right
factoring, at most 4m — 2 recursive subexpressions. By Table 5, each such subexpression
belongs again to Km([n/2]): it is rectangular, upper-cut, under-cut, or two-cut, and its
horizontal size is at most [n/2]. The number of connecting labels is at most 3m — 2, and the
labels created by the constant-size boundary cases are absorbed into C,. Hence

My(n) < (4m — 2)Mm U%D 4 O

By the master theorem,

Mm(n) = Om (nlog2(4m72)) )
Since Km,n € Km(n), the same bound holds for Ex(Km,n). D

28



We denote by F((p1,p2), (q1,42)), F™((p1,p2), (41, 42)), F~"((p1,p2), (91, ¢2)), and
Fh=hz((py,ps), (q1,q2)) subexpressions related to king subgraphs, upper-cut sub-
graphs, under-cut subgraphs, and two-cut subgraphs, respectively, with a source
(p1,p2) and a target (qi,q2). The superscripts have the same meaning as in designa-
tions of subgraphs themselves.

For example, in the graph shown in Figure 3(b), one of the local three-way
contributions before factoring has the form

After factoring the common left subexpression, (12) becomes
Fﬁz((la 1)7 (2a 3)) (a23F1((25 4)7 (5a 6)) + 623F2((3a 4)7 (5a 6)) + d13F((17 4)7 (57 6))) .

This illustrates the reduction of repeated recursive occurrences which is used in the
general decomposition count.

Below we present the decomposition procedure for generating an expression for a
king graph of depth 2.

1. Initial subexpressions of horizontal size 1:

F((p1,p2), (1 + 1,p2)) 4 bpy s
F'((p1,p2), (p1,p2)) < 1
F=Y(p1,p2); (p1,p2)) < 1,
FY7H((p1,p2), (p1.p2)) 1

2. Initial subexpressions of horizontal size 2 for cut subgraphs:

Fl((plap2)a (p17p2 + 1)) < Qpy,psy + dp1—17p2bp1—1,p2+17
F_l((p17p2)ﬂ (p1>p2 + 1)) < Apy s + Opy padpy pss
Fl’il (p17p2)7 (pl —1,p2 + 1)) — dpl—LPQ'

3. If g2 > po, set for compactness

S:(p17p2)7 T:(Q17(12)7 Roz(p17.j)7 Rlz(p1+17j)a
UOZ(p17j+1)7 Ulz(pl—"la]—"_l)

Then

F(S,T) + F~'(S, Ro) (ap, ;F(Uo, T) + cp, ;5 (U1, T))
+ F(S, R1) (ap,+1,;F" (U1, T) + dp, jF(Uo,T)).
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4. If g > po + 2, with the same abbreviations,

FYS,T) + (F" (S, Ro)ay, ; + F' (S, R1)dyp, ;) F(Uo, T)
+ (Fl’il(S, RO)Cpl,j + Fl(S, Rl)ap1+1,j)F1(U1, T)

5. If g2 > po + 2, with the same abbreviations,

NS, T) + F'(S, Ro)(ap, ;F " (Uo, T) + cp, ;771 (UL,T))
+ F(S, R1)(ap, 41, F" (UL, T) + dp, ;F~(Up, T)).

6. If go > po + 2, with the same abbreviations,

FY=Y(8,T) + FY71(S, Ro)(ap, ;F~ (Uo,T) + ¢p, ;FV (U1, T))
Fl(S’Rl)(ap1+17jF1)_1(UlvT) +dp1>jF_1(UO’T))'

The few boundary cases of horizontal size 3 are evaluated directly by the same
path-sum definition. They contribute only fixed constants to the recurrences below,
so we do not display their expanded forms here; writing them out would obscure the
recursive structure without affecting the length analysis.

While Steps 1, 2 describe the initial subexpressions, the general cases are processed
in Steps 3 - 6. King and two-cut king graphs have symmetric boundary structure;
consequently, factoring repeated subexpressions on the left or on the right gives expres-
sions of the same length for those types. For upper-cut king graphs the right-hand
extraction is the compact one, while for under-cut king graphs the corresponding com-
pact extraction is on the left. Thus, in Steps 3, 5, 6 factoring is done on the left with
j= [%ﬂ], and in Step 4 it is done on the right with j = L%J.

