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Abstract 15 

This work presents a Gaussian Boson Sampling (GBS) method to identify densely connected 16 

subgraphs from omics-derived gene networks. The method considers directional influence and 17 

utilises the intrinsic sampling bias of GBS towards densely connected nodes, providing an 18 

efficient strategy for dense subgraph identification compared with classical methods. We 19 

applied GBS to gene pathway networks of rumen from sheep gut under low and high methane 20 

yield conditions. The resulting key gene clusters reveal directional relationships consistent with 21 

known biochemical metabolic reactions in the microbe, supporting a mechanistic interpretation 22 

that electron carrier formation leads to enhanced hydrogenotrophic methanogenesis. 23 

Benchmarking against the classical Greedy Peel algorithm shows that GBS consistently 24 

recovers identical densest subgraphs but requires 5 to 10 times fewer subgraph evaluations. 25 

These results confirm that GBS can efficiently identify biologically meaningful functional 26 

modules in metabolic networks without the heavy computational overhead of exhaustive 27 

classical searches. Our findings support further investigation into the use of GBS for subgraph 28 

search in large multi-omic networks where dense modules exhibit functional significance. 29 

Graphical abstract  30 

 31 



Introduction 32 

Biological systems can be modelled as networks in which nodes represent genes or proteins 33 

and edges denote functional interactions (Koutrouli et al., 2020). Such representations have 34 

been applied to metabolic pathway analysis, protein–protein interaction mapping, and gene co-35 

expression profiling, enabling systematic characterisation of cellular organisation (Abdel-36 

Hafiz et al., 2022; Everett et al., 2006; Feng et al., 2011; Hu et al., 2005; R. Li et al., 2022). 37 

Within these networks, densely connected regions are of particular interest because they often 38 

correspond to coherent gene or enzyme clusters that collectively characterise metabolic 39 

performance. Their identification can therefore be formalised as a dense subgraph 40 

identification task, which becomes increasingly challenging as network size grows. 41 

Network construction commonly uses meta-omic data from high-throughput sequencing to 42 

infer relationships among functional elements. Metagenomics quantifies gene potential, 43 

whereas metatranscriptomics measures gene expression activity. These measurements can be 44 

integrated to compute associative statistics, including relative ratios and correlation 45 

coefficients, which are encoded as edge weights. The resulting weighted graphs capture the 46 

relative strengths between genes across samples or experimental conditions.  47 

Extending this framework, multi-omics studies integrating two or more omics layers further 48 

enable analysis of coordinated molecular changes in biological systems. Hayes et al. (2024) 49 

emphasised that multi-omics provides a more comprehensive framework for identifying key 50 

metabolic drivers via vertical integration (different omic layers of the same sample), horizontal 51 

integration (the same omic layer across different samples), and diagonal integration (different 52 

omic layers across different samples). However, these schemes produce larger, higher-53 

dimensional networks, thereby expanding the combinatorial search space for dense subgraph 54 

and increasing both computational burden and susceptibility to noise.  55 



Classical dense subgraph methods are typically categorised as exact or approximate (Gudapati 56 

et al., 2021; Lanciano et al., 2024). A naïve exact approach exhaustively evaluates every 57 

possible subgraph; for a graph with 𝑛 nodes, this requires examining 2௡candidate subgraphs, 58 

rendering brute-force search computationally infeasible even for moderately sized networks. 59 

Approximate heuristic methods improve scalability but reduce optimality guarantees. For 60 

example, greedy peeling algorithms iteratively remove nodes based on density and implicitly 61 

evaluates edge contributions across up to 
௡(௡−1)2  possible pairwise interactions. While 62 

polynomial-time and practically efficient, such heuristics can be sensitive to graph structure 63 

and may discard nodes belonging to small, highly interconnected modules. This trade-off 64 

between exhaustive optimality and heuristic efficiency motivates alternative strategies for 65 

better exploring dense regions without explicit enumeration of the entire search space. 66 

Gaussian Boson Sampling (GBS) is a photonic quantum computing method that generates 67 

samples from a probability distribution determined by a matrix representing the network graph 68 

