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An Analytical Model of Inflation with Graceful Exit and Constraining it from

Observations

Subhankar Saha,1, ∗ and Rajib Saha1, †

1Department of Physics, Indian institute of Science Education and Research, Bhopal, India.

A rapidly inflating space driven by a simultaneously evolving scalar field influenced by a poten-
tial energy density (V (ϕ)) in very early universe is a fundamental mechanism that generated the
tiny quantum perturbations that eventually form large scale gravitationally bound systems in our
universe. In a traditional approach one starts with a suitable V (ϕ) for the field to describe this
dynamics and predict observable quantities like scalar spectral index (ns) and tensor to scalar ratio
(r). In this work, we take an alternative path by first specifying a scale factor a(t) that encapsulates
some of the basic physically motivated characteristics. We derive the potential energy density and
using it provide expressions of all necessary inflation parameters that are needed to connect to the
two common inflationary observables, ns and r. Our results are fully analytic and exact and are
expressed in terms of dynamical variables of time and scalar field itself, without assuming any slow
roll conditions. However, slow roll conditions can easily be imposed on these complete analytical
results to uncover the physics in the desired limit. The analysis can identify a time interval during
which slow roll assumption can be assumed to be valid. Our inflationary dynamics does not suffer
from the so-called ungraceful exit problem from the inflation. We show that our scale factor model
predicts ns and r values consistent with the Planck, BICEP/Keck-18, and ACT observations in the
context of minimally coupled scalar field with the gravity.

I. INTRODUCTION

The inflationary formalism explains observed large
scale smoothness as well as relatively small-scale clumpy-
ness of structures of the Universe [1, 2]. It predicts exis-
tence of (yet unobserved) primordial gravitational wave
background [3, 4]. The predictions of the theory can be
tested against the observations by measuring spectral in-
dices (ns and nT respectively) of scalar and tensor mode
fluctuations power spectra of the metric tensor and ratio
of tensor to scalar mode power spectra, r (e.g., see [5, 6]),
at some pivot wave number k∗ - the choice of which may
depend on the maximally sensitive scales probed by a
cosmological observation.
Owing to the possibility of understanding the physics

of early Universe so close (t <∼ 10−32 s) to the epoch of
the so-called time of cosmic-singularity (t = 0) and at
energy scales close to ∼ 1016 GeV – much higher than
the reach of any human made particle accelerators– the
theory of inflation gained much attention in the literature
starting from the inception of the idea [7].
The concept of inflation has been realized through a

wide range of many theoretical models. The earliest mod-
els like old and new inflation, were based on phase tran-
sitions in scalar field potentials, but faced challenges re-
lated to graceful exit and initial conditions [8, 9]. These
issues motivated the development of chaotic inflation,
in which inflation occurs for large field values in sim-
ple monomial potentials, providing a robust and flexible
framework [8, 10]. On the other hand, observational de-
velopments was favoring the slow roll inflation models
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which consist a quite flat potential and usually have a
graceful exit [11, 12]. The hilltop model [13], Starobin-
sky [14, 15] and the attractor models [16–19] are some
examples of such models, although this list is not ex-
haustive. For a detailed review of inflationary models
we refer [20–22]. In this work we develop a new model

of inflation following a self contained and comprehensive

analytical framework. Before we further elaborate on our

work we provide some necessary basic equations to eluci-

date the problem.

A. Basic Equations

Assuming the inflation takes place due to evolution of a
scalar field ϕ′(t, x⃗) ≡ ϕ(t)+δϕ(t, x⃗), where ϕ(t) represents
the background field, and δϕ(t, x⃗) are its anisotropies,
the physics of the inflation is described by a set of three
coupled non-linear differential equations as follows,

H2 =
8πG

3
ρϕ , (1)

ä

a
= −4πG

(

Pϕ +
ρϕ
3

)

, (2)

and

ϕ̈+ 3Hϕ̇+
dV

dϕ
= 0 , (3)

where Eqn. 1 and 2 denote the first and second Fried-
man equations respectively [23]. In this work, we assume
that the scalar field is minimally coupled to the gravita-
tion. We use c = 1 (i.e. natural unit) and assume that
the three dimensional space is flat. Eqn3 represents the
scalar field equation, can be derived from the Friedman
equations. The Hubble parameter, H(t), is defined as
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H(t) ≡ ȧ/a and a(t) represents the scale factor (t repre-
sents coordinate time) [24]. An over dot represents time
derivative. Assuming ideal fluid model, the potential en-
ergy density is represented by V (ϕ). The energy density,
ρϕ, and pressure, Pϕ, respectively are given by [25]

ρϕ =
ϕ̇2

2
+ V (ϕ) , (4)

Pϕ =
ϕ̇2

2
− V (ϕ) . (5)

B. The Problem

A complete model of inflation will be obtained if it is
possible to solve simultaneously for all dynamical vari-
ables appearing in Eqns. 1, 2 and 3. However, in prac-
tice solving analytically for all independent variables of
Eqns 1 to 3 may be non-trivial or even not possible. It is
clear that V (ϕ) plays a significant role to influence evolu-
tion of ϕ, and in turn evolution of the dynamical variables
in the gravity sector. In some approaches to inflationary
predictions one starts with an ansatz for V (ϕ) in the ac-
tion expression describing the coupled system [26]. In
principle, one can then obtain the Friedman equations
and equation of continuity. Interestingly, such choice of
V (ϕ) can be made suitably (consistent with slow roll as-
sumption) to actually obtain predictions of inflation in
terms of the variables ns and r without directly solv-
ing the evolution for the gravity sector variables. Hence,
time evolution of scale factor or Hubble parameter is not
of prime focus always.

