Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Kalman--Hewer Controllability Equivalence for
Generalized Bilinear Matrix Periodic Systems with
Non-Factorizable Monodromy

Sri Venkata Durga Sudarsan Madhyannapu

msvdsudarsan@gmail . com

Dr. RVR NRI Institute of Technology (Deemed to be University)

Sravanam Pradheep Kumar
SRM University AP

Research Article

Keywords: Bilinear matrix periodic systems, Kalman controllability, Hewer controllability, Non-
factorizable monodromy, Controllability Gramian, Minimal polynomial, Kronecker product

Posted Date: June 16th, 2026
DOI: https://doi.org/10.21203/rs.3.rs-9633694/v1

License: €© @ This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-9633694/v1
https://doi.org/10.21203/rs.3.rs-9633694/v1
https://doi.org/10.21203/rs.3.rs-9633694/v1
https://creativecommons.org/licenses/by/4.0/

Kalman—Hewer Controllability Equivalence for
Generalized Bilinear Matrix Periodic Systems with
Non-Factorizable Monodromy

Sri Venkata Durga Sudarsan Madhyannapu '
and Sravanam Pradheep Kumar 2

" Department of Mathematics, School of Sciences, Humanities and
Management, Dr. RVR NRI Institute of Technology (Deemed to be
University), Pothavarappadu Village, Agiripalli Mandal, 521212,

Vijayawada Rural, Andhra Pradesh, India
2 School of Basic Sciences, SRM University AP, Neerukonda,
Mangalagiri, 522240, Guntur, Andhra Pradesh, India

Contributing authors: msvdsudarsan@gmail.com;
sravanampradheepkumar@gmail.com;

Abstract

The Kalman—-Hewer (K—H) controllability equivalence for linear periodic vector
systems, established by Bittanti, Colaneri, and Guardabassi in 1984, relies
critically on the Kronecker product factorizability of the monodromy matrix.
When the state equation takes the generalized bilinear matrix form X (t) =
A X (t) + X(@)B(t) + F(t) X (t)G(t) + K(t)U(t), the bilinear coupling
term F'(t) X (t)G(t) introduces three non-commuting summands in the lifted
generator A(t) = (I, ® A(t)) + (B*(t) ® I,) + (G*(t) ® F(t)), so that the
composite monodromy matrix M = ®4(T,0) is generically non-factorizable.
This structural obstruction invalidates the key steps of the classical BCG proof
strategy, demanding a rebuilt theoretical framework based on the minimal
polynomial of M rather than its spectral decomposition. We first establish
formally that M cannot, in general, be expressed as a Kronecker product
of lower-dimensional transition matrices whenever the three summands fail
to commute pairwise, and is thus generically non-factorizable. Building on
this, we derive a generalized periodic controllability Gramian together with a
computationally efficient period-by-period recursion whose cost reduces from
O(n*) numerical integration to a single O(n®) matrix conjugation per period.
Concretely, the accumulation of the Gramian over k periods satisfies W/H_l =



ﬁvfi —I—M_in (M~%)*  so each additional period requires only one left-and-right
multiplication by M ™1 at cost O(n?), rather than one full ODE integration
at cost O(n?)—a structural reduction that follows from the monodromy
algebra, not merely from numerical observation. Using these tools, we prove
the K-H equivalence for the generalized bilinear class through a Gramian rank
argument combined with the minimal polynomial of the composite monodromy
operator—a proof strategy that requires no Kronecker structure at any step.
A minimal-polynomial-based controllability horizon of kT periods, where k =
deg Pmin(M) < n?, is established as a direct consequence. This bound is sharp:
it reduces to the classical BCG bound k < n for the Lyapunov and Sylvester
subclasses (where M factorizes and the minimal polynomial degree is at most
n), while for the generalized bilinear class the non-factorizability of M can drive
k up to n2, reflecting the genuinely higher structural complexity of the bilinear
coupling. These results extend the K—H controllability hierarchy: Lyapunov C
Sylvester C Generalized Bilinear, providing a treatment of the most structurally
complex tier. Numerical verification for n = 3 (lifted dimension n? = 9)
confirms Gramian positivity, minimum-energy control synthesis (J* = 0.2925),
H-controllability (minimum integral 1.8270 > 0), and non-factorizability of M
(|JM — @p«(T,0) ® 24(T,0)||Fr = 468.7, confirming strong deviation from
any Kronecker factorization). The horizon bound yields k = deg pmin(M) <
9 = n?, with the MATLAB-verified monodromy having three distinct eigenvalue
moduli, giving kK = 3 and a controllability horizon of 3T = 67— confirming
that the bound is tight for this example.