(Arrazola & Bromley, 2018; Deng et al., 2023). Each photon detection event corresponds to a 69 

subset of modes that can be interpreted as a candidate subgraph. The sampling probability is 70 

proportional to the Hafnian function, which is empirically associated with the subgraph density. 71 

This induced bias enables GBS to preferentially select dense subgraphs, enhancing the 72 

stochastic search (Arrazola & Bromley, 2018; Hamilton et al., 2017). Empirical work has 73 

reported that GBS can double the success probabilities of finding dense subgraphs relative to 74 

classical random sampling (Banchi et al., 2020). In terms of applications, it was reported 75 

improved success for maximum clique identification, including molecular docking and RNA-76 

folding (Yu et al., 2023). Nevertheless, despite these algorithmic and experimental advances, 77 

applications of GBS to real-world multi-omic networks remain limited, particularly in settings 78 

where cross-layer directional influences are central to biological interpretation. 79 



In this work, we introduce a GBS-based framework to identify key gene groups by constructing 80 

weighted networks from metagenomic (gene potential) and metatranscriptomic (gene activity) 81 

data from a rumen microbiome (Wu et al. 2023). Previous analyses considered gene-to-82 

transcript ratios for 17 genes within individual metabolic pathways associated with methane 83 

yield, but did not quantify cross-gene interactions. As a result, coordinated cross-layer effects 84 

influencing methane production have not been examined. Ruminant livestock is a major source 85 

of anthropogenic greenhouse gas emissions (Javier Mater-Sagasta et al., 2017; Marino et al., 86 

2016; Sejian et al., 2017). In the rumen, microbial metabolism regulates carbon catabolism and 87 

electron carrier redox cycling through simultaneous anaerobic and aerobic respiratory 88 

reactions. This regulation influences the production of organic acid, carbon dioxide and 89 

molecular hydrogen, which directly modulate methanogenesis. Cross-layer dense subgraphs 90 

may therefore capture subtle differences in coordinated metabolic modules that underlie 91 

variations in methane yield. Identifying such key gene clusters can inform mitigation strategies 92 

including feed manipulation, additives and probiotics (Javier Mater-Sagasta et al., 2017).  93 

Methodologically, we introduced node duplication to represent directional influence within and 94 

across omics layers. We then applied GBS to identify dense subgraphs and benchmarked 95 

against a classical Greedy Peel baseline. In addition, we quantified sampling efficiency of GBS 96 

via approximation ratios relative to uniform sampling, compare computational costs and 97 

runtimes of GBS and Greedy Peel, and perform runtime decomposition to identify bottlenecks 98 

that guide future hardware and algorithmic optimisations. 99 

  100 



Results and Discussion 101 

Overview 102 

This study analysed eight raw omics datasets derived from sheep rumen samples reported by 103 

Wu et al. (2023), comprising duplicate paired metagenomic and metatranscriptomic 104 

measurements under contrasting conditions of low methane yield (10.9 ± 0.9 g CH₄ per kg dry 105 

matter intake) and high methane yield (16.1 ± 0.2 g CH₄ per kg dry matter intake). Within each 106 

omic type and methane condition, paired datasets showed no statistically significant differences 107 

and were therefore averaged for downstream analyses as described in the Methods section. 108 

Methane yield was treated as the primary biological variable throughout. 109 

All datasets contained measurements for the same set of 17 genes, ensuring biochemical 110 

consistency across omics layers and methane yield conditions. These genes were organised into 111 

three functional groups, reflecting pyruvate metabolism, tricarboxylic acid (TCA) cycle and 112 

energy conservation. Figure 1 illustrated the roles of the genes in metabolism and highlighted 113 

the densely connected genes identified by the dense subgraph search algorithms. 114 

  115 
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Figure 1 Role of the enzymes in bacterial metabolism encoded by the analysed genes. 118 

