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A consistent projection method for the Micropolar

Navier-Stokes equations∗

Zhiyong Si † , Ziyi Li†, Yunxia Wang†

May 6, 2026

Abstract

In this paper, we introduce a consistent projection method, namely the Gauge-Uzawa method,
for the numerical solution of incompressible Micropolar Navier-Stokes Equations (MNSE). This
method integrates the advantages of both gauge and Uzawa methodologies into a unified vari-
ational framework. By adopting a fully discrete projection strategy, the scheme efficiently
decouples the computations of velocity, angular velocity, and pressure fields—thus enhancing
computational efficiency while maintaining numerical accuracy. We conduct a rigorous theo-
retical analysis of the proposed method, establishing its unconditional stability and deriving
optimal error estimates for all primary variables (velocity, angular velocity, and pressure) under
appropriate norms. Numerical experiments verify that the method achieves the expected conver-
gence order across a series of test cases. The results are in excellent agreement with theoretical
predictions, fully demonstrating the effectiveness and reliability of the proposed approach.

Keywords: Micropolar Navier-Stokes equations; Consistent projection method; Energy esti-
mates; Optimal error estimates

1 Introduction

In this paper, we investigate the Micropolar Navier-Stokes Equations (MNSE)—a time-dependent
system of partial differential equations that couples linear velocity and pressure with angular veloc-
ity. This model describes the dynamics of continuous media where material particles exhibit both
translational and rotational degrees of freedom. It plays a crucial role in modeling polarizable media
and has broad applications in fields including smart fluids, ferrofluid pumping, liquid crystals, and
collisional granular flows. Let Ω ⊂ Rd (d = 2, 3) denote a bounded, simply-connected domain that is
either convex or has a C1,1-smooth boundary ∂Ω. We propose and analyze a consistent projection
finite element method for the numerical solution of the MNSE. This method integrates the advan-
tages of both gauge and Uzawa methodologies into a unified variational framework and adopts a
fully discrete projection strategy, which efficiently decouples the computations of velocity, angular
velocity, and pressure fields, thereby enhancing computational efficiency while ensuring numerical
accuracy and stability. The MNSE are given as follows,







ut − (ν + νr)∆u+ (u · ∇)u+∇p = 2νr curlw + f ,
divu = 0,
jwt − (ca + cd)∆w + j(u · ∇)w − (c0 + cd − ca)∇ divw + 4νrw = 2νr curlu+ g,

(1.1)

for (x, t) ∈ QT , where QT = Ω × (0, T ] with T ∈ (0,∞) fixed; here, ut = ∂u
∂t

and wt = ∂w
∂t

.
Specifically, u denotes the velocity field, p the pressure, and w the angular velocity—all of which
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are the unknowns. The vector f represents the external body force density per unit mass, g denotes
the body moment source, j is the inertia density, and the constants ν, νr, ca, cd, and c0 are material
parameters (among which ν and νr are kinematic viscosities). For further discussions and derivations
of these equations, refer to [29]. The initial conditions for the velocity u and angular velocity w are
specified as follows:

u(x, 0) = u0(x),w(x, 0) = w0(x), (1.2)

and the boundary conditions are given for any x ∈ ∂Ω and t ∈ (0, T ),

u = 0,w = 0. (1.3)

To simplify notation, we set

ν0 = ν + νr, c1 = ca + cd, c2 = c0 + cd − ca, (1.4)

and assume c1, c2 > 0 (see, e.g., [25]).
In recent years, remarkable advancements have been achieved in both theoretical analysis and nu-

merical applications pertaining to the MNSE. Ortega and Rojas [30] derived optimal error estimates
for the penalty finite element method for the MNSE. Mitarai and Hayakawa [24] studied particle-
laden flows in micropolar fluids, a topic with wide-ranging applications across diverse disciplines.
Eringen laid the foundation for microcontinuum field theories of fluids and solids in [9, 10, 11]. Ad-
ditionally, Papautsky and Brazzle [32] explored the application of micropolar fluid theory to model
laminar flow in microchannels. Franchi and Straughan [12] analyzed the nonlinear stability of ther-
mal convection in micropolar fluids with temperature-dependent viscosity. Ciarletta [5] established
a theoretical framework for heat-conducting micropolar fluids and derived fundamental theorems for
unsteady thermal flows. Nochetto et. al. [29] proposed and analyzed a first-order semi-implicit fully
discrete scheme for the MNSE, and examined several of its key properties. Hills [22] established
uniqueness and continuous dependence results for linear micropolar fluid flows, whereas Forste [13]
investigated the existence of time-independent solutions for incompressible micropolar fluids under
specific transformations. Rosensweig [38] utilized the MNSE to examine the effect of ferrofluids on
magnetic fields and derived the corresponding magnetic field equation. Ren and Liu [36] proposed
three fractional-step finite element schemes for two- and three-dimensional unsteady incompress-
ible thermal micropolar fluid flows. Rinaldi and Zahn [37] investigated the role of spin viscosity
in determining ferrofluid flow profiles under alternating and rotating magnetic fields. Xin and Liu
[48] compared three iterative methods for finite element solutions of steady-state 2D/3D micropolar
fluid equations. Furthermore, the analysis and numerical modeling of the MNSE are motivated by
experimental studies, such as those on ferromagnetic fluid pumping. Zahn and Greer [50] performed
numerical simulations under spatially uniform and time-sinusoidal magnetizing fields, demonstrating
that angular momentum effects in the MNSE can effectively induce fluid motion. In [43, 42], we
presented rotational velocity-correction projection method and the modified characteristics FEMs
for the Micropolar Navier-Stokes Equations.

In the late 1960s, the projection method for decoupling velocity and pressure was pioneered by
Chorin [4] and Temam [45]. Projection methods fall broadly into three categories: velocity-correction
methods (see [15, 16]), pressure-correction methods (see [46, 35]), and consistent splitting methods
(see [17, 23, 40]). E and Liu [31, 8] first proposed the gauge method, introducing an auxiliary
vector field a and a gauge variable ϕ to solve the incompressible Navier-Stokes equations. Wang and
Liu [47] carried out theoretical analyses of E and Liu’s formulation, validating its computational
merits. They further examined the implicit gauge method, which adopts backward Euler or Crank-
Nicolson schemes for time discretization. However, the gauge method has certain limitations, such
as the non-variational nature of the boundary term involving ∂t. To mitigate these limitations
while retaining the merits of the gauge method, Nochetto and Pyo [26] introduced a new vector
variable ũn+1 subject to the zero boundary condition ũn+1 = an+1 + ∇ϕn. Through a sequence
of technical manipulations and innovations, they developed the gauge-Uzawa method—also termed
the consistent projection method. In recent years, a growing number of researchers have applied
the consistent projection method to various fluid dynamic equations. For example, Nochetto and
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Pyo [27] derived error estimates for the semi-discrete gauge method for the Navier-Stokes equations.
For time-dependent viscoelastic Oldroyd flows, Si et al. [44] proposed a gauge-Uzawa finite element
method and established optimal error estimates. Yang and Si [49] studied a consistent projection
finite element method for incompressible magnetohydrodynamic (MHD) equations, while Si and Hou
[41] extended its use to non-stationary incompressible thermally coupled MHD equations.

In this paper, we propose and analyze a fully discrete consistent projection method (Gauge-
Uzawa method) for the MNSE. Error estimation for this method is quite challenging; to overcome
these challenges, we first derive semi-discrete error estimates for the velocity and angular velocity,
and establish the bound ∥U∥2 ≤ C, which together lay the foundation for deriving the fully discrete
error estimates. The remainder of the paper is organized as follows: In Section 2, we introduce the
consistent projection scheme and elaborate on the necessary functional framework for the MNSE.
Section 3 is dedicated to analyzing the stability of the numerical solutions. In Section 4, we derive
error estimates for the proposed consistent projection finite element method for the MNSE. Finally,
in Section 5, we report numerical experiments to verify the theoretical results.

2 Notation and preliminaries

In this section, we first introduce the necessary notations for subsequent analysis. We adopt Sobolev
spaces L2(Ω)d and H1(Ω)d, which are endowed with the norms ∥ · ∥0 and ∥ · ∥1, respectively. The
standard L2-inner product, which applies to both scalar and vector-valued functions on Ω, is denoted
by the pairing (·, ·). Additionally, we further define the following Sobolev spaces:

X = H1
0 (Ω)

d, d = {2, 3}, H1
0 (Ω) =

{

v ∈ H1(Ω),v|∂Ω = 0
}

,

M = L2
0(Ω) =

{

q ∈ L2(Ω) :

∫

Ω

qdx = 0

}

,

V = {v ∈ X, divv = 0},

W = H1
n(Ω) = {v ∈ H1(Ω)d,v · n|∂Ω = 0}.