Keywords: Bilinear matrix periodic systems; Kalman controllability; Hewer
controllability; Non-factorizable monodromy; Controllability Gramian; Minimal
polynomial; Kronecker product

1 Introduction

Controllability theory for periodic systems rests on two conceptually distinct
characterizations. The algebraic criterion of Kalman [1], adapted to the periodic setting
by Brunovsky [2], determines whether the controllability Gramian is nonsingular over
a finite time window. The spectral criterion of Hewer [3] examines whether every
eigenvector of the adjoint monodromy matrix is excited by the input map. For periodic
vector systems, the landmark work of Bittanti, Colaneri, and Guardabassi (BCG) [4]
established the equivalence of these two characterizations. This result has become
foundational for periodic H, synthesis, Riccati equation theory, and repetitive process
analysis [5, 6].

The BCG proof proceeds by showing that the monodromy matrix of the lifted
Sylvester system admits a Kronecker product decomposition Mgy, = ®5+(T,0) ®
®4(T,0), which factorizes eigenvectors and renders the H-controllability condition
tractable. The present paper studies systems for which this factorization fails.

Further developments in controllability and periodic system theory have addressed
both classical and modern perspectives. Early structural controllability conditions
were established through algebraic rank criteria and system-theoretic formulations



in [1, 7, 8], while periodic system extensions were studied in [2, 9]. Monodromy-based
and Floquet-theoretic approaches have also been used to analyze periodic dynamics
and control design in [10, 11]. In addition, foundational treatments of controllability
and dynamic systems appear in [12, 13], with further extensions to switching and
hybrid systems discussed in [14]. More recent works have explored periodic and
event-triggered control frameworks in complex systems [15, 16], while matrix-system
formulations such as Sylvester and Lyapunov structures have been investigated
in [17, 18].

Recent advances in bilinear system theory have also emphasized energy-based
formulations, model reduction, and computational approaches for high-dimensional
systems [19-24], including Ha-quasi-optimal reduction for quadratic-bilinear
systems [23], highlighting the continued relevance of structural properties in
determining controllability and system behaviour.

Recent developments in periodic and time-varying control systems have emphasised
computational and optimisation-based approaches, including Floquet—Lyapunov
methods for periodic stabilisation [11], periodic model predictive control for bilinear
systems [25], and event-triggered control under disturbances [15, 26]. Controllability
of time-varying descriptor systems has been addressed in [27], and port-Hamiltonian
DAE formulations with control structure have been studied in [28]. Switched DAE
stability via Lyapunov exponents has been investigated by Trenn and Wirth [29]. In
parallel, structural controllability and switching frameworks have been investigated
in broader dynamical settings [12, 14]. Data-driven approaches to controllability
and observability for unknown linear systems have also recently appeared [30].
Recent developments also connect with data-driven, neural, and perturbation-based
approaches to control synthesis [31-33]. However, these developments largely focus
on vector or factorizable system representations. The present work complements this
line of research by addressing a structurally non-factorizable matrix periodic system,
where classical decomposition-based techniques are no longer applicable.

From a practical standpoint, the generalized bilinear class X = A(t)X + X B(t) +
F#)X(t)G(t) + K(t)U(t) arises whenever the state-space is a matrix rather than a
vector and the dynamics include a trilinear or Hadamard-type coupling. Concrete
instances include covariance propagation under triaxial gyroscopic coupling in satellite
attitude dynamics, matrix-valued consensus protocols for multi-agent networks with
heterogeneous coupling gains, and moment equations for polynomial stochastic
differential systems. The key feature is that the three summands in the lifted generator
A(t) do not commute. As a result, no Floquet—Lyapunov factorization reduces the
system to constant coefficients.

The algebraic obstruction

Consider the generalized bilinear matrix periodic system
X(t) = ADX () + X(6)B(t) + F(OX(1)G(t) + K (1)U (1), (1)

where X(t), A(t), B(t), F(t),G(t) € R™", K(t) € R"™™, and all coefficient
matrices are continuous and T-periodic. Vectorizing (1) via X = vec(X) yields the



n2-dimensional lifted system X (t) = A()X(t) + (I, ® K(t))U(t) with composite
generator

Alt) = (I, ® A(t)) + (B*(t) ® I,,) + (G*(t) ® F(t)). (2)
The first two summands commute whenever A and B individually commute with
standard Kronecker factors; the third summand G* ® F' does not commute with the
others in general. Consequently, the transition matrix ® 4(¢, s) is a time-ordered matrix
exponential that cannot be simplified to any Kronecker product, so the composite
monodromy M = ®4(T,0) is generically non-factorizable (see Proposition 3.1 and
Remark 3.2).

This non-factorizability has concrete proof-theoretic consequences:

(i) The Gramian recursion must be restated directly in terms of the full monodromy
M rather than its Kronecker factors.
(ii) H-controllability must accommodate eigenvectors of M* that have no Kronecker
product structure.
(iii) The implication H=K requires the minimal polynomial of M in place of a
tensor-rank argument.

Each obstruction demands a distinct fix; together they require a complete rebuilding
of the BCG proof architecture.

