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1 Previous studies on edge superelevation1

Several previous studies have investigated the formation of edge profiles in thin2

films under various process conditions and have explained the underlying phys-3

ical principles. Dobroth and Erwin [1] discussed edge beads in cast polymer4

films and identified surface tension, die swell, and edge stress effects as the main5

causes. In particular, they emphasized that the edge stress effect induced by film6
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stretching is the predominant cause. Gutoff et al. [2] addressed heavy edges in7

premetered coating and speculated that film stretching would be the common8

cause in slot-die coating. Schmitt et al. [3] developed a technique to quantita-9

tively measure edge profiles in slot-die coating and proposed shape metrics to10

describe the edge elevation effect. Bitsch et al. [4] showed that increasing the11

low-shear viscosity of slurries suppresses the edge elevation effect. Schmitt [5]12

extended Dobroth’s film stretching model by incorporating adhesion between13

the substrate and coating layer, thereby proposing a film-stretching model for14

slot-die coating. Spiegel et al. [6] investigated the effects of coating speed, di-15

mensionless gap, and die geometry on edge profiles and proposed three types16

of edge shapes. Spiegel et al. [7] further examined the influence of coating gap17

and angle of attack on edge formation and proposed an optimized setup for18

ultrathick electrodes. Yoon et al. [8] collected a large dataset of edge profiles19

across various process conditions, including slurry properties, coating speed,20

feed flow rate, and slot-die configurations. They also refined the definitions of21

shape metrics to enable their application to non-canonical profiles, and through22

significance analysis revealed that edge profile formation primarily depends on23

the gap-to-thickness ratio Rgt as well as the capillary number Ca.24

Collectively, these studies characterize the relationship between process con-25

ditions and edge morphology. The shared engineering goal is to identify quality26

windows, which are the regions of process space in which edge shape reliably27

meets quality criteria. This concept extends the classical operability-window28

framework for coating-bead stability [9] to the stricter requirement of shape29

quality. However, prior work has largely treated the quality window as a concep-30

tual target, identifying candidate regions through visual inspection of observed31

profiles or threshold-based heuristics applied to shape metrics. A probabilistic32

formulation that quantifies the likelihood of meeting quality criteria across pro-33

cess space, accounting for the variability inherent in manufacturing, has not34

been established before the present work.35

2 Regression models36

2.1 Quantile regression37

Let38

m = g(X) + ε (1)

be a shape metric, where ε is a random noise term. We are interested in estimat-39

ing the τ -th quantile Qτ (x) of m | X = x from observed data. There are two40

approaches to estimating Qτ (x): the cumulative distribution function (CDF)41

approach and the estimating equation (EE) approach [10].42

The CDF approach estimates the entire conditional CDF of m | X = x43

and then inverts it to obtain the quantile. The most common CDF approach44

assumes a parametric distribution model form | X = x and estimates its param-45

eters. Examples include prediction intervals in ordinary least-squares regression46
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and posterior distributions in Gaussian process regression. Alternatively, a non-47

parametric distribution model can be assumed, such as the Dirichlet process48

mixture model [11]. It is also possible to directly obtain the empirical distribu-49

tion of m | X = x without imposing distributional assumptions, as in quantile50

regression forests [12]. The advantage of the CDF approach is that once the51

distribution is estimated, any quantile can be obtained directly. The disadvan-52

tage is that it is inefficient if only a small number of quantiles are of interest,53

as estimating the entire distribution may require more data and computational54

resources.55

The EE approach directly estimates Qτ (x) by regression using a τ -quantile56

loss Lτ , without estimating the entire distribution [13]. The model is defined as57

Qτ (x) = argmin
q

E [Lτ (m, q) | X = x] , Lτ (m, q) =

{
τ |m− q|, m > q,

(1− τ)|m− q|, m ≤ q.

(2)
The CDF can also be constructed from this approach by solving Eq. 2 for58

multiple τ values and interpolating or smoothing the discrete quantiles [14].59

The advantage of the EE approach is that it can be directly plugged into any60

regression model. Examples include linear regression [15, 16], kernel regression61

[17], Gaussian process [10, 18], tree-based regression [19], and neural networks62

[20,21]. Additionally, the EE approach requires fewer assumptions than the CDF63

approach. The disadvantage is that when multiple quantiles are of interest,64

separate models need to be trained. This may lead to a phenomenon called65

quantile crossing, where a lower quantile is estimated to be greater than a higher66

quantile at some x.67

Quantile regression by Eq. 2 can be extended to the Bayesian framework68

by using asymmetric Laplace distribution (ALD) likelihood [16]. For simplicity,69

we consider a linear quantile regression model Qτ (x) = x⊤βτ , where x is the70

design vector depending on x and βτ is the vector of regression coefficients. By71

Eq. 2, the βτ can be estimated by72

β̂τ = argmin
β

n∑
i=1

Lτ (mi,x
⊤
i β), (3)

For observations m = (m1, . . . ,mn), this is equivalent to placing a likelihood73

P (m | β) =
n∏

i=1

τ(1− τ) exp
{
−Lτ (mi,x

⊤
i β)

