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The Gamma-limit of the simple shear problem
in nonlinear Cosserat elasticity
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Patrizio Neff

University of Duisburg-Essen, Faculty of Mathematics, Thea-Leymann-Strafie 9, D-45127 Essen,
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Abstract

The zero and first order Gamma-limit of vanishing internal length scale are studied for
the mechanical energy of a shear problem in geometrically nonlinear Cosserat elasticity.
The convergence of the minimizers is shown and the limit functional is characterized. One
main result is that Gamma-limit and pointwise limit of the energy only coincide when
ite = 0 and are different otherwise.
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1. The Cosserat model in simple shear

We investigate the deformation of an infinite layer of material in 3D with unit height,
fixed at the bottom and sheared in e;-direction with amount 0 < v < 2 at the upper face,
cf. Fig 1. Within a geometrically non-linear Cosserat theory, [12, 14, 15], the mechanical
behaviour of the material can be modelled with the help of the standard deformation map
¢ : Q — R3 and the tensor field of orthogonal micro-rotations R :  — SO(3), describing
the translation and independent rotation of a material point, respectively. Here, QCR?
is the reference configuration. By p > 0 we denote the standard elastic shear modulus,
fte > 0 is the Cosserat couple modulus, A € R the second elastic Lamé parameter, a; > 0,
as > 0, ag > 0 are non-dimensional constants; L. > 0 is the characteristic length scale.
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Figure 1: The deformed state exhibits a homogeneous region in the interior of the structure which
motivates the kinematics of simple shear.

A detailed discussion about the physical meaning of these parameters and its relation to
other models can be found in the review article [31].

The deformed material is characterized by the minimizers (¢, R) of the isotropic me-
chanical energy

_ — A — 1 2
Esp(g, R) = /ﬁﬂ(sym(U ~ 19)|° + prefskew(T — 1)[* + 5 [(detT —1)% + <detU -1) ]
L? T 2 T 2, a3 T 2
+ 5% (a1|dev sym R Cur1R| + (zg’skeWR CurlR‘ + gtr(R CurlR) ) dx

= /A Winp(U) + WdiSbC(RTCurlR) dz, U= RTD(p (1)
Q

subject to certain boundary conditions, see [3, 32, 31, 35, 36, 6, 5, 8] for further infor-
mation and [18] for a comparison to experiments.

The symmetry of the boundary conditions and the infinite extension in ej-direction
lead to the reduced kinematics

x1 + u(zs) 1 0 u(xs)
90(371,5327963) = T2 , F= D@($17$2,1‘3) =101 0 ) (2)
T3 0 0 1

with ©(0) = 0 and u(1) = 7. The microrotations R € SO(3) satisfy the identity

cosa(xsz) 0 sina(zs)
R(Il,l'g,xg) = O 1 0 (3)
—sina(zs) 0 cosa(zs)



with fixed axis of rotation ey, implying

0 —sina(zs)a(zs) 0
CulR= {0 0 0] . (4)
0 —cosa(zs)d(xs) 0

From now on, we denote x3 by x and set
Q:=(0,1) CR.

The deformation u introduced in (2) and the local rotation angle o around the axis
3 = x in (3) permit to re-write the functional Esp in a simpler form, see [3]. The
solutions to the 3D-shear problem can thus be obtained as minimizers of the mechanical
energy functional and the reduced mechanical energy functional

1 2
E(u,a) = g/ 4L/ P+ o/ |P + (sin(&)u’—élsinQ(%)) dx
0

1 2
= % (cos(a)u' - QSin(a)> dz, (5)
0
- 1 . 1 2_ 2 6 A3\ 2
E(u, ) :g/o 4L3|o/|2+\u'12+[a<a—u/)]2dx+% O ( 20‘ - 0‘30‘ ) da. (6)

The functional E(u,a) is obtained from F(u,«) in (5) after introducing the third-
. 2 . . .

order expansions cos(a) ~ 1 — %, sin(a) ~ a — % and dropping all higher order terms

except & <a74|u' > — %Q/SUI + %ozﬁ) to finally get a complete quadratic form.

In this article we are concerned with the Gamma-limit of vanishing internal length
scale L. of E(u,a). However, the methods of this article are also applicable to the

Gamma-limit L. N\, 0 of E (u, ) and we expect that Gamma-limit to be very similar to
the one obtained in this paper as long as « is small.

o e
Formally writing L. = e for € > 0 leads to

E.(u,a) = { Jo 1P+ P+ W(a) o, if (wa) € (WHQ)P,

~+00, else

with the potential

W' o) =

=

(sin(a)u’ — 4sin® (%) >2 + %(cos(oz)u’ -2 sin(oz))Q. (8)

4

g

= sin(a)u’+2 cos(a)—2



By W™2(Q) we denote the Sobolev space of m-times weakly differentiable functions in
L*(Q). Let C(Q;R) denote the smooth functions g : @ — R with g(0) = g(1) and let

W;Q(Q; R) be the closure of C3(Q; R) with respect to the Wh*-norm, i.e. the Sobolev
functions g € WH2(Q2) with identical traces at the boundary. The minimization of E in
(5) is carried out in the reflexive Banach space

X=X, xX, = {UEW1’2(Q; R) |u(0)=0, u(l):’y} X {aEqu(Q; [0,271'])}. (9)

The function W (v, ) is 2m-periodic in . Motivated by numerical considerations, see [7],
(9) confines the range of a to [0,27]. The interval [0, 27] is only one possible choice but
determines the analysis for the entire article. Below, in Figures 2, 4 and 5, other ranges
of a will be displayed if it is advantageous for the presentation.

The concept of Gamma-convergence describes the asymptotic behaviour of a family of
minimization problems. It is arguably the most natural way to study the convergence of
variational problems as it supplies information not only of the minimizers itself, but also
of the convergence of the variational problems as outlined in Theorem 1, Appendix A.

The characterization of the Gamma-limit of E. allows to qualitatively and quantita-
tively understand the model for small characteristic length scale L. which would other-
wise demand simulations with ultra-high spatial resolution. Clearly, the Gamma-limit
differs from the pointwise limit. This is illustrated in the following non-commutative di-
agram. It is a well-known result from Gamma-convergence, cf. e.g. [17][Prop.5.7], that a
non-increasing family of functionals Gamma-converges toward the lower semicontinuous
envelope of its pointwise limit Ey, i.e. Eg = Isc(Ep). The task in this article is hence
similar to that of [13] and [25], see also [4] for a discrete setting.

Eai%Eo

F—liml /
e—0 #
Eq

The Gamma-limit functional Fy of E. will be identified in Proposition 1. For com-
parison, the limit functional Ey for L, \, 0 differs in general from Fy and is simply (cf.

Eqn. (5))

~ 1 2 1 2
Eo(u,a) = g/o \u'[Q—l—<sin(a)u’—4sin2(%)> dx+% i (cos(a)u’—Qsin(a)) dz. (10)

The condensed energy E<"(u) := min, Fy(u,a) can be determined explicitly, see the
appendix. Accordingly, the limit L. \, 0 of the full functional in 3D is

Esp(¢, R) —/ﬁu}sym(U—ﬂs)‘2+Mc}skeW(U—]l3)‘2—1-%[(detU—l)z—i-(detU—l)Q] dz (11)
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and the condensed energy E$34(yp) = min peso(s) EgD(go, R) can also be determined ex-
plicitly. At this point, we are unable to compute the Gamma-limit L. 0 of the full

three-dimensional functional E3p which is why we restrict ourselves here to the analysis
of the shear problem.

The paper is organized in the following way. For convenience, the general theory of
Gamma-convergence is recalled in Appendix A. Section 2 deals with the Gamma-limit of
E with respect to the weak topology in L*(Q2) as L. \, 0. Here also the minimizers of
E are classified depending on the values of pu, u. and the amount of shear v. We end

with a discussion of the results. In Appendix B we compare the Gamma-limit with the
pointwise minimization of E for L. = 0.

As a good starting point and for gaining first insights into the concepts of this article,
we consider for fixed «’ the term W(a) =

§[a(a—u')]2 from Eqn. (6), see Fig. 2. It is a
double-well potential with minima at & = 0 and @ = v/ and a maximum at o = “7/ Similar
potentials have been used for a long time to model phase transitions and segmentation
phenomena, see, e.g., [19]. (Recent articles on phase separation commonly replace the

quartic polynomial by a logarithmic expression closer to the correct physical free energy).
0.01 — i ‘ l‘l'=0-6‘,;u=1‘
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Figure 2: Comparison of the reduced energy W(a) = %[Oc(c%u’)}2 (left) and the full energy W (right)
together with its convexification W** for p =1, u. =0, v’ = 0.6 and « € [-0.2,0.8].