Upper-cut and under-cut subgraphs with corresponding parameters have the same
decomposition length: reversing the horizontal direction, reversing each word, and
relabeling edges pairs the two recursive procedures without changing the number of
label occurrences. Hence one notation is enough for the two paired cut types. Denote
by Ly (n), L% (n), and Lk"2(n) the lengths of the expressions Ex (K ), Ex(K} )
or Ex(K,"), and Ex(K]};~">) derived by the decomposition method.

As follows from the depth-two decomposition procedure, for n that is a power of
two (n = 2P for some positive integer p > 2)

Ly (n) = 3Lz () + 3L} (3) +
L (m) = Ly (3) + 3L} (3) + 2L51 () +4 (13)
Ly (n) = L%(%) +3Ly" (%) +

where Ly (2) =7, LY (2) = 3, Ly (2) =

The following explicit formulas (n = 27’, p > 1) for (13) are obtained by the method
for solving systems of simultaneous linear recurrences [38]:

Ly (n) = Bnlo& 6 + énl‘)g’z?’ _ %’

30 3
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19 4
Ly (n) = %nl 820 — 5
19 2

L;’l (TL) _ %nlogzé’) _ §n10g23 =

For example, Fxz (K> 4) derived by the decomposition method is

(@11 + bi1di1)(@12(a1sbia + ciz + biz(as + dizbia)) + ci2(a2s + di3bia)) +
(@11b12 + €11 + bi1(az1 + di1b12))(az2(azs + digbia) + di2(a13bia + c13 +
bi3(azs + disbia))).

It contains 34 labels. For comparison, Ex(Ks 4) derived by the backtracking method
contains 79 labels.

Thus, the length of Ex(K,,,) derived by the decomposition method grows poly-
nomially with n for every fixed m. The exponent is log,(4m — 2), so it grows only
logarithmically with the fixed depth parameter m.

7 Column-Transfer Formulas and a Depth Lower
Bound for King Graphs

The preceding geometric theorem is retained because it follows the same explicit
separator-and-factorization philosophy as the TGG decomposition theorem and
because it explains the recursive king-subgraphs that arise in the original method. The
column-transfer theorem below gives the best king-graph upper bound in the paper: it
uses the fixed-depth structure more directly and replaces geometric separators by the
standard divide-and-conquer simulation of a fixed-width algebraic branching program
by formulas; compare the general ABP viewpoint in [4, 49].
For1<r<y<mand1l<j<n,put

y—1
By =[] b
q=r

where an empty product is 1. Thus Bﬁjg is the vertical path product from row r to

row y inside column j. For 1 < j < n, define an m x m transfer matrix M; by
m
M;(r,z) = Z B7(413 (02,yay,j + 0z yt1Cy,5 + 02 y—1dy—15) ,
y=r

where a term with an invalid edge index is omitted and § is the usual Kronecker
symbol. Finally, let

v (r) = B
Every s-t path in K, , can be uniquely decomposed as follows: in column j it first
moves vertically downward, possibly by an empty vertical path, then takes exactly
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one edge from column j to column j + 1; after the last horizontal/diagonal crossing,
it follows a final vertical path in column n to the target. Consequently,

PK = e{MlMQU'Mnf]_’Ut, (14)

m,n

where e is the first standard basis vector.

Theorem 20 (column-transfer upper bound) For every fized m > 1, the canonical path
polynomial of the directed king graph Kmn has an expression of length

Om (nl—i-log;2 m) )

For m > 1, this improves the exponent in Theorem 19, since 1+ loggm < logy(4dm — 2).

