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Zhiyong Si T, Ziyi Lil Yunxia Wang'
May 6, 2026

Abstract

In this paper, we introduce a consistent projection method, namely the Gauge-Uzawa method,
for the numerical solution of incompressible Micropolar Navier-Stokes Equations (MNSE). This
method integrates the advantages of both gauge and Uzawa methodologies into a unified vari-
ational framework. By adopting a fully discrete projection strategy, the scheme efficiently
decouples the computations of velocity, angular velocity, and pressure fields—thus enhancing
computational efficiency while maintaining numerical accuracy. We conduct a rigorous theo-
retical analysis of the proposed method, establishing its unconditional stability and deriving
optimal error estimates for all primary variables (velocity, angular velocity, and pressure) under
appropriate norms. Numerical experiments verify that the method achieves the expected conver-
gence order across a series of test cases. The results are in excellent agreement with theoretical
predictions, fully demonstrating the effectiveness and reliability of the proposed approach.

Keywords: Micropolar Navier-Stokes equations; Consistent projection method; Energy esti-
mates; Optimal error estimates

1 Introduction

In this paper, we investigate the Micropolar Navier-Stokes Equations (MNSE)—a time-dependent
system of partial differential equations that couples linear velocity and pressure with angular veloc-
ity. This model describes the dynamics of continuous media where material particles exhibit both
translational and rotational degrees of freedom. It plays a crucial role in modeling polarizable media
and has broad applications in fields including smart fluids, ferrofluid pumping, liquid crystals, and
collisional granular flows. Let Q C R? (d = 2, 3) denote a bounded, simply-connected domain that is
either convex or has a C*!-smooth boundary 9Q. We propose and analyze a consistent projection
finite element method for the numerical solution of the MNSE. This method integrates the advan-
tages of both gauge and Uzawa methodologies into a unified variational framework and adopts a
fully discrete projection strategy, which efficiently decouples the computations of velocity, angular
velocity, and pressure fields, thereby enhancing computational efficiency while ensuring numerical
accuracy and stability. The MNSE are given as follows,

u — (v+v)Au+ (u-Viu+ Vp =2v, curlw + f,
divu =0, (1.1)
JWi — (ca + ca) AW + j(u - V)W — (¢g + cqg — ¢o)Vdivw + v, w = 2, curlu + g,

for (z,t) € Qr, where Qr = Q x (0,T] with T' € (0,00) fixed; here, u; = %—‘t‘ and w; = %—‘2’.

Specifically, u denotes the velocity field, p the pressure, and w the angular velocity—all of which
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are the unknowns. The vector f represents the external body force density per unit mass, g denotes
the body moment source, j is the inertia density, and the constants v, v, ¢4, cq, and ¢g are material
parameters (among which v and v, are kinematic viscosities). For further discussions and derivations
of these equations, refer to [29]. The initial conditions for the velocity u and angular velocity w are
specified as follows:

u(z,0) = ug(x),w(z,0) = wo(x), (1.2)
and the boundary conditions are given for any € 9Q and t € (0,7,
u=0,w=0. (1.3)
To simplify notation, we set
Vo=V+V., €] =¢cC,+cCq, C3=cy—+cq—Cq, (1.4)

and assume c1,c2 > 0 (see, e.g., [25]).

In recent years, remarkable advancements have been achieved in both theoretical analysis and nu-
merical applications pertaining to the MNSE. Ortega and Rojas [30] derived optimal error estimates
for the penalty finite element method for the MNSE. Mitarai and Hayakawa [24] studied particle-
laden flows in micropolar fluids, a topic with wide-ranging applications across diverse disciplines.
Eringen laid the foundation for microcontinuum field theories of fluids and solids in [9, 10, 11]. Ad-
ditionally, Papautsky and Brazzle [32] explored the application of micropolar fluid theory to model
laminar flow in microchannels. Franchi and Straughan [12] analyzed the nonlinear stability of ther-
mal convection in micropolar fluids with temperature-dependent viscosity. Ciarletta [5] established
a theoretical framework for heat-conducting micropolar fluids and derived fundamental theorems for
unsteady thermal flows. Nochetto et. al. [29] proposed and analyzed a first-order semi-implicit fully
discrete scheme for the MNSE, and examined several of its key properties. Hills [22] established
uniqueness and continuous dependence results for linear micropolar fluid flows, whereas Forste [13]
investigated the existence of time-independent solutions for incompressible micropolar fluids under
specific transformations. Rosensweig [38] utilized the MNSE to examine the effect of ferrofluids on
magnetic fields and derived the corresponding magnetic field equation. Ren and Liu [36] proposed
three fractional-step finite element schemes for two- and three-dimensional unsteady incompress-
ible thermal micropolar fluid flows. Rinaldi and Zahn [37] investigated the role of spin viscosity
in determining ferrofluid flow profiles under alternating and rotating magnetic fields. Xin and Liu
[48] compared three iterative methods for finite element solutions of steady-state 2D /3D micropolar
fluid equations. Furthermore, the analysis and numerical modeling of the MNSE are motivated by
experimental studies, such as those on ferromagnetic fluid pumping. Zahn and Greer [50] performed
numerical simulations under spatially uniform and time-sinusoidal magnetizing fields, demonstrating
that angular momentum effects in the MNSE can effectively induce fluid motion. In [43] [42], we
presented rotational velocity-correction projection method and the modified characteristics FEMs
for the Micropolar Navier-Stokes Equations.

In the late 1960s, the projection method for decoupling velocity and pressure was pioneered by
Chorin [4] and Temam [45]. Projection methods fall broadly into three categories: velocity-correction
methods (see [I5, [T6]), pressure-correction methods (see [46] [35]), and consistent splitting methods
(see [17, 23], [40]). E and Liu [3I}, [§] first proposed the gauge method, introducing an auxiliary
vector field a and a gauge variable ¢ to solve the incompressible Navier-Stokes equations. Wang and
Liu [A7] carried out theoretical analyses of E and Liu’s formulation, validating its computational
merits. They further examined the implicit gauge method, which adopts backward Euler or Crank-
Nicolson schemes for time discretization. However, the gauge method has certain limitations, such
as the non-variational nature of the boundary term involving d;. To mitigate these limitations
while retaining the merits of the gauge method, Nochetto and Pyo [26] introduced a new vector
variable 1" *! subject to the zero boundary condition a"t! = a”*! + V¢". Through a sequence
of technical manipulations and innovations, they developed the gauge-Uzawa method—also termed
the consistent projection method. In recent years, a growing number of researchers have applied
the consistent projection method to various fluid dynamic equations. For example, Nochetto and



Pyo [27] derived error estimates for the semi-discrete gauge method for the Navier-Stokes equations.
For time-dependent viscoelastic Oldroyd flows, Si et al. [44] proposed a gauge-Uzawa finite element
method and established optimal error estimates. Yang and Si [49] studied a consistent projection
finite element method for incompressible magnetohydrodynamic (MHD) equations, while Si and Hou
[41] extended its use to non-stationary incompressible thermally coupled MHD equations.

