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Abstract

We investigate how non-Hermitian effects in one-dimensional superlattices incorporating gain and
loss imbalance, asymmetric hopping, and complex potentials modify both electrical transport and
quantum correlations. Using a family of generalized Su—Schrieffer—Heeger (SSH) superlattice Hamil-
tonians with tunable sublattice asymmetry and non-reciprocity, we compute, linear response trans-
port coeflicients, and mixed-state entanglement measures across parameter regimes (PT-symmetric
broken regime). We find robust signatures linking the onset of the skin effect and spectral winding
to enhanced local currents and strongly inhomogeneous entanglement profiles, and topological edge
modes to finite entanglement negativity in otherwise mixed steady states. Our results clarify when
transport and entanglement provide complementary probes of non-Hermitian phase structure, and
suggest experimental observables in photonic and cold-atom realizations.

I. INTRODUCTION

In the past decade, non-Hermitian quantum systems
have attracted growing attention as fertile grounds for
realizing unconventional topological phases and trans-
port phenomena that have no direct counterparts in
Hermitian settings [1-18]. In contrast to Hermitian
Hamiltonians, whose spectra are strictly real and whose
topological properties are well captured by conventional
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FIG. 1. Schematic representation of tetramerized superlat-
tice with four sites (labeled by (a1, a2,as,as) per unit cell.
t1, t2 and t3 are the intracell couplings, whereas t4 is the in-
tercell hopping. There are three different choices of balanced
onsite gain and loss: case I with (ic, —ia,icr, —icx), case II
with (ic, i, —ia, —iar), and case III with (i, —icr, —ic, icx)
The solid-green circles (dashed-blue circles) indicate positive
(negative) imaginary parts, +o.

bulk-boundary correspondence, non-Hermitian systems
generally exhibit complex energy spectra and host dis-
tinctive effects such as the non-Hermitian skin effect
(NHSE) [19-22]. In the presence of open boundary con-
ditions (OBC), the NHSE leads to an extensive accu-
mulation of eigenstates near the system boundaries, pro-
foundly modifying both spectral and transport proper-
ties. These features call for a reexamination of the foun-
dations of topology and transport in quantum matter.

A paradigmatic model in the study of topological
phases is the Su—Schrieffer—Heeger (SSH) model, which
describes a one-dimensional dimerized lattice support-
ing topologically protected edge states [23]. Generaliza-
tions of the SSH model to higher dimensions, such as
two-dimensional arrays of coupled SSH chains, provide
a versatile framework for exploring richer band struc-
tures, including Dirac-like dispersions and higher-order
topological phases [24, 25]. When nonreciprocal hopping
processes and on-site gain and loss are introduced, these
systems naturally enter the non-Hermitian regime, giving
rise to novel spectral and topological characteristics that
strongly influence their dynamical and transport behav-
ior [26-28].

A key issue in this context is the role played by critical
points associated with the closing and reopening of com-
plex energy gaps, particularly under OBC, and how these
spectral transitions manifest in experimentally accessi-
ble transport quantities such as electrical conductivity.
While in Hermitian systems bulk gap closings typically
coincide with topological phase transitions and leave
clear signatures in transport, non-Hermitian systems of-
ten display boundary-sensitive spectral features that are
absent under periodic boundary conditions (PBC), re-
flecting the breakdown of conventional bulk-boundary
correspondence [20, 29, 30, 32].

In this work, we study electrical transport in non-
Hermitian superlattices using the Kubo—Greenwood for-
malism. We analyze three gain—loss configurations
(Fig. 1) with distinct impacts on multigap topology.



For the PT-symmetric pattern (ia, —ia,ic, —ia), the
multigap phases remain robust. In contrast, the
configuration (ic,ia, —ic, —iar) suppresses the midgap
topological phase. For the anti-P7T-symmetric case
(i, —iar, —iav, icr), a topological transition emerges in
the midgap from trivial to nontrivial. The role of
such gain—loss profiles on edge states was discussed in
Ref. [31]. We further show that non-Hermitian pa-
rameters «, incorporating nonreciprocity and gain—loss
strength, strongly reshape both AC and DC conductiv-
ities [32-35]. Finally, we relate the entanglement neg-
ativity En to the Drude weight Dg, linking quantum
correlations to coherent DC transport in non-Hermitian
systems.