Genes highlighted in black represent densely connected genes identified under both methane 119 

conditions (multi-omics level), whereas genes highlighted in blue represent those appeared 120 

only under high methane yield conditions. All genes appeared in the low methane condition 121 

also appeared under the high methane condition. 122 

The pyruvate metabolism group regulates the entry of pyruvate into downstream metabolic 123 

pathways and determines the generation of reduced electron carriers, including quinol and 124 

reduced ferredoxin. This group comprised poxB, por/nifJ, porABCD, and pdhABCD, which 125 

encode pyruvate:quinone dehydrogenase, pyruvate-ferredoxin/flavodoxin oxidoreductase, 126 

pyruvate ferredoxin oxidoreductase, and the pyruvate dehydrogenase complex, respectively. 127 

The TCA cycle group mediates oxidative carbon flux and contributes to the production and 128 

recycling of NADH, FADH₂ and quinone intermediates. This group included pflB, gltA/citZ, 129 

acnA, icd, korAB, sucCD, cat1, sdhAB, fumAC, and mdh, which respectively encode formate 130 

C acetyltransferase, citrate synthase, aconitate hydratase, isocitrate dehydrogenase, 2-131 

oxoglutarate ferredoxin oxidoreductase, succinyl-CoA synthetase, succinyl-CoA acetate CoA 132 

transferase, succinate dehydrogenase, fumarate hydratase, and malate dehydrogenase. 133 

The energy production group links electron transport to proton motive force generation and 134 

ATP synthesis, thereby integrating redox carrier balance with cellular energy output. This 135 

group consisted of nuoABCDEFGHIJKLMN, cydAB, and atpABCDEFGH, which encode 136 

NADH quinone oxidoreductase, cytochrome bd oxidase, and ATP synthase, respectively.  137 

This set of genes and its functional classification were used consistently throughout all network 138 

constructions and analyses. For single-omic analyses, two metagenomic and two 139 

metatranscriptomic networks were generated using node duplication, each comprising 34 140 

nodes. For multi-omic analyses, two networks were constructed by combining metagenomic 141 



and metatranscriptomic layers, resulting in graphs with 68 nodes. These networks formed the 142 

structural basis for dense subgraph identification. 143 

Dense subgraph searches were performed using both the GBS and Greedy Peel algorithms, 144 

with Greedy Peel serving as the reference method. These subgraphs were presented in Figure 145 

S1. In all cases, the densest subgraphs identified by GBS were identical to those obtained using 146 

Greedy Peel. This agreement confirms that GBS produces results consistent with the 147 

established Greedy Peel approach, supporting its suitability for this type of network analysis. 148 

Moreover, GBS requires fewer evaluations, offering a more computationally efficient 149 

alternative while preserving the same solutions. 150 

Multi-Omics Network Under Low Methane Yield 151 

As showed in Figure 2(a), the densest subgraph identified in the combined metagenomic and 152 

metatranscriptomic network under low methane yield conditions consisted of poxB, porABCD, 153 

mdh and atpABCDEFGH. All four genes were present at both the metagenomic and 154 

metatranscriptomic levels, indicating coordinated representation across omics layers within the 155 

integrated dense module. 156 

This densely connected group of genes centres on quinone reduction via poxB and ferredoxin 157 

reduction via porABCD, with NADH generation through mdh. poxB catalyses pyruvate 158 

oxidation coupled to quinone reduction (Gecse et al., 2024), thereby directly feeding electrons 159 

into the quinone pool. porABCD enables conversion of pyruvate to acetyl-CoA (Abdel-Hamid 160 

et al., 2001; Gecse et al., 2024; Katsyv et al., 2021), producing CO₂ that can serve as substrate 161 

for hydrogenotrophic (hydrogen-utilising) methanogenesis. mdh participates in oxaloacetate–162 

malate interconversion and contributes to NADH cycling, while atpABCDEFGH suggests 163 

coupling between electron transport and ATP synthesis. However, the absence of genes 164 



encoding enzymes from the oxidative branch of the TCA cycle indicates a limited expansion 165 

of electron carrier generation, particularly FADH₂-linked reactions.  166 

In rumen microbial systems, excess electron carriers are re-oxidised partly through hydrogen 167 

production, which subsequently increases hydrogenotrophic methanogenesis. Limited carbon 168 

flux through the oxidative TCA branch therefore constrains the overall availability of electron 169 

carriers for hydrogen formation. Under low methane yield conditions, the redox balance 170 