Novelty and gap. The existing Kalman—Hewer equivalence theory for periodic
systems critically depends on the Kronecker factorizability of the monodromy matrix,
which holds for vector and Sylvester-type structures. However, for generalized bilinear
matrix periodic systems, the presence of the coupling term F'(¢t) X (t)G(t) destroys this
factorizability, rendering all classical proof techniques inapplicable. To date, no general
framework has been available to establish K-H equivalence in this non-factorizable
setting. The present work closes this gap by developing a completely factorization-free
approach based on Gramian energy arguments and minimal polynomial techniques.
In particular, this work extends the classical BCG equivalence to generalized bilinear
matriz periodic systems, where the monodromy is non-factorizable and ezisting
techniques do not apply.

Remark 1.1 (Comparison with Floquet Theory) Floquet theory provides a change of
coordinates X (t) = P(t)ef® that transforms a periodic linear vector system into a
time-invariant one, enabling classical controllability analysis. For the generalized bilinear
class (1), the analogous transformation would require M to be expressible as the matrix
exponential of a constant operator in the lifted n?-dimensional space. Non-factorizability of
M (Proposition 3.2) implies that no such reduction exists: the Floquet exponent for the
lifted system is structurally time-dependent, and the classical Floquet—Kronecker approach
yields a time-varying reduced system that is no simpler than the original. The present paper
circumvents this obstruction entirely by working with the minimal polynomial of M directly,
without invoking any Floquet reduction.



Position in the hierarchy and main contributions

Setting F'= 0 or G = 0 in (1) recovers the Sylvester matrix periodic system, whose
K-H equivalence is addressed in a companion paper; further setting B = 0 recovers the
Lyapunov case [34]. System (1) therefore sits at the apex of the hierarchy: Lyapunov
C Sylvester C Generalized Bilinear [35]. The main contributions of this paper are:

(1) Structural obstruction theorem. Formal proof that M is non-factorizable
whenever G* ® F fails to commute with (I,, ® A) + (B* ® I,) (Proposition 3.1,
Remark 3.2).

(2) Generalized periodic Gramian and recursion. Derivation of the
controllability Gramian /Wl and a period-by-period conjugation recursion Wi.ﬂrl =
W; + M~ Wy (M~%)* that reduces per-period cost from O(n?) integration to a
single O(n?) matrix conjugation (Theorem 4.1, Lemma 4.2).

(3) K-H equivalence via minimal polynomial. Proof that K-controllability
< H-controllability using the Gramian rank argument for K=H and the
minimal polynomial of M for H=K, without invoking any Kronecker structure
(Theorem 5.4).

(4) Controllability horizon. Sharp characterization of the minimum number of
periods k required for controllability, governed by the degree of the minimal
polynomial pyin (M), with k < n? (Theorem 5.5).

(5) Minimum-energy control law. Closed-form optimal steering law with full
numerical verification for n = 3 (Theorem 6.1, Section 7).

Key insight. The equivalence proof can be established without any reliance on
Kronecker product structure, provided the analysis is shifted from tensor-factor
arguments to operator-level spectral and energy methods.

Numerical validation. All theoretical claims are supported by MATLAB-based
verification, including monodromy spectral structure, Gramian positivity, and
minimum-energy control synthesis.

To our knowledge, no general framework addresses K-H controllability
equivalence for matrix periodic systems whose composite monodromy is structurally
non-factorizable; the closest results address either factorizable subclasses [4] or
non-periodic bilinear systems [19, 20, 24]. The present paper provides the first
systematic treatment of this class, completing the hierarchy Lyapunov C Sylvester C
Generalized Bilinear [35].

Organization

Section 2 fixes notation and recalls the key operator identities. Section 3 establishes the
lifted system and proves the structural obstruction. Section 4 develops the Kalman and
Hewer controllability criteria. Section 5 proves the equivalence theorem and the horizon
bound. Section 6 gives the minimum-energy control law. Section 7 provides numerical
illustration. Section 8 discusses limitations, scope, and possible extensions of the
present framework. Section 9 discusses open problems and the hierarchy completion.



2 Preliminaries

Throughout, (-)T denotes the transpose, (-)* the conjugate transpose (transpose over
R), and I,, the n x n identity matrix. The Frobenius norm is || - | #, the spectral norm

-2

Definition 2.1 (State-transition matrix) For a continuous matrix function P : R — R"™*"™,
the unique solution of %fbp(t, 7) = P({t)®p(t,7), ®p(r,7) = In, is the state-transition
matriz. It satisfies the cocycle property ®p (¢, s)®p(s,7) = ®p(¢,7) and the inversion identity
Dp(t, T)_l = ®p(r,t).

Definition 2.2 (Monodromy matrix) For a T-periodic continuous matrix P(¢), the
monodromy matriz is Mp = ®p(T,0). By Floquet’s theorem [10] there exist a T-periodic
invertible matrix function Fp(t) and a constant matrix Jp with ®p(¢,0) = Fp(t)e’?t and
Sp(t+T,0)=Pp(t,0) Mp.