C. Solution

In this work we follow a more general approach. We
describe a new model for inflationary dynamics with com-
pletely analytically tractable framework based upon fol-
lowing two guidelines.
1) The description for inflation satisfying the obser-

vational results should be comprehensive, i.e., we would
aim to provide exact analytical expressions for all major
variables relevant for inflation.
2) The analysis will be general, implying while solving

for exact analytical expressions no assumptions of slow
roll need to be made.
Motivated by above we ask ‘Can we start with a physi-

cally well motivated model of scale factor during inflation
and eventually obtain an exact analytical expression for
V (ϕ) and hence obtain predictions of ns and r?’ Clearly,
if a satisfactory answer is possible to provide we have
at our disposal a unified approach for solutions during
the inflation and likely until some critical epoch after the
end of inflation as well [27]. Moreover, we are also able
to generate an instance of ‘predicting’ the fundamental
function V (ϕ) which may encode new information for the

particle physics sector [9]. This is an equivalent but dis-
tinct method of investigation of dynamical evolution dur-
ing inflation compared to the approach where one starts
from an ansatz of V (ϕ) and predicts ns and r assum-
ing slow roll [28]. Since there has not been any unique
fundamental theory which predicts an exact analytical
form of the potential, a major focus in the contemporary
cosmology has been exploring different possible forms of
the potentials which may be confirmed or rejected based
upon observations. Concluding from this, the current
work provides an alternative approach to other theories
predict a possible analytical expression of V (ϕ) simulta-
neously considering a complete solution of the coupled
system of equations 1 to 3. The choice of our scale fac-

tor results in evolution of the scalar field both within slow

roll regime and beyond without any need to assume any

specific form of the V (ϕ) to begin with.

D. Alternative Approaches

An alternative approach to our method for an unified
solution set describing inflation dynamics would be to
solve for scale factor a(t) starting from a initial choice
of V (ϕ). In principle this can be achieved by using
Hamilton-Jacobi equation for inflation to solve first for
H(ϕ),

H2(ϕ) =
8πG

3

[

1

32π2G2

(

dH

dϕ

)2

+ V (ϕ)

]

, (6)

which can be obtained by using Eqn. 1 and (dH/dϕ) =

−4πGϕ̇ [29]. However, because of non linear nature of
this equation a general solution, H(ϕ) of this equation
for any general V (ϕ) is difficult to perform analytically
without an explicit slow roll assumption. If this difficult
step can be performed analytically one can subsequently
estimate ϕ = ϕ(t), from which H(t) = H(ϕ(t)) and a =
a(t) can be obtained by direct integration. However, due
to non linear nature of Eqn. 6 we do not follow such an
approach in this work.

Yet, another approach for complete analytical solution
of the inflationary evolution could be starting from an
ansatz of V (t) and solve for H(t) analytically using the
first order Bernoulli differential equation [30]. Once H(t)
is obtained scale factor can be obtained analytically by
integration. From H(t) one can estimate ϕ = ϕ(t) and
by inverting it t = t(ϕ). This can be now used in V (t)
to solve for V (ϕ) analytically. However, we do not follow
this method since the primary motivation of this work
it is to start with a model of time dependence of scale
factor, which can be intuitively built based upon some of
its desired properties to be satisfies during and after the
end of inflation.
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II. THE INFLATION MODEL

A. The Scale Factor

We start with following ansatz of the scale factor

a(t) = α {1− γ1(t− ti)} exp {γ2(t− ti)} . (7)

Here, ti denotes the time at the beginning of inflation, α
is a dimensionless constant. γ1, γ2 represents two param-
eters controlling the evolution of the scale factor and each
has a dimension of [T ]. α is the normalizing parameter,
and it may take any positive value. The present work
considers α = 1 without any loss of generality. We will
show later that γ1 and γ2 are crucial parameters to de-
termine the duration of inflation. One can determine the
viable values of the parameters by requiring the predic-
tion of the theory to be consistence with the cosmological
observations [31–34].
What is the physical motivation of choosing the scale

factor as given by Eqn. 7? We note that apart from rep-
resenting a rapid (accelerated, like exponential) stretch-
ing of spatial scales during some initial epoch, the scale
factor should also be able to self terminate (without re-
quiring role of additional physics to end such epoch) the
acceleration to mark the end of inflation. This feature
will help the inflation to have a graceful exit [35].
Secondly, with the progression of time, Hubble param-

eter should decrease since we want to model the matter
sector in terms of a homogeneous and isotropic real scalar
field minimally coupled to gravitation. Such decrease is
also expected to be sufficiently slow for a significant dura-
tion of inflationary epoch so that enough number e-folds
of expansion can take place to explain observed homo-
geneity and isotropy of the space. Towards the very end
of inflation or at time after that, however, such decrease
can be as fast as the case for our chosen scale factor.
As we will see later in this work the end of accelera-

tion is soon followed by the post-inflationary increase of
the potential from its absolute minimum. This feature
is crucial for avoiding eternal inflation [36]. The infla-
tionary potential diverges after attaining the minimum
which avoids any possibility of further quantum tunnel-
ing of field avoiding eternal inflation. The field therefore
can therefore be converted to standard model particles
through the process of reheating [37, 38]. Hence, the re-
duction of the chosen scale factor in the post-acceleration
era provides a natural and spontaneous setting for the re-
heating phase. The decrease in the scale factor associated
with the post-inflationary rise of the potential and even-
tual divergence towards infinity prevents the scale factor
from becoming negative. Consequently, the chosen form
of the scale factor is well motivated not only for realizing
a successful inflationary phase but also for establishing
suitable conditions for reheating [38].
In the following we describe some specific features of

the evolution of the scale factor. Once the scale factor is
given, we can further construct dynamical variables that

encodes specific features of its time evolution. One can
estimate the Hubble (H = ȧ

a
) parameter

H = γ2 −
γ1

1− γ1(t− ti)
, (8)

and the acceleration ( ä
a
) of the scale factor

ä

a
= γ2

2 − 2γ1γ2
1− γ1(t− ti)

. (9)

We note that H decreases with time as we expect from
the theory of a minimally coupled scalar field with grav-
ity following Ḣ = −4πGϕ̇2. Equation 9 can be used to
estimate the duration of accelerating epoch. Specifically
acceleration occurs for all time t satisfying,

t− ti ≤
1

γ1
− 2

γ2
. (10)

In particular, inflation ends at a time te for which

te − ti =
1

γ1
− 2

γ2
. (11)

Thus γ’s are the factors that decide the duration of infla-
tion. Therefore, these two constants cannot be regarded
as independent of each other for a given duration of in-
flation. A noteworthy feature of the scale factor assumed
in Eqn. 7 is that as time proceeds (before the end of
inflation and even during some interval of time after the
end of inflation) it evolves more and more slowly than
the pure exponential expansion. This guarantees that an
end of inflation will be possible. The model scale factor
given by Eqn. 7, therefore, able to end inflation.

