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EXPANDED MIXED VIRTUAL ELEMENT METHODS FOR THE SOBOLEV

EQUATION WITH A CONVECTION TERM

ANKIT KUMAR∗, SANGITA YADAV∗, AND SARVESH KUMAR†

Abstract. This article develops and analyzes an expanded mixed virtual element method for the Sobolev equation with a
convection term. The proposed formulation relaxes certain restrictions inherent in the classical mixed approach and provides a
flexible framework for the underlying model problem. The well-posedness of the resulting semi-discrete problem is established.
For temporal discretization, a fully discrete scheme is constructed using the backward Euler method, ensuring stability and
robustness. Optimal a priori error estimates are derived for both the semi-discrete and fully discrete schemes through the
introduction of a novel intermediate projection operator, along with its corresponding approximation properties. Lastly, a set
of numerical experiments is presented to support the theoretical findings.

Key words. Expanded mixed virtual element method, Sobolev equation, Convection term, A priori error estimates.
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1. Introduction. The Sobolev-type equations involve mixed derivatives with respect to both space
and time in the highest-order term and are often known as pseudo-parabolic problems. In this article, we
consider a second-order Sobolev equation with a convection term. Let Ω ⊂ R

2 be an open and bounded
polygonal domain with a Lipschitz boundary ∂Ω. Then, for a given source term f , we consider the following
Sobolev equation

ut(x, t) + L(u) = f(x, t) in Ω× (0, T ],

u(x, t) = 0 on ∂Ω× (0, T ],

u(x, 0) = u0(x) in Ω,

(1.1)

where L(u) = −∇· (µ(x)∇ut(x, t) + ϵ(x)∇u(x, t))+β(x) ·∇u(x, t)+γ(x)u(x, t), T > 0 represents the final
time, u0 be the given sufficiently smooth initial data, µ(x), ϵ(x) and γ(x) be the strictly positive variable
coefficients. Here, µ(x), ϵ(x) ∈ L∞(Ω) such that 0 < µ ≤ µ(x) ≤ µ and 0 < ϵ ≤ ϵ(x) ≤ ϵ for all x ∈ Ω,
corresponds to the damping and diffusion term, respectively, while γ(x) ∈ L∞(Ω) represents the reaction
coefficient such that 0 ≤ γ ≤ γ(x) ≤ γ for all x ∈ Ω. The vector valued function β(x) : Ω → R

2 is

the convection coefficient such that β(x) ∈ [L∞(Ω)]2 with β = sup
x∈Ω

β(x). These assumptions are made to

ensure the well-posedness of the problem (1.1), see [23].

The ability of the Sobolev equation to model complex phenomena that involve both diffusion and inertial
effects enables researchers to utilize it in various engineering disciplines. Such as modeling problems of fluid
flow through fissured materials, transport of moisture through soil [4], heat conduction processes in which
both thermodynamic temperature and conductive temperature coexist [33]. Its applications can also be
found in semiconductor theory, where the behavior of charge carriers changes with time as well [22]. Over
the past few decades, considerable attention has been devoted to the numerical approximation of solutions
to Sobolev-type equations. Early contributions primarily focused on finite difference schemes [16, 18], where
stability and convergence properties of the approximations were rigorously established. Subsequently, Ewing
[17] developed Galerkin-based approaches to handle Sobolev equations involving nonlinear terms. With
further advancements, the finite element method (FEM) emerged as a powerful and flexible framework for
approximating such problems [25]. Various FEM-based techniques have since been proposed to address
nonlinear Sobolev equations [7, 27], which in turn motivated the development of several non-standard finite
element approaches. For instance, Shi and Zhang [29] investigated a mixed FEM formulation employing
nonconforming spaces. Later, Shi et al. extended this work by performing superconvergence analysis
for mixed FEM applied to equations with nonlinear diffusion and damping, utilizing specially designed
postprocessing interpolation operators. Additionally, Gao et al. [19] proposed a higher-order weak Galerkin
FEM ensuring stability for a class of Sobolev equations. More recently, Xie et al. [36] explored hybrid
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high-order methods, achieving enhanced convergence rates in both the L2-norm and energy norm through
rigorous analysis. Furthermore, several studies have addressed the challenges posed by convection terms in
Sobolev equations, leading to various numerical strategies [20, 37].

In 1992, a new formulation, known as the expanded mixed FEM, was introduced by Wheeler [35]. Later,
Chen [9] extended this idea to general elliptic problems by introducing two auxiliary variables corresponding
to the gradients and fluxes. This approach was further developed for quasi-linear elliptic problems in [10].
The expanded mixed FEM is particularly suitable for problems involving small diffusion or low-permeability
media. It has also been analyzed for parabolic integro-differential equations with non-smooth initial data
in [21]. Subsequently, this framework was extended to approximate solutions of nonlinear and nonlocal
parabolic problems using lowest-order Raviart–Thomas elements [28]. Moreover, the method can achieve
optimal orders of convergence for certain nonlinear problems where the standard mixed FEM fails to do so
[8]. More recently, in 2019, Li et al. introduced a four-field formulation by incorporating three auxiliary
variables and established optimal error estimates for the corresponding expanded mixed FEM [24].

A recent advancement in numerical discretization is the Virtual Element Method (VEM), introduced in
[1, 11] as an extension of the classical finite element method that accommodates general polygonal meshes.
One of the key strengths of VEM lies in its flexibility with respect to mesh geometry, along with its ability
to bypass the explicit construction of complex local basis functions. Instead, the method relies on suitable
projection operators onto polynomial spaces, allowing the computation of local bilinear forms directly from
the available degrees of freedom. Over the last decade, VEM has attracted considerable interest and has
been successfully applied to a wide range of problems, including elliptic and parabolic equations [15, 6, 34],
elasticity models [12], the Stokes problem [2], and the Navier–Stokes equations [3]. It has also been employed
for more complex models such as strongly damped wave equations [31] and von Kármán equations [30]. In
the context of Sobolev-type equations, several VEM-based discretization approaches have been proposed
[38, 39]. Furthermore, Liu et al. [26] analyzed models incorporating nonlinear diffusion and damping
effects. In our recent work [23], we investigated a VEM formulation corresponding to problem (1.1), where
optimal error estimates were established using a newly developed intermediate projection operator. The
extension of VEM to mixed formulations was first presented in [5], where a Poisson-type problem was used to
demonstrate the fundamental concepts. This framework was subsequently generalized to cover second-order
elliptic partial differential equations in [13], along with a detailed error analysis.

This paper presents the analysis of an expanded mixed VEM for the Sobolev equation with a convection
term involving variable coefficients. The classical mixed formulation requires the invertibility of the diffusion
and damping coefficients, namely ϵ(x) and µ(x), which is relaxed in the framework of the expanded mixed
method. In this approach, an additional auxiliary variable is introduced, leading to an expanded mixed
formulation of the model problem. The resulting system is formulated in the function spaces H(div,Ω),
[L2(Ω)]2, and L2(Ω). We first establish the well-posedness of the semi-discrete problem posed on suitably
constructed discrete spaces. For the temporal discretization, the backward Euler time-stepping scheme is
employed to ensure stability and robustness. Furthermore, optimal a priori error estimates are derived for
both the semi-discrete and fully discrete schemes by introducing a novel intermediate projection operator.
Approximation properties of this newly introduced projection operator are also derived. Finally, numerical
experiments are presented to validate the theoretical findings. The remainder of this article is organized
as follows. In Section 2, we introduce an expanded mixed formulation corresponding to the problem (1.1).
Section 3 presents the virtual element discretization of the expanded mixed formulation, where we also
formulate the corresponding semi-discrete problem and establish its well-posedness. Section 4 is divided
into two parts: in the first part, we present some preliminary results and derive the approximation properties
of the intermediate projection operator; in the second part, we prove a priori error estimates of optimal
order using this projection operator. In Section 5, several numerical experiments are provided to validate
the theoretical results. Section 6 concludes the paper with remarks and discusses possible future extensions
of the proposed work.

