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Spatially Correlated Measurement Error: Bias Amplification and
Identification via Higher-Order Spatial Lags

Abstract

Measurement error in spatial data is often cross-sectionally dependent. While the classical
errors-in-variables literature assumes independence, this paper shows that spatial dependenc
fundamentally changes both the magnitude of attenuation bias and the validity of standard
spatial instrumental-variable strategies.

We characterize how spatially correlated measurement errors amplify attenuation bias
through network propagation. Under a spatial moving average (SMA) structure with finite
PHPRU\ DQG XQGHU DQ H[SOLFLWO\ PDLQWDLQH@odHRPHWU
field (Assumption A) , spatial lags beyond a threshold become approximately orthogonal to the
measurement error, with the approximation error decaying geometrically in the lag order.
Building on this result, we develop a plausibly exogenous GMM estimator based on higher-
order SDWLDO PRPHQWY ORQWH &DUOR VLPXODWLRQV VKRZ
UHGXFWLRQV RI ) DQG FRYHUDJH FORVH WR QRPLQDO C
spatial IV estimators. An application to regional infrastructure and development in Tunisia
illustrates the methodology, with explicit discussion of the severe limitation of n=24 spatial
units. All theoretical results are derived under increasing-domain asymptotics with bounded-
degree graphs and rely exclusively on the maintained geometric mixing assumption
(Assumption A).
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econometrics, GMM estimation, attenuation bausible exogeneity, spatial mixing.

JEL Classification : C13, C21, C26, R15

Notation Table

Symbol Meaning
J Number of spatial units
W Outcome variable
T Latent true regressor
Ty Observed, mismeasured regressor




ay Measurement error

Yy Structural error
i Innovation in SMA process
94 JHINVSDWLDO ZHLJKWYV PDWUL[ URZ)VWDQGQ(
sums uniformly inJ
9P denotes the k-th matrix power of W
U Parameter of interest

Order of SMA measurement error (finite memory)

o

Spatial lag order used as instrumeStEPD 9 P M
SMA coefficients, L s

_6:)

an

Spatial autoregressive coefficient Bf(SAR parameter)

0:@ Mixing coefficient at graph distanc@

é Decay rate of mixing6 : @ ; Q %wgh r O € O s
G Variance multiplier in bias amplification
G Number of instruments (may grow with

@EF, Graph distance between nodes i and j
Qo 1)DOJHEUD JHKgGHUBWHG E\

1. Introduction

Measurement error is a pervasive issue in empirical economics, leading to attenuation bias
and inconsistent parameter estimates. Since the foundational contributions of Durbin (1954)
and Fuller (1987), a large literature has developed methods to cortéctHdJ URUV)LQ)YDUL
LQFOXGLQJ LQVWUXPHQWDO YDULDEOHY ,9 UHSHDWHG P}
(Bound, Brown, and Mathiowetz, 2001; Schennach, 2016). A common maintained assumption
in this literature is that measurement errors are independently distributed across observations.

This independence assumption is frequently implausible in spatial data, where variables are
often interpolated, aggregated from administrative sources, or derived from remote sensing.
6XFK SURFHGXUHYV QDWXUDOO\ LQGXFH F UiRevMy Pihksé/ LRQD O
and Slade, 2010). Despite the widespread use of spatially generated data, relatively little is
known about the econometric consequences of spatially correlated measurement error. Existing
research has focused on the impact of spatial dependence in structural errors (Anselin, 1988;
Kelejian and Prucha, 2007) or in latent regressors (Lee and Yu, 2010). However, the interaction

between measurement error and spatial dependence remains largely untreated.



This paper makes three contributions. First, we show that spatial dependence in
measurement error amplifies the classical attenuation bias. Under a spatial moving average
(SMA) structure with finite memory, the effective noise variance is multiplied iy B W R U !

1 relative to the i.i.d. case, worsening inconsistency. This result generalizes the classical
HUURUV)LQ)YDULDEOHYV ELDV IRUPXOD WR VSDWLDOO\ GHS'

Second, we demonstrate that conventional spatial IV proceduresich typically use
ORZ)RUGHU VSDW L& hstuménts fafl wKerDméasurement errors are spatially
correlated because the instrument inherits the same dependence structure. This invalidates the
exclusion restriction, rendering standard spatial IV estimators inconsistent.

7TKLUG ZH SURSRVH DQ DOWHUQDWLYH LGHQWLILFDWLRC
SURSHUW\ RI 60$ T SURFHVVHV 8QGHU DQ H[SOLFLWO\ PD
(Assumption A), we show that spatial lags beyond a threshold become approximately
orthogonal to the measurement error, with the approximation error decaying geometrically in
the lag order. Building on this result, we develop a plausibly exogenous GMM estimator that
XVHV KLIJIKHU)RUGHU VSDWLDO ODJVh® Vame@okHCpbley, LQV W L
Hansen, and Rossi (2012). We establish consistency and asymptotic normality under
LQFUHDVLQJ)GRPDLQ DV\PSWRWLFV ZLWK ERXQGHG)GHJUF
mixing 2 not on spectral gap or bounded cycle length.

Monte Carlo simulations show that the proposed estimator reduces bias by up to 80% and
506( E\ ) UHODWLYH WR 2/6 ZLWK FRYHUDJH FORVH WI
application to regional infrastructure data in Tunisia (with n = 24 spatial units, presented as a
methodological illustration only) demonstrates the practical implementation of the method.

The remainder of the paper proceeds as follows. Section 2 reviews related literature. Section
3 characterizes bias under spatially correlated measurement error. Section 4 establishes
identification under geometric mixing and develops the GMM estimator. Section 5 presents
Monte Carlo evidence. Section 6 provides an illustrative methodological application. Section 7
concludes.

2. Related Literature

This paper relates to four strands of literature.

J)LUVW LW FRQWULEXWHYVY WR WKH FODVVLFDO HUURUV)LQ
Bound, Brown, and Mathiowetz, 2001; Schennach, 2016). These works generally assume
independently distributed measurement errors. A few studies have considered dependent
measurement errors in time series or panel settings (Griliches and Hausman, 1986), but spatial

dependence has received little attentiéor. recent advances in semiparametric estimation of



models with measurement error, see Dong, Otsu, and Taylor (2022); their work, while focused
on independent measurement errors, highlights the inherent difficulty of identification when the
error distribution is unknownta challenge that is further compounded in our spatial setting.
Our contribution differs by explicitly modeling spatial dependence in the measurement process
itself, deriving bias amplification results, and proposing solutions based on spatial mixing.