}
(4)

and maximizing it [16]. The posterior distribution of β is given by74

P (β | m) ∝ P (m | β)P (β) , (5)

where P (β) is the prior density of β. If there is no prior knowledge, an improper75

uniform prior can be used for P (β). The distribution of Qτ (x∗) at a candidate76

point x∗ can be obtained by sampling methods such as Markov chain Monte77
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Carlo (MCMC). It was also reported that by converting the ALD likelihood78

to location-scale mixture of normal distributions, the sampling can be further79

simplified using Gibbs sampling [22].80

2.2 Gaussian process regression81

The Gaussian process (GP) regression model assumes that the latent function82

f(X) follows a specific GP prior [23]. The prior defines what the expected value83

of f(X) at a given X ∈ Rd is, and how the values of f(X) at different X are84

correlated. The prior for f is given by85

f ∼ GP (µ, k) , (6)

where µ(·) is the mean function and k(·, ·) is a covariance kernel function. This86

means that for a given set of points X, the prior distribution of f(X) is87

f(X) ∼ N (µ(X), k(X,X)) . (7)

Combining Eqs. 54 and 7, the prior distribution of the observed ℓ is given by88

ℓ ∼ N
(
µ(X), k(X,X) + σ2

noiseI
)
, (8)

where I is the identity matrix. Note that, if f is fixed, then Eq. 8 is reduced to89

the likelihood90

ℓ | f ∼ N
(
f(X), σ2

noiseI
)
. (9)

Let Dn = (Xn, ℓn) be the observed dataset with size n, where Xn ∈ Rn×d
91

and ℓn ∈ Rn×1. Consider a candidate point X∗. By Eqs. 7 and 8, the joint92

distribution of ℓn and f(X∗) is93 [
ℓn

f(X∗)

]
∼ N

([
µn

µ(X∗)

]
,

[
Kn + σ2

noiseIn kn∗
k⊤
n∗ k(X∗, X∗)

])
, (10)

where µn = µ(Xn), kn∗ = k(Xn, X∗), Kn = k (Xn,Xn), and In is the identity94

matrix of size n. By conditioning Eq. 10, the posterior distribution of f(X∗) is95

given by96

f(X∗) | ℓn ∼ N
(
µ∗(X∗), σ

2
∗(X∗)

)
, (11)

where97

µ∗(X∗) = µ(X∗) + kn∗
[
Kn + σ2

noiseI
]−1

(ℓn − µn) , (12)

σ2
∗(X∗) = k(X∗, X∗)− kn∗

[
Kn + σ2

noiseI
]−1

k⊤
n∗. (13)

In Eqs. 54 and 6, the noise variance σ2
noise, the mean µ and the covariance98

k are assumed to be known. In practice, however, these hyperparameters need99

to be estimated from data. Assume parametric forms for µ and k, and denote100

the vector of these parameters and σ2
noise as θ. Then, for a fixed θ, the prior101

distribution of f is given by102

f | θ ∼ GP (µθ, kθ) , (14)
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where µθ and kθ are the µ and k parameterized by θ, respectively. As in Eq. 7,103

this leads to104

f(X) | θ ∼ N (µθ(X), kθ(X,X)) . (15)

With a slight abuse of notation, we use the probability symbol P to denote105

the probability measure of a random variable. θ is estimated by maximizing106

the posterior density P (θ | ℓn). By Bayes’ theorem, P (θ | ℓn) ∝ P (ℓn | θ)P (θ).107

The distribution of ℓn | θ is obtained by marginalizing Eq. 9 over f as108

P (ℓn | θ) =
∫

P (ℓn | f)P (f | θ) df, (16)

which, by Eqs. 9 and 14, leads to109

ℓn | θ ∼ N
(
µθ(Xn), kθ(Xn,Xn) + σ2

noiseI
)
, (17)

and thus110

P (ℓn | θ) = 1

(2π)n/2Σ1/2
exp

(
−1

2
(ℓn − µθ(Xn))

⊤
Σ−1 (ℓn − µθ(Xn))

)
,

(18)
where Σ = kθ(Xn,Xn) + σ2

noiseI. The hyperparameters θ and σ2
noise are es-111

timated by maximizing either the log marginal likelihood logP (ℓn | θ) or as-112

suming a prior P(θ) and maximizing the log posterior logP (ℓn | θ)P (θ). If the113

lengthscales of the kernel are anisotropic, estimating them in this manner is114

referred to as automatic relevance determination (ARD) [24].115

Scaling the data and choosing an appropriate prior are important considera-116

tions for Gaussian process modeling. For numerical stability, it is customary to117

apply min-max scaling to each dimension of X using the bounds of the design118

space. For the observed response ℓn, standardization to zero mean and unit vari-119

ance is recommended. These scaling procedures are implicitly adopted in our120

implementation. The choice of µ represents the prior belief about the expected121

value of f , such as a physical model of the system. When no prior knowledge122

is available, µ(X) is usually set to a constant for all X, e.g., zero for standard-123

ized ℓn. The choice of k dictates the shape of f , such as its smoothness and124

periodicity. Matérn kernels are commonly employed for non-periodic functions.125

2.3 Gaussian process quantile regression126

For nonparametric Bayesian estimation, quantile functions can be modeled using127