2. Basic notations and the mixed formulation. For any bounded polygonal domain O, we stick
to the standard definitions of the functional spaces. Let s ≥ 0 be an integer, then the notations ∥ · ∥s.O and
| · |s,O will represent the norm and semi-norm on the Sobolev space Hs(O), respectively. As usual, ∥ · ∥O
will denote the norm in L2(O) space. The space Ps(O) refers to the space of all polynomials of degree less
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than or equal to s. Additionally, the Bochner space Lp(Hs(O)), defined as:

Lp(Hs(O)) =
{

v : [0, T ] → Hs(O) : ∥v∥Lp(Hs(O)) < ∞
}

,

equipped with the norm ∥v∥Lp(Hs(O)) =
(

∫ T

0
∥v(·, t)∥ps,Odt

)
1
p

, 1 ≤ p < ∞ and for p = ∞, ∥v∥L∞(Hs(O)) =

ess sup
0≤t≤T

∥v(·, t)∥s,O. We will also use the following Sobolev spaces:

H(div,O) =
{

τ ∈ (L2(O))2 : div τ ∈ L2(O)
}

,

H(rot,O) =
{

τ ∈ (L2(O))2 : rot τ ∈ L2(O)
}

,

where for any τ = (τ1, τ2), we define div τ = ∂τ1
∂x

+ ∂τ2
∂y

and rot τ = ∂τ2
∂x

− ∂τ1
∂y

. The subscript O will be
omitted from the notation of norms and semi-norms when O = Ω.

Now, let us introduce the auxiliary variables as λ(x, t) = ∇u(x, t) and p(x, t) = µ(x)∇ut(x, t) +
ϵ(x)∇u(x, t), then (1.1) reduces to the following formulation: For all t ∈ (0, T ],

λ(x, t)−∇u(x, t) = 0,(2.1a)

p(x, t)− µ(x)λt(x, t)− ϵ(x)λ(x, t) = 0,(2.1b)

ut(x, t)−∇ · p(x, t) + β(x) · λ(x, t) + γ(x)u(x, t) = f(x, t),(2.1c)

with the initial conditions u(x, 0) = u0(x) and λ(x, 0) = λ0(x) = ∇u0(x).

Denote the Sobolev spaces as Q = H(div; Ω), V = [L2(Ω)]2 and W = L2(Ω). Then the expanded mixed
weak formulation corresponding to the problem (2.1) seeks the pair (p,λ, u) ∈ Q× V ×W for all t ∈ (0, T ]
such that

a(λ, ζ) + (u,∇ · ζ) = 0 ∀ ζ ∈ Q,(2.2a)

a(τ ,p)−m1(λt, τ )−m2(λ, τ ) = 0 ∀ τ ∈ V,(2.2b)

(ut, w)− (∇ · p, w) + (β · λ, w) + (γu,w) = (f, w) ∀ w ∈ W,(2.2c)

where the bilinear forms a(•, •) : V × V → R, m1(•, •) : V × V → R and m2(•, •) : V × V → R are defined
as a(λ, ζ) = (λ, ζ), m1(λ, τ ) = (µλ, τ ) and m2(λ, τ ) = (ϵλ, τ ). Owing to the bounds of the damping and
diffusion coefficients, it can be readily observe that

m1(λ, τ ) ≤ µ∥λ∥∥τ∥, m2(λ, τ ) ≤ ϵ∥λ∥∥τ∥ for λ, τ ∈ V.

And for all τ ∈ V

m1(τ , τ ) ≥ µ∥τ∥2, m2(τ , τ ) ≥ ϵ∥τ∥2,

Also, there exists a α > 0 such that

α∥w∥ ≤ sup
p∈Q\{0}

(∇ · p, w)

∥p∥Q
for all w ∈ W.

Since the mixed weak formulation (2.2) is obtained from the model problem (1.1), any solution (p,λ, u)
of (2.2) yields a function u that satisfies the problem (1.1). Conversely, if u is the unique solution of (1.1),
then the auxiliary variables p and λ can be uniquely defined in terms of u. Therefore, the mixed formulation
(2.2) is equivalent to the model problem (1.1). Consequently, the existence and uniqueness of the solution
to (1.1) imply the existence and uniqueness of the solution to (2.2).

3. Virtual element approximation. We now proceed to derive the expanded mixed VEM formula-
tion corresponding to the problem (2.2). Let Th be a decomposition of the domain Ω into simply connected
polygonal elements K with boundary ∂K. Let Eh denote the set of all edges of the mesh Th. The diameter
of an element K is denoted by hK , and the mesh size h is defined as h = max

K∈Th

hK . Moreover, n denotes

the unit outward normal vector to each edge e of an element K. Additionally, we assume that for every
element K there exists a positive constant ∂K such that
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• K is star-shaped with respect to the ball of radius δKhK ,
• he ≥ δKhK , where he denotes the length of edge e ∈ ∂K.

For an interger r ≥ 1, for every element K we denote

Gr(K) = ∇Pr+1(K),

and the L2-orthogonal complement

G⊥
r (K) = (Gr(K))⊥ ⊂ [Pr(K)]2.

Hence, the vector polynomial space admits, [Pr(K)]2 = Gr(K)⊕G⊥
r (K). We now introduce the local virtual

element space used for the approximation of the flux variable. For each element K ∈ Th, the local virtual
space is defined as follows [13]:

Qr
h(K) = {ζ ∈ H(div;K) ∩H(rot;K)|ζ · n|e ∈ Pr(e) ∀ e ∈ ∂K,∇ · ζ ∈ Pr(K), and rot ζ ∈ Pr−1(K)} ,

where P−1(K) = {0}. This space consists of vector fields whose normal component on each edge is a
polynomial of degree at most k, whose divergence is a polynomial of degree at most k inside the element,
and whose rotation is a polynomial of degree at most r − 1. The inclusion Qr

h(K) ⊂ H(div;K) ensures
the continuity of the normal component across element interfaces, which is a key requirement for mixed
formulations. Next, in order to uniquely characterize the functions in Qr

h(K), we define an appropriate set
of degrees of freedom following [5]. These degrees of freedom are chosen so that they are computable and
guarantee the unisolvability of the space. For any ζ ∈ Qr

h(K), the degrees of freedom are given by

•

∫

e

ζ · nqr de for all edges e, for all qr ∈ Pr(e),

•

∫

K

ζ · gr−1 dx for all element K, for all gr−1 ∈ Gr−1(K),

•

∫

K

ζ · g⊥
r dx for all element K, for all g⊥

r ∈ G⊥
r (K).

After defining the local virtual spaces, we construct the corresponding global discrete spaces by assembling
the local spaces over all mesh elements. The global space for the flux variable is defined as

Qr
h = {ζ ∈ H(div; Ω) : ζ|K ∈ Qr

h(K) ∀ K ∈ Th} .

Next, we define the discrete space for the auxiliary vector variable as the space of piecewise polynomial
vector fields,

V r
h =

{

τ ∈ [L2(Ω)]2 : τ |K ∈ Qr
h(K) ∀ K ∈ Th

}

.

Finally, the discrete space for the scalar variable is given by

W r
h =

{

w ∈ L2(Ω) : w|K ∈ Pr(K) ∀ K ∈ Th
}

.

Throughout the analysis, we will be making use of the L2-projection operators Π0
r : V → [Pr(K)]2 and

Π0
r : W → Pr(K), which are defined as: for any τ ∈ V and w ∈ W

∫

K

(τ −Π0
rτ )prdx = 0 ∀ pr ∈ [Pr(K)]2, ∀ K ∈ Th,

∫

K

(w −Π0
rw)prdx = 0 ∀ pr ∈ Pr(K), ∀ K ∈ Th.

These projection operators are critical to construct the computable bilinear forms. Next, we define the
Fortin operator [13] IF

h : [H1(Ω)]2 → Qr
h which is constructed by exploiting the degrees of freedom of the

local virtual element space Qr
h. For any ζ ∈ [H1(Ω)]2, the operator IF

h ζ ∈ Qr
h is defined by imposing that

the following conditions hold on each element K ∈ Th:

•

∫

e

(

ζ − I
F
h ζ

)

· nqr de for all edges e, for all qr ∈ Pr(e),
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•

∫

K

(

ζ − I
F
h ζ

)

· gr−1 dx for all element K, for all gr−1 ∈ Gr−1(K),

•

∫

K

(

ζ − I
F
h ζ

)

· g⊥
r dx for all element K, for all g⊥

r ∈ G⊥
r (K).

