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Abstract

In this paper, we investigate the impact of ionic leakage currents and perform a modulational in-

stability analysis in a weakly dissipative myelinated axon. Using the well-known FitzHugh–Nagumo

equation, we derive a generalized discrete nonlinear lattice equation, from which the dispersion relation

and group velocity are obtained, allowing us to examine the influence of leakage. Applying the reductive

perturbation method, we derive a cubic complex Schrödinger equation, followed by a modulational in-

stability analysis. An ansatz is introduced to obtain exact solutions, and by direct integration, solitary

wave solutions are explicitly obtained, including bright and dark solitons, as well as a periodic solution.

The effect of potassium ion leakage is clearly reflected in these solutions, significantly affecting the am-

plitude of the solitons. Finally, numerical simulations using the finite difference method are performed,

showing excellent agreement with the analytical results.

Keywords: Potassium leakage; FitzHugh-Nagumo Model; Reductive perturbation; Solitary waves.

1 Introduction

Wave propagation and pattern formation in excitable media have long been central topics in the study of

nonlinear dynamical systems [1, 2] with important applications in biology, chemistry, and physics [3, 4].

These phenomena are commonly described within the framework of reaction–diffusion equations [5, 6],

which provide a powerful setting for analyzing spatiotemporal evolution in complex media. Among the

simplest and most widely used models in this context is the two-variable FitzHugh–Nagumo (FHN) model

[7, 8]. Originally introduced as a reduced version of the Hodgkin–Huxley model [9], the FHN system retains
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the essential nonlinear mechanisms governing excitability while remaining mathematically tractable. In

particular, it captures the interaction between a fast excitation variable, associated with the membrane

potential, and a slower recovery variable that regulates ionic processes [10]. Through this interplay, the

model reproduces key qualitative features such as threshold activation, pulse propagation, and refractory

behavior [11, 12]. More recently, several extensions of the FHN framework, including fractional-order,

stochastic, and network-based formulations, have been proposed to better account for memory effects and

complex neuronal interactions [13, 14, 15].

From a physiological viewpoint, nerve impulses (action potentials) correspond to rapid and transient

variations of the electrical potential across neuronal membranes [16], driven primarily by the controlled

movement of sodium (Na+) and potassium (K+) ions [17]. In myelinated nerve fibers, the presence of the

myelin sheath, periodically interrupted at the nodes of Ranvier, gives rise to saltatory conduction [18],

whereby the signal effectively jumps from node to node. This mechanism significantly enhances conduction

velocity and efficiency [19]. Consequently, the discrete structure of myelinated axons provides a natural basis

for the development of spatially discrete models that more accurately reflect the underlying physiological

architecture.

When the FHN model is formulated in a spatially discrete setting, the resulting dynamical behavior

becomes considerably richer than in continuous systems [20]. In particular, discrete media exhibit intrinsic

properties that vanish in the continuum limit. A notable example is the existence of a critical coupling

threshold required for successful wave propagation; below this threshold, propagation failure occurs, whereas

continuous systems may support propagation for arbitrarily small coupling strengths [11, 21, 22]. This

phenomenon has been the subject of numerous investigations. For instance, Booth et al. [21] studied front

propagation under slow recovery conditions, while Hastings et al. [23] analyzed travelling wave solutions

in related excitable systems. More recent studies have further highlighted the influence of discreteness,

coupling strength, and network structure on synchronization, stability, and wave interactions in neuronal

systems [24, 25].

Dissipation represents another key factor influencing nerve impulse propagation. In biological systems,

dissipative effects arise naturally from ionic leakage currents, membrane resistance, and metabolic energy

losses [26], leading to nonequilibrium spatiotemporal dynamics [27, 28, 29]. These effects can significantly

alter wave behavior; for example, propagating pulses may attenuate, deform, or even disappear after in-

teractions in the absence of sustained energy input [30, 31]. Nevertheless, localized excitations resembling

soliton-like structures have been observed in various nonlinear systems, including optical and neural media

[32, 33, 34]. In addition, modern theoretical approaches, including statistical and field-theoretic descriptions,

have provided deeper insight into the collective behavior of excitable systems and neural signal propagation

[35].

Despite the extensive body of literature on excitable systems, an important aspect remains insufficiently

explored. In many existing studies, the effect of ionic leakage currents is either neglected or treated as a
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Figure 1: Discrete nerve axon model showing membrane potentials Un coupled to neighboring nodes and
associated recovery variables Vn, consistent with the FitzHugh-Nagumo dynamics.

small perturbation [36, 37, 38]. However, from both physical and physiological perspectives, leakage currents

constitute an intrinsic dissipative mechanism that can significantly influence wave propagation, stability,

and energy balance [39]. Motivated by these considerations, the present work investigates the impact of

ionic leakage current on pulse propagation in a weakly dissipative, spatially discrete FitzHugh–Nagumo

model describing a myelinated nerve axon.

Unlike previous studies that either neglect ionic leakage or treat it as a small perturbation, the present

work explicitly incorporates potassium leakage as a key dissipative parameter in a discrete FitzHugh–Nagumo

framework. This allows us to systematically analyze its influence on dispersion properties, modulational

instability, and nonlinear wave structures. In particular, we show how leakage modifies both the amplitude

and stability of soliton solutions, providing new insights into the role of dissipation in discrete excitable

systems.

