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Abstract

It is not new knowledge that when fluids undergo rotation, “fictitious forces”
are introduced, the Coriolis force and centrifugal force. It is often interpreted that
these fictitious forces occur due to consideration of the physics in the rotational
reference frame. In Dunstan (2023) it was shown that in rotating axisymmetric
turbulence, particularly in a concentric pipe with inner wall rotating, that regard-
less of the frame of the observer, the turbulent fluid behaves according to Coriolis
motion dictated by observation in the rotating reference frame. It has also been
known for a long time (eg. Einstein’s tea-leaf paradox discussion (Barkley| (2020))
that fluids under rotation exhibit centrifugal force, which is also often attributed
to fluid behaviour in the rotational frame. In the following paper we show that
numerical experiments indicate that no matter the reference frame of the observer,
“centrifugal” (outward radial) velocity appears to be stronger than “centripetal”
(inward radial) velocity. The constraints of the continuity equation are consid-
ered. An attempt is made to equate the Gauss’ (divergence) theorem to Stokes

(circulation) theorem, via the third moment of fluctuating radial velocity.

1 Introduction

1.1 Invariance of instantaneous fluctuating velocity

Firstly, it needs to be emphasized that to compare physical behaviour in different reference

frames an invariant quantity needs to be identified and used. To this end, as in [Dunstan



(2023) we utilize the fluctuating velocity of turbulence, which we find to be a suitable
invariant in the context of these discussions. The proof of the invariance of fluctuating

velocity has been derived by |Speziale (1979)) and is given in Appendix

1.2 Derivation of the continuity equation

The restrictions of the continuity equation V - u = 0 in bounded incompressible ax-
isymmetric turbulence (pipe turbulence), means that there cannot be any source or sink
for radial velocity v, terms in such enclosed conduits, and this also applies to ensemble

fluctuating radial velocity v/.

For clarity we take a step back and consider the derivation of the continuity equation,

beginning with mass conservation in a volume,

o fff o

then consider the flux through the volume, and the Gauss (divergence) theorem,

%///Vpd‘/:—//UpF-ndS:///VV-(pF)dV
I (2w o

which means,

dp
5 TV (pF)=0
:% +p(V-F)+(Vp)-F (by the chain rule).

In incompressible flows, where density is considered constant,
V-F=0.

In pipes and other axisymmetric conduits, polar coordinates can be applied and the



continuity equation is given as,
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1.3 Thought experiment

Consider the following thought experiment on radial velocity in an axisymmetric cross-

sectional surface for turbulent flow in a concentric pipe or pipe, as shown in Figure[l] For

Figure 1: Caricature of possible (idealised) fluctuating radial velocity v, patterns in an
axisymmetric cross-section

centripetal /centrifugal force in a confined flow, there is also the dilemma of continuity,
i.e. we cannot have unidirectional radial velocity. Therefore the arrows of the radial

velocity vector field must be in opposing directions to have a net zero resultant.

In this figure (I) is a caricature of the inner rotating wall of a concentric pipe, while the
) could be for either the outer wall or a pipe-wall. In these sketches the arrows are not
purely radial. Now consider if the arrows were purely radial (inward/ outward) and hence
not joined. At the pipe centre, one could reason that, of the two directions there would
have to be a stronger direction; either inwards (centripetal) or outwards (centrifugal),
this stronger direction would continue all the way to the centre. Due to continuity the
weaker direction could be more numerous, so net value is still zero. The question now is
how do we determine which direction is stronger, centripetal or centrifugal? One answer

is to take a measurement of the third moment of fluctuating radial velocity - also known



as the skewness of fluctuating radial velocity. This has been done in the following DNS

simulation.

2 Numerical simulation computational details

The nek5000 DNS solver (by [Fischer et al.| (2008)) was used by [Dunstan| (2023) and the
full record of all direct numerical simulation (DNS) experiments done is detailed in |Dun-
stan| (2020). Rotational turbulence was studied in four different axisymmetric geometries;
the pipe, concentric pipe with inner wall rotating, concentric pipe with outer wall rotating
and the pipe-jet under Coriolis rotation. Due to time constraints, statistical stationarity
was only reasonably achieved in the pipe and largely achieved in the concentric pipe with
inner wall rotating. The flow was still being developed in the concentric pipe with outer

wall rotating and in the pipe-jet under Coriolis rotation.

This paper seeks to utilize results obtained from the pipe and concentric pipe with inner
rotating wall simulations. nek5000 intends to solve the incompressible, isothermal and
nondimensional Navier-Stokes equations at every timestep for all turbulent motions down
to the Kolmogorov scale for the;

continuity equations:

and, momentum equations:

1

ut+(u-V)u:—Vp+Re

Au +f (2)

where Re is Reynolds number and A is the Laplacian.