Proof For fixed m, every entry of every transfer matrix M; has length bounded by a constant
depending only on m. Let Sy (N) be the maximum length needed to compute one entry of
a product of N consecutive transfer matrices. For N =1, Sy, (V) = Om(1). For N > 1, split
the product in the middle. If @ = Mj - -- Mg and h is a middle index, then

Qr,z) =Y (Mp--- M) (r,u)(Mpqq - - M) (u, 2).
u=1

Thus
Sm(N) < 2mSm ([%D + Om(1).
The master theorem gives
5 (V) = O, (N¥5m)) Z 0, (H+1omam)

Multiplication by the final vector v and summation over the last row state add only a factor
depending on m. With N = n — 1, identity (14) gives the stated bound. O

The preceding upper bound is tight for depth 2 and has a nontrivial unrestricted
lower-bound counterpart in every larger fixed depth. For N > 1 and ¢ € {0, 1}, let

Py ={we{0,1}" : jw); =¢ (mod 2)}.

Lemma 21 (regular-expression lower bound for parity) For each ¢ € {0, 1},

aw(Py) = Q(N?).

Proof For homogeneous binary languages, Ellul, Krawetz, Shallit and Wang describe a
position-wise translation from a regular expression of length s into a Boolean formula
of size O(s) for the characteristic function of the language [11, Sec. 3]. Applied to Py,
this yields a Boolean formula for the N-variable XOR/parity function. Khrapchenko’s
lower bound for XOR gives Boolean formula size Q(N?) [25]. Therefore s = Q(N?). The
same reduction and its use for the XOR language are also summarized in the regular-
expression lower-bound survey of Cseresnyes and Seiwert [6, Sec. 1.1]; related lower bounds
by communication-complexity methods appear in [19]. O
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Theorem 22 (unrestricted king-graph lower bound) For every fized m > 2,
(P, ) = Qn?).

Consequently,
P, ) = O(n?).

Proof It is enough to prove the lower bound for a restriction of Pk . For m > 2, delete
all rows below row 2, except for the final vertical path from (2,n) to (m,n), whose labels
are set to 1. Also delete the final edge from (1,n) to (2,n) by setting its label to 0. This
reduces the source-target condition to the following depth-two condition: after the n — 1
column-to-column moves, the path must be in row 2.

Now set all remaining vertical labels b1 ; to 0. The only surviving column-to-column
transitions in rows 1 and 2 are the horizontal edges a1 j,as j, which keep the row, and
the diagonal edges cy ;,d; j, which switch between the two rows. Map a1 ; and ag ; to the
alphabet symbol 0, and map c; ; and dy,; to the alphabet symbol 1.

Under this substitution, a surviving path is encoded by a binary word of length n — 1.
Since the path starts in row 1, it ends in row 2 if and only if the number of row switches is
odd. Hence the image language is exactly 73711,1.

Let F' be any expression for Pk, . Applying the above restriction and deleting zero
summands and unit factors turns F' into a regular expression for P}L_l with alphabetic width
at most |F|. Therefore

|F| > aw(Pp_1) = Q((n — 1)%) = Q(n?).

Taking the minimum over all F' proves the lower bound. For m = 2, Theorem 20 gives the
matching upper bound O(n?), so UPk,,) = o(n?). O

For depths m > 2, Theorem 22 is a full formula-size lower bound, but it does not
match the column-transfer upper bound O,,(n!'*1°82™). Closing this remaining gap
would require sharper formula-complexity lower bounds for fixed-width noncommuta-
tive path polynomials. The next result gives a complementary depth-restricted lower
bound. We use the standard polynomial IMMy, the iterated product of d symbolic
2 x 2 matrices. Chillara, Limaye and Srinivasan proved that, for every A < logd,
every product-depth A multilinear formula for IMMy has size exp(Q(Ad'/?)) [8]. Here
product-depth means the maximum number of multiplication gates on a root-to-leaf
path.

Lemma 23 (monotone multilinearization) Let F' be a monotone formula over N(X) com-
puting a multilinear polynomial. Then every product gate of F' is syntactically multilinear:
the two factors of the gate use disjoint sets of variables. After commutativizing all products,
the resulting formula has the same length and product-depth and computes the commutative
image of the polynomial.

