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1 Mean-Field Variational Inference for DMM Model

We expand specifically the variational lower bound equation as follows:

L =
Kmax∑
k=1

Eq [log (p (γk|1, κ)))]−
Kmax∑
k=1

Eq

[
log
(
q
(
γk|ϑk, ϑ

′

k

))]
+

N∑
i=1

Kmax∑
k=1

Eq [log p(Zki |γ1, γ2, ..., γKmax)]−
N∑
i=1

Kmax∑
k=1

Eq
[
log
(
q
(
Zki |rki

))]
+

N∑
i=1

S∑
j=1

Eq [log p(φij |εj1 , εj2)]−
N∑
i=1

S∑
j=1

Eq [log (q (φij |fij))]

+
S∑
j

Eq [log (p (εj |ξ))]−
S∑
j

Eq [log (q (εj |ξ∗))]

+
S∑
j=1

Kmax∑
k=1

Eq [log (p (αkj |λkj))]−
S∑
j=1

Kmax∑
k=1

Eq

[
log
(
q
(
αkj |λ∗kj

))]
+

S∑
j=1

Eq [log (p (βj |ιj))]−
S∑
j=1

Eq
[
log
(
q
(
βj |ι∗j

))]

(1)

To compute the variational expectations Eq [.] in equation (1), we use the properties of exponential fam-
ily distribution. If variational distributions for q (αkj |λkj) and q (βj |ιj) are Dirichlet distributions, then the
exponential family representations are given by
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So the natural parameters and sufficient statistics of the Dirichlet distributions for α and β are ηαkj

= λkj−1,
T (αkj) = log (αkj) and ηβj

= ιj − 1, T (βj) = log (βj), resepctively. The approximation expectations are
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where ψ (.) is the digamma function.
With truncated stick-breaking representation of Dirichlet Mixture process, variational factors for the stick

lengths q
(
γk|ϑk, ϑ

′

k

)
are Beta distributions and the assignment variable Zki = I [Zi = k] for the ith sample

allocation is governed by a multinomial distribution indexed by a variational parameter rik. The computation of
the approximate expectation for the parameters of truncated stick-breaking representation have been considered
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carefully by Blei and Jordan (2006). The results of variational expectation for both variables are as follows:
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2 Stochastic Optimization of the Variational Parameters

2.1 Compute the variational function parameters for the position of sample i to
be reallocated to cluster k

Following the principles of the variational inference (Bishop. 2006, Blei and Jordan. 2006, Hoffman 2013),
variational parameters of Zki is the local parameters, we consider the derivation of the update equation for only
one variable by fixing the others’ distribution. The optimal coordinate updates are derived for local parameters.
The log of the optimized factor to the posterior distribution of Zki is
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equation (2) have not the closed form. Thus, the calculation of these equations are analytically intractable. To
use standard form of the variational inference (Bishop. 2006) or the stochastic variational inference (Hoffman
et al. 2013), we need a closed-form expression. In order to overcome this problem, we consider a common
approach:

- By applying a first-order Taylor expansion to preserve a bound, intractable expectations are avoided. By
using these results, the variational parameters are updated as follow:
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Based on this framework, the variational parameters of Zik are updated as follow:
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2.2 Compute the variational function parameters of indicator variables for micro-
biome selection

Similarity, the optimized solution to the posterior distribution of variable selection φij
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2.3 Updating variational parameters of α

Based on the principal framework of the stochastic variational inference (Hoffman et al. 2013), we consider
parameters of α as global parameters. These parameters are updated by a stochastic gradient step and noisy
estimations of the natural gradient of the variational objective with respect to αkj . Following the computational
method of the natural gradient (Hoffman et al. 2013), we compute the natural gradient of equation (1) with
respect to the global variational parameters of αkj .
We consider Dirichlet distribution as a prior distribution with concentration parameters λkj , so a conditional
distribution of profile given the observation data has form of the Dirichlet distribution. We consider the
representation of the exponential family,

p (α|Z, φ, γ, ε, β) = h (α) exp
(
η (Z, φ, γ, ε, β)

T
t (α)− a (η (Z, φ, γ, ε, β))

)
where: h (.) is the base measure; a (.) is the log-normalize; η (.) is the natural parameter; t (.) is the sufficient
statistics.

As above assumption of the variational parameters, we set q (α|λ∗) to be Dirichlet distribution as the
complete conditional distributions. So we get

q (α|λ∗) = h (α) exp
(
(λ∗)T t (π)− a (λ∗)

)
We consider the lower bound for only α,

L (α) = EQ [log p (α|Z, φ, γ, ε, β)]− EQ [q (α|λ∗)]
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where, the expected value of the sufficient statistics is the gradient of log normalizer EQ [t (α)] = ∇λ∗ {a (λ∗)}
If the classical principal of the gradient method for maximization is used directly to find a maximum of L (α)
based on taking step of size ρ in direction of the gradient, the optimized results is

λ∗(t+1) = λ∗(t) + ρ∇(λ∗)L (α) = λ∗(t) + ρ(t)
[
∇2

(λ∗) {a (λ∗)}
]{
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T − (λ∗)T

}
Following (Hoffman et al. 2013), by premultiplying the gradient by the inverse Fisher information G(λ∗)

and apply the stochastic natural gradient of the variational objective with respect to α, we get

G (λ∗) = Eλ∗
[(
∇(λ∗) log q (α|λ∗)

) (
∇(λ∗) log q (α|λ∗)

)T ]
= ∇2
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∇̂(λ∗)L (α) = {G (λ∗)}−1∇(λ∗)L (α) = {EQ [η (Z, φ, γ, ε, β)]− λ∗}
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λ∗(t+1) = λ∗(t) + ρ∇̂(λ∗)L (α) = λ∗(t) + ρ
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EQ [η (Z, φ, γ, ε, β)]− λ∗(t)

}
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(6)

Based traditional variational inference, we get the conditional distribution of α
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By substituting equation (7) into equation (6), the final result of updated variational parameters is

(
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2.4 Updating variational parameters of β

Similarity, the stochastic natural gradient of the variational objective with respect to β

(
ι∗j
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2.5 Updating stick-breaking representation

Similarity, the optimized solution to the posterior distribution of unit length sticks γk

logQ∗ (γk) = (1− 1) log (γk) + (ν − 1) log (1− γk)

+
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i=1

EQ [zik] log (γk) +
N∑
i=1

Kmax∑
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EQ [zik′ ] log (1− γk) + const
(8)

which has the logarithmic form of the Beta distribution and the corresponding variational distributions
of breaking proportions q (γk) are considered to be the Beta distribution. Then, the standard conditions are
satisfied for a closed form coordinate update for local parameters. Based on the stochastic natural gradient,
the variational parameters of γk are updated by computing variational expectations in equation (8) (Blei and
Jordan. 2006, Hoffman et al. 2013),
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2.6 Updating variational parameters of ε

Similarity, the stochastic natural gradient of the variational objective with respect to ε(
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