Gaussian process regression. Let X and m be the observed input and output128

data, respectively. As in Eq. 6, we place a GP prior on the quantile function Qτ129

as130

Qτ ∼ GP (µ, k) . (19)

Our goal is to estimate E [Qτ (X∗) | m] which serves as the τ -quantile at a can-131

didate point X∗.132
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As in Eq. 7, Eq. 19 leads to133

Qτ = Qτ (X) ∼ N (µ(X), k(X,X)) . (20)

The likelihood is given by134

mi | Qτ (xi) ∼ ALDτ (µ = Qτ (xi), σ) , (21)

with location µ and scale σ, which correspond to Eq. 9. Assuming independent135

observations, the likelihood for m becomes136

P (m | Qτ ) =

n∏
i=1

τ(1− τ)

σ
exp

{
− 1

σ
Lτ (mi, Qτ (xi))

}
, (22)

as in Eq. 4. Unlike Eq. 11, the posterior distribution at a candidate point137

Qτ (X∗) | m has no closed-form solution. Instead, its density is given by marginal-138

ization139

P (Qτ (X∗) | m) =

∫
P (Qτ (X∗) | Qτ )P (Qτ | m) dQτ . (23)

The first term, Qτ (X∗) | Qτ , is a conditional Gaussian because of Eq. 20. By140

Bayes’ theorem, the second term is given by P (Qτ | m) ∝ P (m | Qτ )P (Qτ ),141

which is not Gaussian because of Eq. 22. Hence, Eq. 23 has no closed-form solu-142

tion and needs to be approximated. Numerical methods, such as MCMC, are not143

scalable for GP with large datasets because of the high dimensionality of Qτ .144

Instead, we approximate Qτ | m by a Gaussian distribution to acquire analyti-145

cal approximation of Eq. 23. Previous studies have proposed using expectation146

propagation (EP) or variational inference (VI) for this purpose [10, 25]. In this147

work, we use the VI approach, as it is computationally efficient and readily avail-148

able by software packages. Although the previous work uses the scale-mixture149

representation of the ALD for VI, we directly use the ALD likelihood in Eq. 22150

for simplicity.151

Let p(·) denote the true density of a random variable. Our goal is to ap-152

proximate p (Qτ | m) by a density q(Qτ ) within a family of joint Gaussian153

distributions D, such that154

q∗(Qτ ) = argmin
q(Qτ )∈D

KL (q(Qτ ) ∥ p (Qτ | m)) , (24)

where155

KL (q(Qτ ) ∥ p (Qτ | m)) = Eq(Qτ )
[log q(Qτ )]− Eq(Qτ )

[log p (Qτ | m)]

= Eq(Qτ )
[log q(Qτ )]− Eq(Qτ )

[log p (Qτ ,m)]

+ log p(m).

Because log p(m) does not depend on q(Qτ ), minimizing the KL divergence is156
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equivalent to maximizing the evidence lower bound (ELBO):157

ELBO(q) = Eq(Qτ )
[log p (Qτ ,m)]− Eq(Qτ )

[log q(Qτ )] (25)

= Eq(Qτ )
[log p (m | Qτ )] + Eq(Qτ )

[log p (Qτ )]− Eq(Qτ )
[log q(Qτ )]

(26)

= Eq(Qτ )
[log p (m | Qτ )]−KL (q(Qτ ) ∥ p (Qτ )) . (27)

Because q(Qτ ) and p(Qτ ) are normal distributions, the KL divergence term158

can be computed in closed form. By Eq. 22, the expected log likelihood term159

transforms to160

Eq(Qτ )
[log p (m | Qτ )] = Eq(Qτ )

[
log

n∏
i

p (mi | Qτ (xi))

]
(28)

= Eq(Qτ )

[
n∑
i

log p (mi | Qτ (xi))

]
(29)

=

n∑
i

Eq(Qτ (xi)) [log p (mi | Qτ (xi))] , (30)

where log p (mi | Qτ (xi)) = −Lτ (mi, Qτ (xi)) /σ+const. Thus, the expected log161

likelihood can be computed through n one-dimensional numerical integrations,162

which is computationally feasible. After q∗(Qτ ) is obtained, Eq. 23 becomes163

P (Qτ (X∗) | m) ≈
∫

P (Qτ (X∗) | Qτ ) q
∗(Qτ )dQτ , (31)

which has a closed-form solution, as in Eq. 16.164

As in Eq. 14, parametric forms can be assumed for µ and k. Let θ be the165

vector of hyperparameters. Then,166

Qτ | θ ∼ GP (µθ, kθ) , (32)

which leads to, as in Eq. 15,167

Qτ | θ ∼ N (µθ(X), kθ(X,X)) . (33)

The posterior distribution of θ is given by168

P (θ | m) ∝ P (m | θ)P (θ) , (34)

as in Eq. 5. The likelihood P (m | θ) is obtained by169

P (m | θ) =
∫

P (m | Qτ ,θ)P (Qτ | θ) dQτ , (35)

as in Eq. 16, and θ can be estimated either by maximizing its lower bound using170