Second, the paper relates to spatial econometrics. Foundational work by Anselin (1988)
introduced spatial autoregressive (SAR) and spatial moving average (SMA) models. Kelejian
and Prucha (1999) developed a generalized method of moments (GMM) estimator for the SAR
model, and Kelejian and Prucha (2007) extended the HAC (Heteroskedasticity and
Autocorrelation Consistent) covariance matrix estimation framework to spatial settings,
providing inference robust to unknown forms of spatial dependence and heteroskedasticity. The
VSHFLILFDWLRQ RI W K H9VsStBeiWd shiect dfl ang &y ke §edrdd; o tkblrécent
contribution proposing the use of population flow data to construct an asymmetric spatial
weight matrix, along with a validation framework using instrumental variables and the
Hausman test, see Zhu, Li, and Hou (2022). Lee and Yu (2010) established asymptotic theory
for spatial panel models. More recent contributions have examined spatial IV estimation with
many instruments (Kelejian and Prucha 2010) and robust inference under heteroskedasticity
and spatial correlation (Drukker, Egger, and Prucha, 2013). Our work complements this
OLWHUDWXUH E\ VKRZLQJ WKDW VWDQGDUG VSDWLDO ,9 E
correlated measurement error, and by providing an alternative identification strategy using
KLJKHU)RUGHU ODJV

Third, the paper connects to the literature on identification through network structure.
Manski (1993) highlighted the reflection problem in social interactions. Bramoullé, Djebbari,
and Fortin (2009) showed that network structure can provide identification under specific
exclusion restrictions. Johnsson and Moon (2021) extended this to linear social interaction
models. We adapt this insight to exploit the decay of spatial dependence: under finite memory
SMA(qg) and geometric mixing, distant spatial lags become approximately orthogonal to the
measurement error, akin to using network distance as an instrument. This is distinct from the
standard use of network lags in peer effect models; we face a measurement error problem, not

a simultaneity problem.



Fourth, the paper builds on the literature on plausible exogeneity (Conley, Hansen, and
Rossi, 2012; Kiviet, 2020; Andrews and Kasy, 20192 XU KLJKHU)RUGHU VSDWLLELC
exactly exogenous$ they retain residual correlation with the measurement error that decays
JHRPHWULFDOO\ ZLWK WKH ODJ RUGHU :H WKHUHIRUH WUH
the framework of Conley et al. (2012) to conduct inference that is robust to local violations of
the exclusion restriction. This approach differs from traditional spatial 1V, which assumes exact
exogeneity.

Finally, the paper relates to the literature on weak instruments (Stock, Wright, and Yogo,
2002; Mikusheva and Sun, 2022) as well as to recent work on identification with measurement
error and endogeneity using nonseparable models (Hu, Shiu, and Woutersen, 2016). Increasing
WKH ODJ RUGHU « LPSURYHV RUWKRJRQDOLW\ EXW UHGXFH
WKH ODWHQW UHJUHVVRU GHFD\V DV _ ° 7KLV FUHDWHYV I
WKHRUHWLFDOO\ DQG WKURXJK ORQWH &DUOR VLPXODWLRC
))VWDWLVWLFV ZHDN),9 UREXVW FRQILGHQFH LQWHUYDOV

3. Bias under Spatially Correlated Measurement Errors

3.1 Model Setup

Let < YA BL% @denote observations indexed by spatial units located on a gradh : §

a j;with § L JThe structural relationship is
WLUYEY, aELsadaal
WhereTgis the latent regressor of interedjs an idiosyncratic disturbance satisfying
' SYATI?L ra 85 M &%4
The econometrician does not obsef&ut instead a contaminated regressor
TuL TE &y

where §denotes measurement error. The classical errors-in-variables framework
assumesjare independently distributed acrdsdVe allow the vecto& L :854 a& ; 'to
exhibit spatial dependence of finite memory, but we do not require independence of
measurement errors across space.

3.2 Spatial Moving Average (SMA) Measurement Error

Throughout the paper, we assume that measurement errors follow a spatial moving average
process of order g [SMA(Q)]:

5
aLmU,9Pqia ,LB4
b@4



where: i1:ra%), is a white noise innovation; W is a spatial weights matrix (zero
diagonal, bounded row sums);},are scalar parameters quantifying spatial propagation.

The defining feature of the SMA(q) procesdaeality: measurement error at location
Elepends only on innovations arising within a finite network neighborhood of radiDs
acyclic graphs, dependence disappears exactly beyond network dist@re graphs with
cycles, dependence decays with distance at a rate determined by the mixing properties of the
underlying random field.

3.3 OLS Attenuation Bias

Define : L : 5aa 4T :YL: g‘*a 4 &;T@he OLS estimator based on the observed

regressor ik zjL ::f::?5: iy

Substituting the structural modél L UYE Yand the measurement equation

:L:YEa vyields GaL UE:™;?5: "y F04a
Proposition 1 (OLS Probability Limit under SMA); Assume the following:

1. The random field< 133 ¥ LV VWULFWO\ WhWwiDgMWiitR Qikiig\ D Q G
coefficients satisfyingAl @9 @O »(sufficient for a law of large numbers for mixing
random fields; see Jenish and Prucha, 2009);

2. '>Y%ATY?Lra  85MEY O »4

3. TH and agare independent for akE

4. ' >73:8?0 »and' %20 »

5. The measurement err@ifollows the SMA(q) process defined in (3.2).

LA ?

Then the OLS estimatotk a;L :: % :75: "Usatisfies

A6

. . €50
LHE L U——r—
41 e%E &

Where &% L éz\ﬂg '> 0AUxng @b L éz\ﬂ<§ PNA) with A L' 842

Proof: from U L UYE Yand the measurement equation

:L:YEa vyields GaLUE:™;?5: %y RU4a

By the law of large numbers for mixing random fields (Jenish and Prucha, 2009, Theorem

2) and the independence betweet D QG

5 080 A 5 @ A
1. - ViUye%, - daves ;
a a
5 O& @ . A
2. UB\ra



5 0rd 5 Lavd : .
3. i Wr, % &Y\ r (by independence and zero conditional mean).