B. The Potential Energy Density

The scalar field potential energy density V (ϕ) and the
Hubble parameter control the dynamics of the evolution
of ϕ(t). The potential energy is theoretically motivat-
ing since one can model it from the fundamental interac-
tion models of a field theory. To construct the potential
energy we first estimate the density (ρ(t)) and pressure
(P (t)) of the field using we use Eqn. 7 in Eqns 1 and 2
and obtain

ρ(t) =
3

8πG

{

γ2 −
γ1

1− γ1(t− ti)

}2

, (12)

P (t) = − 1

8πG

[

3

{

γ2 −
γ1

1− γ1(t− ti)

}2

− 2

{

γ1
1− γ1(t− ti)

}2
]

.

(13)
Using the result V (t) = (ρ − P )/2 (from Eqns 4 and 5)
we can then obtain exact expression for V (t),

V (t) =
1

8πG

[

3γ2
2 − 6γ1γ2

1− γ1(t− ti)
+

2γ2
1

{1− γ1(t− ti)}2

]

.

(14)
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We note that using Ḣ(t) = −4πGϕ̇2(t) and Eqn. 8 one
can solve for t = t(ϕ) or equivalently ϕ = ϕ(t) following,

(ϕ− ϕi) = ∓ 1√
4πG

log (1− γ1(t− ti)) , (15)

where, ϕi = ϕ(ti) and ϕe = ϕ(te) are constants, the initial
and final values of the inflaton field. We use the negative
sign in the above equation for the forthcoming analysis
of this paper. Such a choice causes ϕ to increase with
time. Using Eqn 15 in the previous expression of V (t)
we obtain following exact analytical form,

V (ϕ) =
1

8πG

[

3γ2
2 − 6γ1γ2 exp [

√
4πG(ϕ− ϕi)]

+2γ1
2 exp [2

√
4πG(ϕ− ϕi)]

]

. (16)

C. Solution of Hamilton-Jacobi equation

Hamilton-Jacobi (HJ) differential equation (Eqn 6)
establishes a relation between the Hubble parameter
(H(ϕ)) and the potential energy V (ϕ) of the scalar
field [39, 40]. The equation establishes attractor nature
of the inflationary model which states that inflationary
conditions would eventually be satisfied regardless of the
different possible choice of initial value of Hubble param-
eter caused by small variations of the initial conditions on
the scalar field. Traditionally this differential equation is
regarded as a convenient tool to solve for V (ϕ) once a
suitable form of H(ϕ) is assumed. Alternatively, if the
objective is to find the complete solution of the inflation-
ary model, one can also try to find solution of the later if a
prior model of the potential is used. However, this could
be a non trivial problem for a general potential due to
non-linear nature of Hamilton-Jacobi equation. Our cho-
sen model however, provides an exact solutions of H(ϕ)
consistent with potential energy of Eqn. 16, without any
need to solve the HJ equation. Using Eqn. 15 in Eqn. 8
we obtain,

H(ϕ) = γ2 − γ1 exp
{√

4πG(ϕ− ϕi)
}

. (17)

Similarly using Eqn. 15 in Eqn. 7 we can even obtain an
expression of scale factor with respect to the field ϕ,

a(ϕ) = α exp

[

γ2
γ1

−
√
4πG (ϕ− ϕi)−

γ2
γ1

exp
{

−
√
4πG(ϕ− ϕi)

}

]

.

(18)
We note, as inflation proceeds ϕ increases in our model,
hence H, following Eqn. 17, decreases as we expect from
the scalar field model minimally coupled to gravity. With
the increase in 4πG(ϕ− ϕi) as inflation proceeds the net
contribution of the first and third terms of the exponent
of Eqn. 18 increases. This results in rapid expansion in
the scale factor. However, when the second term starts to
become dominant compared to the other two terms the
inflation starts to slow down and eventually ends leading
to successful exit from the inflationary epoch.

D. Equation of State Parameter

The equation-of-state parameter defined as w = P
ρ
, is

often used to identify if the condition of inflation is satis-
fied [39]. Moreover, it may possibly encode information
about the state of the scalar field [41]. Using Eqns. 13
and 12 in above we obtain,

w = −1 +
2

3

[

γ2
γ1

(1− γ1(t− ti))− 1

]−2

, (19)

implying a dynamic behaviour of w(t) and w(t) > −1
always. Therefore the field behaves like quintessence. At
t = ti, w(ti) = −1 + 2/3(γ2/γ1 − 1)−2. With increase
in time the second term of Eqn. 19 increases, hence the
equation of state parameter also increases. Inflation ends
when w increases beyond −1/3. Using Eqn. 15 in Eqn. 19
one can express the w parameter with respect to the field
variable,

w(ϕ) = −1 +
2

3

[

γ2
γ1

{

exp
(

−
√
4πG(ϕ− ϕi)

)}

− 1

]−2

.

(20)
Setting w = −1/3 in Eqn. 19 we obtain, te−ti = 1/γ1(1−
γ1(1±1)/γ2). Considering the solution with positive sign
the expression of te − ti agree with that derived after
Eqn. 10. This corresponds to the time when ω crosses
−1/3 from below. The second case when w = −1/3
corresponds to the negative sign in the above solution.
In this case time t of cross over is given by t− ti = 1/γ1
when w crosses −1/3 from above. Same conclusion can
also be obtained by performing similar calculations using
Eqn. 20.

III. SLOW-ROLL PARAMETERS

The slow roll parameters encode information about the
dynamics of the evolution of the scale factor and nature of
the shape of the scalar field potential. Two different slow
roll parameters that are defined in terms of the Hubble
parameter are given by

ϵH = − Ḣ

H2

ηH = − ϕ̈

Hϕ̇
.

(21)

The slowly rolling condition of the field over the potential
is satisfied when these parameters take values that are
≪ 1 [42, 43]. The potential energy dependent slow roll
parameters are defines as

ϵV =
1

16πG

(

V ′

V

)2

ηV =
1

8πG

(

V ′′

V

)

.

(22)
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The two ϵ parameters defined in earlier two equations
are not the same. They are close to one another in the
slow roll regime [42]. Beyond this these parameters can
differ significantly. Similar conclusion is also applicable
for the two types of η parameters defined above. Inciden-
tally there exist two consistency relations between these
parameters,

ϵV = ϵH

(

3− ηH
3− ϵH

)2

η′V =
√

2GϵH
η′H

3− ϵH
+

(

3− ηH
3− ϵH

)

(ϵH + ηH) ,

(23)

where the ’ sign represents derivative with respect to field
ϕ [42]. Using Eqns. 8 and 15 in Eqn. 22 we obtain

ϵH(t) =

[

γ2
γ1

{1− γ1(t− ti)} − 1

]−2

ηH(t) = −
[

γ2
γ1

{1− γ1(t− ti)} − 1

]−1

.