The remainder of this paper is organized as follows. In
Section II, we introduce the model and analyzed the dif-
ferent phases, spectrum properties and topological edge
states. In Section III, we compute the transport coef-
ficients and quantifier of entanglement quantum corre-
lation, analysing the interplay between DC conductivity
and entanglement negativity. Finally, in Section IV, we
discuss the physical implications of our findings and out-
line directions for future work.

II. MODEL AND FORMALISM

The real-space Hamiltonian is given by
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with o representing the gain or loss rate and t = 3 +13 +
t3 + t3. In the Hermitian limit, performing the Fourier
transformation, the Block Hamiltonian is obtained as
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The presence of non-Hermitian terms generates
symmetries such as time-reversal TiHio(k)7, ' =
Hi,2(—k), with T4 = o0p ® 09, particle-hole symmetry

where

nH2(k)n~! = —Hi(—k) with = 09 ® 0.. More-
over, for t; = t3, H1 2(k) presents parity-time symmetry
(PT)HLQ(]{Z)(PT)_l = 7‘[172(]{3), with P = 0, ® 0. In
the following, we have that the multigap topological edge
states of the superlattice exhibit distinct responses under
different gain-loss patterns. Hereafter we set t; =3 =1
as the energy unit for simplicity.

A. Phase diagram, spectral properties and
topological edge states

The eigenvalues of Hamiltonian H; are given by

k) = £4/t/2— a2 £ (1/2)

where F(k) = t2t3 +13t3 — 2t1tatsty cos k. The band gaps
between jth and (j + 1)th bands are given at k = 0
and k = m respectively. As « is increased, five dis-
tinct regions can be defined: a P7T-symmetric phase

for o < \/t/2 — /t?/4 — F(0) where all eigenvalues are
real. a PT-broken phase when \/t/2 —/12/4 - F(0) <

< \/t/2 — \/t?/4 — F(7), which the central two bands

have real and imaginary eigenvalues separated by ex-
ceptional points. A partial-APT-symmetric phase for

Vi/2—VEI—F@m) < o < \Jt/2+ /B Fx)
where the eigenvalues are real for two bands and
imaginary for other bands. P7-broken phase when

Vt/2+ VEI—Fm < a < \Jt/2+ BT F(0), of
which two bands have real and imaginary eigenvalues
separated by exceptional points. APT-symmetric phase

for a > \/t/2 + \/t?/4 — F(0) where the eigenvalues are

purely imaginary.

Ey 4 ( —4F(k), (4)

In the Eq. (4), when ¢; = t3, ta = t4, the first and third
gaps close, while the second gap closes for t1t3 = tat4,
where at these gaps close signify the presence of topolog-
ical phase transitions. Moreover, the topological proper-
ties can be characterized by the sum of Zak phases of all
the isolated bands below the corresponding gap: topolog-
ical phase of the first and third band gap with Zak phases
Z1 = 7,25 = 0. Region II represents the trivial phase
with Z; o = 0; region III is the topological phase of the
middle band gap Z; = 0, 25 = 7; region IV is the com-
pletely topological phase with Z; 9 = m. The boundaries
coincide with the locations of gap-closing points. The
nontrivial Zak phase implies that a pair of topologically
protected edge states will emerge at the boundaries of
the finite lattice according to bulk-edge correspondence.