The Sobolev space H1
0 (Ω)

d is equipped with the following norm:

∀α ∈ H1
0 (Ω)

d, ∥α∥1 =
√

(∥∇α∥20 + ∥α∥20). (2.1)

Furthermore, let Th be a family of regular and quasi-uniform triangulations of Ω, consisting of
triangles (for d = 2) or tetrahedrons (for d = 3) Kj with j = 1, 2, . . . , N . Here, h = maxK∈Th

hK
denotes the mesh size, where hK is the diameter of elementK [3, 2, 14]. The scalar and vector-valued
finite element spaces are:

Xh := {vh ∈ X : vh|k ∈ Pk(k)
d (d = 2, 3)},

Vh := {vh ∈ Xh : ∇ · vh = 0},

Ph := {qh ∈ L2
0(Ω) ∩ C

0(Ω) : qh|k ∈ Pl(K), ∀K ∈ Th},

Yh := {vh ∈ C0(Ω)d : vh|k ∈ Pk(k)
d (d = 2, 3)},

Wh := Yh ∩H1
0 (Ω),

Here, Pk(K), Pq(K), and Pl(K) are polynomial spaces whose degrees are uniformly bounded with
respect to K ∈ Th [3, 2, 14]. Let Z(Ω) = {z ∈ H1

0 (Ω)
d : ∇ · z = 0} and Z(Ω)∗ denote the dual

space of Z(Ω), endowed with the norm ∥ · ∥∗. Let 0 < t1 < · · · < tN+1 = T be a uniform partition
of the time interval [0, T ] with tn = nτ , where τ = T/(N + 1) denotes the time step size and N is a
positive integer. We define the backward difference quotient operator as

Dτf
n =

fn − fn−1

τ
,

where {fn}N+1
n=0 is a sequence of functions.
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For a nonnegative integer m and r ∈ [1,∞], we consider the Sobolev space Wm,r(Ω), which is
equipped with the norm (see [3]) as follows:

∥f∥m,r =

{

(
∑

|α|≤m

∫

Ω
|Dαf |rdx)

1
r , 1 ≤ r <∞,

∑

|α| esssupx∈Ω|D
αf(x)|, r = ∞,

where ∂α = ∂|α|

∂x
α1
1

···∂x
αd
d

for the multi-index α = (α1, . . . , αd) with |α| = α1 + · · ·+αd and αi ≥ 0 for

i = 1, . . . , d. We further denote ∂t as the partial derivative with respect to time. Let τ > 0 be the
time step, and set tk = kτ for 0 ≤ k ≤ K, where K = [T/τ ] denotes the integer part of T/τ .

Next, we define the following trilinear form as follows, for all u ∈ V, v,w ∈ X,

B(u,v,w) =

∫

Ω

(u · ∇)v ·wdx+
1

2

∫

Ω

(divu)v ·wdx,

and the properties of the trilinear form [1, 18, 19] are helpful in our analysis

B(u,w,v) = −B(u,v,w), u ∈ V,v,w ∈ X,

|B(u,v,w)| ≤ C2
0∥∇u∥0∥∇v∥0∥∇w∥0, u,v,w ∈ X,

|B(u,v,w)| ≤
N

2
∥u∥0(∥∇v∥0∥w∥L∞ + ∥v∥L6∥∇w∥L3), u ∈ L2(Ω)d,v ∈ X,w ∈ L∞(Ω)d ∩X,

|B(u,v,w)| ≤
N

2
(∥u∥L∞∥∇v∥0 + ∥∇u∥L3∥v∥L6)∥w∥0, u ∈ L∞(Ω)d ∩X,v ∈ X,w ∈ L2(Ω)d,

∥v∥0 ≤ γ0∥∇v∥0, ∥v∥L3 ≤ C∥v∥
1
2

0 ∥∇v∥
1
2

0 , ∥v∥L6 ≤ C∥∇v∥0, ∀v ∈ X,

∥v∥L∞ ≤ C∥v∥
1
2

1 ∥v∥
1
2

2 , ∀v ∈ H2(Ω)d,

∥∇v∥20 = ∥∇ · v∥20 + ∥∇ × v∥20, ∀v ∈ H1
0 (Ω)

d,

|||u||| = ∥u∥L∞ + ∥∇u∥L3 , ∀u ∈ X.

Here, N > 0 is a constant, γ0 is a positive constant depending only on Ω, and C0 is an embedding
constant also depending only on Ω. We denote C as a generic positive constant, which may depend
on the data and the solution and whose value may differ in different contexts. We assume that the
pair Xh × Ph satisfies the discrete inf-sup condition.

∃β > 0, ∀qh ∈ Ph, β∥qh∥0 ≤ sup
vh∈Xh∩H1

0
(Ω)

(qh,∇ · vh)

∥∇vh∥0
.

The following properties of B(·, ·, ·) for all uh ∈ Vh, vh,wh ∈ Xh are as follow

B(uh,vh,wh) = −B(uh,vh,wh), B(uh,vh,vh) = 0.

Lemma 2.1 (Grad-Div inequality [33, 34]) If v ∈ H1
0 (Ω) we can get

∥∇ · v∥0 ≤ ∥∇v∥0.

We recall a discrete version of Grönwall’s inequality established in [1].
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Lemma 2.2 [1] Let an, bn, cn and γn, for integer n ≥ 0, be the nonnegative numbers such that

am + τ

m
∑

n=0

bn ≤ τ

m
∑

n=0

γnan + τ

m
∑

n=0

cn +B, ∀m ≥ 0. (2.2)

Suppose that τγn < 1, for all n, and set σn = (1− τγn)
−1. Then

am + τ

m
∑

n=0

bn ≤ exp(τ

m
∑

n=0

γnσn)(τ

m
∑

n=0

cn +B), ∀m ≥ 0. (2.3)

Assumption (A1): The initial data u0,w0, and the body forces f ,g satisfy

∥Au0∥0 + ∥Aw0∥0 + sup
0≤t≤T

{∥f(t)∥0 + ∥g(t)∥0} ≤ C. (2.4)

Assumption (A2): We assume that the MNSE problem has a unique strong solution (u,w, p)
on [0, T ] such that

sup
0≤t≤T

(∥Au(t)∥0 + ∥w(t)∥0 + ∥p(t)∥1 + ∥ut(t)∥0 + ∥wt(t)∥0)

+

∫ T

0

(∥ut∥
2
1 + ∥wt∥

2
1 + ∥pt∥

2
1 + ∥utt∥

2
0 + ∥wtt∥

2
0)dt ≤ C.

(2.5)

Assumption (A3): In order to get the optimal approximation order of the velocity, we need
further regularity assumptions as follows

sup
0≤t≤T

(∥∇ut(t)∥0 + ∥∇ ×∇× ut(t)∥0 + ∥utt(t)∥0 + ∥wtt(t)∥0 + ∥pt(t)∥1)

+

∫ T

0

(∥Aut∥
2
0 + ∥wt∥

2
2 + ∥utt∥

2
0 + ∥ptt∥

2
1)dt ≤ C. (2.6)

Assumption (A4): [26, 28, 44, 41] Assume that the boundary of Ω is smooth enough that the
unique solution θ of the steady Poisson problem

−∆θ = φ, in Ω, θ|Γd
= 0,

∂θ

∂n

∣

∣

∣

∣

Γn

= 0, (2.7)

for prescribed φ ∈ L2(Ω) satisfies
∥θ∥2 ≤ c∥φ∥0; (2.8)

the steady Stokes problem

−∆v +∇q = f , div v = 0, in Ω, v|∂Ω = 0, (2.9)

for prescribed f ∈ L2(Ω)3 has a unique solution (v, q) which satisfies

∥v∥2 + ∥q∥1 ≤ c∥f∥0, (2.10)

and Maxwell’s equations

curl curlB = s, divB = 0, in Ω, n× curlB = 0, B · n = 0 on ∂Ω, (2.11)

for the prescribed s ∈ L2(Ω)3 admit a unique solution B ∈ Vn which satisfies

∥B∥2 ≤ c∥s∥0. (2.12)

In [6], we can see the validity of Assumption (A4) if ∂Ω is of C2 or if Ω is a convex polyhedron.
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Lemma 2.3 ([26]) Now let (vh, qh) ∈ Vh × Ph indicate the finite element solution of (2.9) namely

(∇vh,∇vh)− (qh,∇ · vh) = (f, vh), ∀vh ∈ Vh,

(rh,∇ · vh) = 0, ∀rh ∈ Ph.

Let (v, q) ∈ X ×M be the solution of (2.9), there holds that

∥v − vh∥0 + h∥v − vh∥1 + h∥q − qh∥0 ≤Chk+1(∥v∥k+1 + ∥q∥k),

∥f∥∗ ≤C∥∇v∥0 ≤ ∥f∥0 + C∥∇vh∥0.

Furthermore, we have

|||v − vh||| = ∥v − vh∥L∞(Ω) + ∥∇(v − vh)∥L3(Ω) ≤ ∥f∥0.

Lemma 2.4 ([28]) Let ϖ ∈ H1
0 (Ω) be the solution of the Poission’s equations (2.11) and ϖh ∈

Th(Ω) indicate the finite element solution of (2.11) given as follows

(∇ϖh,∇χh) + (∇ ·ϖh,∇ · χh) = (g, χh), ∀χh ∈Wh.