In this paper, we propose and analyze a fully discrete consistent projection method (Gauge-
Uzawa method) for the MNSE. Error estimation for this method is quite challenging; to overcome
these challenges, we first derive semi-discrete error estimates for the velocity and angular velocity,
and establish the bound |U||2 < C, which together lay the foundation for deriving the fully discrete
error estimates. The remainder of the paper is organized as follows: In Section 2, we introduce the
consistent projection scheme and elaborate on the necessary functional framework for the MNSE.
Section 3 is dedicated to analyzing the stability of the numerical solutions. In Section 4, we derive
error estimates for the proposed consistent projection finite element method for the MNSE. Finally,
in Section 5, we report numerical experiments to verify the theoretical results.

2 Notation and preliminaries

In this section, we first introduce the necessary notations for subsequent analysis. We adopt Sobolev
spaces L2(Q)? and H'(92)¢, which are endowed with the norms || - ||o and || - ||1, respectively. The
standard L2-inner product, which applies to both scalar and vector-valued functions on §, is denoted
by the pairing (-,-). Additionally, we further define the following Sobolev spaces:

X = H(}(Q)dv d={2,3}, Hol(Q) = {V € Hl(Q)7V|6Q = 0} )

M =L}(Q) = {q € L*(Q): /qux = O},
V ={v e X,divv =0},
W =HQ) = {ve H(Q) v n|pq = 0}.

The Sobolev space H} ()4 is equipped with the following norm:

Va € Hy(Q)7, llally = / (IVal§ + llolp)- (2.1)

Furthermore, let T} be a family of regular and quasi-uniform triangulations of €0, consisting of
triangles (for d = 2) or tetrahedrons (for d = 3) K; with j = 1,2,...,N. Here, h = maxger, hx
denotes the mesh size, where h is the diameter of element K [3] 2] [T4]. The scalar and vector-valued
finite element spaces are:

Xy :={vy € X : il € Pr(k)? (d =2,3)},

Vi = {Vh e Xp: V-vy :0},

Py = {gn € L) N C°(Q) = anls € A(K), VK € Ti},

Vi = {vi, € COUUD)? 1 vi|i € Pe(k)* (d=2,3)},

Wy, ==Y, N H (),
Here, Py (K), P;(K), and P;(K) are polynomial spaces whose degrees are uniformly bounded with
respect to K € T), [3 2, M4]. Let Z(Q) = {z € H}(Q)? : V -z = 0} and Z(Q)* denote the dual
space of Z(2), endowed with the norm || - ||«. Let 0 < ¢; < --- < ty41 =T be a uniform partition

of the time interval [0, T| with ¢, = nt, where 7 = T/(N + 1) denotes the time step size and N is a
positive integer. We define the backward difference quotient operator as

D_rfn fn _ fn—l

T

)

where {f"}N1! is a sequence of functions.



For a nonnegative integer m and r € [1, 00|, we consider the Sobolev space W7 (), which is
equipped with the norm (see [3]) as follows:

1
£l _ (Z|a\§m fQ |Df|"dz)*, 1<r<oo,
m,r —
o) 550D, 0| D7 (1) r=oe,
where 0 = ﬁ for the multi-index o = (a1, ..., aq) with |a] = a1 + -+ a4 and «; > 0 for
1 d

i =1,...,d. We further denote 9; as the partial derivative with respect to time. Let 7 > 0 be the
time step, and set t; = k7 for 0 < k < K, where K = [T'/7] denotes the integer part of T'/7.
Next, we define the following trilinear form as follows, for allu e V, v,w € X,

B(u,v,w) :/(u~V)v~wdz+1/(divu)v~wdx,
Q 2 Ja

and the properties of the trilinear form [T}, I8 9] are helpful in our analysis

B(u,w,v)=—-B(u,v,w), ueV,v,we X,

|B(11,V,W)| < CSHVUH()HVV”()”VWH(), u,v,we X,

N
B(w, v, w)| < [[ullo([VVlo[ Wl + Ve[ VWz2), we L@ v e X, we L*(@Q)TNX,

N
[Blu,v,w)| < o

(lallz=<Vvlo + Vullzs[vlizo)lwlo, uwe L*(Q)NX,ve X we L* Q)

1 1
[vllo < llVvllo, [Ivlizs < ClIvIgIVYIG, [vlize < Cl[Vvllo, Vv € X,
3 3 2/0d
[vllLe < ClvlTIIVII3, Vv e H(Q)",
IVvlg = IV - vIlg + IV x vI[§, Vv e Hy(Q)7,

[ulll = llallz= +[[Vullgs,  VueX.

Here, N > 0 is a constant, v is a positive constant depending only on 2, and Cj is an embedding
constant also depending only on 2. We denote C' as a generic positive constant, which may depend
on the data and the solution and whose value may differ in different contexts. We assume that the
pair X, x Py, satisfies the discrete inf-sup condition.

7V )
36 >0, Van € Py, Bllanllo < sup (@, Vi)
v EXRNHE(Q) Vvnllo

The following properties of B(,-,-) for all u, € V3, v, wp, € X}, are as follow
B(uy, vy, wp) = —B(up, Vi, wp), B(uy, vy, vy) =0.
Lemma 2.1 (Grad-Div inequality [33,[34]) If v € H(2) we can get
IV-vlo < [Vvllo-

We recall a discrete version of Grénwall’s inequality established in [1J.