a=if " (01 () Bkt (R)) + (1o () Bk 2 (R)
+ (Y1 (k)| Ok |41 (k)))dk mod2,

where [¢;(k)) is the Bloch wave functions with eigenvalue
E;. Furthermore, the Zak phase can take only the values
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FIG. 2. Plot (a) Phase diagram of the Hermitian topological
superlattice: region I is the topological phase of the first and
third band gap with Zak phases Z1 = m, Z2 = 0. Region II
represents the trivial phase with Z; 2 = 0; region III is the
topological phase of the middle band gap Z; = 0,22 = 7;
region IV is the completely topological phase with Z; 2 = 7.
Plot (b) Phase diagram of the non-Hermitian Hamiltonian
with ¢ = 1, which contains a P7T-symmetric (PTS) phase
where all eigenvalues are real, two P7T-broken (PTB I and
PTB II) phases with real and imaginary eigenvalues separated
by exceptional points, a partial APT-symmetric (APT) phase
with purely imaginary energies.

zero or 7, denoting the trivial and nontrivial topological
phases, respectively.

In Fig. 2 (a), we show the phase diagram t4 vs to of
the Hermitian topological superlattice (o = 0). The four
distinct phases are represented: region I which is the
topological phase of the first and third band gap with
Zak phases 2, = m, Z5 = 0. Region II which represents
the trivial phase with Z; » = 0; region III which is the
topological phase of the middle band gap Z; =0, Z5 = 7;
region IV which is the completely topological phase with
ZLQ = T.

In Fig. 2 (b), we present the phase diagram of the non-
Hermitian H; with ¢ = 1. The phase diagram contains
five distinct phases: PT-symmetric (PTS) phase where
all eigenvalues are real, two PT-broken (PTB I and PTB
IT) phases with real and imaginary eigenvalues separated
by exceptional points, a partial APT-symmetric (APT)
phase with purely imaginary energies.

For the non-Hermitian superlattice governed by the
Hamiltonian Hy(k), its eigenvalues for ¢; = t3 are given
by

Ey (k)= i\/(t —2a2) + (1/2)4/G(k) — 16022,
(5)

where G(k) = (t3 — t3)? + 4t3t3 + 4t3t3 + 8t3taty cosk.

«

Supposing the midgap AF = 0, we have

— \/i(1/2) [\/G(o) — 2+ (22 -2 - 132 -2+ 12/2+12/2],

where the mid-gap is gapless when o, < a < o},

For small values of «, the energy bands remain entirely
real and gapped, indicating that P7T symmetry is pre-
served. As the degree of non-Hermiticity increases, the
upper and lower bands approach and eventually touch
their adjacent bands, accompanied by the exceptional
points. In this regime, P7 symmetry is broken for the
top and bottom bands, while it remains intact within
the intermediate gaps. Concurrently, the gap between
the two bands gradually closes. With a further increase
in the gain-loss rate o, PT symmetry becomes sponta-
neously broken for the middle bands as well. Interest-
ingly, upon increasing « beyond this regime, the middle
bands recover real-valued spectra, and the corresponding
midgap reopens with an enlarged separation.

B. Topological Invariants

The one-dimensional non-Hermitian chiral-symmetric
system: T'HT(K)T~! = —H(k) has its topological prop-
erties characterized by Chern number [36]. The Chern
number is obtained for a 2D effective Hermitian Hamil-
tonian H(k,e) = T'le — iH(k)], with T = 0p ® 0, and ¢
denotes the imaginary part of the energy. To overcome
the periodicity of ¢, we define H'.(k, &) = RsHe.(k,e)RI
with R. = exp[i§ (1 + tanhe)G], where G = 0, ® 0y.
Thus, the Chern number is obtained as

C=lim — [ Qk)dk,

E—OQ LTT

(6)

where
lim H'c(k,e) =

E—0OQ

due to R_o = 09 ® 09, R_so = iG and
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where np is the number of occupied bands, |¢)™"(k)) is
eigenstate of H'(k) with eigenvalues E,,, (k). The Chern
number C is an integer, and its value remains strictly

constant under smooth perturbations that preserver the
band gap separating the occupied and empty bands.