The Fortin operator also satisfies the following property:

(3.1) ∇ · IF
h τ = Π0

r∇ · τ .

Moreover, the following estimates hold true:

(3.2) ∥τ − I
F
h τ∥ ≤ Chr+1|τ |r+1, ∥∇ · (τ − I

F
h τ )∥ ≤ Chr+1|∇ · τ |r+1.

To state the semi-discrete formulation, we first introduce discrete bilinear forms that approximate the
corresponding continuous bilinear forms. For every λh, τh ∈ V r

h |K , the local discrete bilinear forms on an
element K ∈ Th are defined by:

mK
1,h(λh, τh) = (µΠ0

rλh,Π
0
rτh)K + µKSK((I −Π0

r)λh, (I −Π0
r)τh),

mK
2,h(λh, τh) = (ϵΠ0

rλh,Π
0
rτh)K + ϵKSK((I −Π0

r)λh, (I −Π0
r)τh).

Here, µK and ϵK are some positive constant approximations of µ and ϵ, respectively, on each element K of
Th. And, SK(•, •) is the stabilization term such that for all τh ∈ V r

h , there exist α and α independent of
hK satisfying

(3.3) α∥τh∥
2
K ≤ SK(τh, τh) ≤ α∥τh∥

2
K .

The stabilization term SK(•, •) is defined as:

SK(λh, τh) = |K|

NK
V

∑

i=1

Xi(λh)Xi(τh), for all λh, τh ∈ V r
h (K),

where NK
V stands for the dimension of the local virtual space V r

h (K), Xi is the i-th degree of freedom of
the V r

h (K). Note that the bound (3.3) will help to obtain the continuity and coercivity bounds of m1,h(•, •)
and m2,h(•, •) stated in the subsequent lemmas, for proof we refer to [13].

Lemma 3.1. For the bilinear form m1,h(•, •) and m2,h(•, •), we have the following continuity bounds:

m1,h(λh, τh) ≤ M1∥λh∥∥τh∥ for all qh, τh ∈ V r
h , m2,h(λh, τh) ≤ M2∥λh∥∥τh∥ for all λh, τh ∈ V r

h ,

with M1 and M2 depending on µ and ϵ, respectively.

Lemma 3.2. For the bilinear form m1,h(•, •) and m2,h(•, •),we have the following coercivity bounds:

m1,h(τh, τh) ≥ M1∥τh∥
2, m2,h(τh, τh) ≥ M2∥τh∥

2 for all τh ∈ V r
h ,

with M1 and M2 depending on µ and ϵ, respectively.

We recall that the pair of discrete spaces Qr
h ×W r

h satisfies the discrete inf–sup condition. In particular,
there exists a positive constant α̃, independent of the mesh size h, such that (see [5]):

(3.4) α̃∥wh∥ ≤ sup
ph∈Qr

h
\{0}

(∇ · ph, wh)

∥ph∥Qr
h

for all wh ∈ W r
h .

3.1. Semi-discrete problem. We are now in a position to formulate the semi-discrete virtual element
approximation of the mixed problem (2.2). The spatial discretization is performed using the previously de-
fined discrete spaces Qr

h, V
r
h , and W r

h , while the time variable remains continuous. The discrete formulation
is obtained by replacing the continuous spaces and bilinear forms in (2.2) with their corresponding virtual
element counterparts.
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The semi-discrete problem reads as follows: for each t ∈ (0, T ], find (ph,λh, uh) ∈ Qr
h × V r

h ×W r
h such

that

ah(λh, ζh) + (uh,∇ · ζh) = 0 ∀ ζh ∈ Qr
h,(3.5a)

ah(τh,ph)−m1,h(λh,t, τh)−m2,h(λh, τh) = 0 ∀ τh ∈ V r
h ,(3.5b)

(uh,t, wh)− (∇ · ph, wh) + (β ·Π0
rλh, wh) + (γuh, wh) = (f, wh) ∀ wh ∈ W r

h .(3.5c)

The system is supplemented with the initial conditions uh(x, 0) = Π0
ru0 and λh(x, 0) = Π0

rλ0. Here,

ah(•, •) : V r
h × V r

h → R is defined as ah(λh, ζh) =
∑

K∈Th

aKh (λh, ζh) with aKh (λh, ζh) = (Π0
rλh,Π

0
rζh)K +

SK((I −Π0
r)λh, (I −Π0

r)τh). It is clear from the definition of the L2-projection operator that Π0
rqr = qr

for all qr ∈ Pr(K). Then for any τh ∈ V r
h (K), the following polynomial consistency property is satisfied:

(3.6) aKh (qr, τh) = aK(qr, τh), ∀ qr ∈ Pr(K).

Using the continuity and coercivity bounds of the biliner forms m1,h(•, •) and m2,h(•, •) and the discrete
inf-sup condition (3.4), we will establish the well-posedness of the semi-discrete problem. In this order, we
will derive the stability bounds of the semi-discrete solution (ph,λh, uh) in the subsequent theorem.

Theorem 3.3 (Stability). Let (ph,λh, uh) ∈ Qr
h ×V r

h ×W r
h be the solution to the problem (3.5). Then it

holds that

∥uh(t)∥
2 + ∥λh(t)∥

2 + ∥ph(t)∥
2 ≤ C

(

∥uh(0)∥
2 + ∥λh(0)∥

2 + ∥f∥2H1(L2(Ω))

)

.

Proof. Take ζh = ph in (3.5a), τh = λh in (3.5b) and wh = uh in (3.5c), then combine them to get

(uh,t, uh) +m1,h(λh,t,λh) +m2,h(λh,λh) + (β ·Π0
rλh, uh) + (γuh, uh) = (f, uh).

From the bounds of the bilinear form m1,h(•, •) and m2,h(•, •) from Lemma 3.1 and Lemma 3.2, the above
equation yields that

1

2

d

dt

(

∥uh∥
2 +M1∥λh∥

2
)

+M2∥λh∥
2 + γ∥uh∥

2 ≤ ∥f∥∥uh∥+ β∥λh∥∥uh∥.

Using Young’s inequality and on multiplying by 2 on both sides, we get

d

dt

(

∥uh∥
2 + 2M1∥λh∥

2
)

≤ ∥f∥2 + 2∥uh∥
2 + β

2
∥λh∥

2.

Integrating with respect to time from 0 to t on both sides, we deduce that

∥uh(t)∥
2 + ∥λh(t)∥

2 ≤ C

(

∥uh(0)∥
2 + ∥λh(0)∥

2 +

∫ t

0

(

∥f(s)∥2 + ∥uh(s)∥
2 + ∥λh(s)∥

2
)

ds

)

.

Using Grönwall’s lemma, we achieve

(3.7) ∥uh(t)∥
2 + ∥λh(t)∥

2 ≤ C

(

∥uh(0)∥
2 + ∥λh(0)∥

2 +

∫ t

0

∥f(s)∥2 ds

)

.

On differentiating (3.5) with respect to time and following the same procedure to obtain (3.7), we will get

(3.8) ∥uh,t(t)∥
2 + ∥λh,t(t)∥

2 ≤ C
(

∥uh(0)∥
2 + ∥λh(0)∥

2 + ∥f∥2H1(L2(Ω))

)

.

Now, on taking τh = ph in (3.5b), we infer that

∥ph∥
2 ≤ M1∥λh,t∥∥ph∥+M2∥λh∥∥ph∥,

using Young’s inequality

∥ph∥
2 ≤

(

M
2

1∥λh,t∥
2 +M

2

2∥λh∥
2
)

+
1

2
∥ph∥

2.
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From (3.7) and (3.8), we obtain

(3.9) ∥ph∥
2 ≤ C

(

∥uh(0)∥
2 + ∥λh(0)∥

2 + ∥f∥2H1(L2(Ω))

)

.

Finally, we conclude the proof by combining the Equations (3.7) and (3.9).