Lemma 2.2 [I] Let ay,, by, ¢, and 7, for integer n > 0, be the nonnegative numbers such that
am+Tan§TZ’ynan+TZCn+B7 VYm > 0. (2.2)
n=0 n=0 n=0
Suppose that 77, < 1, for all n, and set o, = (1 — 77,)~!. Then
am—I—Tan < exp(rZ’ynan)(Tch—i—B), Ym > 0. (2.3)
n=0 n=0 n=0

Assumption (A1): The initial data ug, wg, and the body forces f, g satisfy
[Auollo + [[Awollo + sup {[[f(t)[lo + [[g(t)llo} < C. (2.4)
0<t<T

Assumption (A2): We assume that the MNSE problem has a unique strong solution (u, w, p)
on [0,T] such that

S (Au@llo + [wBllo + It + [ta: o + [[we(t)llo)

T (2.5)
+/ (el + well ¥+ llpell + e g + [waelI5)de < C.
0

Assumption (A3): In order to get the optimal approximation order of the velocity, we need
further regularity assumptions as follows

OiltlgT(IIVut(t)llo + IV > Voxug(®)llo + [[use ()]l + l[wie (£)llo + [l (£)]]1)

T
+ / (w2 + [well3 + el + lpeel2)dt < C. (2.6)

Assumption (A4): [206] 28] 44, 4T] Assume that the boundary of Q is smooth enough that the
unique solution € of the steady Poisson problem

. 00
—Af =, in, 0|Fd =0, n . =0, (2.7)
for prescribed ¢ € L%(12) satisfies
101]2 < cllllo; (2.8)
the steady Stokes problem
—Av+Vg=f, divv=0, inQ, v|y,=0, (2.9)

for prescribed f € L?(2)3 has a unique solution (v,q) which satisfies
Ivll2 + llglly < ellfllo, (2.10)
and Maxwell’s equations
curlcurlB=s, divB=0, inQ, nxcurlB=0, B-n=0 on 99, (2.11)
for the prescribed s € L?(£2)? admit a unique solution B € V,, which satisfies
IBll2 < ¢lsflo- (2.12)

In [6], we can see the validity of Assumption (A4) if 92 is of C? or if Q is a convex polyhedron.



Lemma 2.3 (J26]) Now let (vp,qn) € Vi x Py indicate the finite element solution of (2.9) namely

(Vvh,Vvh) — (qh,V . ’Uh) =
(rh,V ‘Vh)

( 7vh)a vUh € Vh7
0, Vry, € Py.

Let (v,q) € X x M be the solution of ([2.9)), there holds that

v = vallo + kllv = vaill1 + hllg — anllo SCRF (Vi1 + llalle),
[ £[l« <CIVvlo < Ifllo + CIVVrllo-

Furthermore, we have
v =valll = [Iv = vallL~@) + V(v = vi)llLs@) < [[f]lo-

Lemma 2.4 ([28]) Let w € H{(f2) be the solution of the Poission’s equations (2.11) and @), €
Tr(2) indicate the finite element solution of (2.11]) given as follows

(Van, Vxn) + (V- @n, V- xn) = (9, Xn), Vxn € Wi,
Then, there holds that

lw = @nllo + hllw — @nlls < Ch?|lgllo,
[l = nll] < llgllo-

In addition, we define the Stokes projection (Rp(u,p), Qn(u,p)): (X, M) — (Xp, Py) by

vo(V(Rp(u,p) — ), Vvy) — (Qn(u,p) — p,divvy) =0, Vv, € Xp,
(div(Rp(u,p) —u),qn) =0, Vqn € Pp.

Lemma 2.5 ([7]) Assume that u € H2(Q)¢N H™ Q)4 and p € L3(Q) N H"(Q) (d=2,3). Then,
[1Rn(u, p) = ullo + AV (Ra(w,p) = wllo + |Qu(w,p) — pllo) < CL™ ([ullri1 + lIpll:),

and
[ Br(a,p)llze < C(llull2 + lIpll1)- (2.13)

Lemma 2.6 ([7]) If (u,p) € W2k(Q)4 x WLE(Q) for k > d (d=2,3),
IVEL(w, p)|lLe < C(llullwroe + [lpllze)- (2.14)

For simplicity, we denote [7] R = R,(U",P"), Q}F = Qr(U™,P"), R}, = Ripn(W"), n =
1,2,..., M, where Ryj, : W — W), are the H'-orthogonal projection, then

(Vth(W) - VW, th) + (V . th(W), V- Xh) =0, Vxn € Wp.
If W e TN H(Q), there holds that

|R1n (W) = W||o + h[[V(R1n (W) = W)[lo < CR™ W ||, 41, (2.15)
[R1in (W)L < Cl[Wl2, [[VR1n(W)||lLe < Cl[W|lpiee. (2.16)

Next, we give the consistent projection method as follows.

Algorithm 2.1 (The Consistent Projection Scheme) The initial data are given as s, (u), w?) is

given as follows

0 0 0
a, =u;, =uy, W, =W, =W, s, =0, (2.17)



Step 1. Compute G} ™" € X, as the solution of

vt —uy
(hTh ) + B(uj, N"H, ) + Vo(VfJ_ZH, Vur) — vo(syy, divop)
=2, (curl Wi vp) + (F(E" ), v8), Yo € X (2.18)
Step 2. Compute p} ™' € P, as the solution of
(Vprtt Vepy) = (V- @it ), Ve, € P (2.19)
Step 3. Update sh+ € Py, according to
(sp ' an) = (shyan) = (V03" qn), Van € Ph. (2.20)

Step 4. Update uZ'H € Xy, ® VP, according to

Z+1 n+1 4 vpn-‘rl. (2.21)
Step 5. Compute anrl € Py, via
1
Pt = ppsptt — = Han (2.22)

Step 6. Compute wj ™' € W, via

n+1 n
A .
J (”J(h) + el (VWi V) + 5Bt witt xg) — eo(Vdivw) H xg)

+ 4VT(WZ+17 Xh) = QI/T(CUI‘l uZH—la Xh) + (g(tn+1)a Xh)a th € Wh- (223)

3 Stability analysis

Theorem 3.1 Suppose that Assumptions (A1-A3) are satisfied, then the consistent projection

FEM is unconditional stable in the sense that, for all 7 > 0, there exists a priori bound such that
I3 + llwi R + Tvollsh I + Z (Ihoiy ™ = g+ lwi ™" —witll

TV ~Nn n n : n n
+ fOIIV n IR A e [Vwh G 4 T [w I + 2rea| divwi TG + 2] Vop FHIE) < € (3.1)