X

III. RESULTS AND DISCUSSION
A. Transport coefficients

We get the current O{Jerator continuity Equation J
from dp/dt +V - T = Ty where p = a'(x,t)a(x,t) and
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T 13,’2 is the contribution of the dissipative non-Hermitian
term. We found
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The longitudinal electric conductivity at ¢ = 0 in « di-
rection is given by [37]

Z Z [pnm — Pmn (k)

mn=+ k mn(k)
(k,nm|J (k)|k, mn)(k, m|T (k)|k, nm)
Epm(k) — Epn (k) +w + 01 ’

where Fy,.,(k) n,m = + are the energies of the n, mth
bands and p(z) = (e* + 1)71, with 2 = Epn,(k)/kpT is
the Fermi-Dirac distribution function. J(k), is the elec-
tric current operator, at point k into the first Brillouin
zone given by [38]. From above formula, we get the real
part of the dynamical conductivity given by [39, 40]:

+taal 0410 —

9)

Reo(w) = Dg(T)d(w) + 0" (w), (10)
where
Oprm (k)
N Z Z (k) (k,nm|J (k)[k, nm)(k, nm|T (k)|k, nm)
nm=+ k

pmn(k)
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where

:% Z Z{ t1+t2+t3—t4)281n(k})
nm=+ k
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2k:BT
( ) = Emn (k)

X tanh (

— (ty + to + t3 — t4)* cos? (k) [

1
1_ (EnM(k)_Emn(k))/kBT
X{ ¢ }P Epm(k) — By (k) +w )
" Z Z (t + to + t3 — ta)® cos® (k)
n,m=+ k
Prm (k) = Pran (k) (Bnim (k) — B (1)) /b5 T
x [Enm(k) ~ By (k) 1-e ]
%8 (B (k) — Eyn (k) + w)
(12)

where P(...) means principal value.

The Kubo formula is extended to non-Hermitian sys-
tems, with the conductivity o(w) depending on the cur-
rent operator J (k) with the modifications made to ac-
count for the complex energy spectrum and biorthogo-
nal basis, and provide a validation against the known

FIG. 3. Plots (a) and (b) Dg vs. T for = 0.5 and Dgs vs.
a for T = 0.01 for the Hamiltonian ;. Plots (c) and (d)
Dg vs. T for « = 0.5 and Dg vs. « for T' = 0.01 for the
Hamiltonian Ho.

Hermitian case to ensure accuracy. The differences are:
Biorthogonal matrix elements, where both numerators
involve left—right matrix elements; no complex conjuga-
tion appears by default. The Complex poles, where de-

" nominators carry complex transition energies; their imag-

inary parts regularize the w — 0 behavior and encode
gain/loss-induced broadening. The causality, where the

— Epmn(k) | retarded prescription 4407 is kept, ensuring the same an-

Emn(k)) ,

alyticity and Kramers—Kronig structure for the retarded
correlator and stability required.

The key reasons the Kubo formula survives in many
non-Hermitian settings are as following: In first, if the
non-Hermitian Hamiltonian H g is used to describe the
system, and a pseudo-equilibrium or steady state is
reached via coupling to a reservoir, the system may still
exhibit equilibrium-like features. The steady state can
resemble a thermal Gibbs-like state in a biorthogonal en-
semble. Moreover, in open quantum systems, fluctuation
and response functions can be defined using Keldysh field
theory. Even in the presence of non-Hermiticity, Kubo-
type linear response functions can be formulated, and the
fluctuation—dissipation relation can be preserved if the
dynamics equilibrate and satisfy stationarity and causal-
ity in the effective description. In some non-Hermitian
systems, effective unitarity can emerge in the unbroken-
symmetric phase, allowing fluctuation—dissipation rela-
tion to hold within certain parameter regimes [7, 9].