Existence and uniqueness: Let {Φi}
NQ

i=1, {Ψj}
NV

j=1 and {ϕ}NW

k=1 be the basis for the finite-dimensional
spaces Qr

h, V
r
h and W r

h , respectively, where NQ = dim (Qr
h) , NV = dim (V r

h ) and NW = dim (W r
h). Then

the discrete unknowns ph,λh, uh can be expanded in terms of these bases as

ph =

NQ
∑

i=1

p̃i(t)Φi, λh =

NV
∑

j=1

λ̃j(t)Ψj , uh =

NW
∑

k=1

ũk(t)ϕk,

where {p̃i(t)}
NQ

i=1 ,
{

λ̃j(t)
}NV

j=1
and {ũk(t)}

NW

k=1 are the corresponding time-dependent coefficients. Substi-

tuting these expansions into the semi-discrete formulation (3.5) and testing with the corresponding basis
functions yields the following system of ordinary differential equations for t ∈ (0, T ]:

Aλ̃(t) + ST ũ(t) = 0,(3.10a)

AT p̃(t)−M1
dλ̃(t)

dt
−M2λ̃(t) = 0,(3.10b)

H
dũ(t)

dt
− Sp̃(t) +Bλ̃(t) + Cũ(t) = L,(3.10c)

with ũ(0) = ũ0 and λ̃(0) = λ̃0, where ũ0 and λ̃0 denote the given initial data. The matrices are defined as
follows: for i = 1, 2, . . . , NQ and j = 1, 2, . . . , NV such that

Aij = ah(Ψj ,Φi), M1ij = m1,h(Ψj ,Φi), M2ij = m2,h(Ψj ,Φi),

and

Hij = (ϕj , ϕi), Cij = (γϕj , ϕi), i, j = 1, 2, . . . , NW

Sij = (∇ · Φj , ϕi), i = 1, 2, . . . , NW , j = 1, 2, . . . , NQ

Bij = (β ·Π0
rΦj , ϕi), i = 1, 2, . . . , NW , j = 1, 2, . . . , NV .

Finally, the load vector L associated with the source term is given by L = (L1, L2, . . . , LNW
)T where

Lj(t) = (f, ϕj), j = 1, 2, . . . , NW . Note that from (3.10a) and (3.10b), it hold that

λ̃(t) = −(ATA)−1ST ũ(t),

p̃(t) = (AAT )−1M1
dλ̃(t)

dt
+ (AAT )−1M2λ̃(t).

Replacing p̃(t) and λ̃(t) in (3.10c) leads to the following differential equation involving only ũ(t):

(

H + S(AAT )−1M1(A
TA)−1ST

) dũ(t)

dt
+ S(AAT )−1M2(A

TA)−1ST ũ(t)

−B(ATA)−1ST ũ(t) + Cũ(t) = L.

(3.11)

Since the matrices H and M1 are symmetric positive definite and the discrete spaces Qr
h and W r

h satisfy
the discrete inf–sup condition (3.4), then there exists a unique solution to the system (3.11) with the
initial condition ũ(0) = ũ0 from Picard’s theorem. Once ũ(t) is determined, the vectors λ̃(t) and p̃(t) can
be uniquely recovered from (3.10a) and (3.10b). Consequently, the semi-discrete problem (3.5) admits a
unique solution and is therefore well-posed.

4. Error estimates. In this section, we derive the error estimates for the solution of the semi-discrete
problem (3.5). The section is divided into two parts. In the first part, we present several preliminary results
that are required for the analysis. These results are then used in the second part to establish the optimal a
priori error estimates for the semi-discrete scheme.
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4.1. Preliminary Results. In this section, we present some auxiliary results that will be used in the
derivation of the error estimates. In particular, we recall the consistency error estimates associated with
the discrete bilinear forms m1,h(•, •) and m2,h(•, •). The following lemma provides the required bounds; for
the proof we refer to [Lemma 1, [32]].

Lemma 4.1. For every K ∈ Th, let µ and ϵ be smooth enough functions and assume that τh ∈ V r
h . Then

it holds that

mK
1,h(Π

0
rλ, τh)−mK

1 (Π0
rλ, τh) ≤ Chr+1

K |λ|r+1,K∥τh∥K ,

mK
2,h(Π

0
rλ, τh)−mK

2 (Π0
rλ, τh) ≤ Chr+1

K |λ|r+1,K∥τh∥K .

Furthermore, we introduce a projection operator Ph : [L2(Ω)]2 → V r
h defined through the bilinear form

ah(•, •). For λ ∈ [L2(Ω)]2, the projection Phλ ∈ V r
h is defined by the relation

(4.1) ah(P
hλ, τh) = a(λ, τh) ∀ τh ∈ V r

h .

The following lemma provides the approximation property of this projection operator.

Lemma 4.2. Let Phλ be the projection defined by (4.1). Then the following estimate holds:

∥Phλ− λ∥ ≤ Chr+1|λ|r+1.

Proof. Let χ = Phλ−Π0
rλ. Then we first observe that

ah(χ,χ) = ah(P
hλ,χ)− ah(Π

0
rλ,χ)

= a(λ−Π0
rλ,χ) + a(Π0

rλ,χ)− ah(Π
0
rλ,χ).

By exploiting the polynomial consistency (3.6) together with the continuity bounds of the bilinear forms
a(•, •), we arrive at

ah(χ,χ) ≤ C∥λ−Π0
rλ∥∥χ∥.

Now, using the coercivity of the discrete bilinear form ah(•, •), we deduce

∥χ∥ ≤ C∥λ−Π0
rλ∥.

Finally, from the approximation property of the L2-projection operator Π0
r, we have

∥λ−Π0
rλ∥ ≤ Chr+1|λ|r+1.

Hence,

∥χ∥ ≤ Chr+1|λ|r+1.

The desired estimate now follows from the triangle inequality.

Let us now introduce the mixed intermediate projection operator as the map (Rhp,Rhλ,Rhu) : Q ×
V ×W → Qr

h × V r
h ×W r

h which will play an important role in the derivation of the error estimates. The
operator is defined through the following system:

ah(R
hλ, ζh) + (Rhu,∇ · ζh) = a(λ, ζh) + (u,∇ · ζh) ∀ ζh ∈ Qr

h,(4.2a)

ah(τh,R
hp)−m1,h(R

hλt, τh)−m2,h(R
hλ, τh) = a(τh,p)−m1(λt, τh)−m2(λ, τh) ∀ τh ∈ V r

h ,(4.2b)

(∇ · Rhp, wh) = (∇ · p, wh) ∀ wh ∈ W r
h ,(4.2c)

along with Rhu(x, 0) = Π0
ru0 and Rhλ(x, 0) = Π0

rλ0. The well-posedness of the problem (4.2) follows
from the coercivity of the bilinear form m2,h(•, •) together with the discrete inf–sup condition (3.4). The
approximation properties of this projection operator are stated in the following theorem.
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Theorem 4.3. Let the pairs (p,λ, u) and (Rhp,Rhλ,Rhu) be the solutions to the system (2.2) and (4.2),
respectively. Then there exists a positive constant C independent of the mesh size h such that

∥Rhp− p∥ ≤ Chr+1 (|p|r+1 + |λ|r+1 + |λt|r+1(4.3)

+∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))

)

,

∥Rhλ− λ∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |λ|r+1

)

,(4.4)

∥Rhu− u∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |u|r+1

)

.(4.5)

Proof. Let us denote θp = Rhp − p, θλ = Rhλ − λ and ρ = Rhu − u. We now decompose θp =

ηp + I
F
h p− p, θλ = ηλ + Phλ− λ and ρ = ς + Π0

ru− u, where ηp = Rhp− I
F
h p, ηλ = Rhλ− Phλ and

ς = Rhu−Π0
ru. Then we can write the equation (4.2) as:

ah(ηλ, ζh) + (ς,∇ · ζh) = 0 ∀ ζh ∈ Qr
h,(4.6a)

ah(τh,ηp)−m1,h(ηλ,t, τh)−m2,h(ηλ, τh) = a(τh,p)− ah(τh,I
F
h p) +m1,h(Π

0
rλt, τh)(4.6b)

−m1(λt, τh) +m2,h(Π
0
rλ, τh)−m2(λ, τh) ∀ τh ∈ V r

h ,

(∇ · ηp, wh) = 0 ∀ wh ∈ W r
h .(4.6c)

Replacing ζh by ηp in (4.6a), τh by ηλ in (4.6b) and wh by ς in (4.6c) and combining them together will
results into

m1,h(ηλ,t,ηλ) +m2,h(ηλ,ηλ) = ah(ηλ,I
F
h p)− a(ηλ,p) +m1(λt,ηλ)−m1,h(Π

0
rλt,ηλ)

+m2(λ,ηλ)−m2,h(Π
0
rλ,ηλ).