Proof. Setting v, = QTu"Jrl in 1} we deduce that

200 — i, @) + 2w | Vi

=47v, (curl Wit @y ) + 27vp(sh, divap ) + 20 (f(e T, apth). (3.2)
Thanks to (2.21)), we derive that

(g = up, )

( n+1 vanrl _ uh7 u2+1 vanrl)
) + (T V), (33)
Using ([2.20]), we deduce that
(s, div iyt =2(sf — s+, o)

=llsille = sy ™5 + Il — sp 13- (3-4)



Thanks to (2.20), it infers that

Isiy = s lo < IV - @ o < [V, o- (3.5)

Setting x, = 27w} in (2.23)), we derive that

2j(wy = wit, Wit o+ 27 [ Vwy TG 4 8Tl wh G 4 2res | div w3

_471/T(curlu”Jrl with) 4 27 (g™, with). (3.6)

Using Holder’s inequality and Young’s inequality, we deduce that

|47'Vr(cur1w”Jrl ﬁZ+1)| < %H curlw”HHO + CT||u"+1||0 + CTvan+1H0,

TCl

27 (f(E" ) a )] < CTIIf(t"“)II?) - IIvag g,

|47V, (curl u”+1 ”H )| < H curlw"“”o + CT||u”+1HO,
27 (g(t" ), with)| < CT||9(t"+1)||o + Trve w3

Combining above inequalities with (3.2)), (3.6))

TZ/O

g HIE — g3+ ™ =i l§ + 20V 5 + == IVag ™

F-wilg) + TClIIVW"“IIo

+ 5wy IS — Wil + [[wh ™
+7vpl|Wi TG + 27co|| div wi TG 4+ Tro (s HIE — lIsRIE)
<Cr(lay ™3 + IV G + IFETHIE + g THIE). (3.7)
Summing (3.7) with respect to n from 0 to N and using Gronwall’s Lemma, we complete the
proof. O

4 Error estimates

To derive the error estimates, we set the initial values as U° = uy and W° = wy, and then compute
Untt € X N H?(Q)? and Wt € W N H2(Q)? for spatial dimensions d = 2, 3.

Un+1 —Uun
— AU (U V)UT L VP = 20, curl WP f(# ), (4.1)
-
V.Ut =o, (4.2)
WTL-H —Wn
j————————— = AW L (U™ V)W — oV div W 4y, WL
-
=2u, curl U™  g(t" ). (4.3)

To get Theorem [4.1] we derive the following Lemma.
Lemma 4.1 Suppose Assumptions (A1-A2) are satisfied, we deduce that

N
TUNHG+ 5 IWNHE + 7> (VolIVU”Jrl 15+ et [VW
n=0

+ 25| div W2 + 8y, [ W H Hg) <c. (4.4)
N
IVUNFLE + 07 > LAUHB < C. (4.5)
n=0



Proof. Testing (4.1) by 27U+, (4.3) by 2rW" ! we can get
2(Untt — U™, U™ 4 2715| VU2 = 4rvp (curl W™, U™ + 27(f (¢, U™TY),  (4.6)

2§ (W™ — W W) 4 27¢, [ VW™ |2 4 27¢y || div W2 + 87v, [ W2
=47, (curl U™ W) 427 (g ("), Wi, (4.7

Using Holder’s inequality and Young’s inequality, we deduce that

7'1/0

|47V, (curl W™, U™ )| < 47w, |[W[o|| curl U g < —=|[VU™ T2 + C7|| W2,

7'1/0

(
20 (F(E" ), U < 27| £ o[ U™ o < HVU"HIIO + O FE IR,
(

|47V, CurlU"+1,W”+1)| < 4TVT||Un+1||0H cuer"+1||o < —HVW”JFIHO + C’7'||U"+1||g7

TC1

[27(g(¢" 1), W] < 27[lg(#" ) o[W™H lo < = VWG + Crllg (¢ ][5

Combining above inequalities with (4.6) and (4.7)), it yields that
[U™ R — UM 4+ U = U7 W™ 3 — W2 4+ W — W)
+ 710 [ VU [§ + 71 [[VW T F + 27¢o|| div WG + 87o [ W[
<Cr(IFE I + g™ G + IW™ I3 + [T ). (4.8)
Adding it with respect to n from n = 0 to n = N and using Gronwall’s Lemma, we derive that

N

[UNH2 + G IWANR 4+ 757 ([ VU2 + e [VW 2
n=0
+ 2¢o| div W12 + 8u, |[WH|2) < C. (4.9)

Testing (4.1) by 2r.AU" ! we deduce that

VUG = [[VU™[[§ + V(U™ = U™)[[§ + 2vo7] AU F 4 27(U™ - VU™, AU
=4y, 7(curl W™, U™ ) 4 27 (f(¢" ), U,

Using Young’s and Cauchy’s inequalities, there holds that

2r(U" - VU™, AU™Y) < Z2AUTH S + O VU™ AU 3.

v, r(curlW™, AU < 20 ||AU"+1||0 + OT||[VW™|3.

27(fF(t" 1), AU™H) < B0 ||~AU”+1HO + [ fE IR

Then, we arrive at
IVU™H[E = VU [[§ + IV (U = U™)[|§ + vor AU 3
<Ct||VU" 3 AU"([§ + CTl[VW™[[§ + C[| £ (" H)][5- (4.10)

Taking sum of (4.10) over all n and using Gronwall’s lemma, it yields that

N
IVUNFE 4+ 07 > (AU S < C.
n=0

The proof is completed. O



Lemma 4.2 Suppose the assumptions (A1-A2) are satisfied, we deduce that
vo [ VUNTHF 4 1 [ VW T + co | div W |3

N N
o Y VU VU247 Y (I/OHDTUn+1 12 + j|| D, W ||g) <C. (4.11)

n=0 n=0
Proof. Testing (4.1) by 27D, U™, (4.3) by 2rD, WL it yields that

27(| D, U5 4 275 || D WG + v ([VU T[T = VU™ +][VU™H = VU"F)
+e (VWS — [[VWF + [VWH — W™ (|3)
+ ¢ (|| div W2 — || div W3 + || div W™ — div W™ |3)
<4ty (cwrtl W*, DU + 27 (f(¢"), D, U™ — 27 ((U” - V)U"T, D, U")
—275((U™ - V)W D, W) 4 drp, (curl UMM D, W) 4 27 (g (¢, D, W)
<ZID UM E + Cr| VW3 + ZID, U + Ol £ )| + 2D, U3