In Fig. 3, we show the Drude weight Dg(T) as a
function of temperature 7' and non-Hermiticity «. In
the limit T — 0, Dg remains finite, implying a di-
vergent DC conductivity. At finite temperature or in
the presence of disorder, the delta peak 6(w) in Reo(w)
broadens into a Lorentzian, yielding a finite conductiv-
ity. Following Ref. [42], the Drude weight is defined
as Dg(T) — (K) — A(k = 0,w), where (—K) is the ki-
netic energy and A(k,w) the current—current correlation



function. In the limit w — 0, Reo(w) contains a sin-
gular term Dgd(w), signaling dissipationless transport.
The Meissner response instead probes the static (w = 0)
transverse limit. For k& — 0, the superfluid stiffness is
D =7[(-K)— A(k — 0,iw, = 0)], with iw, = w +07.
The distinction between Dg and D arises from the non-
commutativity of the limits ¥ — 0 and w — 0. Physi-
cally, Dg measures the charge stiffness, while D quanti-
fies the superfluid density. In the thermodynamic limit
at T' = 0 and without disorder, these quantities charac-
terize the ground state: Dg, D # 0 for a superconductor;
Ds # 0,D = 0 for a metal; and Dg = D = 0 for an
insulator.

B. Quantum correlations and entanglement

Entanglement negativity Ex is defined as the loga-
rithm of the trace norm of the partial transpose of the
density matrix of the system p4. Overall, the entan-
glement negativity is a powerful tool for characterizing
the entanglement properties of quantum systems, and its
behavior can provide important insights into the funda-
mental properties of quantum mechanics and potential
applications of quantum information science. However,
En presents a large deficiency i.e. a failure in satisfying
the discriminant property, either that the entanglement
En(p) = 0 if and only if p is separable [41]. It is used
much often as a measure of thermal entanglement for
disjoint intervals. Fy is given for a mixed state pgg by
[43, 44]

A
2 )
where || X |3 = Tr|X| = Trv X1 X is the trace norm and

p’ is the partial transpose of p4 with respect to the sub-
system A. The logarithmic negativity is [43]

En(p) = log, || P4l (14)

In general, the system will thermalise when the Gibbs
distribution p, is given by p o< e~ */k8T  where the sta-
tistical ensemble describing the system for long time is
expected to be the canonical ensemble, being the density
matrix of the canonical ensemble given by [45-47].

The quantum state evolves in time under the non-
Hermitian Hamiltonian #(¢) as the model Eq. (1), ac-
cording the von Neumann equation

N(p) (13)

im0 _ 134(0), ) + {a(0). ) (15)
where p(0) = po, Hi(t) = —if(t)A(t), with A(t) =

e Hot/h pe=iHot/h — f(1) is a non-negative time-dependent
function for instance, a rectangular pulse of strength s
and duration &t, f(t) = hs[0(t — tw) — O(t — t — 0t)] /3t
(O(x) is the step function) at fixed waiting time t,,. To
linear order in the perturbation theory, we can write

p(t) = po— ! / dr' {A(t), po} F(t) (16

where one gets

t
Tep(t)] = 1 - 2h7" / arO[A0) F(E).  (7)
0

We say that the system relaxes locally if the limit
limy oo imy 00 pa(t) = pa(oco) exists for any fi-
nite subsystem A. Its stationary state is defined as
limy 00 Trp(p) = pa(co), where B is the complement
of A. In the absence of other conserved quantities iso-
lated systems thermalize to thermal equilibrium

p= pGibbs _ [Tr(e—,@H)]—le—B’H,

where S is fixed by the initial value of the energy density

1 _
h= lim —Tr(p"H).
m (p""7°H)

N —oc0

Thus, we get p as

T
= 71T Enctimes Ti Bun(Kala

)

where Z is the partition function. The entanglement neg-
ativity is given by

EN — _ 10g2 (Z—leka;T Zn:i,7n:i Ek EnM(k)p(Enm(k))) .