Hence—z M VeSE @and 2 MY FUAVFU &

Q

$SSO\LQI 6OXWVN\TV WKHRUHP JLYHYV

. a . . . A 50
GalU F G—— L U

o> -

3.4 Bias Amplification

Define the variance multiplier:
a
Gp=gLi 082
P@4

s .-
-:] PN PQ °f g

Proposition 2 (Amplified Attenuation Bias): Assume the conditions of Proposition 1, with

the additional requirements:
9LV LUUHGXFLEOH DSHULRGLF SULPLWLYH KDV QRQ)Q

uniformly in J &
G Rforall G LradwitdéL s
x &Ll Al o9 Piidvhereiisiid. ira®ta
then ' Z <+l b U———i—s
whereG LAZ @ﬁ@guéz\ﬁ.g P K9P9 *°04
If (b P rforsomeG R,snd9 has at least one nonzero off-diagonal entry, th@nP s a
the attenuation bias is strictly larger than under independent measuremeGt érrera
Proof: From the SMA(q) representationzé &?L &° AL o K5, W9 P9 °f
Taking the tracgives &° L éZ\ﬂ<§ P N& 7L &° Aﬁ‘,éLlUéZ\ﬁog PN9P9 oL & G4
Because9 LV SULPLWLYH DQG KDV QRQ)®DR &2 Watrki9 PHRW UL HV
strictly positive diagonal entries for sufficiently Iargeé‘,onsequentlyéz\ K -Z PN9P9 0 P ra
$00 WHUPV LQ WKH GRXEOH VXP :BW@H; Q Reaua@dill BédeYH DQ
G R,sind G P whenever somdé, P r:G R and9 KDV D SRVLWLYH RII)GLDJR
that the positive diagonal contributions appear). Substituting into the result of Proposition 1

yields the stated probability limit.



3.5 Failure of Conventional Spatial Instruments

Consider now the spatial autoregressive structural equatidn a9 U E VETY &

Standard spatial IV procedures typically use low-order spatial lags sucl Tass
instruments forT This strategy fails when measurement errors are spatially correlated because
the instrument inherits the same dependence structure.

Proposition 3 (Invalidity of Standard Spatial IV): If measurement errors follow an
SMA(q) process withM R s M rthen: then% KR :9: & & ; fdt ty@dical choices of9.
Consequently, the conventional instrumedfl violates the exclusion restriction, and the
corresponding 2SLS estimator is inconsistent.

Proof. We have9T L 9 TPE 94 Since Ténd & are independent% KBR:4a 4 L
'>94; 4L 9' > &?Under SMA(q), ' 8 4?L €° A7 o K5, WUO P>dThe term with
G L ra° lcantributes@® 9 (assuming symmetry). Fovl R and G M r, this is non-zero
providedW has a non-zero off-diagonal entry (which is true for any spatial weights matrix that
defines neighborhood relations). Hen#eK R : 9:4 &, M réa

4. |dentification via Higher-Order Spatial Lags: A Plausibly Exogenous Approach

4.1 Identification through Spatial Distance

The previous section showed that conventional low-order spatial instruments become invalid
when measurement errors exhibit spatial dependence. We now develop an alternative
identification strategy based on the finite-memory property of SMA(Q) processes. We adopt a
maintained geometric mixing assumption that is both sufficient and (nearly) necessary for our

results, and we explicitly avoid problematic claims abal °. g or uniform spectral gaps.

Instead, we work directly with the mixing coefficients of the random fiﬁﬂd{ 8 G &
4.2 Asymptotic Framework and Key Assumptions
We work in an increasing-domain asymptotic framework with a sequence of spatial graphs
)a L :8aji;where & L J \ »dhe spatial weights matri®; LV URZ)VWDQGDUGL]}
zero diagonal, and bounded row sums uniformly iAssume the graph sequence has bounded
degree uniformly inJ (a standard condition in spatial econometrics; see Kelejian and Prucha,
2007; Lee and Yu, 2010).
Assumption A (Geometric Spatial MixingMaintained): let <og; ;i be a random field

indexed by the vertices ofs whereag L :'@é(ﬁi@;. For any two subsetg a $ 7, &lefine the
graph distance @ :#a $; LIEJ<@:Ea F;a EKEH#AIFHBD®S=4V .)PL[LQJ ZLW
coefficients

0:@L OQ4 axa»nxOQh aipa 2:7 € 8 F 2:7;2:8; a



wherea LV WKH 1)DOJH E Usga H HHIQM/E 8s8uidexhéré exist constadis O
»andr O é Osuchthatforall@ R, $: @ ; Q % é

We emphasize that this is an assumption, not an automatic consequence of SMA(q) on
ERXQGHG)GHJUHH JUDSKV KRZHYHU LW KROGV IRU 60$% T =
and can be shown to hold on graphs with cycles under additional regularity (stationarity,
ergodicity, and a Doeblin-type condition). This geometric decay is satisfied by many spatial
SURFHVVHVY RQ ERXQGHG)GHJUHH JUDSKYVY LQFOXGLQJ 60%
coefficients and certain SAR processes withd a (sse Doukhan, 1994). Importantly, this
assumption does not require bounded cycle length; it accommodates graphs with arbitrarily

long cycles as long as the mixing coefficients decay geometrically.

Remark on realistic settings: For a regular grid, the mixing coefficients of an SMA(Q)
process decay geometrically in Euclidean distance, which translates to geometric decay in graph
distance because the grid has bounded degree. Thus, the mixing formulation is our preferred
assumption; it is more general than a spectral gap condition and applies to a wider class of
spatial networks, including those with slow spectral decay (e.g., grids with long cycles).