+ 7| AUTG[VU™ S + S [ D- WG + CrllAU™ 5[ VW™ HIG
7J 7J .
+ 51D WG + CrlIVU G + = | D WG + Crlg (¢ 5. (4.12)
Summing it over all n and using (4.9)), (4.32)), Gronwall’s Lemma, we derive that

vol[ VUG + e1 [ VWG + caf| div WY HF

N N
vy Y VU - w2+ 7 (1D U2+ D WL 2) < C (4.13)
n=0 n=1
Therefore, the Lemma [£.1]is completed. O

Theorem 4.1 Suppose that the assumptions (A1-A3) are satisied, and denote the error as follows
En+1 _ u(t"“) _ Un+1 Cn—i—l — W(tn—i-l) _ Wn+1 Qn+1 _ p(tn+1) _ Pn—l—l.

Then, there holds that

N
NG+ GICVHHIE + 7Y (ol Ve TG + ea[VETHG + 2ca | div ¢ E 4 8urICHIE) < €72,
n=0
(4.14)
and
N
TZ o™ T2 < Cr2. (4.15)
n=0
Proof. Taking t = t"*! in (1.1]), we obtain
tn+1 _ tn
u( )7_ u( ) _ l/oAU.(tn+1) + (u(tn—i-l) . V)u(tn+1) 4 Vp(t"'H)
=2v, curl w(t") + f(t" ) — R (4.16)
divu(t" ™) =0, (4.17)

Jw(™) — w(t"))

— g AW™) + () - V)W) — eV divw (") 4 dv,w(t" )
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=2v, curlu(t" ) + g(t" ') — R, (4.18)

where

n+1 tn+1
1 t

7/ (t — t")uydt, RIT = 1/ (t — t")ywydt. (4.19)
tn tm

Rn+1 _
“ T T

Subtracting (4.1), (4.2)), (4.3]) from (4.16)), (4.17), (4.18), respectively, we derive that

n+l _ n
AT Ve 4 () - Vu(t) — (U V) U
-
=2v, curl(w(t" 1) — W") — R (4.20)
dive"tt =0, (4.21)
J(¢ =

— AT 4 G[(a(tTY) - V)w (T — (U™ V)W — oV div (" 4 4y,
-

=2v, curle"™! — RIFL (4.22)

Testing (4.20) by 27e" !, we get

e FHIG — le™ 15 + lle™** — €™ [I5 + 2710 [| Ve FH[§ = 47wy (curl(w (™) — W™),e" )
—2r(RT ey — 27 (((u(®™th) —u(t™)) - V)u( ), et — 27 ((€" - V)u("th),e" ).
(4.23)

Using Holder’s inequality and Young’s inequality, we deduce that

TV

5)
TC1
+ 2

2r(RI, e )] <RV R + Crl| IR,
[ 2 (™) — u(E") - Tu ), &) | <2rfuler) = u(E) ol Tul ] sl o
T
<DL TR+ Crfluet) — w3
| = 2r((e" - V)u(E ), e )] <2 e o[ Vu(e ) s ™+ oo

TV
0|Vt + Orlle 3

[ Ay, (curl(w (") — W), e" )| <— || Ve" T2 + O curl(w(t" 1) — w(t™))|13

IVE™ I + Crlle™ I3,

<

Taking sum of above inequalities, it follows that

™G — lle™ 15 + lle™ — ™[5 + Troll Ve I3
<Cr (IIRGFHE + I ) —a@™)[[§ +[ curl(w (™) = wE ) + ™[5 + lle™ 5 + IIVC”(I?)) 5
4.24

Testing (4.22)) by 27¢"*1, we obtain

UG = N5 + 1™ = ¢MIE) + 2real[VC™ G + 2reall div ™G + 87 IC" 5
<7y, (curle™, ¢ = 20(Ry Y ¢ — 205 (((u(@ ) - V)w (") — (UM V)W), (v
Sdrwp(cwrl e (M) = 2r(RETL V) = 27 () - V)w(E), ¢ + (€7 ) wr L ¢
= ((u(t") - V)w ("), "]
<drvp(curle™, ¢ — 20 (R ¢ — 205 [(((u@ ) — () - Vyw(E" ), ¢
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+((" - V)w T ()
S IVe"THg + Ol G + CrIRETHE + OV (a(t™ ) — u(t)]S
ez [IVwE 2 1¢" o
TVo n n n TC1 n n n
= IIVE"THIG + CTICHG + CrI RS + - IVETHIG + CrlIV (™) —u@). (4.25)
Taking sum of (4.24)) and (4.25)), we derive that
€103 = ™3 + 1™ = €3 + 7ol Ve E + 5ICE ~ e + I~ ¢IR)
+7er [V + 27| div ¢MFHG + 87w ICFG
<CT(IRYTHIE + IR + lle™ 1 + le™ T I5 + <™+ 1I3
+ [l eurl(w (™) — w(E™) |5 + IV () —ut))lIp)-

<

(4.26)

Here, we have used

N

3 (V™) — u(E)[3 + || curl(w(t™) — w(t™)[3) < O,
n=0

N

> (IRIFE + IRLTR) < O

n=0

Taking sum of (4.26)) over n from 0 to N and using the Gronwall’s Lemma, there holds that

N
eI + AT + 7Y (ol Ve HIG + ea[VEHHIG + 2¢2 ]l div ¢ G + 8, 1€ [G) < O
n=0
(4.27)

We are now starting to prove (4.15)). Testing (4.20)) by 27D,e"*! it yields that
27 (D™, Dre™ ) — 271 (Ae™, Doe™t ) + 27 (™) —u(t™)) - V)u(t" ™), De™)
+27 ((" - V)u(t" ™), Deth) + 27 (U™ - V)", Dt
=47y, (curl(w(t"™') = W"), D,e" ™) — 27 (RIT, D,e" ). (4.28)
Using Holder’s inequality and Young’s inequality, we deduce that
27 (((u(™*h) —u(t™) - V)u@"™), D" ) | <Olu™*) —ut™)| e[ Va™ )|z [ Dre" o
T n n n
<zl D-e S+ CTIIV (uE ) —u)ll,

<Crlle" | e IVt )| 2ol D-e" o

27 ((¢"™ - V)u(t™*'), De" )
<z Dre" G+ Orl| Ve,
<OT|[U |2 Ve" o D™ o

<z ID-em [} + Crlun 3|V,

<drv, (|| earl(w(t™) = w(t) o + [ V" [0) 107"+ o
<EID-" 3 + Cr([ 963 + [l eurl(wi(t™ ) — w(t")]?).