Then, there holds that

∥ϖ −ϖh∥0 + h∥ϖ −ϖh∥1 ≤ Ch2∥g∥0,

|||ϖ −ϖh||| ≤ ∥g∥0.

In addition, we define the Stokes projection (Rh(u, p), Qh(u, p)) : (X,M) −→ (Xh, Ph) by

ν0(∇(Rh(u, p)− u),∇vh)− (Qh(u, p)− p, divvh) = 0, ∀vh ∈ Xh,

(div(Rh(u, p)− u), qh) = 0, ∀qh ∈ Ph.

Lemma 2.5 ([7]) Assume that u ∈ H2
0 (Ω)

d ∩Hr+1(Ω)d and p ∈ L2
0(Ω) ∩H

r(Ω) (d=2,3). Then,

∥Rh(u, p)− u∥0 + h(∥∇(Rh(u, p)− u)∥0 + ∥Qh(u, p)− p∥0) ≤ Chr+1(∥u∥r+1 + ∥p∥r),

and
∥Rh(u, p)∥L∞ ≤ C(∥u∥2 + ∥p∥1). (2.13)

Lemma 2.6 ([7]) If (u, p) ∈W 2,k(Ω)d ×W 1,k(Ω) for k > d (d=2,3),

∥∇Rh(u, p)∥L∞ ≤ C(∥u∥W 1,∞ + ∥p∥L∞). (2.14)

For simplicity, we denote [7] Rn
h = Rh(U

n, Pn), Qn
h = Qh(U

n, Pn), Rn
1h = R1h(W

n), n =
1, 2, . . . ,M, where R1h :W →Wh are the H1-orthogonal projection, then

(∇R1h(W)−∇W,∇χh) + (∇ ·R1h(W),∇ · χh) = 0, ∀χh ∈Wh.

If W ∈ T ∩Hr+1(Ω), there holds that

∥R1h(W)−W∥0 + h∥∇(R1h(W)−W)∥0 ≤ Chr+1∥W∥r+1, (2.15)

∥R1h(W)∥L∞ ≤ C∥W∥2, ∥∇R1h(W)∥L∞ ≤ C∥W∥W 1,∞ . (2.16)

Next, we give the consistent projection method as follows.

Algorithm 2.1 (The Consistent Projection Scheme) The initial data are given as s0h, (u
0
h,w

0
h) is

given as follows

ũ0
h = u0

h = u0, w̃
0
h = w0

h = w0, s
0
h = 0, (2.17)
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Step 1. Compute ũn+1
h ∈ Xh as the solution of

(

ũn+1
h − un

h

τ
, vh

)

+B(un
h, ũ

n+1
h , vh) + ν0(∇ũn+1

h ,∇vh)− ν0(s
n
h, div vh)

=2νr(curlw
n+1
h , vh) + (f(tn+1), vh), ∀vh ∈ Xh. (2.18)

Step 2. Compute ρn+1
h ∈ Ph as the solution of

(∇ρn+1
h ,∇ψh) = (∇ · ũn+1

h , ψh), ∀ψh ∈ Ph. (2.19)

Step 3. Update sn+1
h ∈ Ph according to

(sn+1
h , qh) = (snh, qh)− (∇ · ũn+1

h , qh), ∀qh ∈ Ph. (2.20)

Step 4. Update un+1
h ∈ Xh ⊕∇Ph according to

un+1
h = ũn+1

h +∇ρn+1
h . (2.21)

Step 5. Compute pn+1
h ∈ Ph via

pn+1
h = ν0s

n+1
h −

1

τ
ρn+1
h . (2.22)

Step 6. Compute wn+1
h ∈Wh via

j

(

wn+1
h −wn

h

τ
, χh

)

+ c1(∇wn+1
h ,∇χh) + jB(un+1

h ,wn+1
h , χh)− c2(∇ divwn+1

h , χh)

+ 4νr(w
n+1
h , χh) = 2νr(curlu

n+1
h , χh) + (g(tn+1), χh), ∀χh ∈Wh. (2.23)

3 Stability analysis

Theorem 3.1 Suppose that Assumptions (A1-A3) are satisfied, then the consistent projection
FEM is unconditional stable in the sense that, for all τ > 0, there exists a priori bound such that

∥uN+1
h ∥20 + j∥wN+1

h ∥20 + τν0∥s
N+1
h ∥20 +

N
∑

n=0

(∥un+1
h − un

h∥
2
0 + ∥wn+1

h −wn
h∥

2
0

+
τν0
2

∥∇ũn+1
h ∥20 + τc1∥∇wn+1

h ∥20 + τνr∥w
n+1
h ∥20 + 2τc2∥ divw

n+1
h ∥20 + 2∥∇ρn+1

h ∥20) ≤ C. (3.1)

Proof. Setting vh = 2τ ũn+1
h in (2.18), we deduce that

2(ũn+1
h − un

h, ũ
n+1
h ) + 2τν0∥∇ũn+1

h ∥20

=4τνr(curlw
n+1
h , ũn+1

h ) + 2τν0(s
n
h, div ũ

n+1
h ) + 2τ(f(tn+1), ũn+1

h ). (3.2)

Thanks to (2.21), we derive that

(ũn+1
h − un

h, ũ
n+1
h ) =(un+1

h −∇ρn+1
h − un

h,u
n+1
h −∇ρn+1

h )

=(un+1
h − un

h,u
n+1
h ) + (∇ρn+1

h ,∇ρn+1
h ). (3.3)

Using (2.20), we deduce that

2(snh, div ũ
n+1
h ) =2(snh − sn+1

h , snh)

=∥snh∥
2
0 − ∥sn+1

h ∥20 + ∥snh − sn+1
h ∥20. (3.4)
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Thanks to (2.20), it infers that

∥snh − sn+1
h ∥0 ≤ ∥∇ · ũn+1

h ∥0 ≤ ∥∇ũn+1
h ∥0. (3.5)

Setting χh = 2τwn+1
h in (2.23), we derive that

2j(wn+1
h −wn

h ,w
n+1
h ) + 2τc1∥∇wn+1

h ∥20 + 8τνr∥w
n+1
h ∥20 + 2τc2∥ divw

n+1
h ∥20

=4τνr(curlu
n+1
h ,wn+1

h ) + 2τ(g(tn+1),wn+1
h ). (3.6)

Using Hölder’s inequality and Young’s inequality, we deduce that

|4τνr(curlw
n+1
h , ũn+1

h )| ≤
τc1
2

∥ curlwn+1
h ∥20 + Cτ∥un+1

h ∥20 + Cτ∥∇ρn+1
h ∥20,

|2τ(f(tn+1), ũn+1
h )| ≤ Cτ∥f(tn+1)∥20 +

τc1
2

∥∇ũn+1
h ∥20,

|4τνr(curlu
n+1
h ,wn+1

h )| ≤
τν0
2

∥ curlwn+1
h ∥20 + Cτ∥un+1

h ∥20,

|2τ(g(tn+1),wn+1
h )| ≤ Cτ∥g(tn+1)∥20 + 7τνr∥w

n+1
h ∥20.

Combining above inequalities with (3.2), (3.6)

∥un+1
h ∥20 − ∥un

h∥
2
0 + ∥un+1

h − un
h∥

2
0 + 2∥∇ρn+1

h ∥20 +
τν0
2

∥∇ũn+1
h ∥20

+ j(∥wn+1
h ∥20 − ∥wn

h∥
2
0 + ∥wn+1

h −wn
h∥

2
0) + τc1∥∇wn+1

h ∥20

+ τνr∥w
n+1
h ∥20 + 2τc2∥ divw

n+1
h ∥20 + τν0(∥s

n+1
h ∥20 − ∥snh∥

2
0)

≤Cτ(∥un+1
h ∥20 + ∥∇ρn+1

h ∥20 + ∥f(tn+1)∥20 + ∥g(tn+1)∥20). (3.7)

Summing (3.7) with respect to n from 0 to N and using Gronwall’s Lemma, we complete the
proof.

4 Error estimates

To derive the error estimates, we set the initial values as U0 = u0 and W0 = w0, and then compute
Un+1 ∈ X ∩H2(Ω)d and Wn+1 ∈W ∩H2(Ω)d for spatial dimensions d = 2, 3.

Un+1 −Un

τ
− ν0∆Un+1 + (Un · ∇)Un+1 +∇Pn+1 = 2νr curlW

n + f(tn+1), (4.1)

∇ ·Un+1 = 0, (4.2)

j
Wn+1 −Wn

τ
− c1∆Wn+1 + j(Un · ∇)Wn+1 − c2∇ divWn+1 + 4νrW

n+1

=2νr curlU
n+1 + g(tn+1). (4.3)

To get Theorem 4.1, we derive the following Lemma.

