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I. DETAILS OF THE DERIVATION OF SPIN GROUP CATEGORIZATION OF
NON-RELATIVISTIC COLLINEAR MAGNETISM

The first type of the non-trivial spin Laue groups is obtained from the group of spin-space
transformations S; = { £} whose only possible coset decomposition contains one coset, which
is Sy itself. The corresponding isomorphic one-coset decomposition of a crystallographic
Laue group G is, therefore, again G itself. As a result, the first type of non-trivial spin Laue
groups is given by R. = [F || G].

The second type of the non-trivial spin Laue groups is obtained from the one-coset de-
composition of Sy = {E, Cy}, i.e., Sy itself. The corresponding non-trivial spin Laue groups
are then given by RI' = [F || G] + [C: || G]. Below we will show that the R groups also
describe Kramers spin-degenerate collinear antiferromagnetism in crystals with the opposite-
spin-sublattice transformation symmetry [C || E], where E on the right side of the double
vertical bar is the real-space inversion.

Since S, has two elements, its only additional coset decomposition contains two cosets,



S = {E} + C2{E'}. The corresponding isomorphic two-coset decomposition of the crystal-
lographic Laue group is given by, G = H+ AH = H + (G — H), where H is a halving
subgroup of G and A is any chosen element of G — H. The non-trivial spin Laue groups

obtained from this coset decomposition take a form,

Ry =[E [ H+[C; | AJ[E || H] = [E || H] + [C: || G — H]. (1)

We see from Eq. (1) that for R}, G is expressed as a sublattice coset decomposition, where
H contains only the real-space transformations which interchange atoms between same-spin
sublattices, and G —H contains only the real-space transformations which interchange atoms

between opposite-spin sublattices.

Because of the symmetry [Cy || 7] of the collinear spin arrangements, following from
their spin-only group, and because [Cy || T] acts the same on €(s, k) as [E || E], the latter is
also a symmetry of all non-relativistic collinear magnets. This turns Eq. (1) in two distinct
types, depending on whether the real-space inversion is an element of G — H, i.e. belongs
to the opposite-spin-sublattice transformations, or is an element of H, i.e. belongs to the
same-spin-sublattice transformations. In the former case, [E || E][E | H] = [F || G], and
R becomes RI'. This explains the above statement that the R!' Kramers spin-degenerate
antiferromagnetic phase is also obtained when the real-space inversion interchanges atoms

between opposite-spin sublattices.

In the other case when the real-space inversion is an element of H, [E || E][E || H] = [E ||
H], and we arrive at the remaining third distinct type of the non-trivial spin Laue groups,
RIL Tt is given by Eq. (1) with A representing a real-space proper or improper rotation

which interchanges atoms between opposite-spin sublattices.

II. MODEL k-p HAMILTONIANS OF ALTERMAGNETS

The six model k-p Hamiltonian bands in Tab. 1 in the main text, representing planar (P)
and bulk (B) altermagnetic spin-momentum locking with the spin winding number W = 2

4, and 6 around the I'-point, are given by



Hp_gq = Jkk,, (2)
Hp_yy = Jhky(k; — k), (3)
Hp s = Thoky (V3E)? = K2) ((V3R)? = K2) | (4)

which are independent of k., and by

HBfQ,d = szkxa (5)
Hp 4y = Jkok, <k;2 - (@ky>2> ’ (6)
Hy o= T (K= 1) (K~ 2) (8~ 12). ¢

which are k,-dependent. Here J is the strength of the spin splitting and d, g, and i refer
to the d-wave, g-wave, and i-wave anisotropic crystal harmonic symmetry. The previously

reported materials and models' ' belong the the Hp_5 4 class.