ELBO or by using expectation propagation [10, 26]. Estimation by ELBO is as171
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follows. For any q(Qτ ), the log likelihood is172

log p (m | θ) = log

∫
q(Qτ )

p (m | Qτ ,θ) p (Qτ | θ)
q(Qτ )

dQτ (36)

= logEq(Qτ )

[
p (m | Qτ ,θ) p (Qτ | θ)

q(Qτ )

]
. (37)

Because log is a concave function, by Jensen’s inequality, we have173

log p (m | θ) ≥ Eq(Qτ )

[
log

p (m | Qτ ,θ) p (Qτ | θ)
q(Qτ )

]
(38)

= Eq(Qτ )
[log p (m | Qτ ,θ)]−KL (q(Qτ ) ∥ p (Qτ | θ)) (39)

(40)

which is the ELBO. Hence, maximizing the ELBO jointly optimizes q(Qτ ) and174

θ.175

3 Calibration of classification model176

We compare five calibration methods, which differ in the functional form of the177

score-to-probability mapping and the multiclass decomposition strategy. Among178

the methods, we choose One-versus-rest sigmoid regression as it achieves the best179

balance between classification performance and landscape quality of ϕclass.180

3.1 Calibration methods181

Binary calibration methods such as Platt scaling and isotonic regression are182

extended to multi-class settings using either the one-versus-rest (OvR) or one-183

versus-one (OvO) strategy. Note that temperature scaling naturally supports184

multi-class calibration without decomposition.185

Sigmoid OvR (Platt scaling). In the one-versus-rest (OvR) approach, each186

class k is treated independently. A sigmoid function is fitted to the score ŝk [27]:187

qk(Y ) =
1

1 + exp
(
akŝk(Y ) + bk

) , (41)

where ak and bk are learned by minimizing the negative log-likelihood on the cal-188

ibration (validation) set. The calibrated probability is obtained by normalizing189

across classes:190

pk(Y ) =
qk(Y )∑K
l=1 ql(Y )

. (42)
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Sigmoid OvO. In the one-versus-one (OvO) approach, a sigmoid calibrator191

is fitted for each class pair (i, j) using only the samples belonging to class i or192

j. The pairwise probability rij that the true class is i rather than j is modeled193

as194

rij(Y ) =
1

1 + exp
(
aij(ŝi(Y )− ŝj(Y )) + bij

) , (43)

where aij and bij are learned from the binary subproblem. The multiclass prob-195

ability is obtained by normalized voting [28]:196

pk(Y ) =

∑
j ̸=k rkj(Y )∑K

l=1

∑
j ̸=l rlj(Y )

. (44)

Isotonic OvR. Each class k is calibrated using isotonic regression [29], a non-197

parametric method that fits a monotonically non-decreasing step function gk to198

the score–probability relationship:199

qk(Y ) = gk
(
ŝk(Y )

)
, subject to gk being non-decreasing, (45)

where gk is obtained by minimizing
∑

j

(
gk(ŝk(Yj)) − 1[Lj = k]

)2
under the200

monotonicity constraint. The calibrated probability is obtained by normalization201

as pk(Y ) = qk(Y )/
∑K

l=1 ql(Y ).202

Isotonic OvO. Isotonic OvO follows the same pairwise decomposition as sig-203

moid OvO, but replaces each sigmoid calibrator with isotonic regression:204

rij(Y ) = gij
(
ŝi(Y )− ŝj(Y )

)
, subject to gij being non-decreasing, (46)

with the same normalized-voting coupling step to obtain multiclass probabilities.205

Temperature scaling. Temperature scaling [30] applies a single scalar pa-206

rameter β > 0 to all class scores simultaneously:207

pk(Y ) =
exp

(
βŝk(Y )

)∑K
l=1 exp

(
βŝl(Y )

) . (47)

The parameter β is optimized by minimizing the negative log-likelihood on the208

calibration set. Unlike Platt scaling, which fits 2K parameters, temperature209

scaling uses a single parameter, preserving the relative ordering among classes210

while adjusting the sharpness of the predicted distribution.211

3.2 Classification and calibration performance212

Figure 1 shows the calibration curves for all five methods across each class.213

Each curve is constructed by partitioning the predicted probability range [0, 1]214

into equally spaced bins and plotting the mean predicted probability against215
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Figure 1: Calibration curves for each method, obtained by plotting the mean
predicted probability against the true fraction of positive samples in each bin
using a uniform binning strategy. The closer the curve is to the diagonal line,
the better the calibration. Missing points indicate probability bins that contain
no predicted samples.
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the empirical fraction of positive samples in each bin. Bins that contain no pre-216

dicted samples are omitted from the plot. OvR methods and temperature scaling217

produce curves that closely follow the diagonal, indicating good calibration.218

To quantitatively evaluate the performance of each calibration method, we219

compute both classification metrics (F1 score, precision, recall, and ROC-AUC)220

and probabilistic calibration metrics (negative log-likelihood and Brier score).221