Lemma 4.1 Suppose Assumptions (A1-A2) are satisfied, we deduce that

∥UN+1∥20 + j∥WN+1∥20 + τ

N
∑

n=0

(

ν0∥∇Un+1∥20 + c1∥∇Wn+1∥20

+ 2c2∥ divW
n+1∥20 + 8νr∥W

n+1∥20

)

≤ C. (4.4)

∥∇UN+1∥20 + ν0τ

N
∑

n=0

∥AUn+1∥20 ≤ C. (4.5)
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Proof. Testing (4.1) by 2τUn+1, (4.3) by 2τWn+1, we can get

2(Un+1 −Un,Un+1) + 2τν0∥∇Un+1∥20 = 4τνr(curlW
n,Un+1) + 2τ(f(tn+1),Un+1), (4.6)

2j(Wn+1 −Wn,Wn+1) + 2τc1∥∇Wn+1∥20 + 2τc2∥ divW
n+1∥20 + 8τνr∥W

n+1∥20

=4τνr(curlU
n+1,Wn+1) + 2τ(g(tn+1),Wn+1). (4.7)

Using Hölder’s inequality and Young’s inequality, we deduce that

|4τνr(curlW
n,Un+1)| ≤ 4τνr∥W

n∥0∥ curlU
n+1∥0 ≤

τν0
2

∥∇Un+1∥20 + Cτ∥Wn∥20,

|2τ(f(tn+1),Un+1)| ≤ 2τ∥f(tn+1)∥0∥U
n+1∥0 ≤

τν0
2

∥∇Un+1∥20 + Cτ∥f(tn+1)∥20,

|4τνr(curlU
n+1,Wn+1)| ≤ 4τνr∥U

n+1∥0∥ curlW
n+1∥0 ≤

τν0
2

∥∇Wn+1∥20 + Cτ∥Un+1∥20,

|2τ(g(tn+1),Wn+1)| ≤ 2τ∥g(tn+1)∥0∥W
n+1∥0 ≤

τc1
2

∥∇Wn+1∥20 + Cτ∥g(tn+1)∥20.

Combining above inequalities with (4.6) and (4.7), it yields that

∥Un+1∥20 − ∥Un∥20 + ∥Un+1 −Un∥20 + j(∥Wn+1∥20 − ∥Wn∥20 + ∥Wn+1 −Wn∥20)

+ τν0∥∇Un+1∥20 + τc1∥∇Wn+1∥20 + 2τc2∥ divW
n+1∥20 + 8τνr∥W

n+1∥20

≤Cτ(∥f(tn+1)∥20 + ∥g(tn+1)∥20 + ∥Wn∥20 + ∥Un+1∥20). (4.8)

Adding it with respect to n from n = 0 to n = N and using Gronwall’s Lemma, we derive that

∥UN+1∥20 + j∥WN+1∥20 + τ

N
∑

n=0

(ν0∥∇Un+1∥20 + c1∥∇Wn+1∥20

+ 2c2∥ divW
n+1∥20 + 8νr∥W

n+1∥20) ≤ C. (4.9)

Testing (4.1) by 2τAUn+1, we deduce that

∥∇Un+1∥20 − ∥∇Un∥20 + ∥∇(Un+1 −Un)∥20 + 2ν0τ∥AUn+1∥20 + 2τ(Un · ∇Un+1,AUn+1)

=4νrτ(curlW
n,Un+1) + 2τ(f(tn+1),Un+1).

Using Young’s and Cauchy’s inequalities, there holds that

2τ(Un · ∇Un+1,AUn+1) ≤
ν0τ

4
∥AUn+1∥20 + Cτ∥∇Un∥20∥AUn∥20.

4νrτ(curlW
n,AUn+1) ≤

ν0τ

4
∥AUn+1∥20 + Cτ∥∇Wn∥20.

2τ(f(tn+1),AUn+1) ≤
ν0τ

4
∥AUn+1∥20 + Cτ∥f(tn+1)∥20.

Then, we arrive at

∥∇Un+1∥20 − ∥∇Un∥20 + ∥∇(Un+1 −Un)∥20 + ν0τ∥AUn+1∥20

≤Cτ∥∇Un∥20∥AUn∥20 + Cτ∥∇Wn∥20 + Cτ∥f(tn+1)∥20. (4.10)

Taking sum of (4.10) over all n and using Gronwall’s lemma, it yields that

∥∇UN+1∥20 + ν0τ

N
∑

n=0

∥AUn+1∥20 ≤ C.

The proof is completed.
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Lemma 4.2 Suppose the assumptions (A1-A2) are satisfied, we deduce that

ν0∥∇UN+1∥20 + c1∥∇WN+1∥20 + c2∥ divW
n+1∥20

+ ν0

N
∑

n=0

∥∇Un+1 −∇Un∥20 + τ

N
∑

n=0

(

ν0∥DτU
n+1∥20 + j∥DτW

n+1∥20

)

≤ C. (4.11)

Proof. Testing (4.1) by 2τDτU
n+1, (4.3) by 2τDτW

n+1, it yields that

2τ∥DτU
n+1∥20 + 2τj∥DτW

n+1∥20 + ν0
(

∥∇Un+1∥20 − ∥∇Un∥20 +∥∇Un+1 −∇Un∥20
)

+ c1
(

∥∇Wn+1∥20 − ∥∇W∥20 + ∥∇Wn+1 −∇Wn∥20
)

+ c2
(

∥ divWn+1∥20 − ∥ divW∥20 + ∥ divWn+1 − divWn∥20
)

≤4τνr(curlW
n, DτU

n+1) + 2τ(f(tn+1), DτU
n+1)− 2τ

(

(Un · ∇)Un+1, DτU
n+1

)

− 2τj((Un · ∇)Wn+1, DτW
n+1) + 4τνr(curlU

n+1, DτW
n+1) + 2τ(g(tn+1), DτW

n+1)

≤
τ

4
∥DτU

n+1∥20 + Cτ∥∇Wn∥20 +
τ

4
∥DτU

n+1∥20 + Cτ∥f(tn+1)∥20 +
τ

4
∥DτU

n+1∥20

+ Cτ∥AUn∥20∥∇Un+1∥20 +
τj

4
∥DτW

n+1∥20 + Cτ∥AUn∥20∥∇Wn+1∥20

+
τj

4
∥DτW

n+1∥20 + Cτ∥∇Un+1∥20 +
τj

4
∥DτW

n+1∥20 + Cτ∥g(tn+1)∥20. (4.12)

Summing it over all n and using (4.9), (4.32), Gronwall’s Lemma, we derive that

ν0∥∇UN+1∥20 + c1∥∇WN+1∥20 + c2∥ divW
N+1∥20

+ ν0

N
∑

n=0

∥∇Un+1 −∇Un∥20 + τ

N
∑

n=1

(

∥DτU
n+1∥20 + j∥DτW

n+1∥20
)

≤ C. (4.13)

Therefore, the Lemma 4.1 is completed.

Theorem 4.1 Suppose that the assumptions (A1-A3) are satisied, and denote the error as follows

εn+1 = u(tn+1)−Un+1, ζn+1 = w(tn+1)−Wn+1, ϱn+1 = p(tn+1)− Pn+1.

Then, there holds that

∥εN+1∥20 + j∥ζN+1∥20 + τ
N
∑

n=0

(

ν0∥∇ε
n+1∥20 + c1∥∇ζ

n+1∥20 + 2c2∥ div ζ
n+1∥20 + 8νr∥ζ

n+1∥20
)

≤ Cτ2,

(4.14)

and

τ

N
∑

n=0

∥ϱn+1∥20 ≤ Cτ2. (4.15)

Proof. Taking t = tn+1 in (1.1), we obtain

u(tn+1)− u(tn)

τ
− ν0∆u(tn+1) + (u(tn+1) · ∇)u(tn+1) +∇p(tn+1)

=2νr curlw(tn+1) + f(tn+1)−Rn+1
u , (4.16)

divu(tn+1) = 0, (4.17)

j(w(tn+1)−w(tn))

τ
− c1∆w(tn+1) + j(u(tn+1) · ∇)w(tn+1)− c2∇ divw(tn+1) + 4νrw(tn+1)
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=2νr curlu(t
n+1) + g(tn+1)−Rn+1

w , (4.18)

where

Rn+1
u =

1

τ

∫ tn+1

tn
(t− tn)uttdt, R

n+1
w =

j

τ

∫ tn+1

tn
(t− tn)wttdt. (4.19)

Subtracting (4.1), (4.2), (4.3) from (4.16), (4.17), (4.18), respectively, we derive that

εn+1 − εn

τ
− ν0∆ε

n+1 +∇ϱn+1 +
(

(u(tn+1) · ∇)u(tn+1)− (Un · ∇)Un+1
)

=2νr curl(w(tn+1)−Wn)−Rn+1
u , (4.20)

div εn+1 = 0, (4.21)

j(ζn+1 − ζn)

τ
− c1∆ζ

n+1 + j[(u(tn+1) · ∇)w(tn+1)− (Un · ∇)Wn+1]− c2∇ div ζn+1 + 4νrζ
n+1

=2νr curl ε
n+1 −Rn+1

w . (4.22)

Testing (4.20) by 2τεn+1, we get

∥εn+1∥20 − ∥εn∥20 + ∥εn+1 − εn∥20 + 2τν0∥∇ε
n+1∥20 = 4τνr(curl(w(tn+1)−Wn), εn+1)

− 2τ(Rn+1
u , εn+1)− 2τ

(

((u(tn+1)− u(tn)) · ∇)u(tn+1), εn+1
)

− 2τ
(

(εn · ∇)u(tn+1), εn+1
)

.