Proof 1f a product gate had a variable occurring in both factors, then expansion of the
formula would contain a positive monomial with that variable repeated. Since the semir-
ing is monotone and has no cancellation, this monomial could not disappear from the
computed polynomial, contradicting multilinearity. Commutativization only changes the
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order of variables in monomials and does not change the formula tree, its length, or its
product-depth. O

Theorem 24 (depth-restricted lower bound) For every fited m > 2 and every 1 < A <
log(n — 1), every product-depth A monotone noncommutative formula over the free semiring
computing P measured by label occurrences, has length

exp (Q (A(n — 1)1/A)) .

In particular, polynomial-length monotone formulas for Pk

m,n’

require product-depth Q(logn).

m,n

Proof By Theorem 3, it is enough to prove the claim for a restriction of Pk, . . If m > 2,
delete all rows below row 2 except for the forced final vertical path from (2,n) to (m,n),
whose labels are set to 1. This reduces the problem to depth 2. In K> ,,, set all vertical labels
b1,j to 0. The remaining column-to-column transitions are described by the symbolic matrices

ail.s C1.4 .
Aj:( i “>, 1<j<n,
dij az;j

and the restricted path polynomial is the (1,2) entry of AjAg--- A,_1. After a relabeling of
the entries of the last matrix, this is a standard entry of IMM,,_1.

The restricted polynomial is multilinear. By Lemma 23, every monotone noncommutative
formula computing it commutativizes to a multilinear formula of the same length and product-
depth for the usual commutative 2 x 2 iterated matrix multiplication polynomial. The lower
bound of [8] therefore applies with d =n — 1. O

8 Applications of Grid-Like Graphs: Shortest Paths,
Scheduling, and Reliability

Grid-like graphs, which model systems with a structured, often rectangular, layout, are
applied in diverse areas, including routing [26], coloring [22], circuit design [24], chem-
istry [42], text analysis [55], and others. Their regular structure makes them suitable
for representing spatial or logical relationships and for applying efficient algorithms
for tasks such as shortest-path finding, data processing, and structured robustness
analysis. Reliability is discussed separately below through two-terminal cuts and zero
substitutions, not as part of this generic list of grid-like graph applications.

Specifically, we aim to use grid-structured graphs to model a task-scheduling
system, namely, a multi-priority system of robotic lines in which priorities change
dynamically. Each vertex of an m X n graph represents a machine, and each directed
edge represents a feasible transfer link for moving a manufactured product between
machines. In this context, edge labels serve as weights, each representing a generalized
cost computed as a complex function of various parameters.

Row i (i = 1,...,m) corresponds to a line of priority 7. A product may be transferred
from machine j to machine j + 1 on the same line or, if necessary, to any lower line.
Grid graphs allow a transition only to the machine of the same number in the new line,
followed by a transfer to the next machine on that line. By contrast, TGGs and king
graphs permit a direct passage to the next machine in the new line. Any transition
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to a lower line decreases the task’s priority, since it reduces the number of lines that
remain available for future transitions. In systems modeled by grid graphs and TGGs,
returning to a higher line is impossible. In systems represented by king graphs, priority
can be increased, but only by one level per transition.

In the systems described above, shortest-path problems arise naturally. These prob-
lems can be solved symbolically by evaluating the st-dag expression over the min-plus
semiring: formal addition is replaced by min, and formal multiplication is replaced by
ordinary addition. Equivalently, one may work in the max-plus convention after negat-
ing all weights [1]. The symbolic expression is then a precompiled dynamic program
for the workflow st-dag. If edge weights change but the graph structure does not, the
expression can be re-evaluated without rebuilding the recursive decomposition. Thus,
a compact st-dag expression provides an efficient shortest-path computation scheme
on the workflow st-dag.

In [37], we employed this symbolic technique to schedule a single robotic line mod-
eled by a Fibonacci graph. We plan to extend this work to the models schematically
described above, which are based on grid-like graphs.

The same symbolic representation is also useful for failure and robustness questions.
Setting an edge label to 0 in the formal path polynomial deletes all paths using that
edge, while in a min-plus shortest-path interpretation a failed or forbidden edge can be
represented by an infinite cost. By Theorem 4, inclusion-wise minimal sets of failures
that disconnect the target from the source are exactly the minimal zero-substitution
sets that annihilate the path polynomial.