Let N denote the total number of test samples, K the number of classes, L̂j =222

argmaxk p̂k(Yj) the predicted label, Lj the true label, and p̂k(Yj) the calibrated223

probability that sample j belongs to class k. Classification metrics (F1 score,224

precision, recall, and ROC-AUC) assess how accurately the model assigns labels225

and are computed using weighted averaging, where the contribution of each class226

k is weighted by its sample count Nk. Probabilistic calibration metrics (NLL227

and Brier score) assess how well the predicted probabilities match the true label228

distribution. The following paragraphs provide the mathematical definitions of229

each metric.230

Weighted F1 score. The F1 score is the harmonic mean of precision and231

recall [31]. The weighted F1 score averages the per-class F1 scores:232

F1 =

K∑
k=1

Nk

N
· 2Prk · Rek
Prk +Rek

, (48)

where Prk and Rek are the precision and recall for class k, defined below.233

Weighted precision. Precision for class k measures the fraction of samples234

predicted as class k that truly belong to class k:235

Prk =
TPk

TPk + FPk
, (49)

where TPk and FPk are the numbers of true positives and false positives for236

class k, respectively. The weighted precision is Precision =
∑K

k=1(Nk/N) Prk.237

Weighted recall. Recall for class k measures the fraction of true class-k sam-238

ples correctly identified:239

Rek =
TPk

TPk + FNk
, (50)

where FNk is the number of false negatives for class k. The weighted recall is240

Recall =
∑K

k=1(Nk/N)Rek.241

Weighted ROC-AUC. The receiver operating characteristic area under the242

curve (ROC-AUC) [32] is computed using the one-versus-rest strategy. For each243

class k, the ROC curve is constructed by varying a decision threshold on p̂k,244

and the area under this curve (AUCk) is computed. The weighted ROC-AUC is245

ROC-AUC =

K∑
k=1

Nk

N
·AUCk. (51)
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Table 1: Performance of classification models with different calibration methods.
Boldface values indicate the selected method, and underlined values indicate the
best-performing method.

Method F1 Precision Recall ROC-AUC NLL Brier

Sigmoid (OvR) 0.88 0.89 0.88 0.98 0.44 0.03
Isotonic (OvR) 0.87 0.88 0.87 0.98 0.63 0.03
Sigmoid (OvO) 0.86 0.87 0.86 0.98 1.39 0.09
Isotonic (OvO) 0.88 0.89 0.88 0.98 1.32 0.09
Temperature 0.88 0.89 0.88 0.98 0.38 0.03

Negative log-likelihood (NLL). The NLL, also known as log loss [33], eval-246

uates the quality of the predicted probability distribution:247

NLL = − 1

N

N∑
j=1

log p̂Lj
(Yj). (52)

NLL penalizes confident but incorrect predictions severely, making it particu-248

larly sensitive to the quality of probability calibration.249

Brier score. The multiclass Brier score [34] measures the mean squared error250

between the predicted probabilities and the one-hot encoded true labels:251

Brier =
1

K

K∑
k=1

1

N

N∑
j=1

(
p̂k(Yj)− 1[Lj = k]

)2
. (53)

A lower Brier score indicates better-calibrated probability estimates.252

Table 1 shows the performance of each method, evaluated by stratified 5-fold253

cross-validation. Regarding classification accuracy, all methods achieve com-254

parable performances, with sigmoid OvR achieving the highest scores for all255

four metrics. Regarding probabilistic calibration, temperature scaling achieves256

the lowest NLL (0.38) and Brier score (0.03), followed by sigmoid OvR (NLL257

0.44, Brier 0.03). All OvO methods show significantly worse NLL and Brier258

scores compared to OvR methods and temperature scaling, indicating that the259

pairwise decomposition strategy leads to poorer probability estimates for our260

dataset. Hence, we select sigmoid OvR, isotonic OvR, and temperature scaling261

for further analysis in the following section.262

3.3 Landscape quality263

Figure 2 shows the ϕclass values acquired from class probabilities calibrated264

by each method. Because sigmoid and temperature scaling fit probabilities us-265

ing smooth parametric functions, the resulting ϕclass landscapes are smooth266

and well-behaved. In contrast, isotonic regression fits a non-parametric step267
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Figure 2: Examples of ϕclass values acquired from each calibration method.
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(c) Temperature scaling
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function, which leads to abrupt jumps in ϕclass values for samples with similar268

scores, resulting in a more rugged landscape. This rugged landscape causes poor269

optimization and modeling performance in downstream tasks.270

Figure 3 compares the benchmark results of Bayesian optimization using271

ϕclass values from sigmoid OvR, isotonic OvR, and temperature scaling. It was272

already shown in the main text that αEI outperforms other acquisition func-273

tions for sigmoid OvR. For isotonic OvR, αPI shows the best performance, and274

for temperature scaling, αEI again performs the best. When the three best-275

performing acquisition functions from each method are compared, isotonic OvR276

was significantly worse than the other two methods because of poor landscape277

quality. Sigmoid OvR slightly outperforms temperature scaling, hence we select278

sigmoid OvR as the final calibration method for our classification model.279

4 Bayesian optimization280

This section provides an overview of Bayesian optimization (BO). Bayesian op-281

timization is characterized by a surrogate model and an acquisition function.282

We focus on BO with random forest (RF) surrogate model, as it is the method283

used in our study. Then, we discuss acquisition functions that guide the search284

for optimal solutions.285

Let ℓ = Lshape(Y ) ∈ R be the target value of optimization. Minimizing ℓ286

requires modeling the relationship287

ℓ = f(X) + ϵ, ϵ
i.i.d.∼ N (0, σ2

noise), (54)

where X is a d-dimensional input vector and σ2
noise represents the noise variance.288