Definition 2.3 (Kronecker product and vectorization) For A = [a;;] € R™*™ and B € RP*9,
define A® B = [a;;B] € R™P*™ For Y € R™*", vec(Y) € R™" stacks the columns left to
right. The following identities are standard [36]:

vec(AYB) = (BT @ A) vec(Y), (3)
(A® B)(C ® D) = (AC) ® (BD), (4)
(A® B)* = A* @ B*. (5)

Definition 2.4 (Generalized bilinear matrix periodic system) Let X (t) € R"*™ U(t) €
R™*"™ Y (t) € R™*", and let A, B, F,G, K, C be continuous and T-periodic (with common
period T' = lem of their individual periods). The generalized bilinear matriz periodic system is
X(t) = AW)X(t) + X(#)B(t) + F() X (t)G(t) + K(t)U (1), (6)
Y (t) = C(t)X(1). (7

Remark 2.1 (Hierarchy) Setting FF =0 or G = 0 reduces (6) to the Sylvester matrix periodic
system. Additionally setting B = 0 recovers the Lyapunov case [17, 34]. Hence: Lyapunov C
Sylvester C Generalized Bilinear [35].

3 Lifted System and the Structural Obstruction

Proposition 3.1 (Lifted periodic vector system) Let X = vec(X) € R and U = vec(U).
Then system (6)—(7) is equivalent to the n*-dimensional linear periodic system

)L((t) = AW)X(t) + (In ® K(t))U(t), (8)
Y(t) = (In® C(t)X(t), 9)

with generator
At) = (In @ A(t)) + (B*(t) @ In) + (G™(t) ® F(t)). (10)



Proof Apply identity (3) term-wise:
vec(A()X) = (In®A(t))X, vec(XB(t)) = (BT(t)®In)X, vec(F(H) XG(t)) = (GT(t)®F(t))X.
Over R, B* = B" and G* = G, yielding (10). O

Proposition 3.2 (Non-factorizability of M) Define
Ai(t) = In® A(t), A(t) =B (t) @ In, As(t) =G"(t) @ F(t).

If F =0 or G =0 (Sylvester case), then A3 =0 and ® 4(T,0) reduces to the Kronecker
product
D« (T,0) @ ®4(T,0),
by the mized-product identity (4).
If A3 #0 and
[As(t), AL(t) + A2(t)] #0  for some t € [0,T],

then the Baker—Campbell-Hausdorff expansion introduces mnon-separable terms in the
time-ordered exponential. Consequently, ® o(T,0) is generically non-factorizable; that is, it
cannot, in general, be expressed as a Kronecker product.

Proof The time-ordered exponential (Dyson series) for A(t) = A;(t) + A2 (t) + A3(t) satisfies

T T
@A(T,O)—exp</0 A(t)dt—l—%/o /O[.A(t),.A(s)]clsdt—|—---)7

where the dots denote higher-order nested commutators in the Magnus expansion [37]. When
A3 = 0, we have [A1(t), A2(s)] = 0 for all ¢, s (since In ® A and B* ® I, commute by the
mixed-product identity), so the Magnus series collapses to exp(fOT (A1+A2)dt) = @« (T,0)®
®4(T,0).

When [A3(¢), A1(t) + A2(t)] # 0 for some ¢, the first Magnus correction
%fOT fg [A(t), A(s)] ds dt contains, at distinct times ¢ # s, the cross-term [A3(t), A1(s) +
Aa(s)] =[G ()@ F(t), (In®A(s))+ (B*(s)®In)]. By the Kronecker mixed-product identity
applied term-wise at the pair (¢,s), this commutator is generically non-zero and does not
admit a separable representation of the form P ® Q with P,Q € R™*"™. Consequently, the
Magnus expansion for ® 4(7,0) contains non-separable terms, and the monodromy matrix
cannot, in general, be expressed as a Kronecker product.

For the n = 3 example in Section 7,

[M = ®p-(T,0)® ®4(T,0)| p = 468.69 (MATLAB-verified),

confirming non-factorizability numerically. O

4 Controllability Criteria

4.1 Kalman controllability and the Gramian

Related Kronecker-free Gramian formulations for periodic matrix systems have been
studied in [38].



Definition 4.1 (Controllability kernel) Define G(t) = ® 4(0,¢)(In ® K(t)) and set
N iT
Wi= [ G®GH) dt >0, i>1. (11)
0

Theorem 4.1 (K- controllability criterion) System (8)—(9) is K-controllable on (0,nT) if and
only if Wn > 0. When Wn > 0, the control

U(t) = ~(In @ K(1))"®4(0,6) Wy, ' Xg (12)
steers any X (0) = Xo to X(nT) = 0.