In the region separating the two minima, W is positive, thereby forming an energy
barrier, also called surface energy. This is the minimal amount of energy that must be
provided to let the physical system pass between the optimal states « = 0 and o = u’.
A related concept is the activation energy of chemical reactions in an Arrhenius type
equation, see, e.g., [27].

The energy barrier models analytically the resilience of the material to changes of
the inner molecular structure needed to pass from the state o = 0 to the state a = /.

The associated molecular or atomistic restructuring can mathematically be formulated as
Markov processes, see, e.g., [24].



Since W originates from W by a third-order Taylor expansion, one may expect that
also W displays a double well. Indeed, within a certain range of y and ., this is the case.
Fig. 2 compares W and W for one set of parameters with striking similarity.

If a double-well structure of W and W is present, minimizing sequences develop fine
scale oscillations. For further explanations, we refer to [30] and references therein.

The Gamma-limit goes along with a convexification of W. This convexification con-
nects the minima and removes the energy barrier. Using this convexified energy Ej, cf.
Eqn. (15), should lead to a significant improvement in the numerical simulations.

Fig. 2 shows only a part of W. Interestingly, the double well is very flat and located
in a tiny section of the full graph of W that may easily be overlooked, cf. Fig. 5.

2. The Gamma-limit of E,

The general theory of Gamma-convergence is recalled in Appendix A. In this section,
we derive the Gamma-limit of E. with respect to the weak topology in L?(Q) as € \, 0.
We introduce the closed domain

D =10,2] x [0,27] C R?. (12)
Writing z := «/, let (cf. Eqn. (7))

LIz2+W(z,a), if(z,a)€ D
— 9 ) ) 3 3
Qz,a) = {+ | olse (13)
so that
e B (ntee — dsi?(PY) s e PRI -
Qz,a) = 2\z| + 5 <sm(a)z 4 8in (2)) +5 (cos(a)z QSm(a)) if (z,a)€ D.

Definition 1. For @ given by (138) we denote by Q** the convex and lower-semicontinuous
envelope of @, 1.e.

Q" (z, ) == sup {g(z,a) | g is convex, lower semi-continuous and g(z,a) < Q(z, a)}.

(14)
The computation of Q** is postponed to Lemma 2 below.
We define the relaxed functional
T s, : v
Fo(u, a) = {fo Q¥ (v ,a)dx, if (u,a) € X, (15)
400, else



p=1, B = 0.8

Q(du,alpha)

alpha 0 0 du

Figure 3: Plot of Q(z, ) for « € [0,27], z € [0,1.5], =1 and p, = 0.8.

and for € > 0 the family of functionals

I 21,12 / .
EE(’LL’ 04) = { fO € |O[ | + Q(U ,O[) dl’, lf (U,Oé) 6 X, (16)
+00, else.
In (15) we introduced the Banach space
X o= X, x CY (% [0,2n]). (a7

The reason for introducing X is that for £ \,0, the term fol ela’]? dx in E.(u, ) disappears,
so the weak limit «v of a minimizing sequence (v, )nen C W#Q(Q; [0, 27]) need not be weakly
differentiable and may leave X,. This also explains why taking the Gamma-limit w.r.t.
weak convergence in L?({2) is the right notion here.

Lemma 1. Let (g,)nen be a sequence of positive real numbers with €, \, 0 for n — oo.
Then the family of functionals (E, )new defined in (16) is equi-coercive with respect to
weak convergence in (L*(2))%.

Proof. We are going to show that for every sequence (uy,,y,)nen C (L*(0))? with
SUPpep Ee(tn, ) < 00 there exists a subsequence (uy, , oy, )ren that converges weakly in
(L?(Q))2. This implies the equicoercivity of (E., )nen-

Directly from (16) and (13) we obtain

i
5”“%”%2(9) < B, (un, ) <C (18)

uniformly in n € N. From the definition (16) of E. , this implies (up, ) € X = X, x X,
for every n € N. Functions u,, € &, are absolutely continuous in 2. Employing u,,(0) = 0,
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this yields u,(z) < [ ul(€)dE, so Ju,(z)] < fol lul, (&) d€ for a.e. o € Q. Consequently,

lunllz@) < Nlunllze@) < llunllz@)- (19)

This shows that ||u,||w12(q) is bounded uniformly in n. By the Banach-Alaoglu theorem,
there exists a subsequence (uy, Jken that converges weakly in L?(12).

From (ay)nen C &, follows a,, € [0,27] pointwise in 2 and hence the boundedness
lon||2() < 27 uniformly in n € N. Again, (see, e.g., Theorem 2.6 in [10]) this implies
the existence of a subsequence («,, ) converging to o weakly in L?(2). O

Proposition 1 (Gamma-limit of E.). Let (¢,)nen be a sequence of positive real num-
bers converging to 0. Let E., on (L*(Q))? be given by (16), and as in (15), let

s = (£ e

—+00, else.

Then Ey is the Gamma-limit of E., with respect to weak convergence in L*(2) forn — oo.
Proof. (i) liminf inequality. Let (u,a) € (L*(2))? and (un, ay)nen C (L*(2))? be a
sequence with u,, — u, a,, — « in L?(Q) for n — co and liminf,cy E., (un, o) < 0o. Up
to subsequences, we may assume that

7}13010 E., (uy,, a,) exists and is finite (20)
and (uy,, o) € X for all n € N. From E. (u,,a,) < oo, as in (18) in Lemma 1, up to
subsequences, we have v/, — v/ in L*(Q). The (compact) embedding W'2(Q2) — C°(Q)
implies u, (r) — u(x) pointwise for all # € Q. Similarly, a,, € X, implies a,, () — a(z)
for all z € © and a € C%(Q; [0,27]). From these pointwise convergences, (20) and (13)
we infer (u(z),a(z)) € D for all # € Q and Q(v/,a) < oo. Also, u(0) = 0, u(l) = 7,
hence (u, o) € X. From (), o) = (v, ) in (L*(Q))* we find

1
liminf E., (u,,a,) = lim inf/ e2|al|* + Q(ul,, a,) dx
0

n—oo n—oo
1
> liminf/ e2lal |+ Q™ (ul,, a,) dw (21)
n— o0 0
1
> / Q" (v, a)dr = Ey(u,a). (22)
0

Here, (21) follows from (14) and (22) holds because Q** is convex and lower semi-
continuous, consequently (u,, ) — fol Q** (ul, a,) dx is weakly lower semi-continuous.

8



(i) limsup inequality. Let (u,a) € (L*(Q2))* be fixed. We may assume Ey(u,a) < 0o
(otherwise the Limsup inequality is evident) such that (u,«) € X. We must prove the
existence of a sequence (u,,a,) C (L*(Q))* with u,, — u, o, — a in L*(Q) for n — oo
and

n—oo

1
Eo(u,a) = / Q* (v, ) dx > limsup E., (uy,, o).
0

Because of limsup,, . Ec, (tn, @) < fol Q (v, o) dz it is sufficient to show that

1 1
lim sup/ Q(ul,, ) daz < / Q" (v, o) da (23)
n—o0 0 0

for a suitable recovery sequence (u,, ., )nen. Subsequently we approximate u by piecewise
affine functions u, with u,(0) =0, u,(1) = 7 for all n € N and « by piecewise constant

functions periodic in Q. The set of such (u,, a,) approximates X densely in (L2(£2))2.

Case 1: Let [a,b] C Q be an interval where v’ = z = const, o = const in [a, b]. Fix e > 0.
Then there exist x. € (0,1) and (2}, al) € R? (22, a?) € R? with

l‘aQ(Zsl,Oz;) + (1 - :E&)Q(Zz’ag) < Q**(Zva) +é,

2 2

ze(2h, al) + (1 — 2.) (2%, %) — (z,0)| < e (24)

The existence of such ., (2!, al), (22, a?) follows from

Q" (z,a) = inf { liminf 2,,Q(2}, ol ) + (1—2,)Q(22,a2) | m € (0,1),

m— 00

lim z,,(28, ol )+ (1—2,) (22, a2) = (z,a)}.
m—o0

Construct an affine function u. with constant derivative u.(z) = 2. == z.2! + (1 — z.)22,

where u.(0) = 0 if a = 0 and u.(1) = v if b = 1, as well as the constant function
a.(x) = x.al + (1 —z.)a? for x € Q. Let
‘ zl, for 0 <z <z, al, for 0 <z <.,
ve() = 2

22 forax.<x <1 wa(x)::{a2 forz. <z <1 (25)

g ISR

extended 1-periodically to functions for x € R and define the 1/n-periodic functions

3
n

() == ve(nx), a; (x) == we(nx).

z n

It holds 2¢ = (uf) — z. = ul and o, — a. in L*(Q) for n — oo, cf. [10, Example 2.5],

where the piecewise affine functions g, are constructed as u. was above, e.g. (u5) = 25

9



and u5(0) =01if a =0, w5 (1) = v if b = 1. Formally, the limsup-inequality also requires
ué — u. in L*(Q). Indeed, from (uf)" — ul, integration by parts yields

/0 (U (2) — ua(2))d () dz — 0 for n — o0 (26)

and any ¢ € C§°(2). Formally replacing ¢’ in (26) by a new test function ¢, from the
density of the continuous functions in L?(Q), this yields uS, — u. in L?(Q) for n — oo.
Finally, by construction,

lim b@(zi,ai)dxz(b—a)[st(zi,ai>+(1—xs>Q<z§,a§>} < / b@**(z,a)dx+g(b—a).

n—o0 a

Taking the limit € N\, 0 this yields the desired limsup-inequality.