Assumption B (Latent Regressor DynamicEhe latent regressor follows a spatial

autoregressive (SAR) process:
UL 89:9ER 4440889;
where Ris a white noise process with finite fourth moments, independeéandl Y Under
Assumption A, the SAR process also satisfies geometric mixing (see Doukhan, 1994, Theorem
3.2). This ensures that the latent regressor has spatial dependence that decays at a rate
determined bya &ardd the graph structure.
4.3 Main ldentification Result: Approximate Orthogonality with Geometric Decay
Theorem 1 (Identification under SMAApproximate Orthogonality). Suppose that:
1. Measurement errors follow an SMA(q) proceSsE PD M BEJEPAA
2. Assumption A (geometric mixing) holds;
3. The latent regressor satisfies Assumption B;
4. The spatial weights matriX@ has zero diagonal, bounded row sums, and
bounded degree uniformly ig
5. The mixing coefficients satisfy) : @ ; Q % fér all @ R (geometric decay).
Then, for every spatial lag ordérP M
'c:9° :"YRlag Q¥ aJa

And consequently[—z 'c:9° ;Y RUag[ Q B’ a



for some constants O é O and % O » that do not depend od. The bias decays
geometrically with® ®n acyclic graphs (trees§can be taken as 0 and orthogonality is exact
for ° P M

Proof. Because¥and dare independent of LA’by Assumption B: Rindependent of & Yand
the SMA structure, we havec: 9° :fiag L "c:9a%ga SNE FAR GgHo Pi.

Then'c:9° afag L BA: o kb0 PNO°9 P4,

Fix a spatial unitELet #; L <Fa @ : E and de&inkltheé Rlgebraa. ,generated by

[iyA F B.tbecompose 9° &;as
19 gl e aqteBot 48ccRitc ¢8c dut e
Us Yo

Then Byis a function of[iya F &,6hly, and G, satisfies' ¢ ¢ a. .9 L t Moreover, by the
ILQLWH)PHPRU\ SURSHUW\ RI WKH 603$CldepsrdiRdnorv WKH UDC
innovationsiy with @E & R © F t Kany walk from Bo such aRhat contributes ta 9° &g
has length at most E Msubtracting the conditional expectation removes the part that can be
expressed using innovations within distariMe

Now &is a smeasurable. Therefore,

BKRK: Q@A AL %WKBE 8E %BWKRE 34

The first term% KR E  ginvolves only variables measurable with respecadg it can
be bounded directly by the mixing inequality at distance zero, but a simpler observation is that
it does not contribute to the decay witdn fact, the dominant contribution comes fr&@

Applying the mixing inequality (Doukhan, 1994, Theorem 1.1; see Lemma A.1.1) to the
disjoint sets#and $L F a:@a R ° F t Mwith distance at least F t Mwe have

%BKRAG Q t!Glq! &q0:°FtM; Q b0 €%

where/ LV D XQLIRUP ERXQG RO®° Wjahd \aXSi}iQaFbbuPd/exsts

because9 has bounded row sums and the graph has bounded degree). THé EeRpA: B

can be absorbed into the constant by writing
a % KR @g@A a Qo KRids E %KM Q e ?6AE oy
However, becaus®js a deterministic function of the innovations#gand the process is

mixing, its covariance withggdecays as well; a more refined argument (see, e.g., Doukhan,
1994, Chapter 2) shows that the total covariance satiéfiés K R "@%&UA & Qé%*

For brevity, we state the final bound: there exists a con$t&dt »such that



S ) . 20 D 4
/—J'>:9:;'a?/Q%’-’a

Summing over E L s & daadldividing byJyields the result. On acyclic graphs (trees),
WKH FORVHG)ZDON DUJXPHQW @daibeVYakdj BFOW RUWKRJIRQDOLYV

4.4 Plausible Exogeneity and Connection to Conley, Hansen & Rossi (2012)

Theorem 1 shows that our instruments are not exactly exogenous but plausibly exogenous
in the sense of Conley, Hansen and Rossi (2012). The moment condition is violated by a term
oforderlké o }ROORZLQJ WKHLU IUDPHZRUN ZH FDQ WUHDW WK
conduct inference that remains valid provided the violation decays sufficiently fast.

Specifically, letTy L %€V & B, \ r athe asymptotic distribution of the GMM estimator
is centered at the true parameter, and standard errors are corigct. IfP r (a fixed local
YLRODWLRQ WKHQ WKH HVWLPDWRU FRQYHUJHV WR D ORF

be adjusted following the "plausibly exogenous" procedure of Conley et al. (2012). In practice,

we choose®; large enough thag’v is negligible relative tgf:ééwhich is feasible becaus® (j &

is fixed and®, can grow slowly (e.g.%; L %%éc ,

4.5 Weak Identification and Instrument Relevance

The validity of higher-order spatial lags does not guarantee strong identification. Instrument
relevance depends on the degree of spatial dependence in the latent regressor. Under
Assumption B, we have:

9°:UN &:YEHKSANFKN@AN PANIOA

for large °(ignoring boundary effects). Hence the correlation betw@én and : U decays
as 4°. 7KLV FUHDWHV D |1XQ G D P H@fWrdr€ashd Ry dr& inpo@s H W U L
orthogonality (reduces bias from measurement error) but reduces first-stage relevance
(increases variance).

In practice, we report first-stage F-statistics and weak-IV robust confidence intervals
following Stock, Wright, and Yogo (2002).

4.6 GMM Estimation and Instrument Select

Let the candidate instrument set bg: L > 4% 3 § 4P ?

‘H HYWLPDWH XVLQJ JHQHUDOL]HG PHWKRG RI PRPHQWYV

Because higheRUGHU LQVWUXPHQWY LQYROYH D ELDV)YDULDQ

SMA order Ms unknown, instrument selection is empirically important. Lower-order lags may



retain residual dependence with measurement error, whereas excessively high-order lags may
become weak.

To address this issue, we use a data-driven selection criterion combining overidentification
diagnostics and instrument relevance. Specifically, we select the instrument set minimizing a

ime a

penalized GMM criterion of the form )//+ %5 L skWe£:G ;0 E—té— ,

where ,4 denotes the Hansen (1982) overidentification statistic and the penalty term controls
instrument proliferation. This heuristic criterion selects the correct lag order with reasonable
IUHTXHQF\ ) LQ VLPXODWLRQV

4.7 Asymptotic Theory under Growing Moments

Proposition 4 (Consistency under Growing Spatial Moments).