ITI. SPIN SPLITTING BY ELECTRIC CRYSTAL FIELD AND COMPARISON
TO RELATIVISTIC MAGNETIC GROUPS AND DFT CALCULATIONS FOR
RUOQ

We start by illustrating the difference between the spin group and the magnetic group
of RuO,y. In Supplementary Fig. Sla we give the spin group of altermagnetic RuOs,
24/1,,1,,1,,. We also explicitly indicate the generators [F || M;], where M, are the three
orthogonal mirror planes, of the same-spin-sublattice transformations (black), and the gen-
erator [Cy || Cy.] of the opposite-spin-sublattice transformations (red).

In Supplementary Fig. S1c we give the magnetic group m/m’m for the magnetic moment
vectors along the [110]-axis shown in the panel by purple and cyan arrows. We include
also its generators which are one mirror plane orthogonal to the magnetic moments (black)
and two mirror planes parallel to the moments combined with time-inversion (blue). We
highlight that all these symmetry elements are same-spin-sublattice transformations and
that the magnetic group contains no opposite-spin-sublattice transformation elements. We
also point out that two of the same-spin-sublattice mirror transformations are combined with
the time-inversion, while the third one is not combined with the time-inversion. In general,

magnetic group symmetries can have same-spin-sublattice transformations with or without
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time-inversion, and opposite-spin-sublattice transformations with or without time-inversion.
This contrasts with the sublattice coset decomposition form of all altermagnetic R spin
groups, whose elements are divided into the same-spin-sublattice transformations [F || H]
and the opposite-spin-sublattice transformations [C; || G — H].

Supplementary Fig. Sla also illustrates that, in general, the altermagnetic and ferro-
magnetic phases are always described by distinct non-relativistic spin groups. In contrast,
Supplementary Fig. Slc demonstrates that the same relativistic magnetic group can, in
some cases, describe both the antiparallel and parallel order of the magnetic moments. This
highlights that the magnetic groups cannot, in general, discriminate between the two phases.

In Supplementary Figs. S1b,d we compare DFT calculations of Fermi surface cuts at
wavevector k, = 0 calculated without and with relativistic spin-orbit coupling, respectively.
Even for the heavy atoms such as Ru, the spin-orbit coupling represents only a small per-
turbative contribution. The apparent prominent features of the relativistic Fermi surface,
including the four-fold spin-momentum locking characteristic, still reflect the non-relativistic
spin-group symmetries. In contrast, these prominent symmetries are omitted by the rela-
tivistic magnetic group.

In the main text, we demonstrate the electric crystal-field mechanism of the spin splitting
in KRuyOg. Here we illustrate that this extraordinary mechanism is abundant in altermag-
nets with orbital degeneracies in the non-magnetic phase. In Supplementary Fig. Sle we
identify the mechanism in altermagnetic RuOs,, in which earlier works reported a large spin

splitting on the eV scale3*.
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Fig. S 1. Comparison of spin vs. magnetic group and non-relativistic vs. relativistic
DFT calculation, and identification of the spin splitting by local electric crystal field in
RuOs. a, Schematic spin arrangement on the RuO4 crystal with opposite spin directions depicted
by purple and cyan color, and with the depicted non-relativistic spin group. Red arrow and its
label highlights the generator of opposite-spin-sublattice transformations, and the generators of
the same-spin-sublattice transformations are also highlighted (in black). Bottom smaller image
corresponds to the parallel spin-arrangement. ¢, Schematic spin arrangement on the RuQO» crystal
with opposite spin directions and the crystallographic spin-axis orientation depicted by purple and
cyan arrows, and with the depicted relativistic magnetic group and its generators. Bottom smaller
image corresponds to the parallel spin-arrangement. The crossed red arrow highlights that the
magnetic group contains no opposite-spin-sublattice transformation elements. b,d Fermi surface
cuts at wavevector k, = 0 without and with relativistic spin-orbit coupling included in the DFT
calculation, respectively. e, Projection of the non-relativistic DFT bands on the sublattice A and
B m; = +1 orbitals in the non-magnetic (black) and altermagnetic (purple and cyan) phase. f,

Real-space DFT spin density around the Ru atom in sublattice A and B.