The optimization problem can then be formulated as finding289

Xopt = argmin
X

f(X). (55)

When f(X) is a black-box function, one can estimate a surrogate model from290

the collected data and use an acquisition function to iteratively guide the search291

for Xopt.292

4.1 Random forest surrogate293

Random forest is an ensemble of decision tree models, each trained on a boot-294

strap sample of the observed data Dn. Random forest predictions are made by295

averaging the outputs of all trees in the ensemble. The advantage of RF-based296

BO is that it does not rely on explicit distributional assumptions about the297

latent function f(X). Additionally, RF can naturally handle categorical inputs,298

which are common in materials design problems. Hence, we choose RF as sur-299

rogate model for BO in our study.300

To enable Bayesian optimization with random forest, uncertainty quantifica-301

tion is essential for computing acquisition functions. The predictive uncertainty302
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Figure 3: Benchmark results of Bayesian optimization using ϕclass values from
each calibration method.
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σ2
∗(X∗) is estimated as the variance of predictions across individual trees in the303

ensemble:304

σ2
∗(X∗) =

1

Ntree − 1

Ntree∑
i=1

(fi(X∗)− µ∗(X∗))
2
, (56)

where Ntree is the number of trees, fi(X∗) is the prediction from the i-th tree,305

and µ∗(X∗) = 1
Ntree

∑Ntree

i=1 fi(X∗) is the ensemble prediction. Note that RF-306

based BO is not fully Bayesian as no prior distribution is defined. Nevertheless,307

µ∗ and σ∗ can be used in acquisition functions as if they were statistics of a308

posterior distribution.309

4.2 Acquisition function310

Selection of the next evaluation point is guided by an acquisition function α(X)311

that balances exploration and exploitation. Given α, the next evaluation point312

is selected by:313

Xnew = argmax
X

α(X), ℓnew = L(Ynew). (57)

The new point (Xnew, ℓnew) is added to Dn to form Dn+1 = (Xn+1, ℓn+1) with314

size n+1. This procedure is repeated for a fixed maximum number of iterations,315

and the optimal X yielding the smallest ℓ is selected.316

A popular choice for α(X) is the expected improvement (EI) function [35]:317

αEI(X) = E [max(0, ℓn,min − f(X)) | ℓn] , (58)

where ℓn,min = min ℓn. Assuming Gaussian posterior, EI can be computed in318

closed form as319

αEI(X) = (ℓn,min − µ∗(X))Φ

(
ℓn,min − µ∗(X)

σ∗(X)

)
+ σ∗(X)φ

(
ℓn,min − µ∗(X)

σ∗(X)

)
,

(59)

where Φ(·) and φ(·) are the cumulative distribution function and probability320

density function of the standard normal distribution, respectively. Other popular321

choices are the probability of improvement (PI) [36]322

αPI(X) = Φ

(
ℓn,min − µ∗(X)

σ∗(X)

)
, (60)

and the lower confidence bound (LCB) [37]323

αLCB(X) = µ∗(X)− λασ∗(X), (61)

where λα > 0 is a hyperparameter that controls the exploration-exploitation324

ratio. High values of λα encourage exploration, and low values of λα encourage325

exploitation. PI is more exploitative, while EI adaptively balances exploration326

and exploitation based on the collected data.327
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5 Benchmarking of active learning algorithms328

Let D = {(Xj , ℓj)}Mj=1 be the pool of collected data points. In each simulation329

run,M0 points are randomly drawn from D without replacement to form the ini-330

tial dataset D0. The next point is then selected asXnew = argmaxX∈D\D0
α(X),331

where α is the acquisition function. With the corresponding ℓnew, the new332

point (Xnew, ℓnew) is added to D0 to form D1. This procedure is repeated for333

n = M −M0 iterations, resulting in Dn, at which D \ Dn = ∅.334

After Dn is constructed, the performance of the algorithm is evaluated. We335

adopt three performance metrics [38]:336

Top5%(j) =
|Dj ∩ D5%|

|D5%|
, (62)

EF(j) =
Top5%BO(j)

Top5%RS(j)
, (63)

AF(a) =
Top5%

−1
RS(a)

Top5%
−1
BO(a)

, (64)

where j = 1, . . . , n and D5% ⊂ D is the set of the top 5% points with the337

smallest ℓ. The enhancement factor EF(j) measures how many more top 5%338

points are found by BO compared to random sampling (RS) after j iterations.339

The acceleration factor AF(a) measures how many fewer iterations BO needs340

to find a given fraction of D5% compared to RS. The last two metrics require a341

statistical baseline Top5%RS(j), which can be analytically computed [38]. The342

simulation is repeated S times with a different D0 each time, and the resulting343

metrics are bootstrapped with B resamples to estimate their medians and 95%344

confidence intervals. In this study, we set S = 1, 000 and B = 10, 000.345

For all S simulations, we correct the Top5%BO(j) value as follows:346

Top5%BO(j) =


Top5%RS(j) if j ≤ M0,

max

(
|Dj ∩ D5%|

|D5%|
,Top5%RS(M0)

)
j > M0.