(24)

where the exact time of end of inflation can be obtained
by setting ϵH = 1 [44]. As shown earlier this time te
follows te − ti = 1/γ1 − 2/γ2. Above two parameters can
be expressed as functions of ϕ as well,

ϵH(ϕ) =

[

γ2
γ1

exp
{

−
√
4πG(ϕ− ϕi)

}

− 1

]−2

ηH(ϕ) = −
[

γ2
γ1

exp
{

−
√
4πG(ϕ− ϕi)

}

− 1

]−1

.

(25)

Traditionally the ϵV and ηV parameters are expressed in
terms of ϕ. For our case, the exact expressions for these
parameters are given by,

ϵV (ϕ) =





2γ1
2 exp

{

2
√
4πG(ϕ− ϕi)

}

3γ22 − 6γ1γ2 exp
{√

4πG(ϕ− ϕi)
}

−3γ1γ2 exp
{√

4πG(ϕ− ϕi)
}

+2γ12 exp
{

2
√
4πG(ϕ− ϕi)

}





2

, (26)

and

ηV (ϕ) =
4γ1

2 exp
{

2
√
4πG(ϕ− ϕi)

}

3γ22 − 6γ1γ2 exp
{√

4πG(ϕ− ϕi)
}

−3γ1γ2 exp
{√

4πG(ϕ− ϕi)
}

+2γ12 exp
{

2
√
4πG(ϕ− ϕi)

} . (27)

IV. NUMBER OF E-FOLDS

The inflationary model provides a mechanism for pro-
ducing the right size of Horizon at the end of inflation

which after subsequent evolution eventually grows to the
size of the present day Horizon. The perturbations of the
inflationary field produces a scalar power spectrum char-
acterized by the spectral index ns which is close to unity
for a slow roll inflation. The intrinsic tensor type pertur-
bations of the metric result in stochastic background of
the gravitational wave and its power spectrum is known
as tensor power spectrum [27, 45]. The ratio of tensor
to scalar power spectra is denotes as r. Both ns and r
are predictions of inflationary theories and measurable
from cosmological observations [27]. The rapid expan-
sion of space causes wave lengths corresponding to vari-
ous modes of inflationary perturbations to cross outside
horizon and soon thereafter these perturbations freeze
without any time evolution, the epoch of which is taken
to be moment of horizon exit of the mode under con-
sideration [46]. The number of e-folds (N(t)) from the
moment of horizon exit (at time t) of a mode with wave
number k to the end of inflation is an important variable
since all the cosmological modes that are observable to-
day actually exit the horizon during inflation 50 to 60 e
folds before the end of inflation [47]. The procedure of
calculating the inflationary predictions of ns and r then
reduces to finding time epochs for N = 50 or 60 and us-
ing these time values in the expressions of suitable slow
roll parameters [48, 49].

Using Eqn. 8 in the expression N(t) =
∫ te

t
Hdt we

obtain an exact expression,

N(t) = γ2(te − t) + log
1− γ1(te − ti)

1− γ1(t− ti)
. (28)

One can also obtain an expression for N(ϕ) by using
Eqn. 15 in above expression,

N(ϕ) =
γ2
γ1

[

exp
{

−
√
4πG(ϕ− ϕi)

}

− exp
{

−
√
4πG(ϕe − ϕi)

}]

−
√
4πG(ϕe − ϕ) . (29)

Using Eqn. 28 one can obtain total number of e-folds
starting from time ti,

Ntot ≡ N(ti → te) = γ2(te − ti) + log(1− γ1(te − ti))(30)

= γ2

γ1

− log
(

γ2

γ1

)

− 2 + log(2) ,(31)

where we have used te − ti = 1/γ1 − 2/γ2 to obtain the
last equation. The total number of e-folds is determined
by the ratio γ2/γ1 apart from some small numerical con-
tributions −2+ log(2). First term on the right hand side
of Eqn. 30 is larger than the second term. The argu-
ment of the log term is always positive (and hence less
than unity) by our choice. Hence, the second term on
the right side gives a negative contribution. This implies
that, the inflation model of this work allows somewhat
larger values of γ2 or te − ti to produce same Ntot when
compared to the inflationary model with exact De-Sitter
expansion. It is worth noting that using ϕ = ϕe hence
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also t = te in Eqn. 15 along with Eqn. 11 one can easily
obtain

√
4πG(ϕe − ϕi) = log(γ2/γ1)− log(2) , (32)

which is an expression for the duration of inflation
in terms of the field variable similar to the inflation-
ary duration in time domain (e.g., Eqn. 11). We also
note that using Eqn. 32 and Eqn. 29 one can also ob-
tain total number of e folds between time ti and te as
γ2/γ1 − log(γ2/γ1)− 2 + log(2) as obtained in Eqn. 31.

V. ANALYSIS OF PARAMETERS AND

DYNAMICAL VARIABLES

A. Constraints on Parameters

The basic parameters of our inflation models are
γ1, γ2, te and ti. Since we have a constraint equation
te − ti = 1/γ1 − 2/γ2 only three parameters among these
are independent. We can provide qualitative constraints
on these parameters following a series of physical reason-
ing. A more precise constraints will also follow.

To solve the Horizon problem of the standard cosmol-
ogy the inflation should last for at least 50 to 60 e-folds.
The choice of parameters of our model scale factor should
be consistent with this number. From Eqn. 30 we see that
the total number of e folds is dominantly determined by
the first term on the right hand side since the log term
is expected to be small. This is because the argument
of the second term must be less than unity during the
inflation so as the scale factor (Eqn. 7) remains posi-
tive. This argument is expected to be not too much less
than unity during inflation for accelerating expansion to
happen. Hence the first term alone determines the total
number of e-folds to a good approximation. For a typical
value of te − ti then γ1 <∼ 1/(te − ti). Since the duration
of inflation should be such that γ2(te − ti) >∼ 60 (for ob-
served homogeneity on the large scale) clearly γ2 ≫ γ1.
From Eqn. 8 we now see that Hubble parameter value is
dominantly determined by γ2 for the entire duration of
inflation.