IV. COMPARISON TO RELATIVISTIC MAGNETIC GROUPS AND DFT CAL-
CULATIONS FOR KRu,0Og

Here we illustrate the difference between spin groups and magnetic groups on KRu4Osg.
In Supplementary Fig. S2a we recall the spin group of altermagnetic KRuyOg, 24/1,,, and
explicitly write the generators [E || E] and [E || M.] of the same-spin-sublattice transfor-
mations, and the generator [Cy || Cy.] of the opposite-spin-sublattice transformations. In
Supplementary Fig. S2¢c we give the magnetic group 2'/m’ for the magnetic moments along
the [100]-axis shown in the panel by purple and cyan arrows, and include also its genera-
tors which are the crystallographic space-inversion E and the mirror symmetry M., com-
bined with time-inversion. We highlight that both these symmetry elements are same-spin-
sublattice transformations and that the magnetic group contains no opposite-spin-sublattice
transformation elements.

In Supplementary Figs. S2b,d we compare projections of bands on the sublattice A and
B without and with spin-orbit coupling included in the DFT calculation, respectively. We
see that in both cases, band states with one dominant spin projection have a dominant
weight on one sublattice. (Note that the small weight on the other sublattice seen in Sup-
plementary Fig. S2c¢ was neglected when plotting Fig. 2f in the main text.) By comparing
Supplementary Figs. S2b,d we see that the main features of the energy bands, i.e., the local
electric crystal-field mechanism of the spin splitting and the spin-momentum locking are
captured by the spin-group symmetries. Even for the heavy atoms such as Ru, the spin-
orbit coupling represents only a small perturbative contribution. We observe the largest
relativistic contributions around the I'-point, marked by the red circles. In this region the
spin texture is influenced by the spin-orbit coupling which leads to a small reduction of the
spin-projection along the Néel vector and a small relativistic spin splitting. The comparison
of Supplementary Figs. S2b.d also demonstrates the dominant non-relativistic origin of the

large spin splitting at the X and Y time-reversal invariant momenta.
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Fig. S 2. Comparison of spin vs. magnetic group and non-relativistic vs. relativistic
DFT calculation for KRu4Og. a, Schematic spin arrangement on the KRuysOg crystal with
opposite spin directions depicted by purple and cyan color, and with the depicted non-relativistic
spin group. Red arrow and its label highlights the generator of opposite-spin-sublattice trans-
formations, and the generators of same-spin-sublattice transformations are also highlighted (in
black). ¢, Schematic spin arrangement on the KRuysOg crystal with opposite spin directions and
the crystallographic spin-axis orientation depicted by purple and cyan arrows, and with the de-
picted relativistic magnetic group and its generators. The crossed rad arrow highlights that the
magnetic group contains no opposite-spin-sublattice transformation elements. b,d, Projection of
bands on the sublattice A and B without and with relativistic spin-orbit coupling included in the

DFT calculation, respectively.

V. OTHER SELECTED ALTERMAGNETIC CANDIDATES

In this section we show DFT calculations in the altermagnetic insulator CuFs, non-
centrosymmetric altermagnet VNb3Sg, and a parent cuprate altermagnet LayCuOy, of a high-
temperature superconductor. Beside these materials, Tab. 1 in the main text lists also other

insulating altermagnetic candidates, including high Néel temperature CoF3 and FeF3?°, and



semiconducting MnTe!>. We also found altermagnetism in chalcogenite CoNbzSg?! with
bulk spin-winding number W = 4, or in perovskite CaMnOs?? with planar spin-winding

number W = 2.

Altermagnetic insulator CuF,

In Supplementary Fig. S3 we present the symmetry analysis and DFT band-structure
calculations of insulating CuF, with the Néel temperature 69 K2 and with relatively light
elements. Its crystal, shown in Fig. S3a, is a distorted rutile with a monoclinic struc-
ture (crystal space group P2;/c)*!