27 (U™ - V)e"*!, De™ !
( )

[ 47, (curl(w(t"*') — W), D,e™t1)

Using Young’s inequality, there holds that

| =27 (RU*, Do) | < CIIDoe™ [} + Ol RIS

12



Taking sum of the above inequalities with (4.28)), we have

TN Dre™ G + o (V"G — Ve |5 + IVem* — Ve |[§)
<CT([V (™) —a)§ + Ve [[g + U™ 131V + V¢ 13
+ [ eurl(w(t"h) = w(t"))[I5 + | Ry IE)- (4.29)

Summing it with respect to n from 0 to N and using (4.32)), we arrive at

N
vo | VENTHIE + 7> |[De™ 5 < Cr. (4.30)

n=0
By using the inf-sup condition, from (4.20]), we derive that

mBlle" TG < CT||Dre™ G + O Ve [§ + CrI| Ry + O llu( ™) — u(™)[5 Va7,
+ 07l [FIVaE ) [s + CrIVUT Ve § + CT(I V™ § + Ol curl(w (™) — w(t™)][5.-
(4.31)

By summing the above inequalities from 0 to N and applying Theorem and (4.30]), we obtain
that

N
Y e tE < o7
n=0

Therefore, the proof is completed. O

Lemma 4.3 Suppose the assumptions (A4) and 7 < min{1, %} are satisfied, we deduce that

N
7Y (U B + 1P < C. (4.32)

n=0
Proof. From the assumptions (A4) and (4.1), using Holder’s inequality, we can acquire that

[T 2 + 1Pl
<C(IfFEHllo + 1(T™ - VYU o + || curl W™ lg + | D-U™ o)
<CFE o + 1™ - VYU o + [[(u(t™) - VYU o + || curl W™ [|o + [|D-U"*lo)
<C(IfEHllo + V"ol AT lo + (VU™ lo + [ curl W™ [o + [[D-U™ o).

Taking sum of the above inequalities yields that

N
7Y (U5 + P )

n=0
N
<Cr Y (IFE G + IV [GIU™ IS + VUG + | carl WG + || D, U™ )

n=0

N
<C+ Gy || AU,

n=0

Making use of (4.14)), Lemma E and 7 < min{1, 2—5}7 we find

N
7Y (U S + 1P < ¢

n=0

13



where C and € denote different positive constants. O
For the derivation of error estimates, we first introduce the following definitions.

G =) - Ry, L =p(en ) - @i,
"t =untt gt et =untt —aptt
ln—i—l :W(t7l+1) _ R?}—:—lv Ln+1 :Wn+1 _ WZ+1a
LZ+1 ZR?;FI _ WZ+1, €Z+1 :RZ+1 _ uZ+1,
gZJrl :R’ZJrl _ ﬁZ+17 Fn+1 :Un+1 _ RZ+17
Mn—i—l :Wn+1 _ R;l:17 ez+1 :QZJFI _pZJrl7
g'rL+1 :Pn+1 _ Z+1'
Then, there holds that
gntl —entl + VPZ+1, €Z+1 :eerl 4 V,OZJrl,
gn—i—l :Fn—i-l + €Z+17 6n+1 :Fn+1 4 EZJrla

Lt =ptt et
Furthermore, we have
(", Van) = (T, Vay) = (F",Vg,) =0, Van € Py.
Therefore, we have the crucial orthogonality properties
G = ™M 3 + IV UG, & I8 = len ™ Is + 1IVop 13- (4.33)
Noting Fntl = Gntl —gntl gntl — gntl _gntl pyntl — o+l cntl the following Lemma holds.
Lemma 4.4 (|26, 28]) Suppose the asummptions (A1-A3) are satisfied, then

IF" G < Ch?,

N
P IVER < o2,

n=1

N
Ty llg" g < on?,

n=1

MG < Cht,

N
Ty VM < Cn?,
n=1

IG™ o + AIG™ |y + R H" "o < CR.

Then, the following theorem presents the error estimate.

Theorem 4.2 Suppose that the assumptions (A1-A3) are satisfied and h? < C, then the errors
satisfy that

N
NG + vollsy THIE ALV THIE + D (ol VEE + 1V o5 S

n=0

+ 261 || VL™ |2 + 2¢5|| div L2 + 8, || L T2) < C(7 + h?). (4.34)

14



Proof. Subtracting (2.18)), (2.23) from (4.1]), (4.3), respectively, it follows that

€n+1 _ en
(e ) (T T

=(P"1V -vp) — 18, V- o) + 2up (curl (W™ — with) ) — B(U™, U™ ) + B(up, a)t o),
(4.35)

Ln+1 . g
j (a Xh) + Cl(VLn+17 th) + c2 (le Ln+17 div Xh)
T
= —dup (L™ xp) + 2vp(curl €FY x) — GB(U™, W ) 4+ B(up ™ with xa). (4.36)
Choosing vy, = 27&} ™! = 27(e"+1 — Fn+l) in (4.35)), we derive that
e G = lle™l5 + lle™™ — €I + 27vo Ve 5 + 2V o 13
=2(e" — €, F"TY) 4 271 (Ve T VEM Y 4 27 (PP LV - 1Y) — 2700 (s7L, V- 4T
+ 41y, (curl (W™ — withy ently —org(un, U™t enthy 427 B(up, apth, e, (4.37)
Using Lemma (2.20)), Holder’s inequality and Young’s inequality, we deduce that
12(e™ Tt — €™ F™"HY) 4 27y (VETH VETTY)|