(4.7)

Now, one by one, we bound the terms on the right-hand side of the Equation (4.7). We start with

ah(ηλ,I
F
h p)− a(ηλ,p) = ah(ηλ,I

F
h p−Π0

rp)− a(ηλ,p−Π0
rp).

Using continuity bounds for the bilinear forms we can bound the right-hand side of the above equation as

ah(ηλ,I
F
h p)− a(ηλ,p) ≤ C

(

∥IF
h p−Π0

rp∥∥ηλ∥+ ∥p−Π0
rp∥∥ηλ∥

)

,

it yields that

(4.8) ah(ηλ,I
F
h p)− a(ηλ,p) ≤ Chr+1|p|r+1∥ηλ∥.

The second and third terms can be directly bounded using the Lemma 4.1 as follows:

m1(λt,ηλ)−m1,h(Π
0
rλt,ηλ) ≤ Chr+1|λt|r+1∥ηλ∥.(4.9)

m2(λ,ηλ)−m2,h(Π
0
rλ,ηλ) ≤ Chr+1|λ|r+1∥ηλ∥.(4.10)

Putting all the values from Equations (4.8)-(4.10) into (4.7) and using coercivity of m1,h(•, •) and m2,h(•, •),
we obtain the following bound:

d

dt
∥ηλ∥

2 + ∥ηλ∥
2 ≤ Chr+1 (|p|r+1 + |λ|r+1 + |λt|r+1) ∥ηλ∥.

On integrating from ‘0’ to ‘t’ and employing Grönwall’s lemma, we get

(4.11) ∥ηλ(t)∥
2 ≤ Ch2(r+1)

(

∥p∥2L2(Hr+1(Ω)) + ∥λ∥2L2(Hr+1(Ω)) + ∥λt∥
2
L2(Hr+1(Ω))

)

.

Choose τh = ηp in (4.6b), then it can be easily written that

∥ηp∥
2 ≤ a(ηp,p)−ah(ηp,I

F
h p)+m1,h(Π

0
rλt,ηp)−m1(λt,ηp)+m2,h(Π

0
rλ,ηp)−m2(λ,ηp)+m2,h(ηλ,ηp).

Utilizing the estimate in (4.8) and the Lemma 4.1 and the continuity bounds of the bilinear form m2,h(•, •),
we infer that

∥ηp∥
2 ≤ Chr+1 (|p|r+1 + |λt|r+1 + |λ|r+1 + ∥ηλ∥) ∥ηp∥,
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from the bound in (4.11), it implies that

(4.12) ∥ηp∥ ≤ Chr+1
(

|p|r+1 + |λ|r+1 + |λt|r+1 + ∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))

)

.

Now, the discrete inf-sup condition allows us to write

∥ς∥ ≤ sup
ηp∈Qr

h
\{0}

(ς,∇ · ηp)

∥ηp∥Qr
h

.

From (4.6a) and the continuity bounds of the bilinear form ah(•, •), we get the following bound for ς:

∥ς∥ ≤ ∥ηλ∥,

i.e.,

(4.13) ∥ς∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))

)

.

In order to determine the estimates for θp,θλ and ρ, we use the triangle inequality along with the bounds
in the equations (4.11), (4.12) and (4.13) in the following manner:

∥θp∥ ≤ ∥ηp∥+ ∥IF
h p− p∥,

using (3.2), we obtain

∥θp∥ ≤ Chr+1
(

|p|r+1 + |λ|r+1 + |λt|r+1 + ∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))

)

.

Consequently, we get the other two estimates as:

∥θλ∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |λ|r+1

)

.

And,

∥ρ∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |u|r+1

)

.

It completes the proof.

4.2. A priori Error Estimates. In this subsection, we derive the a priori error estimates for the
semi-discrete virtual element approximation. The following theorem provides the convergence rates of the
discrete solutions (ph,λh, uh) towards the exact solution (p,λ, u) of the expanded mixed formulation.

Theorem 4.4. Let (p,λ, u) and (ph,λh, uh) denote the solutions to the problems (2.2) and (3.5), respec-
tively. Then there exists a positive constant independent of the mesh size h such that

∥uh − u∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥u∥L2(Hr+1(Ω)) + ∥pt∥L2(Hr+1(Ω))

+∥λt∥L2(Hr+1(Ω)) + ∥ut∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + |u|r+1

)

,

∥λh − λ∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥u∥L2(Hr+1(Ω)) + ∥pt∥L2(Hr+1(Ω))

+∥λt∥L2(Hr+1(Ω)) + ∥ut∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + |λ|r+1

)

,

and

∥ph − p∥ ≤ Chr+1
(

∥λ∥L2(Hr+1(Ω)) + ∥p∥L2(Hr+1(Ω)) + ∥u∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))

+ ∥pt∥L2(Hr+1(Ω)) + ∥ut∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + ∥ptt∥L2(Hr+1(Ω))

+∥utt∥L2(Hr+1(Ω)) + ∥λttt∥L2(Hr+1(Ω)) + |p|r+1 + |λ|r+1 + |λt|r+1

)

.

Proof. Let us split the error quantities as: ph − p = ϑp + θp, λh − λ = ϑλ + θλ and uh − u = ϱ + ρ,
where ϑp = ph − Rhp, ϑλ = λh − Rhλ and ϱ = uh − Rhu. Then using (3.5), we get the following error
equation:

ah(ϑλ, ζh) + (ϱ,∇ · ζh) = 0 ∀ ζh ∈ Qr
h,(4.14a)

ah(τh,ϑp)−m1,h(ϑλ,t, τh)−m2,h(ϑλ, τh) = 0 ∀ τh ∈ V r
h ,(4.14b)

(ϱt, wh)− (∇ · ϑp, wh) + (β ·Π0
rϑλ, wh) + (γϱ, wh) = (ut, wh)− (Rhut, wh)(4.14c)

+(β · λ, wh)− (β ·Π0
rR

hλ, wh) + (γu,wh)− (γRhu,wh) ∀ wh ∈ W r
h .
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Taking ζh = ϑp in (4.14a), τh = ϑλ in (4.14b) and wh = ϱ in (4.14c) and combining them all will result in
the following equation:

(ϱt, ϱ) +m1.h(ϑλ,t,ϑλ) +m2.h(ϑλ,ϑλ) + (β ·Π0
rϑλ, ϱ) + (γϱ, ϱ) = (ut, ϱ)− (Rhut, ϱ)

+(β · λ, ϱ)− (β ·Π0
rR

hλ, ϱ) + (γu, ϱ)− (γRhu, ϱ).
(4.15)

We now aim to bound the terms on the right-hand side of the Equation (4.15). Let us determine the
estimates by starting with following term:

(ut, ϱ)− (Rhut, ϱ) = (ut −Rhut, ϱ)

≤ ∥ut −Rhut∥∥ϱ∥,

it results into

(4.16) (ut, ϱ)− (Rhut, ϱ) ≤ Chr+1
(

∥pt∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + |ut|r+1

)

∥ϱ∥.

Now, by exploiting properties of the L2-projection operator, we can write the third term as

(β · λ, ϱ)− (β ·Π0
rR

hλ, ϱ) = (λ−Π0
rλ,βϱ) + (Π0

rλ,βϱ)− (Π0
rR

hλ,Π0
r(βϱ))

= (λ−Π0
rλ,βϱ) + (λ−Rhλ,Π0

r(βϱ))

≤ C
(

∥λ−Π0
rλ∥+ ∥λ−Rhλ∥

)

∥ϱ∥,

it yields that

(β · λ, ϱ)− (β ·Π0
rR

hλ, ϱ) ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω))

+∥λt∥L2(Hr+1(Ω)) + |λ|r+1

)

∥ϱ∥.
(4.17)

Finally, the last term in the Equation (4.15) can be estimated as

(γu, ϱ)− (γRhu, ϱ) = (γ(u−Rhu), ϱ)

≤ γ∥u−Rhu∥∥ϱ∥.