Case 2: u is piecewise affine, « is piecewise constant.
We may assume that «' and « are discontinuous at identical points in 2. Now repeat
the construction of Case 1 on each interval where v’ and « are continuous. 0J

For the computation of Q**, we need to consider the minimizers and the minimal
of Ey (defined in (7)),

—HHe

e, = min{Eo(u,a) ‘ (u, ) € 2?}

Table 1 below has the details.

| Reg. | Parameters | Minimizers | Minimal energy e,, . of By |
@ | pu.=0 (w,0q =0), (w,af =2arctan()) | 5+°
@ | p=pic (@, ag) p(y? +4 = 2¢/72+4)
® | p# e, if o exists | (@, a7), (@,o]) iipen? ‘#2_‘50'
@ | pu# p., else (w, an) (7?44 —2y/72+4)

Table 1: Unique minimizers of Ey in X and minimal energies for different parameter ranges.

The case . = 0 is a special case of regime ® with p # p. and existing ozf, see Remark 1. The case
It = p is a special case of regime @ with u # p. and non-existing ali. A necessary condition for the
existence of ali is 2p > p.. Further explanations regarding the existence of ali and a characterization of
regimes @ and @ are found in Remark 2.

We adopt the notations



for the homogeneous deformation which turns out to be optimal in X,, and set
- py = f + py + f gl
ay = arctan(—), al = arctan(—), gy = arctan(—) (28)
' 2u+31f ! 2u—1f 2
for the global minimizers of Ej, where
1/2
o= (02 = p)? = 42) (29)

Remark 1. The case ji.=0 is a limiting case of regime ® with p# p. and existing o .
For . =0, by Eqn. (29), f = ~yu such that by Formula (28)

_ 4~
a; =0, af = arctan<4 — 72). (30)
This formula had already been derived in [3]. Therein, the value af for p. = 0 had been
denoted ag and introduced by the identity
4 sin® (Q)
_ -1 — 2
a3 n (’y)v 77(04) Sin(a)
The inverse n~' () in (31) exists for v € [0, ) while of in (30) is evaluated for v € [0,2].
Due to

(31)

N _4sin2(%) B 2sin2(%) — otan(®
na) = sin(o)  sin(g) cos(2) =2t (2>7

Eqn. (31) can be rewritten to (only valid when p. =0)

af =n7y) = 2arctan<%> = 2o, (32)

4y
2

improving (30). The identity arctan (477 ) = 2arctan(%) can also be obtained directly

from the addition theorem

V1V
arctan(v;) + arctan(ve) = arctan<i> for vivg <1
— U102

after setting v, = vy == .

For pi. < p1, o exists if p, < p& with p&* defined by Eqn. (36), see Remark 2 below.

c

For p < g, ai exists if p # e and p, > p&t, where p* is now defined by (38).

Fig. 5 displays one example for the case u > p.. In the interval o € [0,1] which
contains all minimizers, W (v, -) is strictly convex for p, > p&, while for ., = 0 and in
the non-classical regime p, < ™t W(+,-) is a double-well potential with minimizers at

a; and at of , cf. Fig. 5.

The limiting case p. = 0 is displayed in Fig. 4.

11
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Figure 4: Two plots of o — W(vy,a) for p. =0, p =1 and v = 0.6. Left: Plot for « € [0, 27]. Right:

Close-up for o € [-0.2,0.8] showing a double well with minima at a; = 0 and af = 2arctan(Z) ~ 0.5829

as predicted by Eqn. (32). The double well is very flat and does not show up in the full plot on the left.

The data of Table 1 is computed for fixed ~. For the variational problem at hand, we
write z == @ = v and have from now on af = af(2), ay = as(2) and f = f(2).

Remark 2 (Existence of o (z) and different regimes). Whenever o exist, these are
the unique global minimizers of Ey. In [3], oi have been computed as solutions of

24

zsin(a) + 2 cos(a) = . 33
(@) + 2eos(a) = -1 3
Writing S = sin(«), C = cos(a), g == ﬁ, we find 2C = g—zS and 4C? = 4(1 - 5?) =
(9 — 29)2, leading to the quadratic equation
2zg g® —4
S* — S =0.
22 +4 + 2244
The solutions S* and hence oi exist provided p # p. and d == (2> +4—g*)"/? = % 18

real-valued, where f = f(z) = ((224+4)(n—pe)* — 4,u2)1/2, cf. Eqn. (29). We introduce
for u # . and 2u > . the critical value of z by

2 V(2 ) ' ticul 2 T4 4 (34)
Zerit = ——— \/ fe(20 — 1e), in particular 254 = .
= e ' (1 = pc)?
It holds f(zeit) = 0. Hence the case z = zeyy constitutes a transition point with
_ Zeri
o] (Zerit) = o (Zarit) = 2 (Zarit) = arctan( 5 t). (35)

12
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Figure 5: Plots of o — W (~,«) for 4 = 1 and v = 0.6. Left: Plots for a € [0,2n]. Right: Close-ups
for o € [-0.2,0.8]. Bottom: For u. = 0.02 < pf™* = 0.0422 there is a double well with minimal value

= HKe 285~ 0.00278 at a; ~ 0.0783 and at o] =~ 0.5046 in accordance with Eqn. (28).

Eppe 577 — i— i :

Top: Strict convexity in the interval a € [0,1] for p. = 0.1 > pt with the unique minimal value
€ = M[%z +4 —2y/v2 + 4] ~ 0.003877 at as = arctan(y/2) &~ 0.2915. The double well is very flat
and practically invisible in the full plot displayed on the bottom line left. The blue box on the bottom
left illustrates the section which is enlarged on the right.
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1. Case: p. < .
We adopt temporarily the symbol u<™* from [3] for the critical value of p. and define

, . 2
crit _ | crit ) = (1 o ) 36
pet = (z) = =7 (36)

For pi. < i, the existence of af and the third regime of Table 1 are characterized by the
crit

condition p. < pS™ ensuring that d is real-valued. This can be rewritten using (34) to a
condition z > Zuit, 1.€.

- 2 2 f1—He Ap®
e S pus(2) = pe < (1——><:> < = <244
He < He(2) fle =11 224+ 4 2244 I (1= pre)?
A(u? = (—p10)? 2
— (:u (:u g))§22<:>_ /MZ_(M_NC>2§Z
(1—pic) = He
— Vire(u—pe) < 2z <= zaip < 2. (37)

H—He

2. Case: 1 < pie. For p = pe, Eqn. (33) has no solution. Let p < p.. The critical value
of pe is then

) . 2
crit — crit ) = <1 + ) 38
pet = e (2) = (1 e = (38)

For i1 < ju., as in the first case, o5 solves (33) provided pc™ < p.. We assume that

> . (39)

Then the third regime of Table 1 for p < p. is characterized by

~ 2 2 fie—J 4
crit 2
us ZS/LC<:>,U<1+—>§/LC<:> < = <44
(=) V2244 2244 1 (fre—p)?
4 2 o— 2
(H (ﬂ 2#) ) < 52 ; 12 — (MC—M)Q <z
(e—p) fe—H
— [le—[1 V MC(2M_MC) < 2 <= Zait < 2. (4O>

In both cases, we find that 041i exist if zayw < 2. For g = e, Zait 1S undefined and the
minimizers o5 do not ewist.

Under the assumption (39) we may repeat Table 1, now written in terms of z.
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’ Reg. | Parameters | Minimizers | Minimal energy €hne (2) of Eg ‘
@ | p.=0 (u, 07 =0), (@, af (z) =2arctan(%)) | £z
@ | 1= (@, aa(2)) wu(z? +4 — 2\/,22 +4)
O | Wt 2 > 2o | (@07 (), (@} (2)) e -
@ | pA e, 2 < Zais | (T, az(2)) ,LL(Z +4 — 2\/,22 )

Table 2: The data of Table 1 for different values of z.