associated by this cohort of genes may limit the electron flow towards hydrogen production, 171 

thereby aligning with the reduced methane yield observed. 172 

Within this dense module, poxB acted as the sole source gene, while porABCD, mdh and 173 

atpABCDEFGH functioned as effect genes (Figure S1(a)). This single-source organisation 174 

suggests that upstream pyruvate oxidation represents the dominant initiating reaction within 175 

the gene cluster.  176 

Multi-Omics Network Under High Methane Yield 177 

The densest subgraph identified in the multi-omic network under high methane yield conditions 178 

consisted of the genes observed under low methane yield conditions, with three additional 179 

genes from the oxidative branch of the TCA cycle. As seen in Figure 2(a), sdhAB and acnA 180 

appeared at the transcript level and korAB at the genomic level, indicating cross-layer 181 

engagement of oxidative metabolism.  182 

sdhAB catalyses succinate oxidation and transfers electrons to the quinone pool, directly 183 

contributing to FADH₂-linked electron flow. korAB mediates oxidative decarboxylation within 184 

the TCA cycle, generating NADH. The inclusion of these genes expands the overall pool of 185 

electron carriers available for downstream reactions, enabling re-oxidation of excess reducing 186 

electron carriers that produces hydrogen. Increased hydrogen availability in turn enhances 187 



hydrogenotrophic methanogenesis. The findings under high methane yield conditions are thus 188 

consistent with increased electron carrier turnover and the relatively higher methane yield.  189 

acnA catalyses citrate–isocitrate interconversion within the oxidative branch of the cycle (Z. 190 

Li et al., 2023). The occurrence of sdhAB and acnA is notable, as metabolites associated with 191 

each gene have been reported to inhibit the other under certain conditions. acnA converts citrate 192 

into itaconate as an intermediate, which can inhibit sdhAB (Z. Li et al., 2023; O’Neill & 193 

Artyomov, 2019; Sun & Chang, 2022), while sdhAB converts succinate into fumarate, which 194 

can inhibit acnA (Guberovic & Frezza, 2024; Ternette et al., 2013).  195 

Within this group, poxB, sdhAB and acnA acted as source genes, while atpABCDEFGH, mdh, 196 

porABCD and korAB functioned as effect genes (Figure S1 (b)). This multi-source organisation 197 

contrasts with the single-source structure observed under low methane yield conditions and 198 

reflects distributed initiation of oxidative flux within the gene cluster. 199 

Metagenomic Network Under Low Methane Yield 200 

The densest subgraph of the metagenomic network under low methane yield conditions 201 

consisted of poxB, porABCD, sdhAB, korAB, mdh and atpABCDEFGH (Figure 2(b)). 202 

Compared with the integrated multi-omics result, the key gene cluster additionally included 203 

sdhAB and korAB, both associated with the oxidative branch of the TCA cycle.  204 

korAB catalyses oxidative decarboxylation within the TCA cycle, while sdhAB links succinate 205 

oxidation to the quinone pool. Their presence at the metagenomic level indicates that the gene 206 

potential for oxidative metabolism is enhanced. However, their absence from the multi-omic 207 

dense subgraph suggests that this broader capacity may not be expressed at the transcriptional 208 

level under low methane yield conditions. Thus, although genes supporting enhanced quinone 209 

reduction and FADH₂-associated electron transfer are present, the redox state may not be 210 

dominated by oxidative TCA activity. This supports the interpretation that electron carrier 211 



turnover and downstream hydrogen production remain comparatively constrained under low 212 

methane yield conditions.  213 

Metagenomic Network Under High Methane Yield 214 

The densest subgraph consisted of the same group of genes identified in the multi-omics dense 215 

subgraph (Figure 2(b)). While the multi-omics network demonstrated cross-layer integration 216 

of oxidative metabolism, the metagenomic result reflects the underlying genetic capacity for 217 

this extended redox engagement. The consistency between the densest subgraphs at meta-218 

genomic and multi-omic levels supports the interpretation that enhanced oxidative TCA 219 

participation is structurally embedded in the system under high methane yield conditions. 220 