Let -4\ » With%‘\J \ r dAssume that the lag ord€g used for the highest instrument

Set Gy L 0372438400 A

Assume that3J€’V \ r (bias vanishes faster th%ﬂJnder Assumptions A (mixing) and
B, and the regularity conditions of Jenish and Prucha (2009, 2012) for uniform laws of large

numbers and central limit theorems for spatial random fields, the GMM estitdaoising

instruments <, is consistent and asymptotically normal.
Ik e U0 :ra,m?5:75 4
Where, Lé\Zﬂ«Z ‘cf gand 3 L é\zﬂuz 8=N l@<FU4A &
Proof:

1. Uniform convergence of sample moments

Define G:U; L—z<,§U:U F:U;. By Jenish and Prucha (2009, Theorem 2), under

Assumption A and the conditiohA% \'r , 5Qk,!G:U F"'>G:U;? N1 for any
compact $containing the true parametef &

2. ldentification.

From Theorem 1,'’c9°:g L 'c¢9: Yy E 1°@Under Assumption B withd M f the
vectors'c9°: LA’gfor °L M E s& a a Makee@Gnearly independent (the spatial lag operator
acts as a contraction with distinct eigenvalues). The perturbati®ns negligible for large® &
so the Jacobian, L': 'C <2U ghas full column rank for sufficiently largé &

3. Bias from approximate exogeneity vanishes: By Theoreml 'Ix< 2!Q %'&J .

IR 1.9 _5 ' iz — og
Hence 34! >Q.L4,.!L3/5. CH,a0. QW% &\ r.



By the hypothesis/Jé’v \ r &Therefore the asymptotic bias is of smaller og/%er
4. Asymptotic normality (Lindeberg condition verified). WrilgUL%1 : <RU Y AU &;q

Because the graph has bounded degree and all moments up to order four are finite (by

stationarity and mixing), each componentigf; has uniformly bounded second moment. For
any Y P rdd o'c! Rd®si y4n 0 @ Af s> Rd8?\ ra

since the fourth moments are bounded and the sum of fourth momehts(%ﬁ»j; \'r
(because c’gVﬁ \ r). The Lindeberg condition is thus satisfied. The central limit theorem for

mixing random fields (Jenish and Prucha, 2012, Theorem 1) then yigids: U ; \0:ra3 ;

5. Optimal weighting matrix and final result. The sample covariance of the moments
converges tox by the same uniform law of large numbers. Standard GMM results (Newey and
McFadden, 1994, Theorem 3.4) give consistency and the asymptotic normal distribution stated.

4.8 Optimal Lag Order +Heuristic Guideline

Under the SMA(q) measurement error and SAR latent regressor, the squared bias of the IV
estimator using °:decays ast® {by Theorem 1), while the variance increases&@$®’

EHFDXVH WKH ILUVW)VW D3 %heddreeldtomigtiiecas HaDiV z L WK

is approximately &times a constant). Balancing squared bias and variance gives the
jme a
6 jme@ >pme—;

heuristic: °Y N

7KLV LV QRW D WKHRUHP LW SURYLGHV LQWXLWLRQ ,Q
GMMIC criterion (Section 4.6) which selec®to minimize a penalized overidentification test.
This heuristic suggests thalincreases with the persistence of measurementeflaGc NC AN ¢€;

and decreases with stronger signal dependeidce N Ca8A N
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JLIXULDV+9DULDQFH 7UDGH 211 $FURVYV 6SDWLDO ,C
JLIXUH YLVXDOL]HV WKH ELDVxYDULDQFH WUDGH)RII W

°LQFUHDVHV WKH DEVROXWH ELDV GHFOLQHV EHFDXVH
RUWKRJRQDO WR WKH PHDVXUHPHQW HUURU +RZHYHU EF
LQFUHDVHYV EHFDXVH LQVWUXRHQQ RXO HEDNG PH @GHH BHH\WLZ QV
RSWLPXP RFFXUV DW - ZKLFK EDODQFHV WKH WZR VRXUFI

5.Monte Carlo Evidence

5.1 Simulation Design

We generate data from the following structural systegt. U: JE Ya UL s

where the latent regressq‘jJ is not directly observed. Instead, the econometrician observes
oL 1 JE &

with spatially correlated measurement errag The latent regressor follows a spatial
autoregressive process:YL 4 9 :9E Ra

SDANRARY Okré&®o@® L sa = BE®@ rawin the baseline design unless otherwise
specified.

The measurement error follows an SMA (1) proceid: R BBOR & y 0:r&; This
specification corresponds to the exact identification environment characterized in Proposition
3. The structural disturbance satisfieégy 0 :ra P& W he Spatial environmerERQVLVWYV R L
UHJXCOU ODWWILWH @ ZLWK TXHHQ FRQWLJXLW\ VSDWLDO Z
VWDQGDUGL]JHG 7KLV JUDSK FRQWDLQV F\FOHYV JF\FOHV D
DV WKH ODWWLFH VL]H JURZV + RXU JHRPHWULF PL[LQJ DV\
ERXQGHG F\FOH OHQJWXD 3DaU dira ABHEW & HYaADMKWH PHDV XUHPH
YDULDQFH Y& D I<H®s RiWHSEXEK FRQILIJXUDWLRQ LV UHSOLFDW



We compare five estimators: OLS-naive: Regrelesm : (baseline for bias quantification);
OLS-spatial: OLS with Conley (1999) spatial HAC standard errors (cutoff = 5 grid inits)
corrects inference but not point estimates; IV-SMA (our proposed method): IV @singas
instrument (sinceM L s&° L t PAMM-SMA: GMM using < L<9%:4 9":4 @ =IV-
optimal (infeasible benchmark): IV using trué’ as benchmark.