2 Model description and equations

In this section, we present the model equation. It is a one-dimensional chain described by FitzHugh-Nagumo

equation as:

dun

dt
= un − u3

n

3
− vn +K (un+1 − 2un + un−1) (1a)

dvn
dt

= a+ bun − cvn (1b)

In Eq.(1), the variables un and vn are respectively the membrane potential and the recovery variable at

exactly the nth excitable membrane site known as Ranvier node. As shown in Fig. 1, these quantities are

represented at each discrete node, where un appears as the local membrane potential and vn is shown as

the associated recovery variable. The recovery variable governs the slow evolution of the system, as the

small parameters a, b, c ≪ 1 induce only gradual changes over time. This slow dynamics is illustrated by the

vertical connections associated with vn. In Eq.(1a), the term un characterizes the positive feedback effect,

whereby membrane depolarization stimulates further depolarization through the activation of voltage-gated
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sodium channels [36, 37]. . In contrast, the term −u3
n/3 represents a rapid negative feedback mechanism

arising from the self-inactivation of the sodium channels, which acts to suppress the depolarization [7, 8,

36]. These processes are schematically represented by the ionic currents across the membrane. The third

term −vn describes a recovery mechanism that can be physically interpreted as the regulation of outward

potassium currents, which act to oppose membrane depolarization. This effect is also indicated through the

outward ionic pathways in the diagram. The final term denotes the discrete diffusive coupling, with coupling

coefficient K, and is proportional to the difference in internodal currents across a specific node of Ranvier.

This interaction is depicted by the horizontal connections linking the neighboring nodes un−1, un, and un+1,

as seen in Fig. 1. The first term in Eq.(1b), namely a, primarily represents the potassium leakage current,

illustrated by the leak pathways across the membrane. The term bun describes the activation of voltage-

gated potassium channels by the membrane potential un, which leads to an increase in the magnitude of vn.

Finally, the term −cvn represents the active pumping mechanism responsible for the removal of potassium

ions from the neuron. To progress in the study, the first derivative with respect to time of Eq.(1a) is taken

and then, the term v̇n is replaced by the right hand side of Eq.(1b). To completely eliminate vn in this new

equation, we employ the first equation (1a) and the result yields.

d2un

dt2
+ γ1u

3
n + u2

n

dun

dt
+Ω0

2un + γ2
dun

dt
+ γ0 = D0 (un+1 − 2un + un−1)

+D1

(
dun+1

dt
− 2

dun

dt
+

dun−1

dt

) (2)

where

γ1 =
1

3
c, γ2 = c− 1, Ω2

0 = b− c, γ0 = a, D0 = cK, D1 = K (3)

are all constants. Eq.(2) represents the Liénard formulation of the FitzHugh-Nagumo model for a myelinated

nerve fiber, which can be regarded as a modified variant of the Van der Pol equation. Vanishing the

constants {D0, D1}, one remarks that, Eq.(2) is a cubic Liénard-type equation with linear damping, which

is often interpreted as an extension of the classical damped oscillator. In the limiting case where the

system operates within the linear regime and dissipative effects are neglected, the equation reduces to the

well-known linear harmonic oscillator, a fundamental model with extensive applications in both classical

and quantum physics. Equations of the Liénard class have been widely explored from mathematical as well

as physical viewpoints, and they continue to attract significant attention as an active area of research in

mathematical physics[40, 41, 42, 43].

Examining Equation (2), one notes that substituting a constant into the equation leads to an incon-

sistency: the left-hand side becomes a nonzero constant, whereas the right-hand side reduces to zero. To

address this discrepancy, a change of variables is introduced, which allows the formulation to properly ac-

count for this issue: un+1 = U0 + ϵ Un+1, un = U0 + ϵUn, un−1 = U0 + ϵUn−1 following Ref.[44, 45]. Where

U0 is a constant to be determined, ϵ ≪ 1 is a small perturbation parameter and Un is the novel membrane
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Figure 2: Variation of (a) Frequency F = ω0/2π and (b) group velocity as function of wave number q using
the system parameters: (a) γ0 = 0, γ1 = 0.020, and (b) γ1 = 0.667, D0 = 0.04,Ω2

0 = 0.032

potential. To advance, we substitute the transformation as thus

ϵ
d2Un

dt2
+ γ1(U0 + ϵUn)

3 + ϵ(U0 + ϵUn)
2 dUn

dt
+Ω0

2(U0 + ϵUn) + ϵγ2
dUn

dt

+ γ0 = ϵD0 (Un+1 − 2Un + Un−1) + ϵD1

(
dUn+1

dt
− 2

dUn

dt
+

dUn−1

dt

) (4)

At order ϵ0 from Eq.(4), one obtains

U0
3γ1 +Ω0

2U0 + γ0 = 0 (5)

Using Eq.(5), the constant U0 can be readily determined, and by solving the resulting cubic polynomial,

one obtains

U0 = −
3
√
12

(
Ω0

2 3
√
12γ1 −

(
Bγ1

2
)2/3)

6γ1
3
√

Bγ12
, B =

3(4Ω0
6 + 27 γ0

2γ1)