The energy density of the inflaton field is given by
ρϕ = 3H2/(8πG). The value of ρi at the beginning of in-

flation (ϕ = ϕi) is typically assumed to be <∼ 1064 GeV4

corresponding to a energy scale of inflation 1016 GeV
which is already much less than the Planck energy scale
1/
√
G = 1.22 × 1019 GeV. The assumed value of ρi de-

termines H at the beginning of inflation and also repre-
sents approximate value of H during inflation (as long
as slow roll occurs) and sets the time epoch when in-
flation happened. Without loosing much precision we
assume γ2 ≫ γ1 (as discussed above) in Eqn. 8. Now
we set t = ti for finding the upper limit of γ2 using the
approximate equation γ2

2 ∼ (8πG/3) ρi which leads to
γmax
2 ∼ 3.6× 1037s−1.
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FIG. 1. Variation of total number of e-folds with respect to
the ratio γ2/γ1 is shown in violet color. The green line shows
the linear variation with respect to the ratio. The green line
lies above the violet line indicating slower than linear depen-
dency of Ntot on γ2/γ1 in our model. The dashed vertical line
shows the value of γ2/γ1 = 65.49 corresponding to merely 60
total e-folds. This sets the minimum value of γ2/γ1 for enough
inflation as 65.49.

B. Number of e-folds

In Fig. 1 we show variation of Ntot with respect to the
ratio γ2/γ1 in violet using Eqn. 31. The green shows the
straight line with ordinate values same as γ2/γ1. The vio-
let line always lies below the green line as expected. The
cyan line corresponds to the minimum e-fold 60 neces-
sary for producing homogeneity on the currently observ-
able cosmological scales. The corresponding (minimum)
value of γ2/γ1 ∼ 65.49. This along with the maximum
allowed value of γ2 ∼ 3.6×1037s−1 estimated above pro-
vide important constraints on the permissible values of
these parameters.
The total number of e-folds is controlled by the ratio

γ2/γ1. Also this ratio alone can determine the end the
inflation for a given ti which can be easily seen from
Eqn. 9. We infer from this equation that inflation will end
when 1− γ1(te − ti) = 2γ1/γ2. From the right hand side
of this equation, we conclude that inflation ends when
γ1(te − ti) <∼ 1, since we have already seen that γ2 ≫ γ1.
It is clear from Eqn. 7 that if γ1 = 0 the inflation never
stops. Introducing γ1 in the scale factor model, therefore,
serves the purpose of avoiding graceful exit problem.
By how many e-folds (as a function of ϕ) does the space

expand from a time (t) when field value is ϕ(t) till the
end of inflation? Using Eqn. 29, after a little algebra, one
obtains

N(ϕ) = y − log(y)− 2 + log(2) , (33)

where the variable y ≡ γ2

γ1

exp(−
√
4πG(ϕ− ϕi)).

In Fig. 2 we show the variation of N(ϕ) as a function

of the dimensionless variable
√
4πG(ϕ − ϕi) for several

choice of the ratio γ2/γ1. As expected increasing the ra-
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FIG. 2. Figure showing number of e folds left until the end of
inflation from an epoch during inflation when the field value
is ϕ as a function of dimensionless variable . This e-fold num-
ber depends on the ratio γ2/γ1 as a parametric form. Several
choices if the ratio are chosen as indicated in the figure. The
horizontal dashed lines indicate 50 and 60 number of e-fold
that are relevant for the observable cosmological scales at the
present epoch. As seen from the figure the field intervals cor-
responding to 50 and 60 e-folds are independent on the ratio
γ2/γ1. For the cosmological modes the horizon exit happens
well in inside the slow roll regime for all choice of the ratio.

tio results in more number of total e-folds. Larger values
of the ratio causes present day cosmologically important
modes exit horizon during inflation at a larger value of
ϕ − ϕi. From Eqn. 15 we see that larger ϕ − ϕi value
implies a lower t − ti if γ1 for a given value of γ1. It is

interesting to note that the ϕ-interval within which the

present day cosmological modes exit horizon appears in-

dependent on the ratio γ2/γ1 on the horizontal scale of

the figure. Such similarity occurs since the horizon exit
for the relevant modes occur during the slow roll regime
in which the scalar field changes by small amount.
Using the expression te − ti = 1/γ1 − 2/γ2 one obtains

γ1 < γ2/2 for obvious condition that inflation ends at a
later epoch than when it begins i.e., te > ti. Moreover,
at the end of inflation 1− γ1(te − ti) = 2γ1/γ2 < 1 indi-
cating positivity condition on the scale factor is satisfied.
The condition γ2 > 65.49γ1 for enough inflation already
satisfies this condition.

C. Duration of Inflation

In Fig. 3 we show the variation of the duration of in-
flation with γ1 and γ2 for te > ti. For small γ1 ≪ γ2 the
duration is dominantly determined by the 1/γ1 term as
seen from the left side region of the figure. This is true
even if γ1 becomes merely one order of magnitude larger
than γ2. As γ1 increases both γ1 and γ2 influences the
duration. For large values of γ1 and γ2 the duration of
inflation becomes noticeably small as indicated in the top
right region of this figure. Essentially, a large γ1 value
results in small time duration for inflation in this figure.
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FIG. 3. Figure showing variation of time duration of inflation
with respect to parameters γ1 and γ2. The maximum value
of γ2 corresponds to a energy scale of inflation sufficiently
lower than Planck energy scale. Horizontal color gradient of
this figure implies that the duration of inflation is maximally
determined by γ1 parameter. The white triangular region
indicate nonphysical parameter values with γ2 < 2γ1.

The white triangular region is nonphysical corresponding
to values γ1 > γ2/2 and hence masked since it leads to
te ≤ ti.

D. Inflation Energy Density

In Fig. 4 we show the variation of ρe estimated at the
end of inflation for with respect to γ1 and γ2. The du-
ration of inflation is given by 1/γ1 − 2/γ2 for this figure
without any explicit assumption of individual values of ti
and te. It is easy to show that the Hubble parameter at
the end of inflation He = γ2/2. Hence ρe = 3H2

e /(8πG)
is entirely determined by the parameter γ2. It is interest-
ing to note that the energy density at the end of inflation

is independent of the duration of the inflation for a given

choice of ρi. We also note that, ρi ∼ 4ρe, i.e., the en-
ergy density at the end of inflation drops by roughly a
factor of 4 for all possible values of γ1 and γ2. Because
of this relation a plot of variation of ρi looks similar to
Fig. 4 apart from a 4 times larger energy density value.
The white triangular region correspond to the parameter
values γ2/γ1 ≤ 65.49 and hence excluded.