(4.23)

Using Hölder’s inequality and Young’s inequality, we deduce that

|4τνr(curl(w(tn+1)−Wn), εn+1)| ≤
τν0
5

∥∇εn+1∥20 + Cτ∥ curl(w(tn+1)−w(tn))∥20

+
τc1
2

∥∇ζn∥20 + Cτ∥εn+1∥20,

|2τ(Rn+1
u , εn+1)| ≤

τν0
5

∥∇εn+1∥20 + Cτ∥Rn+1
u ∥20,

| − 2τ
(

(u(tn+1)− u(tn)) · ∇u(tn+1), εn+1
)

| ≤2τ∥u(tn+1)− u(tn)∥0∥∇u(tn+1)∥L3∥εn+1∥L6

≤
τν0
5

∥∇εn+1∥20 + Cτ∥u(tn+1)− u(tn)∥20,

| − 2τ((εn · ∇)u(tn+1), εn+1)| ≤2τ∥εn∥0∥∇u(tn+1)∥L3∥εn+1∥L6

≤
τν0
5

∥∇εn+1∥20 + Cτ∥εn∥20.

Taking sum of above inequalities, it follows that

∥εn+1∥20 − ∥εn∥20 + ∥εn+1 − εn∥20 + τν0∥∇ε
n+1∥20

≤Cτ
(

∥Rn+1
u ∥20 + ∥u(tn+1)− u(tn)∥20 +∥ curl(w(tn+1)−w(tn))∥20 + ∥εn∥20 + ∥εn+1∥20 + ∥∇ζn∥20

)

.
(4.24)

Testing (4.22) by 2τζn+1, we obtain

j(∥ζn+1∥20 − ∥ζn∥20 + ∥ζn+1 − ζn∥20) + 2τc1∥∇ζ
n+1∥20 + 2τc2∥ div ζ

n+1∥20 + 8τνr∥ζ
n+1∥20

≤4τνr(curl ε
n+1, ζn+1)− 2τ(Rn+1

w , ζn+1)− 2τj(((u(tn+1) · ∇)w(tn+1)− (Un · ∇)Wn+1), ζn+1)

≤4τνr(curl ε
n+1, ζn+1)− 2τ(Rn+1

w , ζn+1)− 2τj[((u(tn+1) · ∇)w(tn+1), ζn+1) + ((εn · ∇)wn+1, ζn+1)

− ((u(tn) · ∇)w(tn+1), ζn+1)]

≤4τνr(curl ε
n+1, ζn+1)− 2τ(Rn+1

w , ζn+1)− 2τj[(((u(tn+1)− u(tn)) · ∇)w(tn+1), ζn+1)
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+ ((εn · ∇)wn+1, ζn+1)]

≤
τν0
5

∥∇εn+1∥20 + Cτ∥ζn+1∥20 + Cτ∥Rn+1
w ∥20 + Cτ∥∇(u(tn+1)− u(tn))∥20

+ ∥εn∥L6∥∇w(tn+1)∥L3∥ζn+1∥0

≤
τν0
5

∥∇εn+1∥20 + Cτ∥ζn+1∥20 + Cτ∥Rn+1
w ∥20 +

τc1
2

∥∇ζn+1∥20 + Cτ∥∇(u(tn+1)− u(tn))∥20. (4.25)

Taking sum of (4.24) and (4.25), we derive that

∥εn+1∥20 − ∥εn∥20 + ∥εn+1 − εn∥20 + τν0∥∇ε
n+1∥20 + j(∥ζn+1∥20 − ∥ζn∥20 + ∥ζn+1 − ζn∥20)

+ τc1∥∇ζ
n+1∥20 + 2τc2∥ div ζ

n+1∥20 + 8τνr∥ζ
n+1∥20

≤Cτ(∥Rn+1
u ∥20 + ∥Rn+1

w ∥20 + ∥εn∥20 + ∥εn+1∥20 + ∥ζn+1∥20

+ ∥ curl(w(tn+1)−w(tn))∥20 + ∥∇(u(tn+1)− u(tn))∥20). (4.26)

Here, we have used

N
∑

n=0

(

∥∇(u(tn+1)− u(tn))∥20 + ∥ curl(w(tn+1)−w(tn))∥20
)

≤ Cτ,

N
∑

n=0

(

∥Rn+1
u ∥20 + ∥Rn+1

w ∥20
)

≤ Cτ.

Taking sum of (4.26) over n from 0 to N and using the Gronwall’s Lemma, there holds that

∥εN+1∥20 + j∥ζN+1∥20 + τ

N
∑

n=0

(

ν0∥∇ε
n+1∥20 + c1∥∇ζ

n+1∥20 + 2c2∥ div ζ
n+1∥20 + 8νr∥ζ

n+1∥20
)

≤ Cτ2.

(4.27)

We are now starting to prove (4.15). Testing (4.20) by 2τDτε
n+1, it yields that

2τ
(

Dτε
n+1, Dτε

n+1
)

− 2τν0
(

∆εn+1, Dτε
n+1

)

+ 2τ
(

((u(tn+1)− u(tn)) · ∇)u(tn+1), Dτε
n+1

)

+ 2τ
(

(εn · ∇)u(tn+1), Dτε
n+1

)

+ 2τ
(

(Un · ∇)εn+1, Dτε
n+1

)

=4τνr
(

curl(w(tn+1)−Wn), Dτε
n+1

)

− 2τ
(

Rn+1
u , Dτε

n+1
)

. (4.28)

Using Hölder’s inequality and Young’s inequality, we deduce that

|2τ
(

((u(tn+1)− u(tn)) · ∇)u(tn+1), Dτε
n+1

)

| ≤Cτ∥u(tn+1)− u(tn)∥L3∥∇u(tn+1)∥L6∥Dτε
n+1∥0

≤
τ

5
∥Dτε

n+1∥20 + Cτ∥∇(u(tn+1)− u(tn))∥20,

|2τ
(

(εn · ∇)u(tn+1), Dτε
n+1

)

| ≤Cτ∥εn∥L3∥∇u(tn+1)∥L6∥Dτε
n+1∥0

≤
τ

5
∥Dτε

n+1∥20 + Cτ∥∇εn∥20,

|2τ
(

(Un · ∇)εn+1, Dτε
n+1

)

| ≤Cτ∥Un∥2∥∇ε
n+1∥0∥Dτε

n+1∥0

≤
τ

5
∥Dτε

n+1∥20 + Cτ∥Un∥22∥∇ε
n+1∥20,

|4τνr
(

curl(w(tn+1)−Wn), Dτε
n+1

)

| ≤4τνr(∥ curl(w(tn+1)−w(tn))∥0 + ∥∇ζn∥0)∥Dτε
n+1∥0

≤
τ

5
∥Dτε

n+1∥20 + Cτ(∥∇ζn∥20 + ∥ curl(w(tn+1)−w(tn))∥20),

Using Young’s inequality, there holds that

| − 2τ
(

Rn+1
u , Dτε

n+1
)

| ≤
τ

5
∥Dτε

n+1∥20 + Cτ∥Rn+1
u ∥20.

12



Taking sum of the above inequalities with (4.28), we have

τ∥Dτε
n+1∥20 + ν0

(

∥∇εn+1∥20 − ∥∇εn∥20 + ∥∇εn+1 −∇εn∥20
)

≤Cτ(∥∇(u(tn+1)− u(tn))∥20 + ∥∇εn∥20 + ∥Un∥22∥∇ε
n+1∥20 + ∥∇ζn∥20

+ ∥ curl(w(tn+1)−w(tn))∥20 + ∥Rn+1
u ∥20). (4.29)

Summing it with respect to n from 0 to N and using (4.32), we arrive at

ν0∥∇ε
N+1∥20 + τ

N
∑

n=0

∥Dτε
n+1∥20 ≤ Cτ2. (4.30)

By using the inf-sup condition, from (4.20), we derive that

τβ∥ϱn+1∥20 ≤ Cτ∥Dτε
n+1∥20 + Cτ∥∇εn+1∥20 + Cτ∥Rn+1

u ∥20 + Cτ∥u(tn+1)− u(tn)∥20∥∇u(tn+1)∥2L3

+ Cτ∥εn∥20∥∇u(tn+1)∥2L3 + Cτ∥∇Un∥20∥∇ε
n+1∥20 + Cτ∥∇ζn+1∥20 + Cτ∥ curl(w(tn+1)−w(tn))∥20.

(4.31)

By summing the above inequalities from 0 to N and applying Theorem 4.1 and (4.30), we obtain
that

τ

N
∑

n=0

∥ϱn+1∥20 ≤ Cτ2.

Therefore, the proof is completed.