γ1
− 9 γ0, (6)

as the only real root for U0. The remaining two other roots are complex and are ignored. At order ϵ2, we

obtain

d2Un

dt2
−D0 (Un+1 − 2Un + Un−1)−D1

(
dUn+1

dt
− 2

dUn

dt
+

dUn−1

dt

)
+

(
U3
nγ1 + U2

n

dUn

dt

)
ϵ2

+

(
3Unγ1 + 2

dUn

dt

)
UnU0ϵ+

(
U0

2 + γ2
) dUn

dt
+
(
3U0

2γ1 +Ω0
2
)
Un = 0

(7)

Eq.(7) is equation of motion and it shall be used to evaluate the impact of potassium leakage current on

its control of potassium ion out of the neuron.

3 Dispersion relation and amplitude wave equation

Previously, we have presented the model equation under consideration and derive the modified Liénard

equation with the novel membrane potential. Right now, our attention is focused on the derivation of the

dispersion relation and schrödinger equation.
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3.1 Dispersion relation
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Figure 3: Impact of potassium ions leakage on Frequency F = ω0/2π as function of wave number q using
the system parameters: (a) γ1 = 0.020, and (b) γ1 = 0.667, D0 = 0.04,Ω2

0 = 0.032

To derive the dispersion relation, we consider a plane wave solution of the form A0 exp(i(nq−ωt)) where

A0 represents an infinitesimally small amplitude, ω the angular frequency, We substitute this plane wave

solution into Eq.(7), and neglect higher-order terms. This leads us to the dispersion relation as follow

ω2 = ω0 − iωiω (8)

where

ω0 = 4D0 sin
2

(
1

2
q

)
+ 3U0

2γ1 +Ω0
2, ωi = 4D1 sin

2

(
1

2
q

)
− γ2 (9)

It is observed that the dispersion relation is a complex function and so, any analysis that is done (plotting the

graph) is carried out only with the real part. The frequency of the system network is given by, f = ω0/2π,

thus a simple analysis of the dispersion relation reveals that the bandwidth of allowed frequencies is given by

[f0, fπ] where f0 =
√
3U0

2γ1 +Ω0
2/2π and fπ =

√
4D0 + 3U0

2γ1 +Ω0
2/2π for q = 0 and q = π respectively.

This indicates that the dispersion relation is dependent on the wave number q as seen in Fig.2. As shown in

the figure, the frequency increases with the wave number q in solid blue, and illustrates the corresponding

variation of the group velocity in solid red. Fig.3 further highlights the influence of potassium ion leakage

on the system frequency. It is observed from Fig.3(a) and Fig.3(b) that increasing the leakage-related

parameter leads to an increase in the oscillation frequency of the network. This indicates that potassium

ion leakage, together with active ionic pumping mechanisms, plays a significant role in modulating the

dynamical response of the neuronal system. the group velocity is the first derivative of the dispersion

relation with the wave number and by doing so one obtains

µ0 = µr − iµe (10)
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where

µr =
sin (q)D0

ω
, µe = sin (q)D1 (11)

The graphical representation of the real part of this equation yields the Fig.4. It shows that when γ0 = 0.01,

the maximum group velocity is 0.077m/s but when γ0 = 0.04, it is noticed that the maximum group velocity

is 0.06m/s. Similarly, when γ0 = 0.333, the maximum group velocity is about 0.043m/s for γ2. These

observations from Fig.4(a) and Fig.4(b) indicate that the group velocity decreases as potassium ion leakage

increases. This suggests that ionic leakage introduces a dissipative effect that slows down wave propagation

in the system, implying an inverse relationship between leakage strength and propagation speed.
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Figure 4: Variation of the real group velocity as function of wave number q using the system parameter for
(a) γ1 = 0.020, and (b) γ1 = 0.667, D0 = 0.04,Ω2

0 = 0.032

3.2 Amplitude wave equation

In this subsection, we focus on deriving an amplitude equation that governs the propagation of modulated

waves in the system. For this purpose, the reductive perturbation method is employed, allowing the novel

base pairs to be represented through the following asymptotic expansion,

Un(t) =

2∑
j=1

ϵj−1

[
1

2
Aj0(ξ, τ) +

j∑
k=1

Ajk(ξ, τ)e
ikθ

]
+ c.c., (12)

where,

θ = qn− ωt,

ξ = ϵ (n− µ0t) ,

τ = ϵ2t.

(13)

Here, µ0 denotes the group velocity of the wave in the linear regime. We then seek a solution in powers of

ϵ, expressed as a truncated series whose coefficients depend on the variables τ , ξ, and θ.
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The imaginary unit is denoted by i, with i =
√
−1. The quantities Ajk are complex-valued functions

to be determined, and the detailed procedure for obtaining them can be found in [46]. The notation c.c.

represents the complex conjugate of the preceding terms.

By introducing both fast and slow variables, the time-derivative operator is modified accordingly, as

shown in [47, 48, 49].

∂

∂t
= −ϵµ0

∂

∂ξ
+ ϵ2

∂

∂τ
− ω

∂

∂θ
,

d2

dt2
= ω2 ∂2

∂θ2
+ 2ϵ2ω

∂2

∂τ∂θ
+ ...,

(14)

Upon substituting these expressions into (7) and performing routine algebraic manipulations, the following

results are obtained.