To complete the discussion of the Gamma-limit, it remains to compute the convexifi-
cation @**. Motivated by Eqn. (30) valid only for z < 2, we restrict in the following to
z € [0,2].

Lemma 2 (Computation of Q™). Let Q) be given by (13), 0 < z < 2, u. < 2u and let

u(z2 +4—2v/22 + 4) if (u=pe) or (2 < Zait),
QMHC(Z) = Mzz 22 (41)

else
2 [e—pecl ’

where zey is given by (34). For f(z) = ((22+4)(n—pe)? —4p )1/2 let
w2 = J(z) ) N ne £ J(z) >,a2(z) = arctan(%). (42)

a; (z) = arctan <2,u+—5f(2) yai (z2) = arctan(m
2 2

Then, depending on u and p., for 0 < z <2, 0 < a < 27, the convezification Q**(z, «)
1s given by the following formulas.

(i) If o =0 :
Q"(z,0) = 52" (43)
(11) If p = pe :
e B W(z, )+ %Zz if a € [0, aa(2)],
@riza) = { (12 — € (N2 e, () ifaclan(z),2n] -~ 4
(iii) If p # pie -
(W(z, )+ %ZQ if (@€ (0,07 (2)) and z > zuit)
or (a€ [0 ,042( ) and z < Zeit)s
Q" (z,a) = { Gupe (2) . zfae [ay (2), 0 (2)) and 2 > zex,
(o=, (2) g de, , (2) i a€ [af (2),2n] and 2 > zaw,
[ (He2? —e, . (2) 2C:T__C;22((ZZ)) +e,,.(2) if a € |aa(2),27] and 2 < Ze

(45)
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Remark 3. Eqn. (45) is the general formula for Q** and contains both (43) and (44) as
limiting or special cases. To see this, for p. =0, it holds zi = 0 by (34), e,,,,.(2) = b2?
by (41), f(2) = pz which implies oy (2)=0 by Eqn. (42). Hence, for (z,a) €D, Eqn. (45)
simplifies to (43).

For i = p., oi are undefined. Formally replacing zes in Eqn. (45) by +o00 as the
limiting value of zi in Eqn. (34) for p — p. then leads to Formula (44).

Proof. To compute the convex envelope of the continuous function () in the closed
domain D=0, 2]x[0, 27|, the following two formulas are helpful. For (z,a) € D, we have

Q™ (z,a) = trer[%r%] {tQ(zl,al) + (1—1)Q(22, ) ‘ tz1+(1—t)ze = 2, tag+(1—t)an = a},

Q" (z,a) = sup{l(z,a) | I <Q in D, is affine}.

Furthermore,

0°Q e 2
W(z,a) = p[1+sin®*(a)] + pecos®(a) > 0,

implying that z — Q(z, ) is strictly convex.
Part (1): Explicit construction of an underestimator I(z, «).

In general, the determination of the convex envelope is a difficult task. Let I(z, «)
denote the function defined by the right of (45), and set for (z,a) € D

L(z,a) =1(z,«a) — %z? (46)

Due to (13), for (z,a) € D, it holds

Qz,a) = 522 + W(z,a).
Hence L is an underestimator of W while [ is an underestimator of (). Subsequently, the
function L(z,«) is constructed by connecting the local minimizers of W (z,-) for fixed z

by a function affine in . Once L is constructed, [ is obtained from (46).

The minimizers of W(z,-) for fixed z can be read off from Table 2 and Eqn. (28) or
(42). Consider first the special case (i) with p. = 0. Here, for fixed z, the three points
(ay,W(z,a7)) = (0,0), (af (2), W(z,af (2))) = (2arctan(%),0) and (27, W(z,27)) =
(27,0) where W (z,-) has minimal energy ¢, , — 52°=0 are connected. This leads to the
lower bound L = 0 of W corresponding to [(z, ) = 2% and eventually with Part (2)-
Part (5) below to Q**(z, o) = £2?, e.g. Eqn. (43). See Fig. 7 for a visualization of this

case and Fig. 3 for a plot of Q(z, ).
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Now consider (ii) with 1 = p.. For a € [0,a2(2)], W(z,-) is convex, resulting in
L(z,a) = W(z,a) and Eqn. (44),. For a € [as(2), 27], the points (as(2), W(z, as)) and
(2w, W (z,2m)) are connected by a function affine in o which results in Eqn. (44)s.

In the case (iii) with pu # p., when z < zui, the construction is as in (ii). When
2> Zait, W(z,-) is convex in [0, o (2)), leading to (45);. For a € [a] (2),af (2)], W(z, ")
forms a double-well potential. Connecting by a function affine in « the two minima

(07 (2). W(z, 07 (2)) = (07 (2), €. (2) = 52°).
(0 (2), W (=, 0 (2))) = (01 (2). . (2) = 527)

leads to Eqn. (45);. For a € [af(z),27], the convexification of W(z,-) is an affine

function connecting (af (2), W(z, f(z))) (a1 (2),e,,.(2) —52%) and the end point
(2m, W (z,2m)) = (2m, W(z,0)) = (27r Le2?), y1eld1ng (45)3. This ends the construction of

L(z,«) and completely defines I(z, o) = L(z, ) + §|2]%.

(47)

It remains to validate that this function I(z, «) is indeed the convex and lower semicon-
tinuous envelope of @ for (z,a) € D, i.e. that it is convex, less or equal @) and greater
or equal any convex underestimator of (). We focus on the most general case (iii) with
p # pe and [(z, ) given by the right of (45).

Part (2): Convexity of /;(z, ) on A;.
Even though I(z, «v) is separately convex in z and in «, we still need to prove the joint
convexity of [ as a function of two variables. Let (cf. the right hand side of Eqn. (45))

_ [ W(za) 522 if (2,0) € Ay,  fenn (), i (2,0) € Ay,
h(z0) '_{ +00, else, bz @) = +o0, else,
,Uf‘nuc 2_ a—a (Z) 1
l3(Z, O{) — ( 2 z Qlu,“u,c (Z)) 2m— Oél+(z) +§.“' He (Z) lf (Z’ Of) < AS’ (48)
+00, else,
l4(z7 a) - { (%22 - gll»llc (Z)) 20;'_—0:)!22((2)) +§H1HC<2) lf <Z’ Oé) € A4’
400, else
for the sets (cf. (45); to (45)4)
Al Z:{(Z,OZ)GE}ZZZ(:rita 046[0, Z))}U{ Z, & EE‘Z<ZCHt’ 046[0 042( ))}
AQ ::{(Z,OC) S E } z Z Zerity O € [Oé;(Z),OzT(Z))},
A3 I:{(Z,Oé) S E } ¥ 2 Zerity O c [Oéir(z)’Qﬂ-]}’
A4 Z:{(Z,Oé) S E } Z < Zerity, O € [OQ(Z)’QT(]}



Al
A2
A3
Ad

0
0 1 2 3 4 5 6

Figure 6: Plot of the sets A;, 1 <i < 4 for u=0.8, . = 0.2. T'14 := A; N Ay is not a straight line.

Fig. 6 above plots the sets A; exemplary for one set of parameters with p. < p.