Lemma 4.3 Suppose the assumptions (A4) and τ ≤ min{1,
√

1
2C′ } are satisfied, we deduce that

τ

N
∑

n=0

(∥Un+1∥22 + ∥Pn+1∥21) ≤ C. (4.32)

Proof. From the assumptions (A4) and (4.1), using Hölder’s inequality, we can acquire that

∥Un+1∥2 + ∥Pn+1∥1

≤C(∥f(tn+1)∥0 + ∥(Un · ∇)Un+1∥0 + ∥ curlWn∥0 + ∥DτU
n+1∥0)

≤C(∥f(tn+1)∥0 + ∥(εn · ∇)Un+1∥0 + ∥(u(tn) · ∇)Un+1∥0 + ∥ curlWn∥0 + ∥DτU
n+1∥0)

≤C(∥f(tn+1)∥0 + ∥∇εn∥0∥AUn+1∥0 + ∥∇Un+1∥0 + ∥ curlWn∥0 + ∥DτU
n+1∥0).

Taking sum of the above inequalities yields that

τ

N
∑

n=0

(∥Un+1∥22 + ∥Pn+1∥21)

≤Cτ

N
∑

n=0

(∥f(tn+1)∥20 + ∥∇εn∥20∥U
n+1∥22 + ∥∇Un+1∥20 + ∥ curlWn∥20 + ∥DτU

n+1∥20)

≤C + C1τ
2

N
∑

n=0

∥AUn+1∥20.

Making use of (4.14), Lemma 2.2 and τ ≤ min{1,
√

1
2C′ }, we find

τ

N
∑

n=0

(∥Un+1∥22 + ∥Pn+1∥21) ≤ C,
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where C and C
′

denote different positive constants.
For the derivation of error estimates, we first introduce the following definitions.

Gn+1 =u(tn+1)−Rn+1
h , Hn+1 =p(tn+1)−Qn+1

h ,

ϵn+1 =Un+1 − un+1
h , ϵ̃n+1 =Un+1 − ũn+1

h ,

ln+1 =w(tn+1)−Rn+1
1h , Ln+1 =Wn+1 −wn+1

h ,

Ln+1
h =Rn+1

1h −wn+1
h , ϵn+1

h =Rn+1
h − un+1

h ,

ϵ̃n+1
h =Rn+1

h − ũn+1
h , Fn+1 =Un+1 −Rn+1

h ,

Mn+1 =Wn+1 −Rn+1
1h , en+1

h =Qn+1
h − pn+1

h ,

g
n+1 =Pn+1 −Qn+1

h .

Then, there holds that

ϵ̃n+1 =ϵn+1 +∇ρn+1
h , ϵ̃n+1

h =ϵn+1
h +∇ρn+1

h ,

ϵ̃n+1 =Fn+1 + ϵ̃n+1
h , ϵn+1 =Fn+1 + ϵn+1

h ,

Ln+1 =Mn+1 + Ln+1
h .

Furthermore, we have

(ϵn+1,∇qh) = (ϵn+1
h ,∇qh) = (Fn+1,∇qh) = 0, ∀qh ∈ Ph.

Therefore, we have the crucial orthogonality properties

∥ϵ̃n+1∥20 = ∥ϵn+1∥20 + ∥∇ρn+1
h ∥20, ∥ϵ̃n+1

h ∥20 = ∥ϵn+1
h ∥20 + ∥∇ρn+1

h ∥20. (4.33)

Noting Fn+1 = Gn+1−εn+1, ϱn+1 = ðn+1−g
n+1,Mn+1 = ln+1− ζn+1, the following Lemma holds.

Lemma 4.4 ([26, 28]) Suppose the asummptions (A1-A3) are satisfied, then

∥Fn+1∥20 ≤ Ch4,

τ

N
∑

n=1

∥∇Fn+1∥20 ≤ Ch2,

τ
N
∑

n=1

∥gn+1∥20 ≤ Ch2,

∥Mn+1∥20 ≤ Ch4,

τ

N
∑

n=1

∥∇Mn+1∥20 ≤ Ch2,

∥Gn+1∥0 + h∥Gn+1∥1 + h∥Hn+1∥0 ≤ Ch2.

Then, the following theorem presents the error estimate.

Theorem 4.2 Suppose that the assumptions (A1-A3) are satisfied and h2 ≤ Cτ , then the errors
satisfy that

∥ϵN+1∥20 + τν0∥s
N+1
h ∥20 + j∥LN+1∥20 +

N
∑

n=0

(τν0∥∇ϵ̃
n+1∥20 + ∥∇ρn+1

h ∥20

+ 2c1∥∇L
n+1∥20 + 2c2∥ divL

n+1∥20 + 8νr∥L
n+1∥20) ≤ C(τ + h2). (4.34)
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Proof. Subtracting (2.18), (2.23) from (4.1), (4.3), respectively, it follows that

(

ϵ̃n+1 − ϵn

τ
, vh

)

+ ν0(∇ϵ̃
n+1,∇vh)

=(Pn+1,∇ · vh)− ν0(s
n
h,∇ · vh) + 2νr(curl(W

n −wn+1
h ), vh)−B(Un,Un+1, vh) +B(un

h, ũ
n+1
h , vh),
(4.35)

j

(

Ln+1 − Ln

τ
, χh

)

+ c1(∇L
n+1,∇χh) + c2(divL

n+1, divχh)

=− 4νr(L
n+1, χh) + 2νr(curl ϵ

n+1, χh)− jB(Un,Wn+1, χh) + jB(un+1
h ,wn+1

h , χh). (4.36)

Choosing vh = 2τ ϵ̃n+1
h = 2τ(ϵ̃n+1 − Fn+1) in (4.35), we derive that

∥ϵn+1∥20 − ∥ϵn∥20 + ∥ϵn+1 − ϵn∥20 + 2τν0∥∇ϵ̃
n+1∥20 + 2∥∇ρn+1

h ∥20

=2(ϵn+1 − ϵn, Fn+1) + 2τν0(∇ϵ̃
n+1,∇Fn+1) + 2τ(Pn+1,∇ · ϵ̃n+1

h )− 2τν0(s
n
h,∇ · ϵ̃n+1

h )

+ 4τνr(curl(W
n −wn+1

h ), ϵ̃n+1
h )− 2τB(Un,Un+1, ϵ̃n+1

h ) + 2τB(un
h, ũ

n+1
h , ϵ̃n+1

h ). (4.37)

Using Lemma 4.4, (2.20), Hölder’s inequality and Young’s inequality, we deduce that

|2(ϵn+1 − ϵn, Fn+1) + 2τν0(∇ϵ̃
n+1,∇Fn+1)|

≤2∥ϵn+1 − ϵn∥0∥F
n+1∥0 + 2τν0∥∇ϵ̃

n+1∥0∥∇F
n+1∥0

≤
1

2
∥ϵn+1 − ϵn∥20 + C∥Fn+1∥20 +

τν0
4

∥∇ϵ̃n+1∥20 + Cτ∥∇Fn+1∥20,

|2τ(Pn+1,∇ · ϵ̃n+1
h )|

=|2τ(Pn+1 −Qn+1
h ,∇ · ϵ̃n+1

h )− 2τ
(

(p(tn+1)−Qn+1
h ),∇ · ϵ̃n+1

h

)

+ 2τ
(

p(tn+1),∇ · ϵ̃n+1
h

)

|

=|2τ(gn+1,∇ · ϵ̃n+1
h )− 2τ

(

Hn+1,∇ · ϵ̃n+1
h

)

+ 2τ
(

∇p(tn+1),∇ρn+1
h

)

|

≤2τ∥gn+1∥0∥∇ϵ̃
n+1
h ∥0 + 2τ∥Hn+1∥0∥∇ϵ̃

n+1
h ∥0 + 2τ∥∇p(tn+1)∥0∥∇ρ

n+1
h ∥0

≤Cτ∥gn+1∥20 + Cτ∥Hn+1∥20 + Cτ2∥∇p(tn+1)∥20 + ∥∇ρn+1
h ∥20 +

τν0
4

∥∇ϵ̃n+1
h ∥20

≤Cτ∥gn+1∥20 + Cτ∥Hn+1∥20 + Cτ2∥∇p(tn+1)∥20 + ∥∇ρn+1
h ∥20 +

τν0
4

(

∥∇ϵ̃n+1∥20 + ∥∇Fn+1∥20
)

≤Cτ2 + Cτh2 + Cτ∥gn+1∥20 +
τν0
4

(

∥∇ϵ̃n+1∥20 + ∥∇Fn+1∥20
)

+ ∥∇ρn+1
h ∥20,

| − 2τν0(s
n
h,∇ · ϵ̃n+1

h )| = |2τν0(s
n
h,∇ · ũn+1

h )| = |2τν0(s
n
h − sn+1

h , snh)|

≤τν0(∥s
n
h∥

2
0 − ∥sn+1

h ∥20) +
τν0
4

∥∇ϵ̃n+1∥20,

|4τνr(curl(W
n −wn+1

h ), ϵ̃n+1
h )| = |4τνr(W

n −wn+1
h , curl ϵ̃n+1

h )|

≤4τνr(W
n +Wn+1 −Wn+1 −wn+1

h , curl ϵ̃n+1
h )