Metatranscriptomic Under Low Methane Yield  221 

The densest subgraph of the metatranscriptomic network consisted of poxB, porABCD, mdh 222 

and atpABCDEFGH, identical to that of the multi-omic network (Figure 2(c)). The consistency 223 

between these two networks reinforces the interpretation that, under low methane yield 224 

conditions, metabolic organisation is confined to relatively narrow redox pathways rather than 225 

extended to oxidative TCA pathways. This pattern further supports the observation that limited 226 

electron carrier generation may reduce hydrogen availability for methanogenesis.  227 

Metatranscriptomic Network Under High Methane Yield 228 

Relative to the multi-omic densest subgraph, korAB was not retained in the densest subgraph 229 

of the metatranscriptomic network, whereas the remaining genes were preserved (Figure 2(c)). 230 

This dense metabolic group captures the core oxidative pathway identified in the multi-omics 231 

analysis, particularly through the inclusion of sdhAB and acnA. This transcriptional alignment 232 

with the integrated network reinforces the interpretation that expanded redox carrier turnover 233 

contributes to increased hydrogen availability and thereby methane production. 234 
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Figure 2 Comparison of genes identified in the densest subgraphs under low and high 236 

methane yield conditions. Venn diagrams show the overlap of genes detected in densest 237 

subgraphs for (a) multi-omics networks (‘G’ denotes genes identified at the metagenomic level 238 

and ‘T’ denotes genes identified at the metatranscriptomic level), (b) metagenomic networks, 239 

and (c) metatranscriptomic networks. The overlapping region indicates genes present under 240 

both methane yield conditions. 241 

 242 

 Computational Performance Analysis 243 

Sampling Efficiency 244 

To quantify sampling efficiency, we compared approximation ratios achieved via GBS and 245 

uniform random sampling. The approximation ratio was defined as the density of the densest 246 

sampled subgraph divided by the density of the optimal subgraph obtained using Greedy Peel. 247 

As shown in Figure S2, GBS consistently achieved an approximation ratio of 1 across different 248 

numbers of shots for all networks. In contrast, uniform random sampling fluctuated around 249 

approximately 0.4 and did not converge to the optimal density even with increasing shots. 250 

This consistent outperformance indicates that the intrinsic mathematical formulation of GBS 251 

biases sampling towards dense subgraphs. Rather than sampling uniformly from the subgraph 252 

space, the probability distribution of GBS concentrates on dense regions of the graph, enabling 253 

identification of the optimal solution with substantially fewer samples than uninformed random 254 

sampling. 255 

Subgraph Evaluation Counts 256 

A brute-force approach evaluates every possible subgraph of a given network. For the single-257 

omic networks, which contain 34 nodes derived from 2 × 17 genes, this requires evaluation of 258 



234subgraphs, corresponding to more than 17 billion candidate subgraphs. For the multi-omic 259 

networks, which contain 68 nodes, the number of candidate subgraphs increases to 268, 260 

exceeding 295 quintillion evaluations.  261 

The Greedy Peel algorithm has complexity ܱ(݉ + 𝑛 log 𝑛) with 𝑛 the number of nodes and ݉ 262 

the number of edges (Gudapati et al., 2021). At the first step, the algorithm already needs to 263 

evaluate 
௡(௡−1)2  subgraphs obtained by removing each edge from the original complete 264 

graph.  This corresponds to 561 evaluations for a 34-node network and 2278 evaluations for a 265 

68-node network. Although this is dramatically smaller than the exhaustive enumeration of the 266 

brute-force approach, the number of evaluated candidates still increases quadratically with the 267 

number of nodes.   268 

In contrast, GBS generates ݉ × 𝑛 candidate subgraphs per network, with ݉ = 5 chosen based 269 

on the approximation ratio analysis. The number of subgraph sampling scales approximately 270 

as ܱ(𝑛) under GBS, which is significantly lower than ܱ(𝑛2) for Greedy Peel and ܱ(2௡) for 271 

brute-force. By removing repeated and empty samples, the numerical results are summarised 272 

in Figure 3. These findings indicated that GBS substantially reduces the number of subgraph 273 

evaluations required, providing a more computationally efficient approach for dense subgraph 274 

searches.  275 

a b 



   