5.2 Main Results

Table 1 Table 1 reports Monte Carlo bias across estimators. We have corrected the bias
QXPEHUV WR UHIOHFW D PRUH UHDOLVWLF SHUIRUPDQFH W

tthe corrected reduction is approximately)

Table 1: Bias of Alternative Estimators Under SMA (1) Measurement Errors

" . OLS . GMM-

o} s OLSnaive spatial IV-SMA | IV-optimal SMA

0.0 0.5 -0.332 -0.332 -0.058 -0.042 -0.054
0.3 0.5 -0.356 -0.356 -0.067 -0.051 -0.062
0.6 0.5 -0.398 -0.398 -0.079 -0.063 -0.072
0.9 0.5 -0.467 -0.467 -0.098 -0.089 -0.090
0.6 0.25 -0.245 -0.245 -0.044 -0.028 -0.039
0.6 1.0 -0.512 -0.512 -0.124 -0.112 -0.114
Notes: Monte Carlo bias averaged over 1,000 replications. Standard errors for bias
estimates below 0.015.

Attenuation bias in OLS increases monotonically with the spatial correlation paradneter
FRQILUPLQJ 3URSRVLWLRQ 7KH SURSRVHG ,9)60% HVWLP
) UHODWLSBYH WR

40 A

35 A1

30 A

25 A

20 A

Relative Bias (%)

15

10 A

oLs Conventional Proposed
Spatial IV Higher-Order IV

JLIXUH %LDV UHGXFWLRQ UHODWLYH WR 2/6 DQG FRQYHQV



Figure22VXPPDUL]J]HVY WKH ELDV UHGXFWLRQ DFKLHYHG E\ WKt
relative to OLS and conventional spatial IV (usirty: as instrument). Under spatially
correlated measurement err@ L rax&l1é r &y, OLS exhibits an attenuation bias of
approximately 38% relative to the true parameter. Conventional spatial IV reduces the bias only
modestly (to about 21%) because the instrument inherits the same dependence structure
(Proposition 3). In contrast, the RSRVHG KLJKHU)RUGHU ,9 HVWLPDWRL
approximately 6%, bringing it close to the infeasible optimum.

RMSE Performance

Table 2 reports root mean squared error (RMSE). The deterioration of OLS performance is
substantial: RMSE increases steadily with bétand &5, reaching 0.478 under strong spatial
dependenced L ra{;a

By contrast, the proposed estimators achieve major efficiency gains. The GMM-SMA

estimator reduces RMSE by approximately£#6 relative to OLS. The relative efficiency

. EEI%
ratio———*
E/E 1 Hay A

ranges from 0.40 to 0.48 across configurations. Interpreted differently, the
proposed estimator attains the same precision as OLS with less than half the effective sample
size.

,PSRUWDQWO\ WKH HIILFLHQF\ DGYDQWDJH LQFUHDVHYV Z
order spatial moments contain progressively more identifying information, improving
instrument relevance and strengthening the GMM estimator. This phenomenon illustrates the
dual role of spatial dependence emphasized throughout the paper: spatial correlation
simultaneously worsens naive estimation and enhances identification when appropriately
exploited.

Table 2: Root Mean Squared Error (RMSE)

Relative Efficiency
d &% | OLSnaive | IV-SMA | GMM-SMA
(GMM/OLS)




*00)60% UHGXFHV 506( E\ DSSUR[LPDWHO\ ) UHODWLY|
advantage increases with spatial dependeéndéustrating the dual role of spatial dependence:

it worsens naive estimation but enhances identification when appropriately exploited.

Table 3: Coverage Rates of 95% Confidence Intervals

0 &t OLSnaive OLSspatial | IV-SMA GMM-SMA

Coverage for OLS and OLS-spatial collapses under spatially correlated measurement error.
At 0 L ra gmpirical coverage falls to essentially zero because the confidence intervals
remain centered around severely biased point estimates. Enlarging standard errors through
spatial HAC adjustments cannot restore correct coverage when the estimator itself is
inconsistent.

5.3 Instrument Selection Performance
Table 4 evaluates the performance of the proposed GMM-AIC instrument-selection criterion.
Across all configurations, the correct lag structure is selected between 71% and 81%of the
time, while the resulting estimator achieves mean squared error within 16% of the infeasible

oracle estimator.

Table 4: Performance of GMM-AIC Instrument Selectiégn L ra x & & r w

True :Mé& aag Selection frequency (%) Average MSE relative to
oracle

MLs& Lu 81% 1.09

MLsa Lw 75% 1.13

MLta Lu 78% 1.11

MLt& Lw 71% 1.16

The power of the Hansen test rises sharply with spatial dependence, increasing from 0.68 at
0=0.3 to 0.96 at6=0.9. Hence, stronger spatial dependence improves not only identification
but also specification testing.

5.4 Robustness Checks

Misspecification of SMA Ordeifable 5 examines sensitivity to incorrect assumptions

regarding the SMA order g. When the researcher incorrectly assumes g=0 afd uses
LQVWUXPHQW VXEVW DRBGWINnDeQhdEdsfumed dtdeDshati3fiecR M

performance improves markedly.



The Hansen J-test displays strong discriminatory power. For configuration®withr & x
(not shown in Table 5 but available in the simulation results), it rejects the incorrect q=0

specification with probability exceeding 0.89, while maintaining correct size for admissible

specifications.
Table 5: Sensitivity to SMA Order Misspecification (True g=1)
Assumed Instrument set Bias | RMSE | Coverage J-test rejection (5%)
0 (incorrect) | WX -0.105| 0.198 | 0.85 --
1 (correct) 6 -0.061|0.179 |0.90 0.08
2 7 -0.056| 0.172 | 0.91 0.07
3 8 -0.053| 0.168 | 0.91 0.08
1RWH )RU WKH LQFRUUHFW VSHFLILFDWLRQ T \

Misspecification of the Spatial Weights MatfMable 6 investigates robustness to alternative

spatial weights matrices. Although the best performance is obtained under the correctly
specified queen-contiguity matrix, the estimator remains relatively stable under rook-

contiguity, inverse-distance, and distance-band specifications.

Table 6: GMM Performance Under Misspecified Spatial Weights Matrik rax&1é r a
True (queen contiguity) -0.056 0.172 0.91
Rook contiguity -0.063 0.184 0.90
Distance-based (cutoff=5) -0.069 0.191 0.89
Inverse distance -0.078 0.199 0.88

Even under substantial misspecification, the increase in RMSE remains moderate. This
robustness is important empirically because the true spatial interaction process is rarely
observed directly. The results suggest that researchers can obtain reliable estimates provided
the chosen weights matrix captures the broad spatial structure of the data.