(65)

This is because the first M0 iterations of Bayesian optimization are driven by347

the initial random sampling (RS). After correction, the sampling distributions348

of Top5%BO, EF, and AF are obtained.349

6 Edge formation mechanism350

6.1 Effects of IPA co-solvent351

In our dataset, the G40 and G40+IPA slurries differ only by the addition of 2352

wt % IPA to the latter. The most readily measurable consequence of this com-353

position change is a reduction of the static surface tension from σ = 75mN/m354

to σ = 57mN/m (see tables and figures in the Methods section of the main355
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text). This reduction in σ is consistent with increased wettability of the slurry356

on the substrate, which decreases from θ = 72.8◦ to θ = 62.4◦. Other properties,357

such as density and shear viscosity, are nearly identical between the two slurries.358

However, the two slurries show a noticeable difference in edge profile quality,359

signifying that the slurry–substrate interaction plays an important role in edge360

formation.361

There are other possible mechanisms by which the IPA addition could af-362

fect edge formation. For example, the surface tension gradients ∂σ/∂ξ could in363

principle drive Marangoni flows near the edge, but these have been reported to364

be negligible for the present dataset [8]. The altered interfacial affinity can also365

modify the wetting behavior on slot-die lips, which can affect the initial shape366

of the coating layer. This effect is difficult to decouple from current dataset,367

and direct confirmation would require additional measurements such as wetting368

dynamics imaging. However, difference of shape metrics between slurries are369

well-described by the contribution of cos θ in current analysis, and unexplained370

residuals are captured by Gaussian process models.371

6.2 The Schmitt–Dobroth model372

In the main text, we employ the Schmitt–Dobroth model [5] to construct a373

physics-informed prior mean for nonparametric model of Happ. The interpreta-374

tion below combines Schmitt’s original model with our own theoretical synthesis375

of its limiting behavior. We emphasize that this formulation is a semi-empirical,376

reduced-order model rather than a first-principles derivation from fundamental377

fluid mechanics or contact-line physics.378

Dobroth and Erwin’s free-film stretching argument implies379

hmax

Hg
∼ 1√

Rgt

, (66)

which gives the baseline trend that edge elevation increases with the stretching380

intensity Rgt. If h0 ≈ hw = Hg/Rgt, the same argument yields Happ ∼
√

Rgt.381

Schmitt’s contribution is to add an empirical parameter λ to account for the382

effect of substrate by,383

x2 + λx− 1

Rgt
= 0, x :=

hmax

Hg
, (67)

which yields the closed-form relation384

Hg

hmax
=

2

−λ+
√
λ2 + 4/Rgt

(68)

used in the main text. In this form, the x2 term recovers the Dobroth free-film385

limit and the λx term acts as a correction for substrate interaction effects.386

Schmitt originally referred to λ as an adhesion parameter. In the present387

manuscript, however, we use the broader term substrate interaction parame-388

ter. This change is to stress that λ lumps several different effects, including389
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substrate wettability, contact-line pinning, coating-substrate interfacial affinity,390

capillarity-mediated reshaping near the contact line, and the resulting resis-391

tance to free-edge lateral contraction. This interpretation is also supported by392

the behavior of the model itself. The positive solution of the quadratic relation393

is394

x(λ) =
−λ+

√
λ2 + 4/Rgt

2
, (69)

and its derivative satisfies395

dx

dλ
=

−1 + λ/
√
λ2 + 4/Rgt

2
< 0. (70)

Hence, increasing λ monotonically suppresses the predicted edge height. Two396

limiting regimes are particularly useful. For λ2 ≫ 4/Rgt,397

hmax

Hg
≈ 1

λRgt
, Happ ≈ 1

λ
, (71)

so the edge height is controlled more directly by substrate interaction than by398

stretching. For weak substrate interaction,399

Happ ≈
√

Rgt −
λRgt

2
, (72)

showing that even modest changes in λ can noticeably suppress edge elevation400

at large Rgt.401

Schmitt placed a simple linear model λ = aRgt + b and empirically fitted a402

and b. However, in this study we found little correlation between λ and Rgt, and403

instead discovered that λ nonlinearly depends on Ca and cos θ. To agree with404

this observation, we model λ by λ(Ca, cos θ) = aCab(cos θ)c and empirically fit405

a, b, and c. Although not being a rigid mechanistic model, this semi-empirical406

formulation provides a better fit to the data than Schmitt’s original linear model,407

and it captures the observed trends in the data. But mismatching residuals and408

uncertainties can be learned by the Gaussian process approach, allowing the409

model to be a suitable physics-informed inductive bias.410

7 Ablation examples of MTGPQR411

The multi-task Gaussian process quantile regression (MTGPQR) model is de-412

signed to leverage both the physical prior of Gaussian process regression and413

uncertainty estimation of non-crossing quantile regression. Three design choices414

are important: (i) the additive structure with softplus-enforced gap functions415