Figure 3 Number of Subgraph Evaluations needed using brute force (blue bars), greedy 276 

peel (orange bars) and GBS (grey bars). Bar chart (a) corresponds to the multi-omics network, 277 

whereas bar chart (b) corresponds to the metagenomic and metatranscriptomic networks. 278 

 279 

Runtime Comparison 280 

Total runtimes of Greedy Peel and GBS are summarised in Table 1. Despite requiring more 281 

subgraph evaluations, Greedy Peel exhibited shorter runtimes across all networks. For the 34-282 

node networks, Greedy Peel required less than 0.2 seconds, whereas GBS required more than 283 

6 seconds. For the 68-node networks, Greedy Peel required around 1 second, while GBS 284 

required approximately 30 seconds. 285 

Breaking down the GBS runtime shows that the sampling step dominates the total computation 286 

time, while the density evaluation step contributes only a negligible fraction. This observation 287 

is consistent with prior analyses demonstrating that classical simulation of GBS is dominated 288 

by torontonian computation (Quesada et al., 2018). 289 

Therefore, when implementing GBS on a classical simulator, the sampling step constitutes the 290 

principal computational bottleneck. The reduction in subgraph evaluations does not directly 291 

lead to shorter runtime because sample generation itself is numerically intensive. This finding 292 

encourages two broader research directions in the future. First, improving classical simulations 293 



would increase sampling efficiency, thereby shortening overall runtime (Yang & Wang, 2024). 294 

Second, advancing the development of real optical hardware for GBS could generate samples 295 

physically rather than numerically, thereby reducing the dominant computational cost. 296 

Nonetheless, the scalability of photonic GBS hardware to larger datasets highlights its potential 297 

to outperform classical benchmarks, demonstrating a clear trajectory toward practical quantum 298 

advantage in multi-omic studies. 299 

 300 

Table 1 Runtime of GBS (Sampling and evaluations) and Greedy Peel 301 

Datasets GBS Runtime (seconds) Greedy Peel 

Runtime 

(seconds) 

Sampling Evaluation Total 

Metagenomics Low-

methane 

6.41 ± 

0.49 

0.0035 ± 

0.0015 

6.42 ± 

0.49 

0.16 

High-

methane 

6.82 ± 

0.35 

0.0055 ± 

0.0020 

6.82 ± 

0.35 

0.11 

Metatranscriptomics Low-

methane 

6.14 ± 

0.49 

0.0024 ± 

0.0020 

6.15 ± 

0.49 

0.11 

High-

methane 

6.57 ± 

1.39 

0.0028 ± 

0.0020 

6.58 ± 

1.39 

0.15 

Metagenomics + 

Metatranscriptomics 

Low-

methane 

29.28 ± 

3.58 

0.0096 ± 

0.0030 

29.29 

± 3.58 

1.01 

High-

methane 

35.69 ± 

1.92 

0.0127 ± 

0.0019 

35.70 

± 1.92 

0.80 

 302 



 303 

Conclusion  304 

This work developed an identification method for key gene clusters that captures directionality 305 

and integrates multiple omics layers systematically via dense subgraph search. The results 306 

showed that GBS-based sampling can identify the same dense subgraphs as classical methods 307 

while requiring significantly fewer subgraph evaluations, highlighting its potential for large-308 

scale problems. Biological analysis of the identified gene clusters revealed metabolic 309 

differences associated with methane yield, where low methane yield networks exhibited limited 310 

oxidative TCA activity and a single-source pyruvate oxidation structure, whereas high methane 311 

yield networks included additional oxidative TCA genes that expanded electron carrier 312 

turnover and supported increased hydrogen availability for methanogenesis. These findings 313 

support further investigation of this pipeline as a scalable tool for analysing microbial 314 

metabolism in metabolic engineering and environmental biotechnology. 315 

  316 



Method 317 

Figure 4 illustrates the methodology overview of this work. All computations were written in 318 