At order ϵ0 from exp(i0θ), one gets

A10 = − U2
0

3U2
0 γ1 +Ω2

0

(15)

The terms of order ϵ proportional to exp(0iθ) and exp(2iθ) respectively are given by

A20 = R1|A11|2 (16)

A22(ξ, τ) = (η0 + iηi)A
2
11(ξ, τ) (17)

From the terms of order ϵ2, proportional to exp(iθ), we obtain:

(i+ λ0)
∂A11

∂τ
+ (P + iPr)

∂2A11

∂ξ2
+ (Q+ iQr) |A11|2A11 + (R+ iRr)A11 = 0 (18)
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where

η0 = − U0

− 64 cos(2q) cos(q)ω2D2
1 + 16 cos(2q)ω2D1γ2

+ 36 cos(2q)D0U
2
0 γ1 − 32 cos(q)ω2D1γ2 + 9Ω4

0

+ 81U4
0 γ

2
1 + 16ω2D2

1 + 4ω2γ2
2 + 36D0Ω

2
0

+ 4 cos2(2q)D2
0 + 64 cos2(q)D2

0 + 24 cos(2q)D2
0

+ 54Ω2
0U

2
0 γ1 + 108D0U

2
0 γ1 + 16ω2D1γ2

+ 16 cos2(2q)ω2D2
1 − 32 cos(2q) cos(q)D2

0

+ 64 cos2(q)ω2D2
1 + 32 cos(2q)ω2D2

1 − 64 cos(q)ω2D2
1

+ 12 cos(2q)D0Ω
2
0 − 48 cos(q)D0Ω

2
0 − 96 cos(q)D2

0

+ 36D2
0 − 144 cos(q)D0U

2
0 γ1

×

(
8 cos(2q)ω2D1 − 16 cos(q)ω2D1 + 27U2

0 γ
2
1

+ 6 cos(2q)D0γ1 − 24 cos(q)D0γ1 + 8ω2D1

+ 4ω2γ2 + 9Ω2
0γ1 + 18D0γ1

)

(19a)

ηi =
2ωU0

− 64 cos(2q) cos(q)ω2D2
1 + 16 cos(2q)ω2D1γ2

+ 36 cos(2q)D0U
2
0 γ1 − 32 cos(q)ω2D1γ2 + 9Ω4

0

+ 81U4
0 γ

2
1 + 16ω2D2

1 + 4ω2γ2
2 + 36D0Ω

2
0

+ 4 cos2(2q)D2
0 + 64 cos2(q)D2

0 + 24 cos(2q)D2
0

+ 54Ω2
0U

2
0 γ1 + 108D0U

2
0 γ1 + 16ω2D1γ2

+ 16 cos2(2q)ω2D2
1 − 32 cos(2q) cos(q)D2

0

+ 64 cos2(q)ω2D2
1 + 32 cos(2q)ω2D2

1 − 64 cos(q)ω2D2
1

+ 12 cos(2q)D0Ω
2
0 − 48 cos(q)D0Ω

2
0 − 96 cos(q)D2

0

+ 36D2
0 − 144 cos(q)D0U

2
0 γ1

×

(
− 6 cos(2q)D1γ1 + 12 cos(q)D1γ1 + 9U2

0 γ1

+ 2 cos(2q)D0 − 8 cos(q)D0 − 6D1γ1

+ 3Ω2
0 − 3γ1γ2 + 6D0

)

(19b)

λ0 =
2 cos (q)D1 − 2D1 − γ2

2ω
, R1 = − 6U0γ1

3U2
0 γ1 +Ω2

0

(20a)

P =
µe

2 − µr
2

2ω
, Pr =

µeµr

ω
(20b)
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Q = −2ω U0ηe + 6R1U0γ1 + 6U0η0γ1 + 3 γ1
2ω

, Qr =
2ωR1U0 + 2ω U0η0 − 6U0ηeγ1 + ω

2ω
(20c)

R =
3U0

4γ1

ω
(
9U0

4γ12 + 6Ω0
2U0

2γ1 +Ω0
4
) , Rr =

U0
4

9U0
4γ12 + 6Ω0

2U0
2γ1 +Ω0

4 (20d)

Factoring the coefficient of dA11/dτ and simplifying Eq.(18) results to the cubic complex nonlinear Schrödinger

Equation (CNLSE) as shown below.

∂A11

∂τ
+ α

∂2A11

∂ξ2
+ β|A11|2A11 + γA11 = 0 (21)

with

α =
(P + iPr)(λ0 − i)

λ2
0 + 1

β =
(Q+ iQr)B11(λ0 − i)

λ2
0 + 1

γ =
(R+ iRr)(λ0 − i)

λ2
0 + 1

(22)

At this point, the graphical representation of the real expression of the amplitude equation coefficients

α, β, γ and αβ as function of the wave number q are plotted and the curves are shown in Figs:5-8. In

these curves, the impact of potassium leakage is evaluated and the general remark shows that the increase

of the potassium leakage related-parameter γ0 decreases the intensity of the constants {α, β, γ, αβ}. The

significance to this is simply that the potassium leakage weakens both dispersion and nonlinearity.
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Figure 5: Variation of the real α as function of wave number q showing the impact of γ0 using the system
parameter: (a) γ1 = 0.020, and (b) γ1 = 0.667, D0 = 0.04,Ω2

0 = 0.032

4 Modulational Instability Analysis (Real Evolution Equation)

Modulational instability (MI) is a fundamental phenomenon in nonlinear wave theory where a uniform

(continuous wave) solution becomes unstable under small perturbations, leading to the growth of localized
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Figure 7: Variation of the real γ as function of wave number q showing the impact of γ0 using the system
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structures [50, 51].