≤4τνr(W
n+1 −wn+1

h , curl ϵ̃n+1
h ) + 4τνr(W

n −Wn+1, curl ϵ̃n+1
h )

≤Cτ∥Ln+1∥20 +
τν0
4

(∥∇Fn+1∥20 + ∥∇ϵ̃n+1∥20)

+ 4τνr(w(tn)−w(tn) +w(tn+1)−w(tn+1) +Wn −Wn+1, curl ϵ̃n+1
h )

≤Cτ∥Ln+1∥20 +
τν0
4

(∥∇Fn+1∥20 + ∥∇ϵ̃n+1∥20) + Cτ(∥ζn+1∥20 + ∥ζn∥20)

+ Cτ∥ curl(w(tn)−w(tn+1))∥20,

| − 2τB(Un,Un+1, ϵ̃n+1
h ) + 2τB(un

h, ũ
n+1
h , ϵ̃n+1

h )|

=| − 2τB(Un − un
h,U

n+1, ϵ̃n+1
h )− 2τB(un

h,U
n+1 −Rn+1

h , ϵ̃n+1
h )− 2τB(un

h, ϵ̃
n+1
h , ϵ̃n+1

h )|

=| − 2τB(Un − un
h,U

n+1, ϵ̃n+1
h )− 2τB(un

h,U
n+1 −Rn+1

h , ϵ̃n+1
h )|

≤
τν0
4

∥∇Fn+1∥20 +
τν0
4

∥∇ϵ̃n+1∥20 + Cτ(∥ϵn∥20 + h2).
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Plugging these estimates with (4.37), we deduce that

∥ϵn+1∥20 − ∥ϵn∥20 +
1

2
∥ϵn+1 − ϵn∥20 + ∥∇ρn+1

h ∥20 + τν0(∥s
n+1
h ∥20 − ∥snh∥

2
0) + τν0∥∇ϵ̃

n+1∥20

≤Cτ2 + Cτh2 + Cτ
(

∥ϵn∥20 + ∥gn+1∥20 + ∥∇Fn+1∥20 + ∥ζn+1∥20 + ∥ζn∥20 + ∥ curl(w(tn)−w(tn+1))∥20

+∥Ln+1∥20
)

+ C∥Fn+1∥20. (4.38)

From (4.36), choosing χh = 2τLn+1
h = 2τ(Ln+1 −Mn+1), we get

j(∥Ln+1∥20 − ∥Ln∥20 + ∥Ln+1 − Ln∥20) + 2τc1∥∇L
n+1∥20 + 2τc2∥ divL

n+1∥20 + 8τνr∥L
n+1∥20

=(Ln+1 − Ln,Mn+1) + 2c1τ(∇L
n+1,∇Mn+1) + 2c2τ(divL

n+1, divMn+1)

+ 4τνr(curl ϵ
n+1, Ln+1 −Mn+1)− 2τjB(Un+1 − un+1

h ,wn+1
h −Wn+1 +Wn+1, Ln+1 −Mn+1)

− 2τjB(Un+1, Ln+1, Ln+1 −Mn+1) + 2τjB(Un −Un+1,Wn+1, Ln+1 −Mn+1)

≤
j

2
∥Ln+1 − Ln∥20 +

τν0
4

∥∇ϵn+1∥20 + Cτ∥Ln+1∥20 + 2τj∥ϵn+1∥0∥W
n+1∥2∥L

n+1∥1

+ 2τj∥Un −Un+1∥1∥W
n+1∥1∥∇L

n+1∥0 + C∥Mn+1∥20 + Cτ∥∇Mn+1∥20. (4.39)

Combining (4.38) with (4.39), there holds that

∥ϵn+1∥20 − ∥ϵn∥20 +
1

2
∥ϵn+1 − ϵn∥20 + j(∥Ln+1∥20 − ∥Ln∥20 + ∥Ln+1 − Ln∥20) + τν0∥∇ϵ̃

n+1∥20 + ∥∇ρn+1
h ∥20

+ τν0(∥s
n+1
h ∥20 − snh∥

2
0) + τc1∥∇L

n+1∥20 + 2τc2∥ divL
n+1∥20 + 8τνr∥L

n+1∥20

≤Cτ2 + Cτh2 + Cτ
(

∥ϵn∥20 + ∥ϵn+1∥20 + ∥gn+1∥20 + ∥Ln∥20 + ∥Ln+1∥20 + ∥Un −Un+1∥21 + ∥∇Fn+1∥20
)

+ C∥Fn+1∥20 + C∥Mn+1∥20 + Cτ∥ζn+1∥20 + Cτ∥ζn∥20 + Cτ∥ curl(w(tn)−w(tn+1))∥20. (4.40)

Taking sum of the above inequalities for n from 0 to N and applying Gronwall’s Lemma, Theorem
4.1, Lemma 4.1, Lemma 4.4, noting ∥Fn+1∥0 ≤ Ch2 and ∥Mn+1∥0 ≤ Ch2, using h2 ≤ Cτ ,we deduce
that

∥ϵN+1∥20 + τν0∥s
N+1
h ∥20 + j∥LN+1∥20 +

N
∑

n=0

(τν0∥∇ϵ̃
n+1∥20 + ∥∇ρn+1

h ∥20

+ 2c1∥∇L
n+1∥20 + 2c2∥ divL

n+1∥20 + 8νr∥L
n+1∥20) ≤ C(τ + h2). (4.41)

Therefore, the proof is completed.

Theorem 4.3 Suppose that the assumptions (A1-A3) are satisfied and h2 ≤ Cτ , then the errors
satisfy that

∥ϵN+1∥2∗ + j∥LN+1∥2∗ +

N
∑

n=0

(

∥ϵn+1 − ϵn∥2∗ + τν0∥ϵ
n+1∥20 + ∥∇Ln+1 −∇Ln∥2∗

)

≤ C(τ2 + h4).

(4.42)

Proof. We assume that (vn, qn) and (vn
h , q

n
h) are solutions of the Stokes Equations with f = ϵn.

Then, from Lemma 2.3, we can get a crucial inequality,

∥vn − vn
h∥0 + h∥∇(vn − vn

h)∥0 ≤ Ch2∥ϵn∥0. (4.43)

Noting (ρn+1
h ,∇ · vn+1

h ) = 0 and

(ϵ̃n+1 − ϵn,vn+1
h ) = (ϵn+1 − ϵn,vn+1

h ) = (∇(vn+1
h − vn

h),∇vn+1
h ),

choosing vh = 2τvn+1
h in (4.35), we can derive that

∥∇vn+1
h ∥20 − ∥∇vn

h∥
2
0 + ∥∇(vn+1

h − vn
h)∥

2
0 + 2τν0∥ϵ

n+1∥20
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=− 2τν0(∇F
n+1,∇vn+1

h ) + 2τν0(F
n+1, ϵn+1) + 2τν0(∇ρ

n+1
h ,∇qn+1

h ) + 2τ(Pn+1,∇ · vn+1
h )

− 2τB(Un,Un+1,vn+1
h ) + 2τB(un

h, ũ
n+1
h ,vn+1

h ) + 2νr(curl(W
n −wn+1

h ),vn+1
h ). (4.44)

Using Lemma 4.3, Hölder’s inequality and Young’s inequality, we arrive at

| − 2τν0(∇F
n+1,∇vn+1

h )|

=|2τν0
(

∇Fn+1,∇(vn+1 − vn+1
h )−∇vn+1

)

|

≤Cτ(h2∥∇Fn+1∥20 + ∥Fn+1∥20) +
τν0
5

∥ϵn+1∥20,

|2τν0(F
n+1, ϵn+1) + 2τν0(∇ρ

n+1
h ,∇qn+1

h )|

≤Cτ∥Fn+1∥0∥∇ϵ
n+1∥0 + 2τν0∥∇ρ

n+1
h ∥0∥ϵ

n+1∥0

≤Cτ(∥Fn+1∥20 + ∥∇ρn+1
h ∥20) +

τν0
5

∥∇ϵn+1∥20,

|2τ(Pn+1,∇ · vn+1
h )|

≤2τ
(

Pn+1 −Qn+1
h ,∇ · (vn+1

h − vn+1)
)

≤Cτh∥gn+1∥0∥ϵ
n+1∥0

≤Cτh2∥gn+1∥20 +
τν0
5

∥ϵn+1∥20,

| − 2τB(Un,Un+1,vn+1
h ) + 2τB(un

h, ũ
n+1
h ,vn+1

h )|

=| − 2τB(Un − un
h,U

n+1,vn+1
h ) + 2τB(un

h −Un, ũn+1
h −Un+1,vn+1

h )

+ 2τB(Un, ũn+1
h −Un+1,vn+1

h )|

=| − 2τB(Un − un
h,U

n+1,vn+1
h ) + 2τB(un

h −Un, ũn+1
h −Un+1,vn+1

h − vn+1 + vn+1)

+ 2τB(Un, ũn+1
h −Un+1,vn+1

h )|

≤2τ∥ϵn∥0∥U
n+1∥2∥∇vn+1

h ∥0 + 2τ∥ϵn∥0∥∇ϵ̃
n+1∥0(|||v

n+1
h − vn+1|||+ ∥vn+1∥2)

+ 2τ∥Un∥2∥ϵ̃
n+1∥0∥∇vn+1

h ∥0

≤Cτ∥∇vn+1
h ∥20 +

τν0
5

∥ϵn∥20 +
τν0
5

(∥ϵn+1∥20 + ∥∇ρn+1
h ∥20) + Cτ(τ + h2)∥∇ϵ̃n+1∥20,

|2νr(curl(W
n −wn+1

h ),vn+1
h )|

≤2νr(W
n −wn+1

h ,∇vn+1
h )

≤2τνr(w(tn)−w(tn) +w(tn+1)−w(tn+1) +Wn +Wn+1 −Wn+1 −wn+1
h ,∇vn+1

h )

≤Cτ(∥w(tn)−w(tn+1)∥20 + ∥ζn∥20 + ∥ζn+1∥20) + τc1∥L
n+1∥20 + Cτ∥∇vn+1

h ∥20.