From Theorem 4.3, we get

(4.18) (γu, ϱ)− (γRhu, ϱ) ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |u|r+1

)

∥ϱ∥.

On plugging the bounds obtained in the equations (4.16)-(4.18) into the Equation (4.15), we achieve

(ϱt, ϱ) +m1.h(ϑλ,t,ϑλ) +m2.h(ϑλ,ϑλ) + (γϱ, ϱ) ≤ C
(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω))

+ ∥λt∥L2(Hr+1(Ω)) + ∥pt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω))

+|u|r+1 + |ut|r+1 + |λ|r+1) ∥ϱ∥+ ∥ϑλ∥∥ϱ∥) .

By using coercivity of the bilinear forms the left-hand side of the above equation will reduce to

1

2

d

dt

(

∥ϱ∥2 +M1∥ϑλ∥
2
)

+M2∥ϑλ∥
2 + γ∥ϱ∥2 ≤ C

(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω))

+ ∥λt∥L2(Hr+1(Ω)) + ∥pt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω))

+|u|r+1 + |ut|r+1 + |λ|r+1) ∥ϱ∥+ ∥ϑλ∥∥ϱ∥) .

Multiplying by 2 on both sides and application of Young’s inequality helps us to write the following equation:

d

dt

(

∥ϱ∥2 +M1∥ϑλ∥
2
)

+ 2M2∥ϑλ∥
2 + 2γ∥ϱ∥2 ≤ C

(

h2(r+1)
(

∥p∥2L2(Hr+1(Ω)) + ∥λ∥2L2(Hr+1(Ω))

+ ∥λt∥
2
L2(Hr+1(Ω)) + ∥pt∥

2
L2(Hr+1(Ω)) + ∥λtt∥

2
L2(Hr+1(Ω))

+|u|2r+1 + |ut|
2
r+1 + |λ|2r+1

)

+ ∥ϑλ∥
2 + ∥ϱ∥2

)

.
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Integrating on both sides with respect to time from ‘0’ to ‘t’ and noting that ϱ(0) = 0 and ϑλ(0) = 0, we
deduce that

∥ϱ(t)∥2 + ∥ϑλ(t)∥
2

≤ C

∫ t

0

(

h2(r+1)
(

∥p∥2L2(Hr+1(Ω)) + ∥λ∥2L2(Hr+1(Ω)) + ∥λt∥
2
L2(Hr+1(Ω)) + ∥pt∥

2
L2(Hr+1(Ω))

+∥λtt∥
2
L2(Hr+1(Ω)) + |u|2r+1 + |ut|

2
r+1 + |λ|2r+1

)

+ ∥ϑλ∥
2 + ∥ϱ∥2

)

ds.

Applying Grönwall’s lemma, we get

∥ϱ(t)∥2 + ∥ϑλ(t)∥
2 ≤ Ch2(r+1)

(

∥p∥2L2(Hr+1(Ω)) + ∥λ∥2L2(Hr+1(Ω)) + ∥pt∥
2
L2(Hr+1(Ω))

+∥λt∥
2
L2(Hr+1(Ω)) + ∥λtt∥

2
L2(Hr+1(Ω)) + ∥u∥2L2(Hr+1(Ω)) + ∥ut∥

2
L2(Hr+1(Ω))

)

.
(4.19)

On differentiating (4.14) with respect to time and following the same procedure as in (4.15), we obtain

(ϱtt, ϱt) +m1.h(ϑλ,tt,ϑλ,t) +m2.h(ϑλ,t,ϑλ,t) + (β ·Π0
rϑλ,t, ϱt) + (γϱt, ϱt)

= m1,h(R
hλtt,ϑλ,t)−m1(λtt,ϑλ,t) + (utt, ϱt)− (Rhutt, ϱt)

+ (β · λt, ϱt)− (β ·Π0
rR

hλt, ϱt) + (γut, ϱt)− (γRhut, ϱt).

(4.20)

The right-hand side can be bounded in the similar way as in equations (4.16)-(4.18) and we get the following
bounds:

(utt, ϱt)− (Rhutt, ϱt) ≤ Chr+1
(

∥ptt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω))(4.21)

+∥λttt∥L2(Hr+1(Ω)) + |utt|r+1

)

∥ϱt∥,

(β · λt, ϱt)− (β ·Π0
rR

hλt, ϱt) ≤ Chr+1
(

∥pt∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))(4.22)

+∥λtt∥L2(Hr+1(Ω)) + |λt|r+1

)

∥ϱt∥,

(γut, ϱt)− (γRhut, ϱt) ≤ Chr+1
(

∥pt∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))(4.23)

+∥λtt∥L2(Hr+1(Ω)) + |ut|r+1

)

∥ϱt∥.

On putting the value of these bounds in (4.20) and using the coercivity of the bilinear forms, we end up
with the following equation:

d

dt

(

∥ϱt∥
2 +M1∥ϑλ,t∥

2
)

+ 2M2∥ϑλ,t∥
2 + 2γ∥ϱt∥

2 ≤ C
(

hr+1
(

∥pt∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω))

+ ∥ptt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + ∥λttt∥L2(Hr+1(Ω))

+|ut|r+1 + |utt|r+1 + |λt|r+1) ∥ϱt∥+ ∥ϑλ,t∥∥ϱt∥) .

Using Young’s inequality, we get

d

dt

(

∥ϱt∥
2 +M1∥ϑλ,t∥

2
)

+ 2M2∥ϑλ,t∥
2 + 2γ∥ϱt∥

2 ≤ C
(

h2(r+1)
(

∥pt∥
2
L2(Hr+1(Ω)) + ∥λt∥

2
L2(Hr+1(Ω))

+ ∥ptt∥
2
L2(Hr+1(Ω)) + ∥λtt∥

2
L2(Hr+1(Ω)) + ∥λttt∥

2
L2(Hr+1(Ω))

+|ut|
2
r+1 + |utt|

2
r+1 + |λt|

2
r+1

)

+ ∥ϑλ,t∥
2 + ∥ϱt∥

2
)

.

Integrating with respect to time from ‘0’ to ‘t’ and using Grönwall’s lemma, we assert that

∥ϱt(t)∥
2 + ∥ϑλ,t(t)∥

2 ≤ Ch2(r+1)
(

∥pt∥
2
L2(Hr+1(Ω)) + ∥λt∥

2
L2(Hr+1(Ω)) + ∥ut∥

2
L2(Hr+1(Ω))

+∥λtt∥
2
L2(Hr+1(Ω)) + ∥ptt∥

2
L2(Hr+1(Ω)) + ∥utt∥

2
L2(Hr+1(Ω)) + ∥λttt∥

2
L2(Hr+1(Ω))

)

.
(4.24)

Now, take τh = ϑp in (4.14b) and we can write it as

(4.25) ah(ϑp,ϑp) = m1,h(ϑλ,t,ϑp) +m2,h(ϑλ,ϑp).
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Using the properties of bilinear forms, the Equation (4.25) implies that

∥ϑp∥
2 ≤ C (∥ϑλ,t∥+ ∥ϑλ∥) ∥ϑp∥.

From the estimates in (4.19) and (4.24), we conclude that

∥ϑp∥ ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥u∥L2(Hr+1(Ω))

+ ∥pt∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + ∥ut∥L2(Hr+1(Ω))

+∥ptt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + ∥utt∥L2(Hr+1(Ω)) + ∥λttt∥L2(Hr+1(Ω))

)

.

(4.26)

Equations (4.19), (4.24) and (4.26) together with the triangle inequality complete the proof.

5. Fully Discrete Scheme. The purpose of this section is to employ the Euler backward method to
discretize in time and construct the fully discrete scheme. We will also derive a priori error estimates of the
solution to the resulting fully discrete scheme.