(18)

We assume a thermal state associated with an effective
Hamiltonian, for which the resulting density matrix is
mathematically well defined and physically motivated
through a connection to an effective equilibrium descrip-
tion. An alternative and more general approach for a
non-Hermitian Hamiltonian such as Eq. (1) is to explic-
itly determine the steady-state density matrix by solving
a Lindblad master equation, thereby modeling the cou-
pling to the environment. In this framework, the steady
state pss can be obtained either from the long-time limit
of the non-unitary dynamics or within a biorthogonal for-
malism, allowing the entanglement negativity to be eval-
uated for a genuinely non-thermal state.

The bipartition of the system plays a crucial role in the
interpretation of the entanglement negativity. A com-
mon choice is to divide the chain at symmetry-related
locations or at regions of particular physical relevance,
such as the center of the system, where topological edge
or interface states may emerge in certain phases. Alter-
natively, one can systematically shift the cut along the
chain and monitor the spatial dependence of Fy, which
provides insight into how quantum correlations are dis-
tributed across the lattice.

More generally, the choice of bipartition is not merely a
geometric consideration but a diagnostic tool tailored to
the specific topological features under investigation. De-
pending on the location of the partition, Fn can probe
distinct aspects of the underlying topological phase, in-
cluding edge states, bulk entanglement patterns, and the
influence of non-Hermitian effects. By judiciously se-
lecting the bipartition, one can therefore access informa-
tion about topological invariants and uncover how non-
Hermiticity reshapes the entanglement structure in com-
parison to the Hermitian limit.
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FIG. 4. Plots (a) and (b) Ex vs. T for &« = 0.5 and En vs.
a for T = 0.01 for the Hamiltonian H;. Plots (c¢) and (d)
En vs. T for « = 0.5 and En vs. « for T = 0.01 for the
Hamiltonian H.

Typically, one might choose the bipartition of the chain
at symmetry points or regions of interest, such as at the
center of the chain, where topological edge states are ex-
pected to reside in certain phases. Alternatively, one
might study how En changes as the cut is moved across
different sites, which can provide insight into how entan-
glement is distributed throughout the system.

We analyzed quantum correlations via entanglement
negativity in a subsystem of N spins block, consider-
ing the partition with N spins for which the local en-
tropy is calculated and in following making N — oo in
the partition, for the continuum theory is valid. More-
over, We assume a thermal state for a effective Hermitian
Hamiltonian correspondent to the non-Hermitian model
Eq. (1), the result thus is mathematically defined and
physically justified by a connection to an effective equilib-
rium. However, an another approach for a non-Hermitian
Hamiltonian as Eq. (1), is to compute the true steady-
state density matrix from the Lindblad equation (if we
model the open system environment explicitly), either
from the long-time limit of non-unitary evolution or from
a biorthogonal formalism, where we compute the entan-
glement negativity from the non-thermal pg;.

In Fig. 4, we present the temperature dependence of
the entanglement negativity En. As T — 0, En ex-
hibits a pronounced divergence, which can be attributed
to the strong enhancement of quantum fluctuations in
the zero-temperature limit. In addition, we observe that
increasing the non-Hermitian parameter leads to only mi-
nor quantitative changes in the En curves. This weak
sensitivity reflects the fact that the overall symmetry
of the energy spectrum undergoes an abrupt transition
from being predominantly real to predominantly imagi-
nary, without substantially altering the low-temperature
scaling behavior of the entanglement.

C. Discussion

Observable signatures of spectral splitting: When spec-
tral splitting occurs along the real-energy axis, the sys-
tem exhibits two distinct resonant frequencies, result-
ing in a characteristic double-peak structure in the
transmission or optical response as a function of fre-
quency. In contrast, splitting along the imaginary-energy
axis leads to a single resonance, accompanied by asym-
metric linewidths and pronounced variations in ampli-
tude or effective gain. This behavior can be quantita-
tively identified through linewidth analysis or by exam-
ining growth—decay dynamics. Concomitantly, the corre-
sponding eigenstate profiles undergo a qualitative trans-
formation, evolving from spatially extended modes to
boundary-localized states. Such edge localization can be
directly probed via near-field imaging techniques in pho-
tonic platforms or through site-resolved occupation mea-
surements in cold-atom systems. Importantly, the emer-
gence of non-Bloch Dirac points is reflected in abrupt
variations of the Drude weight, while discontinuities or
sharp features in the regular conductivity provide clear
signatures of these spectral transitions.