In systems such as the nonlinear Schrödinger equation (NLSE), modulational instability arises from

the interplay between dispersion and nonlinearity. When a small modulation is introduced to a constant-

amplitude wave, it can either decay or grow depending on system parameters [52, 53]. We consider Eq.(21)

and first look for a continuous wave (CW) solution by assuming that A11 is a constant in both space and time,

A11 = A0. Substituting this into the governing equation yields the algebraic relation γA0 + β|A0|2A0 = 0.

For nontrivial solutions (A0 ̸= 0), this condition simplifies to

γ + β|A0|2 = 0, (23)

which defines the amplitude of the steady-state wave in terms of the system parameter. To study the

stability of this steady-state solution, we introduce a small perturbation ϵ(ξ, τ) superimposed on A0:

A11 = A0 + ϵ(ξ, τ), |ϵ| ≪ |A0|. (24)

The goal is to determine whether such perturbations grow or decay over time. Substituting the perturbed

solution into the governing equation and keeping only terms linear in ϵ, we obtain.

∂ϵ

∂τ
+ α

∂2ϵ

∂ξ2
+ (γ + 2β|A0|2)ϵ+ βA2

0ϵ
∗ = 0. (25)

Using the steady-state condition γ + β|A0|2 = 0, this simplifies further to

∂ϵ

∂τ
+ α

∂2ϵ

∂ξ2
+ β|A0|2ϵ+ βA2

0ϵ
∗ = 0. (26)

The star ∗ denotes the complex conjugates of ϵ Normal mode analysis of the last equation, allows us to

assume perturbations take the form of plane waves:

ϵ = aeiK0ξ+λτ + b∗e−iK0ξ+λτ . (27)

where K0 is the wavenumber of the perturbation, λ is the growth rate, and a, b are small complex ampli-

tudes. Substituting this form into the linearized equation gives the dispersion relation Substituting into the

linearized system yields the dispersion relation (see Appendix A).

λ2 = K2
0α

(
αK2

0 + 2β|A0|2
)
. (28)

The growth rate of small perturbations is given by the square-root of Eq.(27) and depending on the sign of

λ2, we distinguish three case study:

� Case 1: λ > 0

12



When λ is real and positive, small perturbations grow exponentially in time. This corresponds to

modulational instability, leading to the formation of localized structures such as bright solitons or

energy focusing regions. This occurs typically when the product αβ < 0 for certain wavenumbers K0.

� Case 2: λ = 0

When λ = 0, the perturbation neither grows nor decays. The wave is neutrally stable at that particular

wavenumber. This corresponds to a marginally stable mode, where the system may support persistent

oscillatory modulations without amplification or decay. At this stage we obtain a critical wavenumber

of the perturbation as

K2
0 = −2β|A0|2

α
(29)

� Case 3: λ < 0

If λ is purely imaginary (i.e., λ2 < 0), perturbations do not grow exponentially but instead oscillate

in time. Physically, this represents stable modes, where the wave remains bounded and modulational

instability does not occur.
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Figure 9: Impact of γ0 on the growth rate as function of wavenumber K0 using the network parameters

This behavior is consistent with the modulational instability growth rate shown in Fig.9. Figure.9(a) and

Fig.9(b) all show that the growth rate λ decreases when γ0 increases meaning leakages suppress modulational

instability. In other words, potassium leakage acts as a stabilizing dissipative mechanism that suppresses

the growth of perturbation and limit energy localization

5 Exact solitary wave solution

In the preceding analysis, a discrete nonlinear differential equation was first derived, after which the coupled

nonlinear Schrödinger (CNLS) equation was formulated via the standard reductive perturbation method. In

the present section, we examine the propagation of exact solitary wave solutions in a dissipative myelinated

axon, with particular emphasis on the role of potassium ion leakage. To construct analytical solitary wave

13



solutions of Eq. (21), we adopt the method described in Refs. [44, 45, 54] and assume a solution of the form

A11(ξ, τ) = f(ξ, τ)ei(κξ−Ωτ) (30)

where f(ξ, τ) is real-valued function to be determined, while κ and Ω are arbitrary real constants representing

the wave number and frequency shift, respectively. Substituting this ansatz into the CNLSE given in Eq. (21)

and introducing the travelling wave transformation z = ξ− vτ , we separate the resulting expression into its

real and imaginary components. This procedure yields the following coupled system of ordinary differential

equations:

α
d2f

dz2
− v

df

dz
+ βf3 +

(
γ − ακ2

)
f = 0 (31a)

2ακ
df

dz
− Ωf = 0 (31b)

To preserve the localized solitary wave structure of the solution, we eliminate the first-order derivative term

of f with respect to z in Eq. (31a). This is achieved by expressing df
dz from Eq. (31b) and substituting it

back into Eq. (31a), thereby reducing the system to a single nonlinear evolution equation. As a result, the

governing equation takes the form of a cubic Duffing-type oscillator given by

d2f

dz2
= q2f − q1f

3 (32)

where

q1 =
β

α
, q2 = −−2α2κ3 + 2αγ κ− Ω v

2α2κ
(33)

which clearly show the dependence of the effective nonlinear and dispersive parameters on the system

characteristics.