Taking sum of the above inequalities for n from 0 to N and invoking Gronwall’s Lemma, Lemma
4.4, (4.34), we deduce that

∥∇vN+1
h ∥20 +

N
∑

n=0

(τν0∥ϵ
n+1∥20 + ∥∇(vn+1

h − vn
h)∥

2
0) ≤ C(τ2 + h4) + τc1

N
∑

n=0

∥Ln+1∥20. (4.45)

Set ϖn, ϖn
h are solutions of the Poission’s Equations with g = Ln, respectively. Then Lemma

2.4 yields

∥ϖn −ϖn
h∥0 + h∥∇(ϖn −ϖn

h)∥0 ≤ Ch2∥ϖn∥2 ≤ Ch2∥Ln∥0. (4.46)

From Lemma 2.4, it yields that

∥ϖn+1∥2 + |||ϖn+1 −ϖn+1
h ||| ≤ C∥Ln+1∥0, ∥∇ϖn+1∥0 ≃ ∥Ln+1∥−1. (4.47)

Taking χh = 2τϖn+1
h in (4.36), we have

2j(Ln+1 − Ln, ϖn+1
h ) + 2τc1(∇L

n+1,∇ϖn+1
h ) + 2τc2(divL

n+1, divϖn+1
h )

17



=− 8τνr(L
n+1, ϖn+1

h ) + 4τνr(curl ϵ
n+1, ϖn+1

h )− 2τjB(Un,Wn+1, ϖn+1
h )− 2τjB(un+1

h ,wn+1
h , ϖn+1

h ).
(4.48)

Noting

2j(Ln+1 − Ln, ϖn+1
h )

=2j(∇(ϖn+1
h −ϖn

h),∇ϖ
n+1
h )

=j∥∇ϖn+1
h ∥20 − j∥∇ϖn

h∥
2
0 + j∥∇(ϖn+1

h −ϖn
h)∥

2
0.

Using (4.32), (4.34), Hölder’s inequality and Young’s inequality, there holds that

|2τc1(∇L
n+1,∇ϖn+1

h )|

=2τc1(∇L
n+1
h +∇Mn+1,∇ϖn+1

h )

=2τc1(∇M
n+1,∇ϖn+1

h ) + 2τc1(L
n+1
h , Ln+1)

=2τc1∥L
n+1∥20 + 2τc1(∇M

n+1,∇ϖn+1
h )− 2τc1(M

n+1, Ln+1),

|2τc1(∇M
n+1,∇ϖn+1

h )− 2τc1(M
n+1, Ln+1)|

≤2τc1
(

∇Mn+1,∇(ϖn+1
h −ϖn+1) +∇ϖn+1

)

+ Cτ∥Mn+1∥20 +
τc1
7

∥Ln+1∥20

≤2τc1(h∥∇M
n+1∥0∥L

n+1∥0 + ∥Mn+1∥0∥ϖ
n+1∥2) + Cτ∥Mn+1∥20 +

τc1
7

∥Ln+1∥20

≤Cτh2∥∇Mn+1∥20 + Cτ∥Mn+1∥20 +
τc1
7

∥Ln+1∥20 + Cτ∥Mn+1∥20 +
τc1
7

∥Ln+1∥20,

|2τc2(divL
n+1, divϖn+1

h )|

≤2τc2(∇L
n+1,∇ϖn+1

h )

≤
τc1
7

∥∇Ln+1∥20 + Cτ∥∇ϖn+1
h ∥20,

| − 8τνr(L
n+1, ϖn+1

h )|

≤
τc1
7

∥Ln+1∥20 + Cτ∥∇ϖn+1
h ∥20,

|4τνr(curl ϵ
n+1, ϖn+1

h )|

≤Cτ∥ϵn+1∥20 + Cτ∥∇ϖn+1
h ∥20,

| − 2τjB(Un,Wn+1, ϖn+1
h )− 2τjB(un+1

h ,wn+1
h , ϖn+1

h )|

=| − 2τjB(Un+1,Wn+1, ϖn+1
h ) + 2τjB(un+1

h ,wn+1
h , ϖn+1

h )− 2τjB(Un −Un+1,Wn+1, ϖn+1
h )|

=| − 2τjB(Un+1 − un+1
h ,Wn+1, ϖn+1

h ) + 2τjB(Un+1 − un+1
h , Ln+1, ϖn+1

h )− 2τjB(Un+1, Ln+1, ϖn+1
h )

− 2τjB(Un −Un+1,Wn+1, ϖn+1
h )|,

| − 2τjB(Un+1 − un+1
h ,Wn+1, ϖn+1

h )|

≤Cτ∥ϵn+1∥0∥W
n+1∥2|∇ϖ

n+1
h ∥0

≤Cτ∥∇ϖn+1
h ∥20 +

τν0
5

∥ϵn+1∥20,

|2τjB(Un+1 − un+1
h , Ln+1, ϖn+1

h )|

≤Cτ∥ϵn+1∥0∥∇L
n+1∥0(|||ϖ

n+1
h −ϖn+1|||+ ∥ϖn+1∥2)

≤Cτ(τ + h2)∥∇Ln+1∥20 +
τc1
7

∥Ln+1∥20,

| − 2τjB(Un+1, Ln+1, ϖn+1
h )|

≤Cτ∥Un+1∥2∥L
n+1∥0∥∇ϖ

n+1
h ∥0

≤Cτ∥∇ϖn+1
h ∥20 +

τc1
7

∥Ln+1∥20,

| − 2τjB(Un −Un+1,Wn+1, ϖn+1
h )|

=|2τjB(εn,Wn+1, ϖn+1
h )− 2τjB(εn+1,Wn+1, ϖn+1

h )− 2τjB(u(tn+1)− u(tn),Wn+1, ϖn+1
h )|
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≤Cτ(∥εn∥0∥W
n+1∥0 + ∥εn+1∥0∥W

n+1∥0 + ∥u(tn+1)− u(tn)∥0∥W
n+1∥0)(|||ϖ

n+1
h −ϖn+1|||+ ∥ϖn+1∥2)

≤Cτ3 +
τc1
7

∥Ln+1∥20.

Summing it over all n from 0 to N and using discrete Gronwall’s Lemma, it yields that

j∥∇ϖN+1
h ∥20 +

N
∑

n=0

j∥∇ϖn+1
h −∇ϖn

h∥
2
0 + τc1

N
∑

n=0

∥Ln+1∥20 ≤ C(τ2 + h4). (4.49)

Thanks to Lemma 2.3, we get

∥LN+1∥2∗ + j

N
∑

n=0

∥∇Ln+1 −∇Ln∥2∗ + τc1

N
∑

n=0

∥Ln+1∥20 ≤ C(τ2 + h4). (4.50)

Combining (4.45) with (4.50), the proof is completed.

5 Numeical results

In this section, numerical experiments are carried out to validate the efficacy of the proposed nu-
merical algorithm. All simulations are implemented via FreeFEM++ [20], an open-source software
framework tailored for solving partial differential equations using the finite element method. Specif-
ically, we consider the two-dimensional time-dependent micropolar Navier-Stokes equations defined
on the unit square domain Ω = [0, 1]× [0, 1], whose exact solutions are derived as follows:

u1 =sin(2.0πx+ t) sin(2.0πy + t),

u2 =cos(2.0πx+ t) cos(2.0πy + t),

p =sin(2.0π(x− y) + t),

w =sin(2.0πx+ t) sin(2.0πy + t).

The boundary conditions and body force terms are derived from the exact solutions. For spatial
discretization, we adopt the P1b-P1-P1b finite element spaces, which satisfy the Ladyzhenskaya-
Babuska-Brezzi (LBB) condition, thus ensuring stability and optimal convergence. The temporal
and spatial step sizes are set as τ = h2 and h = 1/nh with nh = 8, 16, 24, 32, 40, 48, 56 to attain
optimal convergence rates. The numerical results presented in Tables 1–3 demonstrate optimal
convergence orders for different values of the material parameters ν and νr.
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