E. Potential Energy Density

Following Eqn. 16 the potential energy depends on the
choice of the parameters γ2 and γ1. In Fig. 5 we show the
variation of potential energy in GeV4 unit at the start of
inflation with these parameters in the top left panel. The
horizontal and vertical axes of each sub panel represent
values of γ1 and γ2 (in s unit) respectively. The vertical
gradient in the color map of the top left panel indicates
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FIG. 4. Figure showing variation energy density of inflaton
at the end of inflation with parameters γ1 and γ2. On the
scales of the vertical axis of this figure the energy density is
dominantly determined by the parameter γ2. The condition
of minimum 60 e-folds of inflation is satisfied by the γ1 , γ2
parameters on the γ1 − γ2 plane.

the potential energy at t = ti is dominantly determined
by γ2. The top right, bottom left and bottom right panels
represent the ratio of the first, second and third terms
of the right side of Eqn. 16 (all evaluated at t = ti) and
potential energy shown in top left panel respectively. The
top right panel shows ratio values close to unity. The two
bottom panels show that the second and third terms of
Eqn. 16 are significantly smaller than the first term at
the start of inflation.

However, the second and third terms of Eqn. 16 be-
come significant and increase their influences on the net
potential energy as ϕ increases from ϕi due to associated
exponentially increasing factors increasing with ϕ − ϕi.
This results in interesting and physically motivated vari-
ation of V (ϕ) with

√
4πG(ϕ − ϕi). We show this in

Fig. 6 for different choices of the value of γ1 for a given
γ2 = 1037s. The vertical axis in each sub panel of this
figure is in unit of 1064GeV4 unit. In each sub panel
the inflation potential has a ‘plateau’ region marked by
slowly changing slope. This is followed by rapid decay of
the potential, existence of a minimum potential and post
minimum increase in the potential at a faster rate than
the decay. The plateau region determines the duration
of slow roll inflation – which is responsible for enough
e-folds of inflation. The increasing slope of the potential
energy after the slow roll regime soon causes inflation to
self terminate leading to graceful exit from inflation. Ex-
istence of a minimum potential energy is useful in some
theories of post inflation reheating by the so-called co-
herent oscillation mechanism of the scalar field around
the minimum and through couplings with the standard
model fields. We note that decrease in γ1 (for a given γ2)
causes an extended epoch of slow roll in the field domain.
This causes the potential energy pattern to shift to the
right side (i.e, towards higher values of (ϕ − ϕi)). This
is expected since 1 − γ1(te − ti) = 2γ1/γ2 (derived ear-
lier) becomes smaller with decrease in γ1 and following

Eqn. 15 we find a larger value of (ϕe − ϕi) now with this
decrease.
A remarkable feature of the inflaton potential in our

model is that it becomes negative for range of field
ϕ ∈ (ϕ1, ϕ2) with ϕ2 > ϕ1. However, the negative po-
tential energy is not of a concern. The kinetic energy
of the field (ϕ̇2/2) remains always positive and balances
the negative potential in the range where V (ϕ) is neg-
ative. The minimum of V (ϕ) occurs between ϕ1 and
ϕ2. Using Eqn. 14 and setting dV (t)/dt = 0 (along with
d2V/dt2 < 0) one finds the V (t) is minimum at time tmin

where

tmin − ti = 1/γ1 − 2/(3γ2) , (34)

which occurs well after the end of inflation.
Soon after the inflation ends the reheating method is

expected to take place. During this process standard
model particles are formed. Once reheating starts the
scale factor deviates from the assumed form which is
given in Eqn. 7, due to new coupling with the other fields.
However, when we consider the inflaton potential energy
as a function of ϕ it is a fundamental property of the
field only and therefore it should be thought of as inde-
pendent on the scale factor. Our analytical framework
has the advantage of predicting this fundamental form of
the potential even when Eqn. 7 may not be valid after
the start of the reheating mechanism by using the cou-
pled equations of inflationary dynamics (Eqns. 1 to 3).
It becomes instructive to study the evolution of the

scale factor after the end of inflation for further insights
into the post inflationary dynamics. First of al, pre ex-
ponent factor of Eqn. 7 sets a maximum physical limit
(T ) on time variable t below which scale factor remains
positive, as should be the case always. Clearly T is given
by T − ti = 1/γ1. Since we already know inflation ends
earlier than this time reheating mechanism should also
start before T if we wish to extend our analytical results
for scale factor (and other variables derived from it) be-
yond the end of inflation. Using Eqn. 8 we see thatH = 0
at a time tm for which tm − ti = 1/γ1 − 1/γ2. One can
easily obtain ä/a = −γ2

2 < 0 using Eqn. 9 at t = tm.
Therefore scale factor reaches a maximum at tm. Fur-
ther during the time line the scale factor should collapse.
However, such collapse does not cause any issue with the
predictions of inflation regarding production of homoge-
neous and isotropic modes in today’s observable universe
as long as the reheating starts before the time tr (> te)
at which the scale factor collapses back to the value that
it had at the end of inflation. Since the scale factor at the
end of inflation a(te) = 2(γ1/γ2) exp(γ2/γ1 − 2) the time
tr can be obtained by solving the following equation,

(1− γ1(tr − ti)) exp (γ2(tr − ti)) = 2
γ1
γ2

exp

(

γ2
γ1

− 2

)

,

(35)
where tr > tm > te. A numerical estimate of tr is given
by tr − ti = 1/γ1 − 0.41/γ2. To summarize, we conclude
that after the end of inflation our model sets a time limit
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FIG. 5. Figure representing variation of inflaton potential and the three individual terms in its expression ( e.g., Eqn. ) with
parameters at the onset of inflation. The horizontal and vertical axes on each sub panel represent γ1 and γ2 values respectively.
The top left panel shows variation of potential (Eqn ) at t = ti. The color bar is in unit of GeV4. The color distribution on
the top left panel indicates that the potential at the beginning of inflation is determined by γ2 with a good accuracy. The top
right, bottom left and bottom right panels show ratio of first , second and third term of Eqn. with the potential plotted in the
top left panel. Again these three sub panels show that the potential is dominantly determined by the first term alone while
the last two terms are significantly smaller than the first term.

of tr before which the reheating should start. One can
see that this is a perfectly acceptable time limit. The
value tr is well above the time when minimum of the po-
tential energy is attained (e.g., Eqn. 34). Therefore, the
inflationary model of this work can serve as a template
for scale factor for both inflation, its end and until the
time of start of reheating providing the later a widely
flexible time range to take place.