Let the time interval [0, T ] be partitioned into N uniform subintervals, where N is a positive integer. The
discrete time levels are defined by tn = n∆t for n = 0, 1, . . . , N , where ∆t denotes the time step size given
by ∆t = tn+1 − tn. For any function w, we introduce the following notations:

wn = w(tn), ∂tw
n =

wn+1 − wn

∆t
.

Furthermore, for any n = 0, 1 . . . , N , we denote Pn ≈ ph(·, tn), Sn ≈ λh(·, tn) and Un ≈ uh(·, tn). Then
the fully discrete scheme is defined as: find (Pn, Sn, Un) ∈ Qr

h × V r
h ×W r

h such that

ah(S
n+1, ζh) + (Un+1,∇ · ζh) = 0 ∀ ζh ∈ Qr

h,(5.1a)

ah(τh, P
n+1)−m1,h(∂tS

n, τh)−m2,h(S
n+1, τh) = 0 ∀ τh ∈ V r

h ,(5.1b)

(∂tU
n, wh)− (∇ · Pn+1, wh) + (β ·Π0

rS
n+1, wh) + (γUn+1, wh) = (fn+1, wh) ∀ wh ∈ W r

h .(5.1c)

The above system is supplemented with the initial conditions U0 = Π0
ru0, S0 = Π0

rλ0. The convergence
results of the fully discrete solution are given in the subsequent theorem.

Theorem 5.1. Let (p(tn),λ(tn), u(tn)) denote the solution to the problem (2.2) whereas (Pn, Sn, Un)
denote the solution to the fully discrete problem (5.1). Then there exists a constant independent of the mesh

size h and time step ∆t such that

max
1≤n≤N

(∥Un − un∥+ ∥Sn − λn∥) ≤ Chr+1
(

∥pt∥L1(Hr+1(Ω)) + ∥λt∥L1(Hr+1(Ω)) + ∥ut∥L1(Hr+1(Ω))

+ ∥p∥L∞(Hr+1(Ω)) + ∥λ∥L∞(Hr+1(Ω)) + ∥u∥L∞(Hr+1(Ω))

+∥λt∥L∞(Hr+1(Ω))

)

+ C∆t
(

∥λtt∥L1(L2(Ω)) + ∥utt∥L1(L2(Ω))

)

.

and

max
1≤n≤N

∥Pn − pn∥ ≤ Chr+1
(

∥p∥L∞(Hr+1(Ω)) + ∥λ∥L∞(Hr+1(Ω)) + ∥pt∥L2(Hr+1(Ω))

+ ∥λt∥L∞(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + ∥u∥L∞(Hr+1(Ω))

+∥ut∥L∞(Hr+1(Ω)) + ∥ut∥L1(Hr+1(Ω)) + ∥utt∥L1(Hr+1(Ω))

)

+ C∆t
(

∥utt∥L1(L2(Ω)) + ∥uttt∥L1(L2(Ω))

)

.

Proof. For any j = 0, 1, . . . , N − 1, we decompose the error quantities as: P j − pj = ϑj
p + θj

p, Sj − λj =

ϑ
j
λ + θ

j
λ and U j − uj = ϱj + ρj , where ϑj

p = P j −Rhpj , ϑ
j
λ = Sj −Rhλj and ϱj = U j −Rhuj . Then from

(5.1), we obtain the following error equation using (4.2):

ah(ϑ
j+1
λ , ζh) + (ϱj+1,∇ · ζh) = 0 ∀ ζh ∈ Qr

h,(5.2a)

ah(τh,ϑ
j+1
p )−m1,h(∂tϑ

j
λ, τh)−m2,h(ϑ

j+1
λ , τh) = 0 ∀ τh ∈ V r

h ,(5.2b)

(∂tϱ
j , wh)− (∇ · ϑj+1

p , wh) + (β ·Π0
rϑ

j+1
λ , wh) + (γϱj+1, wh) = (uj+1

t −Rh∂tu
j , wh)(5.2c)

+(β · (λj+1 −Π0
rR

hλj+1), wh)+(γ(uj+1 −Rhuj+1), wh) ∀ wh ∈ W r
h .
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Put ζh = ϑj+1
p in (5.2a), τh = ϑ

j+1
λ in (5.2b) and wh = ϱj+1 in (5.2c) and combining them all to obtain

(∂tϱ
j , ϱj+1) +m1.h(∂tϑ

j
λ,ϑ

j+1
λ ) +m2.h(ϑ

j+1
λ ,ϑ

j+1
λ ) + (β ·Π0

rϑ
j+1
λ , ϱj+1) + (γϱj+1, ϱj+1)

= (uj+1
t −Rh∂tu

j , ϱj+1) + (β · (λj+1 −Π0
rR

hλj+1), ϱj+1) + (γ(uj+1 −Rhuj+1), ϱj+1).
(5.3)

In order to bound the right-hand side of the equation (5.3), we proceed in the following manner:

(uj+1
t −Rh∂tu

j , ϱj+1) = (uj+1
t − ∂tu

j , ϱj+1) + (∂tu
j −Rh∂tu

j , ϱj+1)

≤
(

∥uj+1
t − ∂tu

j∥+ ∥∂tu
j −Rh∂tu

j∥
)

∥ϱj+1∥,

using the definition of ∂tu
j , we obtain

(uj+1
t −Rh∂tu

j , ϱj+1) ≤
1

∆t

(

∥∆tu
j+1
t − (uj+1 − uj)∥+ ∥uj+1 − uj −Rh(uj+1 − uj)∥

)

∥ϱj+1∥.

From the estimates in Lemma 4.3, we deduce that

(uj+1
t −Rh∂tu

j , ϱj+1) ≤ C
1

∆t

(

∥∆tu
j+1
t − (uj+1 − uj)∥+ hr+1

(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω))

+∥λt∥L2(Hr+1(Ω)) + |uj+1 − uj |r+1

))

∥ϱj+1∥.
(5.4)

The other terms will satisfy the following bounds:

(γ(uj+1 −Rhuj+1), ϱj+1) ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω))

+∥λt∥L2(Hr+1(Ω)) + |uj+1|r+1

)

∥ϱj+1∥,
(5.5)

and,

(β · (λj+1 −Π0
rR

hλj+1), ϱj+1) ≤ Chr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω))

+∥λt∥L2(Hr+1(Ω)) + |λj+1|r+1

)

∥ϱj+1∥.
(5.6)

Plugging the values from equations (5.4)-(5.6) to the equation (5.3) and using coercivity of the bilinear
forms, we obtain

(∂tϱ
j , ϱj+1) +m1.h(∂tϑ

j
λ,ϑ

j+1
λ ) +M2∥ϑ

j+1
λ ∥2 + γ∥ϱj+1∥2

≤ C

(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1|r+1 + |λj+1|r+1

)

+
1

∆t

(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1 − uj |r+1

)

+∥∆tu
j+1
t − (uj+1 − uj)∥

)

+ ∥ϑj+1
λ ∥

)

∥ϱj+1∥.

It is easy to observe that

1

2∆t

(

(ϱj+1, ϱj+1) −(ϱj , ϱj)
)

+
1

2∆t

(

m1.h(ϑ
j+1
λ ,ϑ

j+1
λ )−m1.h(ϑ

j
λ,ϑ

j
λ)
)

≤ C

(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1|r+1 + |λj+1|r+1

)

+
1

∆t

(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1 − uj |r+1

)

+∥∆tu
j+1
t − (uj+1 − uj)∥

)

+ ∥ϑj+1
λ ∥

)

∥ϱj+1∥.

On multiplying by 2∆t on both sides, we can write

(ϱj+1, ϱj+1)− (ϱj , ϱj) +m1.h(ϑ
j+1
λ ,ϑ

j+1
λ )−m1.h(ϑ

j
λ,ϑ

j
λ)

≤ C

(

∆thr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1|r+1 + |λj+1|r+1

)

+ hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1 − uj |r+1

)

+ ∥∆tu
j+1
t − (uj+1 − uj)∥+∆t∥ϑj+1

λ ∥

)

∥ϱj+1∥.
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Taking the sum from 0 to n− 1 on both sides and noting that ϱ0 = ϑ0
λ = 0, we obtain

∥ϱn∥2 + ∥ϑn
λ∥

2

≤ C

n−1
∑

j=0

(

∆thr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1|r+1

+|λj+1|r+1

)

+ hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥λt∥L2(Hr+1(Ω)) + |uj+1 − uj |r+1

)

+ ∥∆tu
j+1
t − (uj+1 − uj)∥+∆t∥ϑj+1

λ ∥

)

∥ϱj+1∥.