<2 — [[o[|F" lo + 270 ][ VE T o [VE" o

1 TV
<Sllemtt = eng + L F I 4 T

j2r(PH, - et
:|27_(Pn+1 Qﬂ+1 v ~n+1) — 97 ((p(tn-i-l) Qn+1) v ~n+1) + o (p(tn-i-l)7 v X €Z+1) ‘
=27(g"t, V&) —2r (H"T, V- gt 27 (Vp(t" ), Vot |
<27 g" ol VErH flo + 27| H™ ol VET o + 27 (™) 0l Vo lo
<COrllg™ 3 + O H™ [ + O VeI + V5 I + 21 Ve 3

- IVEH§ + CrlvE 5,

n n n TVO ~Nn n
<Crllg" MG + CTIH™ G + Cr2 Ve DIIE + Vo G + == (IVE 5 + IV E™IF)

TV -n n
<Cr*+Crh? + Crlg" R + 7 IVETHE + IV EHE) + IIV,O”“IIO,

| = 27w (57, V- &Y = \271/0(8h»V )| = 2rv0(sh — s s7))

TI/O »
REUIE) + == I vErtE,

<ruo(llspllg — s

A1y, (curl (W™ — wit! ,~"+1 = |47, (W" — w?™ ! curl e"“
Wh €h Wi
<At (W™ + W wrtl ZH curl %H)

<47, (W — wit curl ) + 47u, (W™ — W curl et
<OT|L™ G+ SR AVE G + Vet 7)

+ 41 (w(t™) — w(t™) + wt"T) — w(" ) + W - W curl &)
<OTIL™ I+ Z2UVE I + Ve 8) + Or (™11 + 11 13)

+ Ol eurl(w(t") = w(t" )5,

| —2rB(U™, U™, &) + 27 B(up, ap &t
=[—27B(U" —up, U, &§*Y) — 2r B(uy, U™ — RpFL 4 — 27 B(up, it &t
=| —2rB(U" —up, U™ gt — 27 B(up, U™ — RpHL &)

<TEIVE 4 TR IVETE 4 O (e + 1),
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Plugging these estimates with (4.37)), we deduce that

1
1€ E = e 15 + Slle™™ = €15 + IV S + 7vo(llsy TG = sk 15 + v VeI

<Cr?+ Crh? + O ([€ll5 + g™ 5 + IVE™ G + 1S HIG + 1S5 + [ eurd(w(t™) — w(e™))[5
HIL™HG) + ClIE . (4.38)

From (4.36), choosing xj = 27L} T = 27 (L1 — M™F1), we get

FULPFHE = IL™E + 1L = LE) 4 2rea [VL™ 3 + 27 o div L7 |G + 87y [ L3
=(L"TY — L™ M"Y + 20 7(VL" T VM™) 4 2¢o7(divl™H divM ™)

+ 41y, (curl T LT — ML) 27 B(UMTE — upth wik Tt - Wt oWt gl it

o 2TjB(Un+1,Ln+l,Ln+1 - Mn+1) + QT]B(Un o Un+1,Wn+1,Ln+1 o MnJrl)

TV .
DO Gt 3 + CrlL R + 277 o W 5| 27

+27j[U" = UM W[ [VL o + C MG + Crl[ v M 5. (4.39)
Combining (4.38) with (4.39)), there holds that

1 , .
€™ HG = e™ 1§ + Sle™™ = €1 + FAL™HE = IZIF + 1274 = L") + 7o [ VE G + 1V S

+1vo(llspHIE = shlIE) + Terl VLG + 27ea|| div LG + 8w |
<Cr? + Crh? + Cr (||€"[§ + NG + g™ M IE + IL™ 15 + LG + 0™ — U T + | VE" 5
+ CF™HHIG + CIM™HE + CrIC G + CrlIe™[[§ + Ol curl(w(t™) — w(t™ ). (4.40)

<2+ — L)+

Taking sum of the above inequalities for n from 0 to N and applying Gronwall’s Lemma, Theorem
Lemmal[4.1} Lemmal4.4] noting | F"*!|o < Ch? and || M"!||o < Ch2, using h? < C7,we deduce
that

N
N FHIE + Twollsy G + FILN TG + D (ol VETHG + (IVor 5
n=0
+ 2¢1 | VL™ |3 + 2¢o div L™ |2 + 8, L™ T3) < C(7 + h2). (4.41)
Therefore, the proof is completed. O

Theorem 4.3 Suppose that the assumptions (A1-A3) are satisfied and h? < C7, then the errors
satisfy that

N
R+ IV + 37 (e — e+ rmolle R + [ VL - VM2 < O 4 i),

n=0

(4.42)

Proof. We assume that (v",¢") and (v}, ¢}) are solutions of the Stokes Equations with f = €.
Then, from Lemma [2:3] we can get a crucial inequality,

v =villo + AIV (™ =)o < CR2[le" o. (4.43)
Noting (pp ™,V - vi™') = 0 and
(e — e vty = (T — e vt = (V(vit — i), Vvt
choosing v, = 27‘VZ+1 in , we can derive that

IVVEEHIE = IVVRIE + IV (vt = vi)IIg + 27wl I3
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= = 21w (VE™ L Vvt 4 270 (F €41 4 2700 (Vpp Vg ™) + 20 (PP, V- vt
—2rB(U™, U™ vith) 27 B(up, @t vith) 4 20, (curl (W — with) vttty (4.44)

Using Lemma [4:3] Holder’s inequality and Young’s inequality, we arrive at

| = 270 (VE" T Vvt
=271y (VE" 1, V(v —vpth) — vyt |

<Cr(W|IVE" 3+ [ 3) + 2l

|20 (F L et + 27'1/0(Vp"+1 Vq"“)\
<CTF™ Hlo[[Ve™ o + 2700/ Vo ol o
<Cr(|F R+ IR ) + St E,
|27(P™ Vvt
<27 (P! — QUL V. (vt — vy
<C7h|lg" lolle"*lo

<OTh?||g™ ! |}F + =

| —27B(U", U™ vith) + 27 B(uy, ap T vt

=[—2rB(U" —u}, U™ vi*!) + 27 B(uy — U™, apt! — U™ vt
+27B(U™, up - U™ vt

=[—2rB(U" —u}, U™ vit ) 4 2rB(up — U™, ap ™! — U vt — vt gyt
+2rB(U", ap ! — Ut vt

<2T||6"||o||U”“|| Vv o+ 27[le® o[ Ve Hlo (v ™ — v || + [Iv™+|2)
+27][ U 2 [[E o[ VVR o