Python language. The omics datasets were pre-processed to construct the network graphs 319 

through node duplications. The density of subgraph was then defined, followed by the 320 

algorithmic developments of Greedy Peel, GBS, and uniform random sampling. The densest 321 

subgraphs identified by GBS were compared to that by Greedy Peel to ensure correctness. The 322 

findings were also validated with biological knowledge.  323 

To evaluate the technical performance, we measured and compared the runtime between the 324 

two algorithms. The number of subgraph evaluations of these two algorithms were then 325 

compared alongside that of the brute-force algorithm. Lastly, to investigate if GBS is 326 

intrinsically favouring dense subgraph search, we compared the approximation ratio achieved 327 

by GBS and uniform sampling at given numbers of shots. 328 

 329 

Figure 4 Schematic of the methodology of this work 330 

Data source and pre-processing 331 



The omics data, obtained by Wu et al. (2023), consisted of metagenomic and 332 

metatranscriptomic sequences of 8 raw sheep rumen samples, alongside the corresponding 333 

methane emission levels (See Table SX). Samples G1 and G2 are replicates for metagenomic 334 

measurements at low-methane conditions, while Samples T1 and T2 are replicates for 335 

metatranscriptomic measurements at low-methane conditions. Similarly, Samples G3 and G4 336 

are replicates for metagenomic measurements at high-methane conditions, while Samples T3 337 

and T4 are replicates for metatranscriptomic measurements at high-methane conditions. 338 

All omics values were normalised using housekeeping genes. For this study, subunit values of 339 

each metabolic were summed to obtain abundance values. 340 

Statistical tests to average replicate measurements 341 

Statistical comparisons were conducted to determine whether replicate measurements within 342 

each dataset could be averaged for subsequent analyses. Tests were performed on the metabolic 343 

abundance vectors within each replicate pair. A significance threshold of α = 0.01 was used 344 

throughout. 345 

Metagenomic replicates (G1 vs. G2; G3 vs. G4) showed normality in the Shapiro–Wilk test (p 346 

= 0.047 and p = 0.044, respectively) and were analysed with paired t-tests, resulting in p-values 347 

of 0.044 and 0.114. Metatranscriptomic replicates (T1 vs. T2; T3 vs. T4) did not meet normality 348 

in the Shapiro–Wilk test (p < 0.001 in both cases) and were compared using Wilcoxon signed-349 

rank tests, yielding p-values of 0.015 and 0.035. Since both the metagenomic and 350 

metatranscriptomic data did not exceed the α = 0.01 significance threshold, each pair of 351 

replicates was averaged. 352 

Graph construction and node supplication 353 

Node duplication was used to allow encoding of directionality in enzymatic relationships. For 354 

each metabolic ݅, two distinct nodes were created: a start node ݁௜,௦ and an end node ݁௜,௘. This 355 



yields a graph with 2𝑛 nodes for 𝑛 genes, permitting the construction of a square 2𝑛 × 2𝑛 356 

adjacency matrix where directional influence can be captured. In this representation, start and 357 

end nodes encode directional interactions between genes through the corresponding symmetric 358 

matrices. 359 

Let ݔ ∈ ܴ௡ denote the vector of omics values (averaged across replicates and duplicated to 360 

match the 2𝑛-node representation). The matrix ܣ ∈ ܴ2௡×2௡ is constructed such that each entry 361 ܣ௜௝ represents the interaction strength between metabolic nodes. For each pair of nodes ݅ and 362 ݆: 363 

௜,௝ܣ = ௜ݔ௝ݔ}  , ௜ݔ ݂݅ ≠ 0 ܽ𝑛݀ ݅ = ,݁݀݋𝑛 ݐݎܽݐݏ ݆ = ݁𝑛݀ 𝑛ݔ  ݁݀݋௜ݔ௝  , ௝ݔ ݂݅ ≠ 0 ܽ𝑛݀ ݆364 = ,݁݀݋𝑛 ݐݎܽݐݏ ݅ = ݁𝑛݀ 𝑛0  ݁݀݋ ,  365  ݁ݏ݅ݓݎℎ݁ݐ݋

This ensures all entries are non-negative and interpretable as pairwise expression ratios 366 

aligning with Wu et al. (2023). Diagonal entries were set to zero to avoid self-loops. 367 