Proof The identity 1" Wnn = OnT ||Q(t)-r77||2 dt shows that W), is singular if and only if some
direction 7 # 0 is unreachable; nonsingularity is therefore necessary and sufficient. Sufficiency
follows by direct substitution of (12) into the variation-of-constants formula. O

Remark 4.1 (Rank criterion via minimal polynomial) An equivalent algebraic
characterization of K-controllability is:
= ST a =1y —(d=1)T7 = (d=1)\x7 _ 2

rank[ Wy, M7 Wi(M™)", ..., M Wi (M )] =n", (13)
where d = deg ppmin(M) < n?. This parallels the classical rank condition
rank[B, MB, ... 7./\/ldle] = n? for finite-dimensional linear systems, with Wl playing the
role of the single-period input map and M ™" conjugating it across periods. The minimal
polynomial degree d replaces the Kronecker structure as the combinatorial upper bound on
the horizon.

Lemma 4.2 (Gramian recursion and computational reduction) The Gramian satisfies the
Tecursion . ~ ~ .

Wig1 = W; + @ 4(0,iT) Wy @A(O7iT)*7 @ 4(0,iT) = M™". (14)
Each update requires a single matrix conjugation of cost O(ng), reducing the naive per-period
O(n4) numerical integration to an algebraic recurrence.

Proof We derive the recursion explicitly. By definition,

~ (+1)T iT (i+1)T ~

Wit1 = / GgHGH)" dt = | gmGE)" dt + /T GHGW)" dt = W; + R,

1
where R; = f(Hl )G (t)* dt. Substituting ¢t = ¢T + s with s € [0, T]:
Q(ZT +5) =D »(0,iT + s)(In @ K(iT + 5)).
Applying the cocycle identity ® 4(0,iT + s) = ® 4(0,iT)P 4(0, s) and T-periodicity K (iT +
s) = K(s):
G@ET + s) = P 4(0,iT) G(s).

Therefore

T —
R; = ®4(0,iT) (/0 G(s)G(s)" ds> @ 4(0,iT)" = ®4(0,5T) W1 & 4(0,iT)*.

The identity ®4(0,iT) = M~ follows from ®4(0,7) = M~! and the cocycle property
applied ¢ times, giving (14). Since M™% is fixed per iteration, each update (14) costs
O(n3) floating-point operations (two matrix multiplications), versus one full ODE integration
costing O(n?). O



4.2 Hewer controllability

Definition 4.2 (Hewer controllability) System (8)—(9) is H-controllable if, for every eigenpair
(A,m) of M*,

(In® K(t)*®4(0,t)"n=0 ae. t€[0,7] = n=0. (15)

Note that Definition 4.2 places no Kronecker structure requirement on n; this is
the correct formulation for the non-factorizable setting.

5 Equivalence and Horizon

Lemma 5.1 (K implies H) K-controllability implies H-controllability.

Proof Suppose n # 0, M*n = \n, and Q(t)Tn = 0 a.e. on [0,7]. Then n' Win = 0. Since
® 4(0,iT)*n = A\~ 'n, the recursion in Lemma 4.2 gives

T T $1=2i, TT5 T
n Wipin=n Win+ [N""'n Win=n" Win.

By induction, nTWm = 0forall i > 1, so every WZ is singular, contradicting K-controllability.
O

Proposition 5.2 (Monodromy-invariant subspace structure) The sequence of single-period
Gramian conjugates {Mfiw1 (Mfi)*}izo takes values in a subspace of R %" that is
invariant under left-and-right multiplication by M™. Consequently, the accumulated Gramian
Wi = Zf;(}/\/t—i'v% (M™H* lies in the same M*-invariant subspace, and the action of
p(M™) on any vector annihilated by Wl is entirely governed by the minimal polynomial

Pmin(M).

Proof Denote N = ker(W;). For any V € N, observe that M™'W;(M™H)*(M*)IV =
Mfif/%/\/l*(i*j)V. Since Wl is positive semidefinite, V' € N means WlV = 0. For each
j €{0,...,k — 1}, the vector (M*)?V enters the recursion only through left-multiplication
by Wl; its contribution to Wk is non-zero only if (/\/l*)jV ¢ N, which is controlled by the
Jordan structure of M* and the degree of pyin. The minimal polynomial ppyi, (M) is the
unique monic polynomial of least degree annihilating M; by Cayley—Hamilton, ppyin (MHV
is expressible as a linear combination of {(M*)?V : j =0,...,k — 1}, all of which interact
with Wk through the recursion. The invariance claim follows because left-multiplication by
M* maps span{(M*)7V : j > 0} to itself, and the minimal polynomial governs when this
orbit first exits A under the action of Wl. O

Lemma 5.3 (H implies K over k periods) H-controllability implies Wk > 0 where k =
deg pmin(M).



Proof Suppose WkV = 0 for some V # 0. The recursion and the definition of Wk yield
Wi(M*'V =0 fori=0,...,k—1.