5.1 Dynamical analysis

A deeper qualitative understanding of the solution behavior can be obtained through a dynamical systems

approach. Accordingly, the Duffing-type oscillator in Eq. (32) is reformulated as the first-order system

df

dz
= ρ,

dρ

dz
= q2f − q1f

3 (34)

where ρ represents the auxiliary phase variable associated with the evolution of f . By direct integration,

the system admits the first integral

H(ρ, f) = ρ2 − q2f
2 +

q1
2
f4 = Ci (35)

where Ci is an integration constant determined by initial or boundary conditions.

The dynamical behavior of system (34) is notably rich and highly sensitive to parameter variations,
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since the coefficients q1 and q2 depend not only on the intrinsic properties of the CNLS equation but also

on external wave parameters such as v, κ, and Ω. In particular, q2 exhibits strong parametric sensitivity

and can be tuned through suitable adjustments of these quantities, thereby controlling the nature of the

resulting wave structures. As an illustration, q2 vanishes when the wave velocity v satisfies the critical

condition.

v =
2α

(
γ − ακ2

)
κ

Ω
(36)

To proceed further, we impose the condition H(ρ, f) = Ci = 0, which is physically motivated by the

restriction to the regime dominated by potassium ion leakage effects. Under this assumption, Eq. (35)

reduces to

df

dz
=

√
q2f2 − q1

2
f4 (37)

which governs the spatial evolution of the solitary wave profile. Rearranging this expression leads to the

integral form

√
q2z =

∫
df

f
√
1− q1

2q2
f2

(38)

which provides the basis for obtaining a family of exact analytical solutions under different boundary

conditions and parameter regimes, thereby revealing a variety of possible solitary wave structures.

5.2 Bright soliton

We now focus on deriving a bright solitary wave solution. In this case, we introduce an appropriate change

of variables to facilitate the integration of the above expression, allowing the integral to be evaluated more

straightforwardly as follows, f (z) =
√

2q2
q1

sech (θ) and the condition to achieve is the product of αβ < 0.

Substituting this setting appropriately and simplify results to θ =
√
q2z. This implies that the solution is

given by

f(z) = A0 sech(
√
q2z) (39)

where A0 =
√

2q2
q1

. With Eq.(30), the bright soliton amplitude is then given by:

A11 = A0 sech(
√
q2z)e

i(κξ−Ωτ). (40)

The bright soliton profile is presented in Fig.10, where the effect of potassium ion leakage is examined. The

results indicate that for a leakage parameter of 0.01, the squared amplitude of the bright soliton is approx-

imately 80m2. When the level of ionic leakage is quadrupled, the squared amplitude increases significantly

to about 122m2. These results clearly demonstrate that the soliton intensity is strongly modulated by ionic

leakage. In other words, an increase in potassium leakage leads to a corresponding enhancement of the

bright soliton amplitude. The final solution for the new membrane potential after substituting Eq.(43) back

15
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Figure 10: Impact of the parameter γ0 on the bright soliton with respect to z using system parameter

into Eq.(12) yields

Un (t) = − U0
2

3U0
2γ1 +Ω0

2 + 2

√
2q2
q1

sech (
√
q2z) cos (Φ) +

2ϵq2
q1

sech2 (
√
q2z) (R1 + 2η1 cos (2Φ)) (41)

with Φ = Ω τ − κ ξ − θ and z = ξ − vτ

5.3 Dark soliton

Once again, our objective is to derive a dark solitary wave solution. To achieve this, we introduce a

suitable change of variables that simplifies the integration of the above expression, allowing the integral to

be evaluated more conveniently as follows, f (z) =
√

2q2
q1

tanh (θ) making sure that αβ > 0 . Substituting

this setting appropriately and simplify results to θ =
√
q2z. This implies that the solution is given by

f(z) = A0 tanh(
√
q2z) (42)

where A0 =
√

2q2
q1

. The condition for dark soliton to occur is that the sign With Eq.(42), the dark soliton

amplitude is then given by:

A11 = A0 tanh(
√
q2z)e

i(κξ−Ωτ). (43)

The dark soliton equation is graphically represented in Fig. 11, where the effect of potassium leakage is

examined. The results indicate that as the potassium leakage increases, the squared amplitude of the dark

soliton decreases to lower values. Hence, the soliton intensity is inversely proportional to γ0 The final

solution for the new membrane potential after substituting Eq.(43) back into Eq.(12) yields