(5.7)

From Taylor’s series expansion, we get the following bounds for the terms on the right-hand side of the
Equation (5.7):

n−1
∑

j=0

∥∆tu
j+1
t − (uj+1 − uj)∥ ≤ ∆t∥utt∥L1(L2(Ω)),(5.8)

n−1
∑

j=0

hr+1|uj+1 − uj |r+1 ≤ hr+1∥ut∥L1(Hr+1(Ω)),(5.9)

n−1
∑

j=0

hr+1∆t|uj+1|r+1 ≤ ∆tnhr+1 sup
0≤j≤n−1

|uj+1|r+1 ≤ tnh
r+1∥u∥L∞(Hr+1(Ω)),(5.10)

n−1
∑

j=0

hr+1∆t|λj+1|r+1 ≤ ∆tnhr+1 sup
0≤j≤n−1

|λj+1|r+1 ≤ tnh
r+1∥λ∥L∞(Hr+1(Ω)),(5.11)

Using the values of bounds given in equations (5.8)-(5.11) in the Equation (5.7) along with the Young’s
inequality, we infer that

1

2
∥ϱn∥2 + (1− C(∆t)2)∥ϑn

λ∥
2 ≤ C

(

h2(r+1)
(

∥p∥2L2(Hr+1(Ω)) + ∥λ∥2L2(Hr+1(Ω)) + ∥λt∥
2
L2(Hr+1(Ω))

+∥u∥2L∞(Hr+1(Ω)) + ∥λ∥2L∞(Hr+1(Ω)) + ∥ut∥
2
L1(Hr+1(Ω))

)

+ (∆t)2∥utt∥
2
L1(L2(Ω))

)

+

n−2
∑

j=0

(

1

2
∥ϱj+1∥2 + C(∆t)2∥ϑj+1

λ ∥2
)

.

We choose ∆t0 such that 0 < ∆t ≤ ∆t0,
(

1− C(∆t)2
)

> 0. Then, application of discrete Grönwall’s lemma
helps us to conclude that

max
1≤n≤N

(

∥ϱn∥2 + ∥ϑn
λ∥

2
)

≤ C

(

h2(r+1)
(

∥p∥2L2(Hr+1(Ω)) + ∥λ∥2L2(Hr+1(Ω)) + ∥λt∥
2
L2(Hr+1(Ω))

+∥u∥2L∞(Hr+1(Ω)) +∥λ∥2L∞(Hr+1(Ω)) + ∥ut∥
2
L1(Hr+1(Ω))

)

+ (∆t)2∥utt∥
2
L1(L2(Ω))

)

.

(5.12)

Consequently, we can obtain the following estimate as well:

max
1≤n≤N

(

∥∂tϱ
n∥2 + ∥∂tϑ

n
λ∥

2
)

≤ C

(

h2(r+1)
(

∥pt∥
2
L2(Hr+1(Ω)) + ∥λt∥

2
L2(Hr+1(Ω)) + ∥λtt∥

2
L2(Hr+1(Ω))

+∥ut∥
2
L∞(Hr+1(Ω)) +∥λt∥

2
L∞(Hr+1(Ω)) + ∥utt∥

2
L1(Hr+1(Ω))

)

+ (∆t)2∥uttt∥
2
L1(L2(Ω))

)

.

(5.13)

Now, take τh = ϑj+1
p in (5.2b) and we get

ah(ϑ
j+1
p ,ϑj+1

p ) = m1,h(∂tϑ
j
λ,ϑ

j+1
p ) +m2,h(ϑ

j+1
λ ,ϑj+1

p ).
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Taking the sum from 0 to n− 1 on both sides and using Equation (5.12) and (5.13), we deduce that

n−1
∑

j=0

∥ϑj+1
p ∥ ≤ C

(

hr+1
(

∥p∥L2(Hr+1(Ω)) + ∥λ∥L2(Hr+1(Ω)) + ∥pt∥L2(Hr+1(Ω))

+ ∥λt∥L2(Hr+1(Ω)) + ∥λtt∥L2(Hr+1(Ω)) + ∥u∥L∞(Hr+1(Ω)) + ∥λ∥L∞(Hr+1(Ω))

+∥ut∥L∞(Hr+1(Ω)) + ∥λt∥L∞(Hr+1(Ω)) + ∥ut∥L1(Hr+1(Ω)) + ∥utt∥L1(Hr+1(Ω))

)

+∆t
(

∥utt∥L1(L2(Ω)) + ∥uttt∥L1(L2(Ω))

))

.

(5.14)

The equations (5.12), (5.13) and (5.14) together with the triangle inequality completes the proof.

6. Numerical Experiments. In this section, we validate the theoretical results by presenting some
numerical experiments. All the experiments have been performed on MATLAB software implemented by
following the idea outlined in [14]. The spatial domain Ω is discretized using the square and hexagonal
meshses as demonstrated in Figure 6.1. We have fixed the spatial domain Ω = [0, 1] × [0, 1] and the
temporal domain [0, 1]. The error quantities have been computed at the final time T = 1.

(a) Square mesh (b) Hexagonal mesh

Fig. 6.1. Demonstration of meshes used to discretize the domain.

Example 1: We consider the problem (1.1) in Ω× (0, T ], have an analytical solution as follows:

u(x, y, t) = t sin(πx) sin(πy),

with coefficients µ(x) = x+ y + 1, ϵ(x) = x2 + 1, β =

[

x

y

]

and γ(x) = x+ y. The source function f(x, t)

is computed accordingly. The experiment have been performed on both square and hexagonal meshes and
the obtained results are displayed in Figure 6.2, 6.3 and 6.4 for the error in uh,λh and ph, respectively, for
r = 1, 2 and 3. The plots in all three figures confirm that in each case, we are getting the expected rate of
convergence.

Example 2: Consider the problem (1.1) in Ω× (0, T ], with the exact solution as follows:

u(x, y, t) = etx3(1− x)y2(1− y),

with coefficients µ(x) = 0.01, ϵ(x) = 0.01, β =

[

1
1

]

and γ(x) = 1. The source function f(x, t) is computed

accordingly. While performing the experiments, the spatial domain is discretized using the meshes as
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(a) (b)

Fig. 6.2. Plots showing error in uh for Example 1 on square (left) and hexagonal (right) meshes.

(a) (b)

Fig. 6.3. Plots showing error in λh for Example 1 on square (left) and hexagonal (right) meshes.

demonstrated in Figure 6.1 and the temporal domain is discretized by taking a step size of 0.001. It can be
clearly observed in Figure 6.5, 6.6 and 6.7 for the error in uh,λh, and ph, respectively, for r = 1, 2 and 3
that we have achieved the optimal order of convergence as claimed in the theoretical results.

7. Conclusion. In this work, we have developed and analyzed a new virtual element formulation for
the Sobolev equation with a convection term, namely the expanded mixed VEM. The main difficulty aris-
ing from the presence of distinct diffusion and damping coefficients has been effectively addressed through
the introduction of an additional auxiliary variable. The well-posedness of the proposed formulation has
been established, and a backward Euler scheme has been employed for the temporal discretization, ensuring
stability. By introducing a suitable intermediate projection operator and carefully designing the discrete
bilinear forms, we have derived optimal a priori error estimates for both the semi-discrete and fully discrete
schemes. Numerical experiments have been presented to validate the theoretical results and demonstrate
the effectiveness of the proposed method.
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(a) (b)

Fig. 6.4. Plots showing error in ph for Example 1 on square (left) and hexagonal (right) meshes.

(a) (b)

Fig. 6.5. Plots showing error in uh for Example 2 on square (left) and hexagonal (right) meshes.
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