Identification of conductivity resonances: The position
of non-Bloch Dirac points relative to the surrounding en-
ergy gaps plays a decisive role in determining the reso-
nant frequencies associated with interband optical tran-
sitions. When a non-Bloch Dirac point is situated deep
within a real line-gapped phase, the optical gap remains
well defined, giving rise to sharp and well-resolved peaks
in the optical conductivity. Conversely, as the Dirac
point approaches the boundary of a complex-energy re-
gion, the effective gap narrows or closes, leading to sig-
nificant broadening of the conductivity peaks due to the
finite imaginary components of the eigenvalues. This
regime is typically accompanied by an enhanced low-
frequency response. Within this framework, the fre-
quency window (w —wyp) serves as a direct probe of tran-
sitions relative to the lowest excitation threshold set by
the non-Bloch gap. As the Dirac points move closer to
the gap edges, the threshold frequency decreases, and the
corresponding conductivity features become increasingly
pronounced.

Numerical assessment of robustness and signal-to-
noise: Although both Dg and 0" (w) are derived ana-
lytically, their robustness can be quantitatively validated
through numerical simulations. To this end, we introduce
weak random perturbations of small amplitude to the
Hamiltonian matrix elements and repeat the transport
calculations over a large ensemble of disorder realizations.
The resulting noise level is quantified by the standard de-
viation of the corresponding observable. In addition, we
examine the sensitivity of the results to the choice of the
infinitesimal imaginary regulator (i0y) entering the re-
sponse functions. Finally, by comparing results obtained
using thermal occupation factors at low temperature with
those based on step-function occupations, we assess the
stability of Dg and ¢"%9(w) with respect to both numer-



—(t1+ta+ts—1ty

0 01 02 03 04 05 06 07 08 09 1

B
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ical and physical regularization schemes.

D. Linking Ds and En

From Egs. (12) and (18), we found the link between
Dg and Ey in the following way

™

Ds(T) = —Z(tl +to 4+ t3 —t4)sink<

N

eBN/2 _ Ze—EN/2>
k

eEN/2 + Ze_EN/2

2 [@T(lﬁjg - Ezv)] {1

Ze En _ 1
 Z-leBv — 1

xP !
kBT(IOgQ 7 — EN) 4w/’
(19)

In Fig. 5, we plot the Drude weight Dg vs. En as a way
to clarify the relationship between entanglement nega-
tivity and DC conductivity. We found that the Drude
weight of the electric conductivity remains finite even in

the limit where Fny — 0, i.e., when quantum correlations
are absent. As F increases, the Drude weight exhibits a
slight decrease, demonstrating that there is slight depen-
dence of the DC conductivity vs Ex. Physically, this be-
havior indicates that stronger quantum correlations tend
to inhibit coherent charge transport, while regimes with
reduced entanglement are more favorable to metallic con-
duction.

IV. SUMMARY AND OUTLOOK

We analyze the link between DC transport and quan-
tum correlations given by entanglement negativity in one-
dimensional superlattices.

The Skin effect further amplifies boundary disorder,
making robust observation challenging. Moreover, mea-
surement of transport are sensitive to complex-frequency
conductivity e.g., THz spectroscopy in photonics, or AC
impedance in topolectrical circuits. Direct observation of
sixth-order scaling in condensed matter physics is likely
impractical. Synthetic platforms are more realistic.

From a broader perspective, studying the AC and
DC conductivities of the SSH model is essential for
understanding the low-temperature transport properties
of topological insulators, especially when non-Hermitian
effects are present. Our results highlight how non-
Hermiticity fundamentally alters the transport response,
revealing new routes to engineer and control electronic
properties in low-dimensional topological systems.
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