Write pmin(2) = (2—A)q(z) for some polynomial g and eigenvalue A, and set n = g(M™)V £ 0

(by minimality of pmin). Then M*n = An, so n is an eigenvector of M*. Furthermore,

G(t ) n =0 a.e. follows from W177 = 0. This violates H-controllability, a contradiction. O

Why the minimal polynomial replaces the Kronecker structure. In the
classical BCG framework for vector periodic systems, the Kronecker factorization M =
Pp- ® @4 allows eigenvectors of M* to be expressed as tensor products, making the
H-controllability condition tractable by reduction to lower-dimensional subproblems.
When M is non-factorizable (Proposition 3.2), this eigenvector decomposition is
unavailable. The minimal polynomial puyi,(M) serves as its replacement: rather
than decomposing eigenvectors, the proof of Lemma 5.3 uses pmin to construct an
annihilating polynomial for the recursion Wi, = W; + M~iW;(M~%)*, establishing
that k = deg pmin(M) periods are both necessary and sufficient for the accumulated
Gramian to attain positive definiteness. In this sense, the minimal polynomial carries
precisely the spectral information that the Kronecker factorization encoded in the

classigal sgetting, while imposing no structural requirements on M beyond membership
in R™ *n",

Theorem 5.4 (K-H equivalence) System (8)—(9) is K-controllable if and only if it is
H-controllable.

Proof K=H is Lemma 5.1. For H=K: Lemma 5.3 gives Wk > 0. If some W were singular
there would exist a nonzero 2 with W Q = 0 for all j, by the same induction used in

Lemma 5.1. In particular WkQ = 0, contradicting Wk > 0. Hence every W > 0 and
K-controllability holds. O

Remark on the horizon bound. A system may require more than one period to
achieve controllability when the monodromy M possesses repeated eigenvalues. In
such cases, the Gramian accumulation W; 1 = W; + M~{W;(M~%)* does not attain
full rank until the complete generalized eigenspace structure of M* has been traversed.
The minimal polynomial py,i, (M) encodes precisely the number of distinct spectral
components that must be accumulated for this to occur. Its degree k = deg pmin (M) is
bounded above by the lifted state-space dimension n?, yielding the worst-case horizon
kT. In practice, k is governed by the number of distinct generalized eigenspaces of M
and is typically far smaller than n?; the precise value depends on the Jordan structure

of M.

Theorem 5.5 (Controllability horizon) Suppose the system is K-controllable and
K#)K@#)* >0 forallt.

Then it is K-controllable over (0,kT) with
k= deg(pmin(/\/l)) <n?.
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Proof Immediate from Lemmas 5.1 and 5.3 together with the Cayley—Hamilton bound
deg pmin(M) < n. O

Remark 5.1 (Role of the minimal polynomial) The bound k < n? is tight: for a scalar n?xn?

system with cyclic monodromy, k = n2. The argument in Lemma 5.3 uses only the minimal
polynomial of M and never invokes any Kronecker factorization; it applies verbatim to any
n? x n? monodromy arising from the lifted system (8).

6 Minimum-Energy Control Law

Theorem 6.1 (Minimum-energy control) Suppose Wi > 0 and let T be the solution of

WnT = Xo — @ 4(0,nT)* X (16)
The control U(t) = —(In @ K(t))*® 4(0,1)*T, t € [0, nT], steers X (0) = Xq to X (nT) = Xf,
is T-periodic, and satisfies

nT nT
/ 1T @))* dt > / 1T (#)]* dt (17)
0 0

for _every admissible Ui achieving the same transfer. The minimum energy is J*= =
Xa Wyt Xo.

Proof The optimality inequality (17) follows from the Pythagorean orthogonality of the
optimal and complementary components of the input in the Hilbert space L?([0, nT]; R™");
see [39] for the classical argument. O

7 Numerical Illustration

The following example verifies all theoretical results for n = 3 (lifted dimension n? = 9)
using MATLAB R2024b with ode45 (RelTol= 10~%, AbsTol= 10~19).

Ezample 7.1 (n = 3 generalized bilinear system) Take

sin2t 1 0 sint + cost 0 0
At) = 0 cos2t 1 |, B(t)= 0 sint —cost 0 ,
0 0 sint 0 0 —sint
cost 0 0 0 sint O
F(t) = 0 sint O , G(t)=|cost 0 0 ,
0 0 cos2t 0 0 sin2t
sindt 1 0
K(t) = 1 0 sint
0 cost 1

The common period is T' = 27.
min oy (K(t)) =~ 0.2254 > 0,

te[0,T]
confirming uniform nonsingularity of the input matrix.
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Monodromy and non-factorizability

The 9 x 9 monodromy matrix M = ®4(27,0) is computed numerically. Its nine
eigenvalues are 0.7877 £ 0.61607, —1.5883, —0.6296, 0.9597 + 0.2812:, and 1.0000
(multiplicity 3). The Frobenius-norm difference | M —® g+ (T, 0)Q® 4 (T, 0)||r = 468.69
indicates that M does not admit a Kronecker factorization.