Un (t) = − U0
2

3U0
2γ1 +Ω0

2 + 2

√
2q2
q1

tanh (
√
q2z) cos (Φ) +

2ϵq2
q1

tanh2 (
√
q2z) (R1 + 2η1 cos (2Φ)) (44)
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Figure 11: Impact of the parameter γ0 on the dark soliton with respect to z using system parameter

5.4 Periodic solution

Periodic solutions refer to solutions of differential equations whose values recur after a fixed interval, known

as the period. They characterize oscillatory or wave-like behaviors that frequently arise in physical, bio-

logical, and engineering systems. These solutions are essential for analyzing long-term dynamics, stability

properties, and pattern formation in nonlinear systems. The periodic solution of Eq. (38) is obtained as

follows.

f(z) = A sn(Bz,m) (45)

where

B =
√

A2b+ a,

a = (γ − ακ2 + iΩ)/α− λ2
0,

b = β/α,

m = (bA2)/2B

(46)

The graphical representation of the periodic solution is given in Fig.12. In Fig.12a, γ0 is adjusted such that

the value of m is less than unit to obtain the curve given by it. However, in Fig.10b, γ0 is modified so as to

have m = 0. What is seen is no longer a periodic solution but a soliton-like solution. This corresponds to a

kink-type or anti-kink solitary structure solitary wave solution.

6 Numerical solution

Formerly, we have established the analitical solution. In this section, we focus on numerical analysis of the

paper. The numerical simulation of lattice solitons was performed on a one-dimensional discrete lattice with

N sites. The fixed parameters include the lattice wavenumber q, coupling constants D0 and D1, nonlinear

coefficients γ1 and γ2, a small perturbation ϵ, and the base frequency squared Ω2
0. The values of these fixed
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Figure 12: Graphical representation of the periodic solution as function of z, for different m using the system
parameter. (a) 0 < m < 1 (b) m=1 as

constants are: q = 0.1π, γ1 = 0.020, γ2 = 0.667, D0 = 0.020, D1 = 0.001,Ω2
0 = 0.032 [36, 37]. The constant

U0 and linear real frequency ω0 were computed from these constants, incorporating both nonlinear and

dispersive effects of the lattice.

The governing nonlinear lattice equation (7) was discretized using finite differences as,

D0

(
2Uk

n − Uk
n+1 − Uk

n−1

)
+D1

[
2
Uk+1
n − Uk

n

∆t
−

Uk+1
n+1 − Uk

n+1

∆t
−

Uk+1
n−1 − Uk

n−1

∆t

]

+ ϵ2
(
(Uk

n)
3 + Uk

n

Uk+1
n − Uk

n

∆t

)
+ ϵ

(
3(Uk

n)
2U0γ1 + 2Uk

n

Uk+1
n − Uk

n

∆t
U0

)
+ (U2

0 + γ2)
Uk+1
n − Uk

n

∆t
+
(
3U2

0 γ1 +Ω2
0

)
Uk
n +

Uk+1
n − 2Uk

n + Uk−1
n

(∆t)2
= 0

(47)

and periodic boundary conditions were applied. The initial condition consisted of a localized soliton-like

profile (Eq.(41) for bright soliton and Eq.(44) dark soliton) modulated by ϵ, representing a small perturbation

(For both bright and dark soliton). Time evolution was computed using an explicit Euler method, with a

time span tspan discretized into sufficiently small steps to maintain stability. To achieve, we firstly introduce

a first-order variable V k
n since Eq.(7) is second order derivative.

V k
n =

Uk
n − Uk−1

n

∆t
⇒ Uk+1

n − Uk
n

∆t
= V k+1

n , (48)

Examining all terms at step k including nonlinearities and spatial finite differences results to

V k+1
n = V k

n +∆t f
(
Uk
n−1, U

k
n , U

k
n+1, V

k
n−1, V

k
n , V k

n+1

)
, (49)

where f(·) stands for the right-hand side of the original discretized equation. Finally, updating displacement

Un leads to

Uk+1
n = Uk

n +∆t V k+1
n . (50)
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The lattice acceleration at each site was evaluated from nearest-neighbor interactions, nonlinear terms,

and contributions from the background amplitude. Velocities and displacements were updated iteratively,

generating the soliton dynamics over the temporal domain.

To obtain stable soliton solutions, adjustments of the nonlinear coefficient γ0 (as multiples of γ1 or γ2)

and the frequency Ω0 were performed. The method allows tracking the propagation and evolution of solitons,

and results were visualized as three-dimensional surfaces showing the displacement Un(t) as a function of

lattice position and time. Small time steps and careful selection of parameters ensured numerical stability

and convergence of the solution. The three-dimensional evolution of the bright solitary wave is presented

Figure 13: The evolution bright solitary wave in three dimension using system parameter: for (a) γ0 = 0,
(b) γ0 = 0.01,(c) γ0 = 5