The convexity of Iy(z) = e, , (2), cf. (45)y, follows at once from I5(2) = p + p. > 0. The

convexity of [1(z, «) in the range A; follows from checking that all three principal minors
of the Hessian of W (z, &) + £2* are non-negative on A;. These are

%(z, o) = p(sin®(a) + 1) + pcos®(a) > 0,
%(z, a) = 2uli(z,a) + (10— pe) [IQ(Z, a)? —I(z, a)z] =: I3(z, ), (49)
det(D?1)(z,a) = \(,u(sin2(a)+1)+uccos2(a)l£2ull(z,oz)—i—(,u—uc)(lg(z,oz)2—ll(z,oz)21.
;6 :I;(;,a)

Here we introduced
Ii(z,a) = 2cos(a)+sin(a)z, I(z,a) = cos(a)z — 2sin(w). (50)
It can be checked that on A,
Li(z,a) >0, L(z,a)? — L(z,0)* > I,(z,a). (51)

To prove convexity of [;, due to (49), it remains to show I3(z,«) > 0. For p. < pu, this
follows at once from (49). For p < p., due to (51), (u — pe)(I3 — 13) > (u — pe) 1(2, @)
such that

13(2’,05) > Il(zaa) [2N + (,u - MC)] = Il(z7a) [:uc B (e MC] >0,

where we used the assumption (39).
With (49) this demonstrates the convexity of [; on A;.
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2uz+2f(2)
dp—zf(z)
tion shows w'(z) > 0 and w”(z) > 0 on Az. This yields the convexity of —aj (z) =

— arctan(w(z)) as in general any composition g; o go of two functions g; and g5 is convex,
provided gy, g are convex and g, is monotone. The convexity of —a; (z) implies that

0213 2012 21 — « 2(af (2))? N
i — C _ 1 > A ) 2
02 ) = ] GO o mary M) 20 ok (22)

Since glg( ,a) =0 and

To prove the convexity of I3 on Az, let w(z) = An elementary computa-

0?13 202 —o w'(2)
— e (9p _ o YY) S
&z@a(z’ @) I — pel Q) 1+w(z)? =7
this proves the convexity of I3 in As.
Finally, gofg( a) =0 and
02l 1 21z
. (¥ - S el
0z0a (z,2) (27 — aa(2))? [( ™=z ( Hz+ (22 + 4)1/2>
()2 = 2u(2 4 4) + A+ 4)' 2 (53)
22+4 '

First let 4 < pi.. Then the first term in brackets [...] in (53) is clearly non-negative. For
the numerator of the second term in brackets we find
(14 pe)2® = 2p(2% + 4) + 4p(2% + 42 = (e — p)2 — 8+ 4u(2* +4)'2 > 0,

proving 554 (z,a) > 0 on Ay for p < pre. Now let p. < pu. Reformulating (53), we find

02l 1 1
8,2804(2’ @)= (27 — an(2))? 22 +4 [(2

T —as(2))z 14(z) + I5(2) (54)

with Li(2) =22 + Y2 = (1 — pe) (22 +4),

2 2 1/2 2 (55)
I5(2) = (p+ pe) 2 + 4p(2® + V2 —2u(2% + 4).

We estimate I4(z), I5(z) on Ay where 0 < z < zuy. For p. < p, we have
L) = 0] 2 )P0 ] s
> 2 (i) (22, +4)1/2 28 g o) 72 = 0
I5(2) = (p+ pe)2® +2u(2* + 4)?] 2 — (22 +4)12 ] >o.
—_————
> 2 (2 )2 Woo 2 e 5

H—Hc H—Hc

Due to (54), this demonstrates gjal‘;(z, a) >0 on Ay.
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Lengthy computations yield
1

2 —as(z)

9%l _ I 2T —av
gz (@) = B@) + o S e

25— p0)#* ne)| 66)

where we introduced

_a—ag(z) 8u— (u—p)(Z + 4% 2u[(*+4)Y? — 4]
Iolz) =g a2(z)< (221 4)372 (21 4)32 )
= ;W__Zi(é)) > +14>3/z (804 1= (=) (2447 8
a— as(z)

= _— >
(/L + luc) o — 042(21) > 0 on A47 (57)

I(2) = 8u(2%+4)% — 4(p+pe) 2 — 16p(2%+4)"2,
First let pu. < pu. Then, it holds on Ay
I(z) = 8u("+4)" - (M+Mc)22 — 160 (2% +4)'/?
> 8u[(z*+4)° 2(22—1—4)1/2} as fie < fi
= 8u[(2*+4)? — (22 +4) — 2(2+4)* + 4] = 8ug(7).

2
(U_Nc)

Let :=22+4. For 4 <7 < (due to (34), as z < zeit) the function

g(#) =3 -5 — 277+ 4

has a unique minimum at & = 1 and is strictly positive for all Z > 0. This proves I7(z) > 0
0

on A, and with (56) we obtain %% (z,a) >0. Together with 6 2l (2,a)>0, glé (z,a) =

this is sufficient to proof the convexity of I4(z, «) on Ay for the cone z >0, a > 0.

Now let pu < pie. In order to prove C,?—222l4 > 0 we need to show that
Is(z) = 8p (22 4+4)° — d(p+pe) 2° — 164 (2°+4)% + 2(p—pe) (2m— a(2))2* > 0
for 0 < 2 < 24/pe(2p — pte). Using pp — pe > —p and —4(p + p10) 22 > —12u2°, we obtain
Is(z) >2u[4(z* +4)* — 627 —8(z% + 4)'/2 — (27 — an(2))2"]
— 2 [42 — o+ arctan<2>z 42622 — 8(2244)12 + 64} . (58)

A straightforward discussion reveals that the right hand side of (58) is strictly positive
on Ay, proving with (56) that %(z, a) >0 on Ay.
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Part (3): Convexity of I(z,a) on D = [0,2] x [0, 27].

We write as before [; == [|4, for i € {1,2,3,4}. The continuity of [ on I';; == 4; N A;
follows at once from the definition (48) of [y,...,l; and Eqn. (35).

Due to Part (2), [ is convex on each A;. In order for [ to be altogether convex, a jump
condition of VI on I';; must be fulfilled. With fixed (z,@) € I';;, letting

Gi= lim Vi(z, ), G, = lim VI(z, ),
(z,0)—(Z,@) (z,0)—(Z,@)
(z,0) €int A; (z,0) €intA;

this jump condition at (Z,@) reads
(Gi —G,) -1 >0. (59)

Here 7 is the normal vector at (Z, @) € I';; pointing from A; to A;. In this context we also
refer to [2], where general conditions for the convexity of piecewise-defined functions are
derived. The results in [2] are not applicable here since the sets Ay, A3, A, are non-convex,
cf. Fig. 6. We subsequently check the validity of (59) on each I';;.

First we consider I'iy = {(2,@2(2)) € D | 2 < 2ei ;. Direct computations yield

%(Z, as(2)) = €,,.(2) = (22 iﬂi)m <(z2 +4)12 1) - %<Z’ @(2)) (60)
Because of a1 al
a—a(Z, 052(2)) =0= a_a(zaoQ(Z))v <61>

the jump condition (59) holds with equality on I'y4.
We observe that a two-dimensional curve I' = (z(t),y(t)) possesses the normal

1

n

On T3 = {(2,0(2)) € D | 2 > zait}, due to (62), 7i(z) ~ (—a; (2),1). So, (59) becomes

242 a—2m + ’
= @r—at(z)2 M () _ ( —ay () ) >0
e (2m — af (2))7! 1 a

lp—tec|

This is equivalent to

|M2fcﬂc| ((2772_7r;1"0(;)>2 (a7 (2))* + (27 — aT(Z))”) > 0. (63)

Clearly, (63) is satisfied on D proving the validity of (59) on T'ys.
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On Ty = {(2,07(2)) € D | 2 > zai}, let v(z) = Z%fo((j)) such that oy (2) =

arctan(v(z)). Direct computations show that on I'j5

8[1 8l2 - U(Z> 2 1/2
2 (20) = 52(200) = S (= ) (e(e) +2) = 20 + 1)), o
%( )_%< )_LM'Z)( 2 2 24 1)1/2
50 (50) = Galz0) = Lo S (0= ) (e0(2) +2) = 2(o()* + 1))
Due to (62), 7i(z) = (—v(i)(—f)ﬂ, 1) and the jump condition (59) reads
20(0(z) + D2 — (=p)(zv(z) +2) [ o(2) i
v(2)2 + 1 ( z —2v(z) ) ' ( S = 0. (65)
A straightforward computation shows that
2u(v(2)? + D' = (= pe) (20(2) +2) = 0. (66)

As the prefactor in (65) vanishes the jump condition (59) holds with equality on I'y,.
On Ty = {(2ait, @) € D | arctan(Z2t) < o < 27}, 7i = (1,0)", cf. Fig. 6. Furthermore
o (Zerit) = 2 (Zerit) = arctan(®s) by Eqn. (35). Therefore, (59) becomes
Oly Ol

g(Zcm,@) > &(zmt,a) for arctan(z;rit) < o< 2. (67)

We find %(zcrit, a) = €/(zui) and (67) turns into

2/15 Zerit
2 crit = 7o, N1/ Z c)~crit-
H Zerit (Zgrit +4)1/2 (M+,u )Z t
This simplifies to
2 (68)
SNCIET
Using 22,44 = % in (68), we get p— (u—pe) > e and (59) holds on I'3y with equality.

Part (4): | < Q.

The condition [ < () is equivalent to L < W. The latter is evident since by construc-
tion, L(z,a) = W(z,«) in the region where W is convex, while otherwise L is an affine
function below W connecting the minimizers of W.