([E || 1]+ [C2 || C2.][E || 1]) implies a spin winding number W = 2. Unlike KRuyOsg,

. The altermagnetic non-trivial spin Laue group 23,2,

however, the symmetry [Cy || M.,], which complements the symmetry [Cy || Cs.], generates
a bulk-like spin-momentum locking. This is confirmed by the DFT calculation presented in
Fig. S3b. We used the DFT+U method with U =5 eV and J =1 eV to describe this Mott

insulator2?.

The spin-resolved band structure is plotted in Fig. S3c. Similar to KRu4Osg,
the spin splitting is on the ~100 meV scale in CuF,;. We note that the gap between the
valence and conduction bands disappears for DFT with U = J = 0. However, within a 15%
scatter, the altermagnetic spin splitting in the DFT band structure remains the same as in
the Mott insulating state obtained using DFT+U. This further underlines the robustness of

altermagnetism, and of the spin splitting which originates from the electro-magnetic crystal

potential.
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Fig. S 3. Altermagnetic insulator CuF,. a, Schematic spin arrangement on the CuFy crystal
with opposite spin directions depicted by purple and cyan color. Red arrow and its label highlights
the opposite-spin-sublattice transformation, containing a real-space mirror or two-fold rotation
(combined with real-space translation). b, Calculated spin-momentum locking with the bulk spin
winding number W = 2 on top of the DFT Fermi surface for the Fermi level near the top of
the valence band. ¢, DFT band structure in the altermagnetic phase. Wavevector dependence of
the spin splitting between the conduction bands highlighted by the light-grey shading and valence
bands highlighted by the dark-grey shading is plotted in the lower panel by light and dark lines,

respectively.
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Altermagnetic non-centrosymmetric VINbsSg

In Supplementary Fig. S4 we present the symmetry analysis and DFT band-structure
calculations of non-centrosymmetric VNbzSg with the Néel temperature 50 K?°. Its non-
centrosymmetric crystal?®, shown in Fig. S4a, has the crystal space group P6522. The
altermagnetic non-trivial spin Laue group 2¢,2,,2,,1,, implies bulk spin winding number

W =4.

[C2]|Ce-t]

Fig. S 4. Altermagnetic non-centrosymmetric VNb3Sg. a, Schematic spin arrangement on
the VINb3Sg crystal with opposite spin directions depicted by purple and cyan color. Red arrow
and its label highlights the opposite-spin-sublattice transformation, containing a real-space six-
fold rotation. b,c, Calculated spin-momentum locking with the bulk spin winding number W =4
on top of the DFT Fermi surface. The altermagnetic spin-momentum locking is symmetric with
respect to the inversion of k, despite the non-centrosymmetric crystal structure, as highlighted by

the white double-arrow in panel c.
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Altermagnetic parent cuprate LasCuQ, of a high-temperature superconductor

In Supplementary Fig. S5a we show the crystal structure of La;CuO, in the orthorhombic
phase with tilted oxygen octahedra. The spin-momentum locking in the altermagnetic phase
is planar with the spin winding number W = 2. In literature®®, the material is known to
be a metal within DFT. When including Hubbard U, we observe a Mott insulating state.

However, the planar W = 2 altermagnetic spin-momentum locking is present in both cases.

Possible explanations why the spin-split altermagnetic phase escaped attention are that
(i) previous studies focused on the high symmetry planes in the Brillouin zone, such as the
grey-shaded k, = 0 plane in Fig. Sbb, whose spin degeneracy is protected by the spin group,

or (ii) the spin splitting around the Fermi level on the ~ 10 meV scale is relatively weak.
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Fig. S 5. Altermagnetic parent cuprate La,CuQO,4 of a high-temperature superconduc-
tor. a, Schematic spin arrangement on the LaoCuQOy4 crystal with opposite spin directions depicted
by purple and cyan color. Red arrow and its label highlights the opposite-spin-sublattice transfor-
mation, containing a real-space two-fold rotation. b, Calculated spin-momentum locking with the

planar spin winding number W = 2 on top of the DF'T Fermi surface.
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