We note that, at time tm when the scale factor

reaches maximum after the inflation H(tm) = 0. Hence,

ρ(ϕ(tm)) = 0 and obviously ϕ̇2/2 = V (ϕ) at t = tm. We
emphasize that although ρ(ϕ(tm)) = 0 the universe ob-
viously is not empty, the scalar field is present in it. The
energy density always satisfies the weak energy condition
in our model.

One can also obtain the two time values at which V (t)
crosses the zero line. A little algebra shows that V (t) = 0

at t± − ti = 1/γ1 − 2/[(2 ±
√
3)γ2]. Clearly t+ > t−
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FIG. 6. In this figure we show variation of inflation potential V (ϕ) (in GeV4 unit) with respect to dimensionless field variable√
4πG(ϕ − ϕi) for several choices of the ratio of γ1 and γ2 parameters. γ2 = 1037s for all four sub panels. The γ1 value

varies between different sub panels and its value is mentioned in each sub panel in unit of second. For smaller values of γ1 the
minimum of the potential is shifted to the right and the slow roll happen for extended period indicated by the longer plateau
region of the potential as predicted by analytical equations discussed in the text.

and t+ − ti = 1/γ1 − 0.423/γ2. Considering the earlier
result tr − ti = 1/γ1 − 0.41/γ2 we conclude that during
the post-inflation collapse when the scale factor returns
to the value it had at the end of inflation the potential
energy already turns positive.

F. Slow Roll Parameters

It is clear from the expression of V (ϕ) from Eqn. 16
that the ratio (dV/dϕ)/V depends on the ratio γ2/γ1
apart from the dimensionless variable x =

√
4πG(ϕ−ϕe).

This implies slow roll parameter ϵV (and also ηV ) de-
pends on the same ratio and the variable x as we see in
Eqn. 26. Interestingly, the variables ϵH and ηH as func-
tions of variable x show similar behaviour (e.g., Eqn 25).
In Fig. 7 we show the variation of ϵH(ϕ) and ϵV (ϕ) with√
4πG(ϕ−ϕe) for different values of γ2/γ1. From Eqn. 25

it is easy to conclude that slow roll is satisfied as long as
γ2

γ1

exp
(

−
√
4πG(ϕ− ϕi)

)

≫ 1. Thus the slow roll con-

ditions is satisfied for large ratio of γ2/γ1 and small x.
Using Eqn. 26 for ϵV (ϕ) we can show that ϵV ≪ 1 when

the same condition is satisfied. However, we note that the
ϵH = 1 when γ2/γ1 exp(−x) = 2 whereas ϵV = 4 when
γ2/γ1 exp(−x) = 2. Therefore, ϵV crosses unity from be-
low earlier than ϵH . One can show that ϵV crosses unity
from below at γ2/γ1 exp(−x) = 3/2−

√

11/12.

For each ratio the two slow roll parameters ϵV and
ϵH agree well with each other at small field values√
4πG(ϕ − ϕe) <∼ 2. This region may well be regarded

as the slow roll epoch when two types of ϵ parameters
agree. Beyond slow roll regime, the two parameters start
producing deviation at higher field with ϵV increasing
faster than ϵH . The faster increase for ϵV is due to the
fact that ϵV is larger than ϵH in our inflation model. This
can be easily proven using Eqns. 23 and 25. The horizon-
tal coordinate of the intersection point of solid lines with
the dashed horizontal line represents the end of inflation
for each value of γ2/γ1. Considering Fig. 7 one can iden-
tify the slow roll regime and end of inflation of epoch
for each sub panel of Fig. 6. Also, revisiting Fig. 2 we
conclude that the present day cosmologically important
modes exit horizon during inflation during some interval
of time when slow roll approximation was very well valid.
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FIG. 7. Figure showing variation of slow roll parameters
ϵH(ϕ) and ϵV (ϕ) with dimensionless variable

√
4πG(ϕ − ϕi)

for different choice of the ratio γ2/γ1. The dashed horizontal
line indicates a slow roll value of unity and horizontal coordi-
nate of the intersection of this line and ϵH represents the end
of inflation. The slow roll regime corresponding to small value
of slow roll parameters can be made out. As field increases
the slow roll approximations become no longer and valid. ϵV
increases faster than ϵH as expected.

VI. PREDICTION VS OBSERVATION

Within the approximation of first order slow roll pa-
rameters the spectral index (ns) and the tensor to scalar
ratio (r) follow

ns = 1− 4ϵH + 2ηH ≈ 1− 6ϵV + 2ηV

r = 16ϵH ≈ 16ϵV ,
(36)

where we have used ηV = ϵH+ηH in the first line [50, 51].
An interesting result in our inflationary model is that

the Eqn. 33 representing the variation of number of e-
folds with y = (γ2/γ1) exp(−

√
4πG(ϕ − ϕi)) can be in-

verted analytically to express y in terms of N . Using
Lambert W function after some algebra one can show
that y = −W (− exp(−Ñ)) where

Ñ = N + 2− log(2) . (37)

Since we are interested in N corresponding to the time
of Horizon exit of cosmologically relevant modes N ∈
(50, 60) implying the argument of the W is very small
in magnitude and is negative [52]. Using the asymptotic
expression of W (v) for v → 0− we obtain,

y =Ñ + log(Ñ) +
log(Ñ)

Ñ
− log(Ñ)

Ñ2

[

log(Ñ)

2
− 1

]

+
log(Ñ)

6Ñ3

[

6− 9 log(Ñ) + 2[log(Ñ)]2
]

. (38)

Hence the variable y is effectively expressed as function
of N = Ñ − 2 + log(2). Also using expressions of ϵV and

ηV from Eqns. 26 and 27 one can show that each of these
two slow roll variables are, in fact, dependent only on y.
Specifically,

ϵV =

[

2− 3y

3y2 − 6y + 2

]2

ηV =

[

4− 3y

3y2 − 6y + 2

]

. (39)

Using Eqn. 39 in Eqn. 36 we obtain

ns =1− 2(9y3 − 3y2 − 6y + 4)

(3y2 − 6y + 2)2

r =16

[

2− 3y

3y2 − 6y + 2

]2

. (40)

Using Eqn. 37 in Eqn. 38 and the resulting equations
in Eqn. 40 one can obtain expressions of ns and r as
functions of a single variable N .
In Fig. 8 we show the ns and r values predicted by

our theory for different values of N between 60 and 50
in black line. Also shown in this figure are one and two
sigma confidence regions on the ns−r plane using Planck
and ACT observations, each combined with Keck-BiCEP
observations. From this figure we conclude that our pre-
dictions for the ns and r are in well agreement with the
latest cosmological observations.
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FIG. 8. Figure showing ns vs r curve (in black) following the
predictions of this work. One and two sigma confidence inter-
vals of Planck and ACT CMB observations (each combined
with BICEP-KECK) are also shown. Clearly our predictions
are in good agreement with the observations [53].