Part (5): I(z,«) is greater or equal any convex function less or equal Q.
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By Minkowski’s theorem, if ((z,),s) € R? x R is an extreme point (see, e.g., [16,
Def. 2.17] for a definition) of epi(W**), then

s=W"(z,a) = W(z,a). (69)

This implies W(z, o) = W**(z,a) = l(z,a) — §|z[* or equivalently, Q(z,«) = I(z,«) in
(2,05°(2)) if 2 > Zey and in (2,a9(2)) if 2 < zaie. Due to the result in [37], the largest

convex function [ majorized by @) in D solves the nonlinear degenerate elliptic PDE
T(2, a) = min{@(z,a) - 1(z,a),A1[D2z](z,a>} ~ 0, (70)

where \;[D?[] denotes the smallest eigenvalue of the Hessian of [. Due to (70), in the
non-contact set {I < @}, it holds A\;[D?]] = 0 and [ must be flat in at least one direction.
In the case investigated here, [ is flat in the a-direction. On the other hand, the largest
underestimator cannot be affine in z-direction because of the strict convexity of z +—
Q(z,«). This proves the optimality of I(z, a). O

Remark 4. We doublechecked the correctness of (43)-(45) with a small MATLAB code
that generates a large set of discrete points in epi(Q) N ([0,2] x [0, 27]) and computes the
closed convex hull of this set. Because of

epi(Q@™) = co(epi(Q)), (71)

this computes the epigraph of Q** from which the graph of Q** can be read off. In (71),
epi(Q) denotes the epigraph of Q and co(A) is the closed convex hull of a set A. The
MATLAB algorithm is available as supplementary material to this article.

Fig. 8 shows one example computed by the algorithm and compares its result with the
analytic formula given in Lemma 2.
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Figure 7: Sketch of the construction of the underestimator L(z,a) of W(z,a) in the proof of Lemma 2
leading to Q**(z,a). Top: The special case (i) with p. = 0. Connecting the minima of W(z,-) at
a=a] =0, at a = af(2) and at @ = 27 with minimal energy 0 yields L(z,a) = 0. Bottom: The
case (iii), here with p. < p, for fixed z > zuit. For o € [0,a7 (2)), W(z,-) is strictly convex. For
a € a7 (2),af (2)], L(z,a) = ¢, , () — 422 is constant, connecting the two minima by a straight line.
For a € [af,27], L(z,a) is a slightly increasing affine function, connecting (o (2), W(z,af (2))) with

(2w, W (z,2m)). In both plots, the double well is strongly exaggerated to better illustrate the principle.
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=05, 4 =05

(z.alpha)

aaaaa

Figure 8: Left: Simplified triangulation of the convexification of epi(Q) for (z,a) € [0,2] x [0,27] and
u = pe = 0.5 as computed by our algorithm. The lateral and top surfaces are in blue, the color of the
front depends on the value of z (e.g. yellow for z = 2). Right: Plot of I(z, @) for (z,a) € [0,2] x [0, 27]
and p = p. = 0.5 defined by the right hand side of Eqn. (44), cf. the proof of Lemma 2. In both plots
one can identify the region on the bottom left where Q(z,a) = Q**(z,a) = W(z,a) + &2°.
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3. First order Gamma-limit

In regimes ® and @, two optimal rotations Ozli are present, giving rise to transition
layers. In these cases where there is ambiguity which minimizer is selected, the zero-
order I'-limit does not provide the complete physical picture. For that reason, we may
investigate the problem further by studying the first order term in the I'-expansion of F
with scaling e~!. It turns out that this rescaled limit is far better suited to reveal the fine
properties of the optimal micro-rotations « and the associated transition layers than the
zero-order I'-limit computed in Proposition 1. In particular, this is the case in regime @
with p. = 0, where Ey(a, -) is constant over the entire range of a values.

These considerations motivate for € ™\, 0 the introduction of the rescaled energy

E.(u,a) — e

F.(u,a) := . ke, (72)

We will utilize the well-developed machinery of I'-expansion outlined in [11, 10]. The an-
alytical tools of this section, especially in Section 3.1, have been developed and sharpened
in several articles on phase transition phenomena, starting with the seminal paper [28§]
based on Geometric Measure Theory. We compute the first order term in the ['-expansion
w.r.t. the weak topology in L*(€) in order to fit to the results in Section 2. However, the
results in this section hold also in L'().

We split e, , (cf. Table 2) in one component for W and one component due to §[u'|?
corresponding to the optimal deformation @ and write for the minima of W
i
w, . (2)=¢e,,.(2) - 522. (73)
The splitting (73) motivates the introduction of the shifted energies
i, o) =W a)—-w,, (u) (74)
e ( sin(a)u’ —4 sin? (2)) i + B ( cos(a)u'—2 sin(a)> c w, , (u)
2 2 2 Hbhe ’
1
Vo(u') = §|u'\2 +w,, (W) —e,, () (75)

The definitions (74), (75) imply V3 > 0, Vo > 0. The zero set of Vi(@,-) is investigated
below in Section 3.2, Eqn. (86).
Eqn. (72) and the splitting (73) give rise to the definition

Fluay e d 2l @l + Vi, a) + Va(w) dz, if (u,0) € X,
(u, @) = fi-oo else.

(76)
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3.1. Surface energy

As can be learned from Table 2 and Figs. 4 and 5, in the regimes ® and @ two optimal
micro-rotations o; and af occur. In general, let a~ and a™ be two locally minimizing
rotations. The surface energy or interfacial energy due to a transition between adjacent
sets {a =a }and {a =a'} in Qis

at

/ \/1(E’,x)1/2 dzx

at

= 2 /_ Vi(z, ) dx|. (77)

Before continuing, we want to comment on this formula. Let (€,),en be a sequence of
positive real numbers with €, N\, 0 for n — oo and let (u.,, @, Jnew C X be a minimizing
sequence of F. as n — oo. As will be shown in Lemma 3, a., — « in measure for a
piecewise constant function aw € L®(2). Let us assume that o jumps at T € 2, i.e. for a
small t > 0, a., (T —t) - a~ and a, (T +t) — ot for n — oo. If we plug in the limit «
into F. , we obtain

T+t

F., (uc,,a) > / nla (2))* + givl(u’an(:r;), a(z))dz. (78)

T—1 n

The following rescaling is a modification of an argument by Modica and Mortula, [29].
After substituting the stretched spatial coordinate y := g and with the functions

~ _ ~ €Y+
ay) = aley +7), k() = e, (),
we find
da dadr da
~/ _ g dadb 4
aly) = dy dzdy dx en = o (@)en,
d d _ d - 1 -
U;n(l‘) = @uen (gny +f) = d_yuan(gny)ﬁ = 5nu/gn(5ny); = u;n(gny)
Setting T, := T'(e,) := .-, Eqn. (78) becomes
+Tn
P(ue) 2 [P+ A ). 3l0) dy (19
_T7L

This leads directly to the lower bound

acWhr(=T,, T,);

I, (ue,, @) > inf { / ;I&”(y)l2+%(ﬂén(€ny),&(y))dy
! &(—Tn):a‘,&(Tn)=a+}. (80)
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An application of Young’s inequality a? + b* > 2 ab yields

/Tn|52’(y)|2 + Vi(@ (eny), aly)) dy > 2 /T & (y) V(UL (eny), a(y)) 2 dy|.  (81)

In Lemma 3 we will show that u., — % in measure for n — oo. Consequently, for a
sub-sequence, the right hand side of (81) converges in the limit n — oo to

at

/ Vi(z, s)Y%ds

2 = 2 = ¢ola”,a’). (82)

/  F (V= a) 2 dy

—00

Here we substituted s := a(y).

This shows that 2| f:‘j Vi(z,s)"/*ds| in (82) provides a lower bound on the surface
energy which is also useful for the analysis of the I'-limit. We still have to show that the
lower bound is attained, e.g. we need to find the optimal profile a. Following [38], the
optimal ¢ is available as the solution to an ordinary differential equation. Let

o (y) = Va2, Gope(y))'?  fory €R, (83)
~ a” +at
Qopt(0) = — (84)

The existence of a unique solution to (83), (84) is guaranteed by the Lipschitz continuity
of a + Vi(z,a)"? and the Picard-Lindelof theorem. The reason for choosing (83), (84)

is that it is optimal in (81) for n — oo since a,(y) > 0 and

@l (W) + Vilz, Gop(y) = 2 Vi (2, Gopt ()2 (9)-
In (83), it holds limy o Qopt(y) = @™, lim,,_ o Qopt(y) = a~. Hence, while for large ¢,
the profile ¢ needs to be slightly modified to fulfil the boundary conditions a(—7,,) =a",
a(T,)=a™ to be valid in (80), in the limit n — 00, Q,p is feasible in the minimization
(80). As aropt satisfies (81) with equality in the limit n — oo, this demonstrates that aips
is the minimizer in (80) and concludes the derivation of (77).