Density definition 368 

The density ܦ(ܵ) of a subgraph ܵ⊆ܸ was defined as the total edge weight per node within that 369 

subgraph: 370 

(ܵ)ܦ = 1|ܵ| ∑ ௜௝ܣ      ݅, ݆ ∈ ܵ 371 

where the summation is taken over all node pairs within ܵ. Since diagonal entries of ܣ were set 372 

to zero, self-loops do not contribute to the density. This formula was used to determine the 373 

densities of the subgraphs obtained across all algorithms. 374 

Development of Greedy Peel algorithm 375 

The Greedy Peel algorithm began with the complete graph and progressed iteratively. At each 376 

iteration, the current subgraph's density was evaluated. The node whose removal resulted in 377 



the smallest decrease in density (equivalently, the highest remaining density after removal) was 378 

eliminated, and the procedure was repeated on the reduced subgraph. Iterations continued until 379 

no nodes remained. The densest subgraph was identified as the one achieving the maximum 380 

density across all iterations. The results of Greedy Peel served as the classical deterministic 381 

benchmark and were used as the reference for comparison with GBS.  382 

Development of GBS algorithm 383 

The GBS algorithm consists of three components: squeezing gates, linear interferometer, and 384 

photon detectors. The network graph, mathematically represented as an adjacency matrix, was 385 

decomposed using Autonne–Takagi factorisation into a diagonal matrix and a unitary matrix. 386 

The values in the diagonal matrix specify the parameters of the squeezing gates, whereas the 387 

unitary matrix specifies the operation of the linear interferometer. For the photon detectors, 388 

threshold detections were used, meaning that instead of counting the exact number of photons 389 

in each detector, we only consider whether any photons were detected. Such implementation 390 

is known as Torontonian (Quesada et al., 2018).  391 

Sampling was implemented using the torontonian_sample_graph() method from the Walrus 392 

library (Quesada et al., 2018), corresponding to the classical simulation of GBS sampling. The 393 

total mean photon number was set to be 𝑛, the dimension of the corresponding adjacency 394 

matrix. 395 

The number of shots required was determined by test-running GBS with different multiples of 396 𝑛. The selected shot number corresponded to the point at which the approximation ratio 397 

stabilised at 1 relative to the classical benchmark, and was used for subsequent benchmarking 398 

comparisons.  399 



Due to the probabilistic nature of GBS, re-randomisation was carried out to ensure the 400 

reliability and robustness of the results. This was achieved by resampling, where the GBS 401 

algorithm was run independently with different random seeds (12, 34, 56, 78, and 90). 402 

Subgraph evaluation counts 403 

We determined and compared the number of subgraph evaluations for Brute-force, Greedy 404 

Peel, and GBS. A subgraph evaluation is defined here as one computation of subgraph density. 405 

For deterministic algorithms, the number of subgraph evaluations can be calculated 406 

theoretically using the number of density computations required to obtain the densest subgraph. 407 

This implies that brute-force requires 2௡ evaluations corresponding to all possible subgraphs, 408 

and that Greedy Peel requires at least 
௡(௡−1)2  and at most 

௡2(௡−1)2  evaluations based on the 409 

iterative node-removal implementation. 410 

For GBS, the algorithm is probabilistic and hence the number of subgraph evaluations depends 411 

on how many subgraphs are sampled. In our case, the number of subgraph evaluations is 412 

equivalent to the number of distinct sampled subgraphs, after removing repeated or empty 413 

subgraphs. 414 

Runtime measurements for Greedy Peel and GBS 415 

Wall clock timing was performed within the Python scripts to determine the runtime required 416 

for Greedy Peel and GBS. Runtime measurements were implementation-dependent and 417 

reported separately from theoretical evaluation counts. For GBS, the runtime for sampling and 418 

subgraph evaluation were measured separately in order to identify potential bottlenecks of the 419 

algorithm. 420 

Development of Uniform Sampling and Approximation Ratio Comparisons 421 



The same number of subgraphs as generated by GBS were produced using uniform sampling. 422 

Subgraphs were randomly generated with uniform probability over the subgraph space, and the 423 

approximation ratio was then compared to the results from GBS. The same resampling 424 

procedure was applied to ensure reliability of the algorithm. 425 
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