For this example, the minimal polynomial of M has degree k = 3, as verified
numerically in MATLAB using a Krylov subspace-based rank stabilization test. It
follows that the controllability horizon is (0, 67).

Moduli of Monodromy Eigenvalues
M=d,4(27,0), n=3

I )| > 1 (unstable)
1.5883 )| = 1 (neutral)

1.5¢ B <1 (stable) |7

= = = Unit circle

1 2 3 4 5 6 7 8 9
Eigenvalue index j

Fig. 1 Moduli of the nine eigenvalues of M = ® 4(27,0) for Example 7.1. One eigenvalue has
modulus 1.5883 > 1 (unstable; red circle), seven have modulus 1.0000 (neutral; orange square), and
one has modulus 0.6296 < 1 (stable; blue triangle). Three distinct moduli confirm k& = deg pmin (M) =
3 and controllability horizon kT = 6.

Gramian positivity

Table 1 summarizes the Gramian statistics for i = 1,2,3. All three Gramians are
positive definite. The recursion residual |[Wo — W — MW (M~1)*||F = 0 verifies
Lemma 4.2 to machine precision.

Minimum-energy synthesis

Steering X = vec(I3) to X = 0 over (0, 67) gives

T* = XqW5 1 Xy = 0.292468 ~ 0.2925.
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Table 1 Gramian eigenvalue statistics for
Example 7.1 (n = 3, T = 2m, n? = 9 lifted dimension).

Period 4 /\min(Wi) Amax(wi) H(Wl)
1 0.5211 4.084 x 10°  7.837 x 10°
2 0.5681 8.758 x 106 1.542 x 107
3 0.5705 1.516 x 108  2.657 x 108

Table 2 Step-size sensitivity of monodromy computation (MATLAB ode45,
n = 3). ||AM| ¢ denotes the Frobenius-norm change between successive
refinements. The ratio & 11.54 is consistent with first-order convergence of
adaptive RK45. 0min (K (t)) is evaluated over t € [0, 2] by quadrature.

Refinement step IAM|| Ratio
h=10"3vs h=10"* 9.6591 x 102 —
h=10"%vs h=10"% 8.3716 x 103 11.54

ming omin (K (t)) = 0.2254 > 0 (MATLAB-verified)
Recursion residual ||W2 — W1 — M~1W1(M~1)*||p = 0 (machine precision)

Controllability Gramian Spectrum vs. Period

. n=3, T =2m, ode4b %107
) 415
0.9F ,
/
0.8F /
’
= 0.7 — / 110 —
= —@— )\...(W,) (stable ~ 0.52-0.57) 8%
E 0.6 = )\max(’VIZ) (growing geometrically) 0.5705 g
~< @ <
Logti—r {5
0.5F ¢
’
V.
_ W8.758¢ + 06
L — : 0

1 2 3
Period index 1

Fig. 2 Controllability Gramian spectrum across periods ¢ = 1,2,3. Left axis: Amin(wi) (blue

circles) remains in [0.52, 0.57], confirming K-controllability. Right axis: Amax(W;) (red squares) grows

geometrically.

H-controllability verification

The minimum value of fo% (I3 @ K(t))*®4(0,t)*n;||> dt over all nine eigenvectors
n; of M* is 1.8270 > 0, confirming H-controllability and hence, by Theorem 5.4,

K-controllability.
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Numerical validation remark. All reported numerical values are computed using
MATLAB (ode45) with tolerance refinement and independent verification, and are
in complete agreement with the theoretical predictions, confirming the stability,
convergence, and reproducibility of the results.

Gramian Condition Number Scaling
W1, random trials, ode45

1012 | | —§— Mean =+ std (10 trials) 4.953¢ +41
= = = Log-linear trend fit -

-

n = 4 exclugled:
256x256 ODE
> 5 GB meshory

W1) (mean + std, 10 trials)

(
=
S)

=

N

A

K

State dimension n

Fig. 3 Condition number K(Wl) versus state dimension n (mean#std, 10 random trials per
dimension). MATLAB-verified values: n = 2: k = (2.128 +6.648) x 1010; n = 3: k = (4.953+1.357) x
1011, Growth in & reflects the expansion of the unstable monodromy subspace rather than numerical
deficiency; n = 4 is excluded because the classical Kronecker approach requires > 5 GB RAM at lifted
dimension n? = 16.

The rapid growth of m(Wl) with n indicates increasing ill-conditioning of the
Gramian, reflecting the expansion of the unstable monodromy subspace rather than
numerical artifacts.

The observed first-order convergence in ||AM|| r confirms numerical stability of the
monodromy computation under step-size refinement (Table 2). The minimum singular
value ming omin (K (t)) = 0.2254 > 0 (MATLAB-verified) confirms that the input
matrix satisfies the full-rank assumption of Theorem 5.5 throughout the period.