For illustration of (77), let us address regime @ with p. = 0. From (32) we have
a; =0, af = 2arctan(§) >0, w,, =0, leading to

o
/a zsin(z) — 4sin2(g) dx’

i 1/2 P2
co = clay,af) = ‘2/ Vi@, x)Y da:’ = 2(5)

Qg
@

1/2 of
= (2u) ‘/ zsin(x) + 2 cos(x) — de‘
0

= (2u)1/2‘2 sin(af) — zcos(af) — 2a7|. (85)
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With the identities

11—t 2t
cos(2arctan(t)) = e sin(2 arctan(t)) = e fort € R
we have sin(a;) = 224fr4, cos(af) = i{jz and (85) simplifies to
8z 2(4 —2%) 2
co = (2p)'/? a2 20{‘ = (2u)? ‘z — 4 arctan (5)’

= (2u)'/? <4 arctan (g) — z)

3.2. Computation of the first order I'-limit
We introduce the zero-set of o +— Vi (u, o) as

7 _ {af,af} if 1, = 0 or (u #+ 1. and z > zcm), (86)
Hathe - {ag} if po = pre or (1 # pre and z < Zegit ).

Let PC(Q2) C L*™(R) denote the space of piecewise constant functions in Q. By
S, (@) we denote the jump set of « € PC(?) with o € Z,,,, a.e. in Q. If Z,, . contains
only one element, then S, , () = 0.

Lemma 3 (Equi-Coercivity of F. ). Let (€,)nen be a sequence of positive numbers
with £, \0 for n — oo. Let (tp, p)nen C LY(Q)? with

sup Fr, (un, ) < 00.
neN

Then there exists a subsequence of (uy, o) that converges to (@, ) in LY(Q) with « € Z,,.,,,
a.e.
Proof. (i) Convergence of u,, — @, o, = Z,,, in measure.
For n € N and fixed 6 > 0, let
I={zeQ | dist(an(2), Zpp.) > 6 and |u,(z) — u(z)| > 6}
Then it holds for every n € N

5] min (VA (uf (), () + Voo () = mim (Vi (), () + Voot () / 1de

z€l? I8

n

< Vi(u) (2), an(2)) + Va(u,) dz < e, FL, (un, ) < Cey,.

I,

Hence, |I¢| — 0 as n — oo for each § > 0.

29



(i) L'-convergence of a subsequence.

The convergence of (u,,a,) — (¥, @) in measure implies the almost everywhere con-
vergence of a subsequence to (@, «) in €2, see, e.g., [26]. In addition, for a,, — « a.e. in
Q, there exists a further subsequence (v, Jken With o, — a in L' (Q2). (For a proof, pick
Oy, With |, | — an,llni@) < 27% such that Y77 flaw,,, — @l < oo and use the
monotone convergence theorem.) UJ

As a consequence of Lemma 3, the fundamental Theorem 1 applies to (Fy, ),en and
the limit functional Fj.

Remark 5. The equi-coercivity of F., in Lemma 3 remains valid in L*(Q). Let (uy, a,) C
(L2(2))? be a sequence with sup,,cy Fr, (un, ay,) < 0o. Then part (i) of the proof stays the
same, while (i), i.e. the convergence of a subsequence in L*(SY), is also true since con-
vergence in measure for a bounded sequence implies strong convergence of a subsequence
in any LP(Q2). Finally, this result also implies the equi-coercivity of F.  w.r.t. weak con-
vergence in (L*(2))? as any strongly converging subsequence (uy,, o) is clearly weakly
CONVETYIng.

We are now ready to prove the following main result.

Proposition 2. Let F; be defined by (76) and let co(a™, at) be given by (77). Then the
[ — lim~oF: with respect to convergence in L*(Q) exists and is given by

o clam,at), fu=u, acPC(Q),a € Z,,, ac.

F()(U, 06) = Spope () (87)
—+00, else.

Especially, Fo(u, o) =0 for S, . (o) =0, i.e. if p=pe or (u# pre and z < zZeyit)-

Proof. (i) Liminf inequality.

Let (£n)nen be a sequence of positive real numbers with £, \, 0 as n — oo. Let
(e, e,) = (u,@) in (L*(Q2))? for n — oo and sup,,cy F-, (ue,, a.,) < co. We have to
show that

Fo(u,a) <liminf F; (u.,,ae,). (88)

n—oo
If Sy (@) =0, then Fo(u,a) = 0 and (88) is evidently true.

By the equi-coercivity of F. proven in Lemma 3, we already know that u = u a.e. in
Qand a € PC(Q) with a € Z,,,, a.e. in Q. For S, , (o) # 0, we first consider the case
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that a possesses exactly one jump point T € €, i.e. thereisat > 0 with o, (T—1) — a~,
ac, (T+1t) = a asn — oo with real values a~ # a*t. Using (79) and (81), for T,, := £,

Tn

Foo (s, 00,) > / “ald, () + VAT (). B, () dy

—Ty

> 2

[ VL e e () )

—Ty

The right hand side of (89) converges for n — oo to

at

/ Vi@, s)/?ds

2 =2 = co(a™,a’) = Fy(u,a)

/ T )V, ) dy

o0

and we obtain (88) as desired.

If S, .. («) contains several jump points, let Q =UN, [z, 2511] with z; =0 and 2, =1
such that each sub-interval (x;, z;41) contains at most one element of S, , (o) and such
that a., (z;) = a(z;) for 2 <i < N. Like in (89) we end up with

F. (ue,,ac,) E 2

As in the case with only one jump point, for n — oo the right hand side of (90) converges
to > s, . (a Cola™,a®)=Fy(u,a), proving (88).

(90)

/ Vi (@ (ny o)) dy .

(ii) Lzmsup inequality.
We need to find a recovery sequence (u., o) C (L*(2))? with
FO(u7 a) > lim sup Fe(ueaas>' (91>
e\0
If w # @, then Fy(u, ) = 400 and (91) is obviously true. Due to the additivity of the
integral similar to the reasoning in (i), it is enough to restrict to the case
{ a-, ifr<z,

at, ifx>7

ar) =
where 7 € Q is fixed. When S, ,, (o) = 0, we have o~ = o™ and ¢o(a™,a™) = 0.

Now let S, ,. (o) = {Z} and o~ # a'. Fix ¢ > 0. Due to the considerations in
Section 3.1, there exist a T > 0 and a function 8 € W'?(—T,T) such that 8(—T) = a~,
B(T) = a™ and

[ BE Vi@ ) < afamat)+0

=T
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We can construct a recovery sequence by choosing

a, if r <7 —eT,
a.(x):=¢ Blex+7), HT—eT <ax<T+eT, (92)
at, if o >7+eT.

This yields

T
lim sup F. (u., 0,) — / B W) + (@, B(y)) dy
e\0 -T

< gla,at) 4+ = Fy(u,a) + 0.

As § > 0 is arbitrary, in the limit 6 \, 0 we end up with (91).

If S, ,.(a) contains several jump points, we observe that by (92), « is only modified
on a small set near S, ,, (o). Hence, the above construction can also be carried out for
an arbitrary a € PC(Q2) with a € Z,,,,. a.e. O

Remark 6. Due to Remark 5, Fy is also the I'-limit of F. for € \ 0 w.r.t. weak con-
vergence in (L*())2. If (ue,,a.,) C (L*(Q))? is a sequence with u., — U, a., — « for
n — 0o and sup,,cy Fr, (Un, o) < 00, the liminf-inequality (i) in the proof of Prop. 2 is
still valid, while the recovery sequence constructed in (92) lies also in L*(§) and converges
strongly to a € PC(Q) C L*(Q).

In summary, (Eo, Fy) given by (15) and (87) represent the first two terms in the T'-
expansion of E. w.r.t. weak convergence in (L*(Q2))* as e \, 0.