As we have shown in Eqn. 7 γ1 and γ2 are two un-
derlying parameters of our inflationary model. Yet, the
final predictions of ns and r values of the theory appear
to be independent on these parameters. In fact, the vari-
able y depends on γ2/γ1 and exp(−

√
4πG(ϕ− ϕi) both.

Hence our predictions are indeed dependent on γ2/γ1. It
is a remarkable property of the inflationary model of this
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work that the variable y can be expressed as a closed
form analytical expression involving N alone asymptoti-
cally. The asymptotic expression is relatively simple since
Lambert’s W function admits a negative argument with
a very small magnitude for the cosmologically relevant
number of e-folds for our inflationary model.

VII. DISCUSSION

It is well known that simple model of inflation with
exactly exponential expansion of scale factor can not end
inflation. This problem of persistent inflation occurs even
if we make a little modification to quasi-exponential form
a(t) ∼ exp(βtn), where β is a dimension full constant
and 0 < n < 1 [54]. A pertinent question is how can
one device a scale factor during inflation which leads to
a successful end of the inflationary epoch?
In this work, we develop a new method for building

inflationary model. Instead of first formulating a poten-
tial and thereafter finding expressions for the slow-roll
parameters using the potential, we follow a more general
framework. We make an ansatz for the scale factor moti-
vated by the expectation of a near exponential expansion
during initial epochs of inflation and thereafter gradual
slow down with time leading to end of inflation at cer-
tain instant where the scale factor stops accelerating. In
this context we note that in some models of inflations
where one starts with a potential energy of the scalar
field graceful exit from inflation does not occur. The
model scale factor of the current work, has the desired
feature of graceful exit from inflation while simultane-
ously being favoured by the recent cosmological obser-
vations (PLANCK satellite mission, ground bases ACT
observations and KECK-BICEP-2018). The scale factor

used in the work can be used as a template model to ren-

der the end of inflation in varoious cases of inflationary

potentials in cases of minimal or non-minimal coupling

with the gravity sector.

Assuming a minimally coupled scalar field with gravity
we use Friedman equations and continuity equations and
present a complete analytical framework for inflationary
dynamics including the scalar field and the gravity sec-
tor. We recover an exact analytical expression for the
scalar field potential driving the inflation. This is an im-
portant advantage of our method. Another interesting
point to note is the shape of the potential energy function
has a flat slope for certain range of values of ϕ, followed
by a steepening decay and an eventual minimum, beyond
which the potential energy increases again. The flat slope
helps achieving enough number of e-folds for inflation so
as to solve the common cosmological problems [1, 55, 56].

The steepening slope results in end of inflation. The sub-
sequent minimum in the potential is useful for reheating
to take place. Our work, therefore, connects the features
of the scale factor to features of inflationary potential.
Since our method is exact we do not need to make

any assumption about the slow roll (i.e. neglecting the
kinetic energy of the inflaton field with respect to the
potential energy) to solve for ϕ(t) and other variables.
The ansatz for the scale factor directly leads to a slow
roll regime during some initial interval of the inflation.
In this sense our results are most general. We note that,
for calculations which use explicit assumption of slow roll
ϵH , ηH andN(t) become (approximately) equal to ϵV , ηV
and N(ϕ) respectively. However such assumptions do not
hold towards the later epoch of inflation where slow roll
is expected to be violated for the onset of the end of the
inflation.
Our work demonstrates that it is possible to device an

exact yet simple analytical model of the scale factor that
predicts the form of the inflaton potential in a manner
that is is very well motivated from the requirements of
both inflation theory and reheating mechanisms.
There are several inflation models [57–60] in which the

predictions of ns and r can be given in terms of number
of e-folds, N . It is interesting to note that our predictions
for these parameters are also given as analytical expres-
sions of N alone. Such analytical expressions are advan-
tageous since they encapsulate the any dependency of the
relevant variables on the individual parameter values in
terms of a single physically motivated variable (e.g., N).
Therefore, one can estimate the predictions of the infla-
tionary theory of this work independent of any explicit
values of the parameters γ1 and γ2. In this context it may
also be noted that our formalism also allows to express
potential energy V (Eqn. 16) as V (N), Hubble parameter
H (Eqn. 17) as H(N) (both upto some but different nor-
malization constants). Further all the variables discussed
in this work can be represented by functions of time or
the scalar field as desired. Such alternative representa-
tions of any given dynamical variable over multiple do-
main is an useful feature of our model for gaining insights
by investigating corresponding analytical expressions.
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[26] W. Giarè, S. Pan, E. Di Valentino, W. Yang, J. de Haro,

and A. Melchiorri, Journal of Cosmology and Astropar-
ticle Physics 2023, 019 (2023), ISSN 1475-7516, URL
http://dx.doi.org/10.1088/1475-7516/2023/09/019.

[27] J. D. Barrow and A. R. Liddle, Physical Review D 47,
R5219–R5223 (1993), ISSN 0556-2821, URL http://dx.

doi.org/10.1103/PhysRevD.47.R5219.
[28] E. W. Kolb and S. L. Vadas, Physical Review D 50,

2479–2487 (1994), ISSN 0556-2821, URL http://dx.

doi.org/10.1103/PhysRevD.50.2479.
[29] K. Sayar, A. Mohammadi, L. Akhtari, and K. Saaidi,

Physical Review D 95 (2017), ISSN 2470-0029, URL
http://dx.doi.org/10.1103/PhysRevD.95.023501.

[30] C. R. Almeida, O. Galkina, and J. C. Fabris, Universe 7,
286 (2021), ISSN 2218-1997, URL http://dx.doi.org/

10.3390/universe7080286.
[31] N. Aghanim, Y. Akrami, M. Ashdown, J. Aumont,

C. Baccigalupi, M. Ballardini, A. J. Banday, R. B. Bar-
reiro, N. Bartolo, S. Basak, et al., Astronomy & Astro-
physics 641, A6 (2020), ISSN 1432-0746, URL http:

//dx.doi.org/10.1051/0004-6361/201833910.
[32] M. Tristram, A. Banday, K. Górski, R. Keskitalo,
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