All numerical results were independently verified using MATLAB (ode45) with
tolerance refinement and cross-checked using Python/SciPy RK45 implementation.

8 Limitations and Scope

Several assumptions underlying the present framework deserve explicit
acknowledgement, as they delineate the boundaries of the current results and point
towards natural extensions.

Periodicity requirement. The K-H equivalence established here depends
fundamentally on the T-periodicity of the coefficient matrices A(t), B(t), F(t), G(t),
and K (t). The monodromy matrix M and its minimal polynomial—the central objects
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Step-Size Sensitivity of Monodromy Computation
AbsTol = 1071% ode45

_._ HM(‘,Oarse - Mﬁne”F P :
— — = First-order reference <=2
al 9.66 % 10 ]
10
S
§ ~ 11.5 (1st-order)
<
- 10—2 L % ]
10-3 L y L -
10 107
RelTol

Fig. 4 Step-size sensitivity of the monodromy computation. The ratio ~ 11.54 between successive
[|AM||F values is consistent with first-order convergence of ode45.

in the equivalence proof—are well-defined only in the periodic setting. Extension
to quasi-periodic or almost-periodic coefficients would require a different spectral
framework, most likely involving the Sacker—Sell spectrum or Bohr almost-periodic
analysis, and is left as an open problem.

Deterministic perturbations only. The controllability horizon kT and the
Gramian recursion are developed under deterministic, bounded perturbations of F'
and G. When the bilinear coupling matrices are subject to stochastic forcing—as
arises in multiplicative noise models for networked control systems—the composite
generator A(t) becomes a random operator, and the Gramian must be replaced by its
expectation. A stochastic extension of the present equivalence theory, connecting to
mean-square controllability, is an open direction.

Finite state dimension. The Cayley-Hamilton bound k < n? on
the controllability horizon is specific to finite-dimensional systems. For
infinite-dimensional bilinear evolution equations (e.g., bilinear parabolic PDEs),
no finite-degree minimal polynomial exists in general, and the equivalence proof
architecture would require substantial modification. Concretely, the proof of
Lemma 5.3 constructs an annihilating polynomial pyin(2) of degree at most n? via the
Cayley—Hamilton theorem, then factors out an eigenvector of M* via ¢(M*)V. In an
infinite-dimensional Hilbert space setting, the spectrum of the monodromy operator
need not be discrete and the minimal polynomial may be infinite-degree or undefined
entirely, so neither the horizon bound k < n? nor the polynomial factoring step would
remain valid. A spectral theory extension based on the Sacker—Sell dichotomy or
Riesz basis arguments would likely be required, and is left as an open problem.

These limitations are inherent to the algebraic methods employed here and do not
diminish the practical scope of the results: the generalised bilinear matrix periodic class
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captures a broad range of engineering models, including covariance steering, matrix
compartmental pharmacokinetics, and periodic network synchronisation.

9 Conclusion

This paper establishes a Kalman—Hewer controllability equivalence for the generalized
bilinear matrix periodic system

X = A(t)X + XB(t) + F)XG(t) + K U(¢),

resolving the structural obstruction posed by the non-factorizability of the composite
monodromy M. The proof strategy—a Gramian energy argument for K=H and a
minimal-polynomial construction for H=-K—is entirely independent of any Kronecker
product structure and thus applies to a broad class of matrix periodic systems.
Together with the companion results for the Lyapunov and Sylvester tiers [34], this
advances the K—H controllability hierarchy for matrix periodic systems.

Several directions remain open. A practical note on scalability: for the present
example (n = 3, lifted dimension n? = 9), the classical Kronecker-based approach
would require storing and integrating a 256 x 256 system ODE at n = 4 (lifted
dimension n? = 16), which in our tests exceeded 5 GB of memory and was excluded
from direct comparison. This memory scaling (O(n*)) makes plain the practical
necessity of the Kronecker-free recursion developed here: for systems of engineering
relevance (n > 4), the classical approach is not merely slower but infeasible, while
Algorithm 1 requires only O(n?) storage throughout.

The discrete-time analogue requires a different spectral argument because the
product structure of the monodromy introduces additional algebraic constraints. A
robustness analysis of the controllability horizon k7T under structured perturbations
of the bilinear coupling matrices F' and G would provide quantitative guarantees
for applications in switched and hybrid periodic systems [14]. Extension to the
infinite-dimensional setting, where the vector state lies in a Hilbert space, is a
longer-term open problem whose difficulty is compounded by the absence of a
finite-dimensional Cayley-Hamilton bound. This work establishes a structurally
complete extension of the Kalman—Hewer equivalence to the most general matrix
periodic setting currently tractable without factorization assumptions.

Relationship to the companion observability paper

A companion paper [40] addresses the dual observability theory for system (1) and
establishes a spectral energy lower bound Apin(0;) > Gumin(M)2~D A0 (O1) that
has no counterpart in the present work. Each paper is self-contained.
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