4. Discussion

In this paper, the zero and first order Gamma-limit of E(u, «) for vanishing charac-
teristic length scale L. has been computed and the minimizers have been identified. In
particular, the results reveal the fine properties of the optimal micro-rotations « forming
transition layers in €2. Even though the analysis in this paper is restricted to the particu-
lar case of a simple shear problem, the results are important for several reasons. Firstly,
to the best of our knowledge, no Gamma-limit results related to the findings in this article
exist, only shells and plates are considered in the literature. Secondly, simple shear plays
a dominant role both for testing and development of materials, especially meta-materials,
see, e.g., the review article [23]. Simple shear is a key mechanism for material microstruc-
ture evolution and is very important as an isochoric, e.g. volume-preserving, deformation,
also for plasticity. Thirdly, the mathematical techniques developed here for the proof of

32



Lemma 2 are an important first step towards analyzing the full 3D case for Cosserat ma-
terials. Noteworthy, computing the convexification of a piecewise-defined function is still
a challenge and general mathematical tools for this task appear to be missing. Finally,
the relaxed functionals Ey, Fy are of interest for numerical simulations and benchmark
problems. Using Fj instead of the original Cosserat functional E given by (5) for simu-
lations with a small but finite L. > 0 corresponds to a convexification or homogenization
of the problem and may help apart from a very significant speed up to avoid some of
the numerical problems encountered in [7, 8, 9]. Frequently, in the engineering literature,
e > g is set and many complications are not noticed. In this case, the Cosserat rotation
is more or less the continuum rotation leading to a (regularized) couple stress model.
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5. Appendix A — Theory of Gamma-convergence

We restrict the presentation of Gamma-convergence to metric spaces (X,d) as we do not wish to
differentiate between properties that hold only sequentially or more generally. Convergences stated below
are always with regard to d and the Gamma-limit will depend on that metric. If Gamma-convergence is
defined on a general topological space X this space must fulfil the first axiom of countability.

Definition 2. Let (X,d) be a metric space. A family of functionals (Gp)nen : X — R == RU{—00, +00}
Gamma-converges for n — oo to G : X — R, if the following two conditions are met:
(i) (liminf inequality)
For all x € X and every sequence (y)nen C X with x, — x in X, it holds
G(z) < liminf G, (z,). (93)
(i) (recovery sequence) e
For every x € X, there exists a sequence (Tn)nen C X with x,, — x in X such that

G(z) > limsup Gy (z,).

n—oo

Definition 3. Let (X,d) be a metric space.
(i) A functional G : X — R is coercive on X if for all « € R the closure of the sublevel sets
{z € X | G(z) < a} is compact in X.
(ii) A family of functionals {Gy }nen : X — R is equi-coercive if there ewists a lower semi-continuous
coercive functional ¥ : X — R such that G, > for alln € N.

If G is coercive there exists a compact set K C X with inf,cx G(x) = inf,cx G(x).

The choice of topology in X is crucial: The finer the topology in X, the easier the lower semicontinuity
property inherent in (93) is satisfied. Contrary, the compactness of the sublevel sets K, calls for coarser
topologies. Hence, both conditions are competing. Often, the weak topology in a Sobolev space provides
a good compromise where both properties are satisfied simultaneously.

Theorem 1 (Fundamental theorem of Gamma-convergence).
Let (X, d) be a metric space and (Gp)nen : X — R be an equi-coercive family of functionals. Then

(i) T—liminf, . G, and T'=limsup,,_, ., G, are coercive and

min (I —liminf G, (z)) = liminf inf G, (z).

rxeX n—00 n—oo reX

(i) If in addition (G,) Gamma-converges to G in X, then G is coercive and

min G(z) = lim inf G,(x).

reX n—oo re X

Proof. See, e.g., [17, Theorem 7.8]. O

Theorem 1 remains true in topological spaces X. It states in particular that while G,, need not have
minima, the Gamma-limit G always attends its minimum.
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Appendix B — Pointwise minimization of E for L. =0

It is instructive to compare the Gamma-limit of E., i.e. the results of Proposition 1 and Lemma 2,
with the following pointwise minimization. Let Ey be defined by (10) which coincides with E given by
Eqn. (5) with L. = 0. For chosen deformation u € X, we denote by copi = aopt(¢') a corresponding
optimal micro-rotation, i.e. a rotation a € X, that minimizes a — E(u, «) for fixed u. Plugging in aqp

into EO, we end up with the functional
Eopt (u) = EO (uv Qopt (u/>)

1
%/ |u'|? + (sin(aopt)u' — 4sin2(%))2dm
0

1
+ % / (cos(aopt)u’ — 2 sin(ozopt))2 dx. (94)
0
The following proposition computes Fop explicitly for the different regimes.
Proposition 3 (Pointwise minimization of E for L. =0). Let E,p be given by (94) and assume

u € X,. Then it holds
(i) If i # pe and o exists:

+pe [ 242
o) = 151 [P = L )

(i) If i = pie or (u# pie and o do not exist):
1
Eope () :u/ W2 14— 2(ju P + 4)7 da (96)
0

The functional Eopy defined by (95) or (96) is convex in u'.

We observe that p. = 0 is a special case of (i) for which Eqn. (95) simplifies to

1
Eo(w) =5 [ do. (o7)
0
Proof. Consider the Euler-Lagrange equation w.r.t. a of Ey defined in (10),

0 = (cos(a)u’—2sin(a)) [(,ufuc)(sin(a)u'74sin2(%))72;16] (98)

Eqn. (98) states an algebraic relationship between « and «’ since L. = 0. Resolving Eqn. (98) leads to
the minimizing optimal rotations copt = opt(u’) summarized in Table 1.
(i) Let pu# . and ali exists. First consider u.=0. The optimal rotations in this case are

/
Qopt = a7 =0, Qopt(U) = af =2 arctan(%), (99)
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cf. Table 1 and Eqn. (32). In both cases, (sin(aopt)u’ — 4sin2(ozopt/2))2 =0, and (94) at once simplifies
o (97).

Now consider the case p. > 0.
With f = ((Ju']* + 4)(p—pe)? — 4@2)1/2, cf. Eqn. (29), the two optimal rotations are

+ _ pu' + f N - pu' — f
Qopt(u') = af = arctan(7,>, opt(U') =a] = arctan(i,).
2u— % 2u+ 5 f
By direct inspection, we find
2
sin(ag )u’ + 2cos(ay ) = . cos(ag )u’ — 2sin(ay ) = ! ,
. 2u . —f
+\,,/ + +\, .7 +
sin(a7 )u’ + 2cos(af ) = ——, cos(aq )u’ — 2sin(a ) = .
(a7) (a7) = (a) (a7) =
Plugging these identities into (94), we obtain for both choices of aqpt
c f?
Eopi(u) = / P (— — 2) de + — £ ——dx
Opt( ) | | /1, He 2 0 (M_Mc)2
12 1,012 2 2
D(p—pe)* —4
—_ / |u |2d + _’_7/ (|u| + )(M M2) Y dax
) 2 Jo (1= pie)
¢ 242 ¢ ApZ =8y
_ M/ ‘u/‘zd:Hch He Ui —Bpftc. (101)
(=pe)® 2 (p—pe)

This simplifies to (95).
(i) Let g = pe or (1 # pe and o do not exist). The unique optimal rotation in this case is aop(u') =
g = arctan( /) For t € R we remark the identities

1 . t
cos(arctan(t)) = (CCEIER sin(arctan(t)) = Ernie (102)
With (102), direct inspection yields sin(ag) = W, cos(ag) = W such that
cos(az)u’ — 2sin(ag) = 0,
(103)

. 2 u'> 44 2
(sin(ao)u’ + 2cos(an) —2)” = ((|u|’|2|+4)1/2 - 2) = [/ +8—4(ju/|* +4)Y2

Using the identity —4sin® (%) = 2 cos(awpt) — 2, this shows for case (ii)

Eopt(u) / [u/ ‘2 (5111(a2)u +2cos(a2)—2) de = / o/ |2+4 2(|u |2+4)1/2d

which is (96).
The convexity of Eqpy given by Eqn. (95) is evident. But also Eqn. (96) defines a convex functional
in z = v/, even though it may first not appear so. Indeed, introducing g : R — R,

g(z) =2 +4-2(2" —|—4)1/2
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a direct computation yields ¢'(z) = 2z — 2z(2% + 4)=1/2 and

My 2 2 _ 228
g = (24432 (2Z44)1/2 (224 4)3/2 :
This is the convexity of g and hence of E,py in v’ as defined by Eqn. (96). O

Remark 7. When . =0, Eqpi(u) coincides with Ey == im0 E: computed in Prop. 8 and Lemma 2.
For all other cases of Proposition 3, Eop differs from the Gamma-limit Ey. This underlines the critical
role of the Cosserat couple modulus . in the modelling.

Remark 8. A direct minimization analogous to (94) is also possible in three space dimensions for EgD,
cf. Eqn. (11). In [88, 20, 21], the optimal rotations are computed, see also [7, 9] for numerical consid-
erations. However, for u. > p it is known, [34], that the resulting functional

/ﬁudist2 (F,SO(n)) + 2 [(detU—l)2 + (deiﬁ_l) 2} dz

18 not rank-one convexr due to the dist-function. The computation of the quasi-convex hull w.r.t. defor-
mations in GLT(2) in this case can be found in [22].
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