∆Q that guarantee non-crossing quantiles, (ii) the linear model of coregional-416

ization (LMC) kernel that captures correlations between quantile levels, and (iii)417

the physics-based prior mean that guides extrapolation in data-sparse regions.418

This section demonstrates the importance of each component by comparing419

the full MTGPQR model against ablated variants in which one component is420

removed at a time.421
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Figure 4: Quantile estimation performances of the standard Gaussian process
regression (GPR) and the multi-task Gaussian process quantile regression (MT-
GPQR). Multiple quantiles with different levels are estimated for Happ and
ϕclass, and average values of quantile losses from training data for each model
are plotted. Both models for each shape metric are equipped with the same prior
mean, kernel structure and lengthscale constraints.
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G50 G45 G40 G40+IPA

Average quantile loss (Happ)

GPR
MTGPQR
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7.1 Comparison to the standard GPR422

We first examine whether quantile regression is truly necessary. As described423

in Supplementary Section 2.2, the standard Gaussian process regression (GPR)424

model provides the Gaussian posterior distribution, from which arbitrary quan-425

tiles can be computed. However, this approach assumes that the residuals of the426

mean function are homoscedastic and Gaussian, which may not hold in practice.427

Figure 4 compares the quantile estimation performance of the GPR and MT-428

GPQR models for the two shape metrics Happ and ϕclass. The average quantile429

loss, which measures the calibration of the estimated quantiles against the train-430

ing data, is plotted for each model and shape metric. It can be observed that431

MTGPQR consistently achieves lower quantile losses than GPR, indicating that432

it provides better-calibrated quantile estimates. This improvement can be at-433

tributed to the fact that MTGPQR directly models the quantiles with fewer434

assumptions, making it more flexible in capturing the probabilistic structure of435

the data. In the following ablation studies, we focus on the MTGPQR model436

for Happ.437

7.2 Removing additive structure438

When the additive structure of the MTGPQR model is removed and each quan-439

tile is individually estimated, the result can suffer from the quantile crossing phe-440

nomenon. Even if quantiles are non-crossing, they can collapse to a degenerate441

zero-width distribution in extrapolation regions. Figure 5 compares an ordinary442

Gaussian process quantile regression (GPQR) model in which each quantile is443

estimated by a separate, independent GP, to the MTGPQR. Although GPQR444

does not exhibit quantile crossing, its quantiles collapse to the same value in the445

extrapolation region where Rgt is high. As a result, no probabilistic informa-446

tion can be extracted from the quantiles in this region. On the other hand, the447

MTGPQR model maintains a constant gap between quantiles in the extrapola-448
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Figure 5: Comparison between GPQR and MTGPQR models for Happ, using
0.05, 0.5, and 0.95 quantiles. All Gaussian processes of GPQR are equipped with
the physical prior mean of Happ, causing the quantiles to collapse to identical
values in the large-Rgt region. MTGPQR, on the other hand, models the gaps
between quantiles with constant priors, allowing the quantiles to maintain a
constant width in the same region.

Rgt

H
ap

p

(a) GPQR

Rgt

H
ap

p

(b) MTGPQR

tion region due to the additive structure of the gap functions. As a result, the449

MTGPQR model provides meaningful uncertainty estimates even in data-sparse450

regions.451

7.3 Removing intertask correlation452

MTGPQR combines latent GPs to construct gap functions. There are two ways453

to relate the latent GPs to the gap functions. The linear model of coregional-454

ization (LMC) models the gap functions as linear combinations of shared latent455

GPs. On the other hand, an independent multitask model assigns a separate456

latent GP to each gap function with no shared structure.457

Figure 6 compares the quantile estimation performance of the LMC and in-458

dependent multitask models for the two shape metrics Happ and ϕclass. It can be459

observed that, for most cases, LMC achieves lower losses than the independent460

multitask model. This result can be explained by the fact that LMC learns the461

correlation structure between gaps, providing more flexibility in modeling the462

quantiles. In fact, the independent multitask model can be seen as a special case463

of LMC where the coregionalization matrix is diagonal, so it is less expressive464

than LMC.465
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Figure 6: MTGPQR with different intertask correlation structures. Multiple
quantiles with different levels are estimated for Happ and ϕclass, and average
values of quantile losses from training data for each model are plotted. Both
models for each shape metric are equipped with the same prior mean, kernel
structure, lengthscale constraints, number of quantiles and latent GPs.
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Figure 7: Comparison of the physical prior mean and constant prior mean in
MTGPQR.
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7.4 Removing physical prior466

Figure 7 compares the MTGPQR model with the physics-based prior mean467

against a variant that uses a constant prior mean. With the physical prior mean,468

quantiles follow the monotonically increasing behavior of the shape metric, even469

in extrapolation regions where no training data are available. With a constant470

prior mean, however, the quantiles eventually converge to a constant value in the471

extrapolation region, which is inconsistent with the known physical behavior of472

the system. These results demonstrate the importance of incorporating physical473

priors to ensure physically consistent predictions.474
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