<O Vv R+ 2 el +
|2, (curl(W™ WZH) VZ+1)|

<2, (W" — with vvith)

L2 (w(t") — w(t") + w(t" ) — w(" T + W W - Wt "+1, VVZH)

<Or([w(t™) = wE™ D5 + 115 + IC"HHE) + rea[LHHIG + Ol Vv 3.

le™ 15,

TVO

— (G + VPR THE) + Cr(r + 1) [ Ve 5,

Taking sum of the above inequalities for n from 0 to N and invoking Gronwall’s Lemma, Lemma

(4.34), we deduce that

N N
IV S (ool I+ [V = vIR) < O ) 4 rer 3 IL R (4.49)
n=0 n=0

Set w", wj are solutions of the Poission’s Equations with g = L™, respectively. Then Lemma

[2:4] yields
lo" = @pllo + hlIV(@" = @})llo < Ch?||@" |2 < Ch*|[L" o (4.46)
From Lemma, it yields that
[ o + ([l —wp I < CIL o, V™ H o = L7 -1 (4.47)

Taking x5, = 27'wn+1 in 1) we have
25 (L™ — L™ ™) + 27¢y (VL™ Vot + 27¢o (div L™ dive) )

17



Noting
2j(L" ! — [, i)
=2j(V(wy ™ —@p), Ve ™)
=iV g = iIVeRI§ + V(@™ = wh)l5-
Using , , Holder’s inequality and Young’s inequality, there holds that
|27¢y (VLT Vet
=2r¢ (VLT + VM™ ! Vit
=27¢1 (VM Vo) + 27¢ (L), LY
=27¢1 || L" 3 + 27ei (VM™H Vbt ) — 27¢ (M L),
127¢1 (VM Vot — 27¢y (M, L)

<2re; (VM™, V(wpt! — o) 4+ Vet 4 Cr | M2 + 22 HIL

n n n n n TC n
<2rey (HIIV M o[ L™ lo + 1M o[+ |5) + O M +1||0 HILT
<Cri?[VM™ [+ C7l| MM 4+ LR + CrllM S + 12,

127¢o(div L™ div o) )|

<27¢o(VL", Ve t)
<YL + OV,
| — 87v, (LT it

TCl
— "G + Crl[ Ve G,

|47'l/,« (curle" ™ o th)|

<Crlle 5 + CrlIVer T,
| — 27 B(U", W oty — 275 B(uptt wit! o th)
=[ = 27jB(U", W i) + 27 B(up ™ wit! it — 27 B(UT — UL, Wi it

=[ = 27jB(U"" —upt!, Wi i) 4 27 BUP T —up ! LM ot — 27 B(UH L @

—27jB(U" — U™ Wt pth)|,
| —2rjB(U™ — uZ+1,W"+1,wZ+1)|
<Ol o[ W 12| Ve o
TV,
<Cr|[ Vet § + =1l 5,
|27’jB(U"+1 _ n+1 Ln+1 n+1)|
<CTIIG”“IIoIIVL"“II (Nl ¥t =2 || + ™+ l2)
TC
<Cr(r+1)|VL" 5 + — IIL”HIIO,
| _ 2TjB(Un+1,Ln+1, ZJFI)‘
<SOT[[U™ o [|IL" o Ve o
TC
<Cr|[ Vet g+ = — LG,
| —27rjB(U™ — U"+1 , Wit ity
=|27jB(e", W1 wZJrl) — 27§ B(e" T, WL, wZJrl) — 27 B(u(t" ™) —u(t"), Wt wZJrl)\

18

= —87u, (L™, ot + drv,(cwrl € ot — 27 B(UM, WL ity — 27 B(upt wi ! ot

(4.48)

)



<CT(||€"||0HW"“||0 + 1™ oW o + (@) — (™) (o W™ lo) ([l ™ — & || + | |2)
<cr? + ||Ln+1H0

Summing it over all n from 0 to IV and using discrete Gronwall’s Lemma, it yields that

N
Vw3 + ZJHVw"“ Vepli+ra Y IR <O Y. (149)
n=0

Thanks to Lemma[2:3] we get

N N
ILNFYZ 45 ) VI = VL2 4 rer Y ILHYG < O + 1Y), (4.50)

n=0 n=0
Combining (4.45) with (4.50), the proof is completed. O

5 Numeical results

In this section, numerical experiments are carried out to validate the efficacy of the proposed nu-
merical algorithm. All simulations are implemented via FreeFEM-++ [20], an open-source software
framework tailored for solving partial differential equations using the finite element method. Specif-
ically, we consider the two-dimensional time-dependent micropolar Navier-Stokes equations defined
on the unit square domain = [0, 1] x [0, 1], whose exact solutions are derived as follows:

uy =sin(2.0mx + t) sin(2.0my + ¢),
ug = cos(2.0mx + t) cos(2.0my + t),
(2.0m(z —y) + 1),

(2.0mx + t) sin(2.0my + t).

=sin

=sin

The boundary conditions and body force terms are derived from the exact solutions. For spatial
discretization, we adopt the P1b-P1-P1b finite element spaces, which satisfy the Ladyzhenskaya-
Babuska-Brezzi (LBB) condition, thus ensuring stability and optimal convergence. The temporal
and spatial step sizes are set as 7 = h? and h = 1/n;, with n, = 8,16,24,32,40, 48,56 to attain
optimal convergence rates. The numerical results presented in Tables [IH3] demonstrate optimal
convergence orders for different values of the material parameters v and v,.
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Table 1: The numerical results of v = 1.0, v, = 1.0 and T = 1 for 7 = hZ.

nn fuy —ullo (V@ —wlo ey =plle Jlwy’ —wNlo  [V(wy —wM)lo
8 0.162009 0.372432 3.85906 0.166341 0.358006
16 0.0429448 0.187683 1.33623 0.0460381 0.184439
24 0.0192728 0.124975 0.684293 0.020865 0.123638
32 0.0108722 0.093624 0.427185 0.0118179 0.0929071
40 0.00696452 0.0748366 0.297856 0.00758754 0.0743918
48 0.00483922 0.0623251 0.222347 0.00527855 0.0620231
56 0.00355589 0.0533964 0.174049 0.00388223 0.0531781
64 0.00272258 0.0467047 0.140967 0.00297438 0.0465397
np Uorder L2 UorderH'! PorderL? Worder L2 Worder H!
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