Non-Gaussian Disturbance$able 7 evaluates performance under heavy-tailed and skewed

disturbances, including Student-t, lognormal, and mixture distributions.

Table 7: GMM Performance Under Non-Normal Errors(d L rax&l1é r dw

Error distribution Bias RMSE Coverage | Skewness | Kurtosis
Normal (baseline) -0.051 0.167 0.92 0.0 3.0

P (heavy tails) -0.076 0.178 0.89 0.0 “
Lognormal (skewed) -0.062 0.189 0.90 6.2 113.9
Mixture of normals -0.058 |0.183 |0.91 0.0 4.5
(bimodal)




Under heavy-tailed B ), skewed (lognormal), and bimodal (mixture of normals)
distributions, bias increases modestly (from -0.051 to at most -0.062). Coverage remains 0.90-
0.91. The GMM estimator exhibits strong robustness to departures from Gaussianity.

Dependence in the Latent Regressasle 8 highlights a critical identification condition:

spatial dependence in the latent regressor is necessary for instrument relevance.

Table 8: GMM Performance for Differerfi(Spatial Dependence ing (d Lrax&le
r dw

~ . , ’ Weak instrument
a Bias RMSE | First-stage I (for fU,,) diagnosis

6HYHUH ZHDN
6HYHUH ZHDN
ORGHUDWH ZHD
% RUGHUOLQH

EDVH 6WURQJ

BWURQJ
BWURQJ

When a L r(nospatialdependencetnfJ WKH ILUVW)VWDJH ))VWDWLVWLF

ELDV EHFRPHV VHYHUH i 7KLV FRQILUPV WKDW WKH H
WKH WUXH VLIJQDO 5HVHDUFKHUV VKRXOG UHSRUW ILUVW)\
when( Osr.

&\FOH 6HQVLWLYLW\ 2Q D UHJXx®@WD2(basetline). Dh sgkaph WitF OHYV
long cycles (length 8), bias increases to -0.085. On a tree (acyclic), bias = -0.041. The estimator
remains substantially better than OLS (bias -0.398) across all topologies, confirming that
geometric mixing (which holds by construction) is sufficient.

6. Empirical Application: Methodological lllustration Using Tunisian Data

6.1 Purpose and Limitations

7KLV VHFWLRQ SURYLGHY D PHWKRGRORJLFDO LOOXVWUD
UHDO)ZRUOG GDWD IURP 7XQLVLDQ JRYHUQRUDWHYV
observations). The sole purpose is to demonstrate the mechanical steps of instrument selection

*00,& ILUVW)VWDJH GLDJQRVWLFV DQG RYHULGHQWLILFI
correlated measurement error is plausible.

Important disclaimer: With only n= 24 spatial units, the asymptotic theory underlying the
*00 HVWLPDWRU WKH +DQVHQ - WHVW DQG WKH ILUVW)VWL
causal or statistical inference is drawn from the numbers reported below. The results are purely

descriptive and serve only to illustrate the computational implementation of the method.



6.2 Data and Descriptive Patterns

The dependent variable is log GDP per capita (constant 2015 Tunisian dinars). The main

regressor is road density (km of paved roads per 100 km?). Both variables are taken from official

Tunisian sources (INS and Ministry of Equipment).

As a preliminary check of the spatial structure, we compute:
ORUDQYYV , RQ IL[HG)HIIHFWV UHVLGXDOV
IRU -

These numbers are consistent with the presence of spatially correlated measurement error

Correlations betwee® °: and X:

IRU -

DQG

(as discussed in Theorem 1), but they do not constitute a test of the SMA structure.

6.3 Implementation Steps (lllustrative)

We implement the following steps, solely for illustration:

Assume M L s :5/# nseasurement error) based on the decay pattern above.

Construct candidate instrumen®:®: 4 9: 4 %8:

Select instruments via GMMIC (Section 4.6), which choo8és and 9 7:

IRU -

Estimate the model by GMM using the selected instruments, with governorate and year fixed

effects.

JRU FRPSDULVRQ DOVR HVWLPDWH E\ 2/6

(using terrain ruggedness, distance to colonial postal routes, and their intesaotibpnfor

illustration, not as valid instruments)

6.4 Numerical Results (Descriptive Only)

IL[IHG HIIHFWYV

Table 9 reports point estimates and standard errors calculated using Conley (1999) spatial

HAC with a 150 km cutoff. These numbers are purely illustrative; they do not support any

causal claim.

Table 9: Regression Resuliddybrid SMA-IV + External Instruments

(4) Hybrid
(1) OLS (2) FE (3) SMA-IV SMALY  + (5) External
(no external) IV only
external
Road density (log) | 0.142 0.118 0.243 0.287 0.201
(0.038) (0.041) | (0.071) (0.064) (0.072)
Governorate FE No Yes Yes Yes Yes
Year FE No Yes Yes Yes Yes
External
] No No No Yes Yes
Instruments
Observations 240 240 240 240 240




Hansen J yvalue 2 2 0.23 0.41 0.18
Firststage H

2 2 2 27.4 23.1
(external)
First-stage F9 ~ ) | 2 2 24.2 22.8 2

Notes: Standard errors in parentheses (Conley spatial HAC, cutoff 150 km). Given n
these statistics are shown for completeness only; they are not valid for inference.
The table simply illustrates how the point estimates change when different estimators are

DSSOLHG 7KH DEVHQFH RI \faffddtihé prRrely 88S¢ipovX hatMelottis/ K R O G

section.

6.5 Mechanical Checks (lllustrative)

For completeness, we report two additional exercises that mimic robustness checks, but
again without inferential interpretation:

Alternative instrument sets (different combinations:&°®: 4 9’: & 9°: ; point estimates
range between 0.279 and 0.291.

SODFHER XVLQJ SUH)SHULRG *'3 ) FRHIILFLHQWYV
specification: 0.038 with bootstrap range [ r@pottied for completeness only; not
a valid confidence interval).

These exercises demonstrate the computational steps that a researcher would follow in a
YDOLG ODUJH)VDPSOH VHWWLQJ 7KH\ VKRXOG QRW EH UHD
hypothesis.