Figure 14: The evolution of dark solitary wave in three dimension using system parameter and with the
impact of γ0 for:(a) γ0 = 0,(b)γ0 = 0.5,(c)γ0 = 5

in Fig.13(a)-13(c). Specifically, Fig.13(a) corresponds to the case without leakage (γ0 = 0) while Fig.13(b)
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Figure 15: The evolution bright solitary wave in two dimension using system parameter: for (a) γ0 = 0, (b)
γ0 = 0.01,(c) γ0 = 5
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Figure 16: The evolution of dark solitary wave in two dimension using system parameter and with the
impact of γ0 for:(a) γ0 = 0,(b)γ0 = 0.5,(c)γ0 = 5

and Fig.13(c) illustrate the effect of increasing leakage. It is observed that the amplitude and localization

of the soliton are significantly modified as γ0 increase. The corresponding evolution for dark solitons is

shown in Fig.14(a)-14(c). As the leakage parameter increases from Fig.14(a) to Fig.14(c), the soliton profile

becomes progressively attenuated, confirming that leakage suppresses dark soliton structures. The two-

dimensional evolution of the soliton profiles is presented in Fig.15(a-c) and Fig.16(a-c), corresponding to

bright and dark solitons, respectively. In both cases, increasing γ0 leads to a noticeable modification of

amplitude and localization, confirming the dissipative role of potassium leakage. With the change of initial

solution introduced as

U(n) = A0 sech(A0

√
β/α(ξ(n)− x0)) cos(k(ξ(n)− x0)) (51)

where A0 = 0.5, k = 1, x0 = 0 in the first case and A0 = 0.5 × 102, k = 1 × 102, x0 = 0 in the second

case, leads to the following observations. The results corresponding to the initial condition in Eq. (51)

are presented in Fig. 17 and Fig. 18. Fig. 17 is obtained for A0 = 0.5 and k = 1, showing a well-localized

wave structure. In contrast, Fig. 18 corresponds to the scaled parameters A0 = 0.5× 102 and k = 1× 102,

where a significant attenuation of the wave amplitude is observed. This clearly highlights the sensitivity

of the system to the initial excitation conditions. The inclusion of Fig. 17 and Fig. 18 is important as it

provides additional validation of the numerical model under different initial excitations. While previous

figures focus on the role of potassium leakage on soliton evolution, these figures demonstrate that the
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Figure 18: Localized wave profile obtained from Eq. (51) with scaled parameters A0 = 0.5 × 102 and
k = 1 × 102. The strong attenuation of the wave amplitude demonstrates the sensitivity of the system to
initial condition scaling.

formation, amplitude, and localization of nonlinear waves also depend strongly on the initial conditions.

This confirms that both system parameters and initial excitation jointly govern the observed dynamics.

Overall, numerical simulations validate the theoretical predictions and demonstrate that potassium leakage

significantly modifies both the amplitude and propagation dynamics of nonlinear waves. These results

confirm that increasing potassium leakage leads to slower, more localized, and more stable wave structures,

in excellent agreement with analytical predictions.

7 Conclusions

In this study, we examined the influence of potassium ion leakage on a myelinated dissipative axon. We began

by introducing the Liénard-type model and subsequently derived the corresponding equation of motion that

explicitly incorporates the leakage effect, a parameter often neglected in previous studies.

Next, we established the dispersion relation and the associated group velocity. At this stage, the role of

potassium ion leakage was carefully analyzed, revealing its noticeable impact on the wave dynamics. Building

on this, we derived the governing amplitude equation, which takes the form of a cubic complex Nonlinear

Schrödinger Equation (CNLSE). Additionally, the influence of the parameter γ0 on the CNLSE coefficients

was investigated, and the resulting behavior provided valuable insights. A modulational instability analysis

was then performed, showing that the growth rate of perturbations depends both on their wavenumber and

on the potassium ion leakage.

Furthermore, we constructed several classes of exact solutions, including bright solitons, dark solitons,

and periodic wave structures, obtained by directly integrating Eq.(38). For each solution type, the effect of
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potassium ion leakage was systematically examined, yielding physically meaningful and significant results.

Finally, numerical simulations were carried out, and the outcomes showed excellent agreement with the

analytical solutions, thereby confirming the robustness and consistency of the analysis.

8 Appendix A: Explicit derivation of λ

In part we try to explicitly show how the growth rate is obtained. To begin, we substitute Eq.(27) back

into (26) resulting to

∂ϵ

∂τ
= λaeiK0ξ+λτ + λb∗e−iK0ξ+λτ ,

∂2ϵ

∂ξ2
= −K2

0ae
iK0ξ+λτ −K2

0b
∗e−iK0ξ+λτ ,

βA2
0ϵ

∗ = βA2
0

(
a∗e−iK0ξ+λτ + beiK0ξ+λτ

)
,

β|A0|2ϵ = β|A0|2
(
aeiK0ξ+λτ + b∗e−iK0ξ+λτ

)
(52)

and grouping terms in e±iK0ξ gives the system

(λ− αK2
0 + β|A0|2)a+ βA2

0b = 0,

β(A∗
0)

2a+ (λ− αK2
0 + β|A0|2)b = 0

(53)

Now, applying the nontrivial solution condition (determinant= 0),

∣∣∣∣∣∣∣
λ− αK2

0 + β|A0|2 βA2
0

β(A∗
0)

2 λ− αK2
0 + β|A0|2

∣∣∣∣∣∣∣ = 0 (54)

and solving for λ to obtain the dispersion yields

(λ− αK2
0 + β|A0|2)2 − β2|A0|4 = 0 ⇒ λ2 =

(
α2K2

0 + 2αβ|A0|2
)
K2

0 (55)
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