This gives a reliability interpretation of the algebraic machinery. In a probabilistic
network, min-cuts are minimal simultaneous edge-failure patterns that force system
failure. Earlier work on Fibonacci and generalized Fibonacci graphs computed such
min-cut families and reliability-related quantities [30, 32, 33, 36]; the recent fractal-grid
abstract extends this viewpoint to recursive grid families of varying range [40]. The
present paper contributes the complementary path-side compression: instead of enu-
merating all minimal blockers, it constructs compact formal expressions for all feasible
paths and then uses cut substitutions to recover the minimal-blocker interpretation.

9 Conclusion and Future Work

Recursive methods for generating algebraic expressions of triangulated grid graphs and
king graphs have been presented. Both types of graphs have m rows and n columns,
where m is treated as a constant. The backtracking method produces expressions
of length O (n™) for TGGs and expressions of at least exponential length in n for
king graphs. The geometric decomposition method provides expressions of quasi-linear
length, O, (n log™ ™! n), for TGGs and expressions of length O,, (n1°g2(4m_2)) for
king graphs. For TGGs of depths m < 4, this quasi-linear bound is globally optimal:
every expression has length €2, (n log™ ™! n) For every fixed depth, the same quasi-
linear bound is optimal inside the balanced column-interval decomposition model.
The unrestricted conclusion for all fixed depths would follow from the corresponding
all-fixed-k lower bound for binomial languages.
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For directed king graphs, the column-transfer construction improves the upper
bound to O,, (n1+1°g2 m) by viewing fixed-depth king graphs as fixed-width algebraic
branching programs. On the lower-bound side, every expression must contain at least
all edge labels, restrictions preserve lower bounds, parity-language restrictions give
the unrestricted formula lower bound ¢(Pk,, ) = Q(n?) for all m > 2, and therefore
{(Pg,.,) = ©(n?). King-graph polynomials also inherit depth-restricted formula lower
bounds from 2 x 2 iterated matrix multiplication.

Both methods rely on recursive algorithms. In an explicit-output implementa-
tion, the algorithms are output-sensitive: the time needed to write the formula is
linear in the number of produced label occurrences, up to standard bookkeeping for
parentheses and pointers. If repeated subexpressions are stored as a shared syntax
DAG, the storage measure becomes a circuit/DAG measure rather than the formula
length studied in this paper. Thus the stated bounds should be read as formula-length
and explicit-output bounds; shared-DAG compression is a separate implementation
question.

The fractal-grid min-cut viewpoint provides another natural continuation and also
strengthens the reliability narrative. The earlier Korenblit—-Levit work on Fibonacci
min-cuts, reliability polynomials, nested graphs, and generalized Fibonacci graphs
[30, 32—-36] shows that min-cut growth is not merely a side observation: it is a structural
quantity that directly affects cut-based reliability computations. The 47ACC abstract
[40] shows that, for generalized Fibonacci, grid, and trapezoidal grid graphs param-
eterized by range, the number of inclusion-wise minimal source-target cuts changes
from linear to quadratic to exponential growth as the range passes from 1 to 2 and
then beyond 2. The cut-substitution theorem above makes this a statement about min-
imal ways to annihilate path polynomials. A natural next problem is to compare these
cut-growth thresholds with expression-length thresholds: does exponential minimal-
cut growth force new formula-size lower bounds, or can recursive factorization still
compress the path polynomial effectively in fixed-depth or fixed-range regimes?

Future work will focus on the two remaining unrestricted optimality questions iso-
lated by these bounds. The first is the all-depth global TGG question: the balanced
interval-decomposition theorem proved here is sharp for the recursive decomposition
model, while the unrestricted formula-size statement would follow by proving the
corresponding fixed-k binomial-language regular-expression lower bound. The second
is the remaining king-graph gap for m > 2, where the present unrestricted lower
bound is ©(n?) and the best upper bound proved here is O,, (n'1°82™). Further com-
pactification of the decomposition method may also be possible by avoiding explicit
connecting-edge separators and identifying larger adjoining subgraphs, possibly of
more complicated structure, that can be factored as units.
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