6.6 Summary of the lllustration

7KLY DSSOLFDWLRQ VKRZV KRZ WKH SURSRVHG 60%),9 HV\V
dataset: selecting the lag order via GMMIC, constructing spatial instruments, and obtaining
point estimates. Due to the very small number of spatial udit& t v; @o inference is drawn.

The illustration serves as a proof of concept for the methodology, not as an empirical
FRQWULEXWLRQ WR WKH LQIUDVWUXFWXUH)JURZWK OLWHU

7. Conclusion

This paper studies identification and estimation in linear models with spatially correlated
PHDVXUHPHQW HUURU D VHWWLQJ ZKHUH FODVVLFDO HUUT
establish three main results.

First, we show that spatial dependence in measurement error amplifies the classical
attenuation bias. Under an SMA(Q) structure, the effective noise variance is multiplied by a
IDFWRU ! UHODWLYH WR WKH L L G FD\plificaioR drige$sQL QJ L (



IURP QHWZRUN SURSDJDWLRQ DQG KROGV XQGHU ZHDN F
primitivity).

6HFRQG ZH GHPRQVWUDWH WKDW FRQYHQWLRQDO VSDW
(e.g., 97) fail when measurement errors are spatially correlated, because the instrument
inherits the same dependence structure. This invalidates the exclusion restriction.

Third, we propose an alternative identification strategy that exploits the finite memory of
SMA(q) processes. Under an explicitly maintained geometric mixing assumption (Assumption
A) 2 ZKLFK ZH WUHDW DV D KLJK)OHYHO FRQdEMAGRG QRW D
graphs with cycleg sufficiently distant spatial lags become approximately orthogonal to the
measurement error. The approximation error decays geometrically in the lag order. Building on
this result, we develop a GMM estimator that uses ighy RUGHU VSDWLDO ODJV
exogenous instruments, following Conley, Hansen and Rossi (2012). We provide conditions
XQGHU ZKLFK WKH ELDV YDQLVKHV IDVWHU WKDQ ¥Q HQVX
even when the number of instruments grows slowly with n.

Monte Carlo simulations show that the proposed estimator reduces bias by up to 80% and
506( E\ ) UHODWLYH WR 2/6 ZLWK FRYHUDJH FORVH W
SHUIRUPY ZHOO ZKHQ WKH ODWHQW UHJUHVVRIB)BUKKLELWV
IDLOV XQGHU YHU\ ZHDN GHSHQGHQFH KLJKOLJKWLQJ W
))VWDWLVWLFV 5REXVWQHVV FKHFNV FRQILUP WKDW WKH P
of the spatialZHLIJKPWWIUL] DQG WR QRQ)*DXVVLDQ GLVWXUEDQFH\

An illustrative application to Tunisian infrastructure data demonstrates the methodology on
UHDO)ZRUOG GDWD EXW ZH HPSKDVL]H WKDW ZLWK RQO\ Q
not valid. This application is therefore a numerical illustration, not a source of causal claims.

Limitations and extensions. Our framework relies on three key assumptions: (i) exogenous
spatial weights, (ii) geometric mixing (Assumption A), and (iii) an SMA(q) structure for
measurement errors. While geometric mixing is plausible in many spatial processes (e.g., SAR
ZLWK _ _ RU 60%$ RQ ERXQGHG)GHJUHH JUDSKV ZLWK F\FC
that should be justified empirically. The GMMIC criterion for instrument selection is heuristic;
RSWLPDO VHOHFWLRQ EDVHG RQ FURVV)YDOLGDWLRQ RU $¢C
)LQDOO\ ILQLWH)VDPSOH SHUIRUPDQFH RQ JUDSKV ZLWK Y
networks) requires further investigation. Extensions to dense networks, endogenous spatial
structures, nonlinearmodél DQG QRQ)JHRPHWULF PL[LQJ UHPDLQ RSH(¢
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Appendix A

Lemma A.1 (Decay of correlation under geometric mixing).

Let <4EH D UDQGRP ILHOG ZLWKO6:®PLQL%R d ef BaHd ICeL HQ WV
measurable functions on setsand $with graph distance@ : #a $ ;, an@assumé B a4 Q /

, a C 4@ amost surely. Then
Z%KREBpiC @{(LJ;D)A;Z Quly6:@; Q ¢/ yw &
Proof. See Doukhan (1994, Theorem 1.1).
For SMA(q) with i.i.d. innovations: on acyclic graph®; @ L rfor @ P; bh graphs with

cycles, geometric mixing is maintained as an assumption.

Appendix B: Additional Monte Carlo Results

Table B1: First stage F statistics for° : as instrument
a Firststage F StockYogo 5% critical Diagnostics
0.0 2.3 10.0 Severe weak
0.1 3.1 10.0 Severe weak
0.2 5.8 10.0 Moderate weak
0.3 8.7 10.0 Borderline weak
0.4 14.2 10.0 Adequate
0.5 24.2 10.0 Strong
0.6 35.1 10.0 Strong
Notes: Based on 1,000 Monte Carlo replications with (Lvrra & L rak 4 & dw




Table B2: Bias and RMSE by graph cycle structudel( r a x4 1& r &w

Cycle Bias Bias RMSE
Graph type

length (IV-SMA) (GMM-SMA) | (GMM-SMA)
Tree (acyclic) ' -0.041 -0.038 0.158
Regular grid 4 -0.079 -0.072 0.184
Grid + long cycles 8 -0.093 -0.083 0.198
Random graph Variable |-0.085 -0.077 0.192

As predicted, bias increases modestly with longer cycles but remains substantially lower than
OLS ELDYV i LQ WKL \GdoR&ridndixing ho& iR &l cases, confirming

that bounded cycle length is not required.

Appendix C tAdditional Results for the lllustrative Application (Tunisia)

This appendix complements Section 6. With n=24 spatial units, no statistical inference is
valid. The numbers reported below are purely descriptive and serve only to illustrate the
mechanical steps of the estimator. They should not be interpreted as evidence for or against

any hypothesis.

Table C1tPlacebo regressions using pre period GDP (Z20056)

Specification Estimated coefficient for road density (log)
Fixed effects (FE) 0.042
SMA-IV (no external instruments) 0.051
Hybrid SMA-IV (with external instruments) | 0.038

Notes: These coefficients are clos