2.1 Geometry and flow parameters

The geometry, flow parameters and validation results for the pipe and concentric pipe
have already been fully outlined in Dunstan (2023) and Dunstan/ (2020) and will not be

repeated here. Throughout this paper the rotation rate is quantified by N, the ratio of



mean azimuthal velocity (Uy) to mean streamwise velocity (U,). Here U are velocities in

the inertial frame while V' are in the rotational frame (with only Vj being different).

3 Results and discussion

3.1 The pipe under rotation

Having established in Dunstan, (2023)) that in rotational turbulence the fluid orientation is
Coriolis in nature and therefore azimuthal velocity vy has to be examined in the rotating
reference frame. The plot for time averaged azimuthal velocity has already been given in
Dunstan| (2023)) therefore will not be given in the main text here again but can be found

in a side-by-side comparison in Appendix

3.2 Pipe flow validation

Other mean flow characteristics such as streamwise velocity and the superimposed vali-
dation plots can also be found in Dunstan| (2020, 2023)). However seeing as validation is

such a critical step in numerical simulations, the v;,,,s plots are given here in Figure

The v; s data from |(Ould-Rouiss et al.| (2010)), in wall units, obtained from the authors of
Mullyadzhanov et al.| (2017)), is plotted against the current results and there is generally
good agreement for all cases. For the N = 0 case a comparison is made with the nek5000
obtained DNS data of |Wang (2017). This data from Wang (2017)) was obtained using
nek5000 polynomial order N/ = 9. In comparing with the current N = 0 pipe data at
same axial Re, = 180 but at nek5000 A = 7, there is exact coincidence of the plots.
Hence this check essentially also serves as a grid sensitivity check for this pipe mesh. For
the N = 0 case, only the plot for v} .. for Ould-Rouiss et al| (2010) deviates slightly
at mid pipe-radius. This persists for the N = 0.5 case, however at N = 1 there is good

coincidence. Presumably this is because three-dimensional turbulence has been reduced

and the mesh of |Ould-Rouiss et al.| (2010)) is now sufficiently resolved.
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Figure 2: v ,.,s velocity profile for the axially rotating pipe at rotating rate (a) N
0, (b) N =05, (¢) N =1, (d) N = 2.



3.2.1 Pipe skewness or third moment of v,

In the opening remarks of [White, (1964]), stability in the flow due to rotation occurs when
angular momentum increases with radius, such as that which occurs in the rotating pipe.
Per White (1964), in this situation the balance between centrifugal (rotating reference
frame) and centripetal (inertial reference frame) forces occurs and hence radial motions
are suppressed Kikuyama et al. (1983)); Reich and Beer| (1989); |White (1964). These
demonstrations can be seen in the pipe with wall rotation in Figure [6] and in the con-
centric pipe with outer wall rotating (see Figure |8 in the Appendix). Whilst there is no
net mean radial flow due to the restriction of the continuity equation, it is possible, via
the third moment of v/, also called skewness, (normalized by a convenient quantity to
make dimensionless ﬁ/m), to examine where in the pipe section is the strength
of inward (centripetal) wall-normal positive flow, or outward (centrifugal) negative flow,
more dominant. Plots for this are done in Figure [3| to examine this. Since turbulence
manifests in the rotational reference frame (Dunstan (2023))), it is expected that with
increased rotation there will be high centrifugal action, as opposed to centripetal action

encountered with rotation in the inertial reference frame.

As expected, as N increases to 2 in the pipe with wall rotation, there is higher strength
of outward (negative) third moment of velocity fluctuations. To clarify, the simulations
are done in line with one of the earliest credible DNS simulations by |[Kim et al. (1987)
(KMM), where the wall-normal direction, away from the (lower) wall (in KMM), is posi-
tive. Therefore from Figure |3 as the rotation rate approaches N = 2 there is an increased
strength of centrifugal (outward negative) third-moment of radial velocity fluctuations.
Generally, this increased radial velocity fluctuation is seen to contributed to turbulent
kinetic energy (TKE) as well (Dunstan| (2020))). This is shown in Figure [4] where despite
the belief that “relaminarisation” or increased stability or two-dimensionalisation occurs
in a turbulent pipe with rotation, there is in fact increased TKE. This has been pointed

out in early DNS studies into the rotating turbulent pipe (eg. |Orlandi and Faticaj (1997))).
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Figure 4: Turbulent kinetic energy in the pipe with rotation




3.3 The concentric pipe under rotation

As discussed earlier, statistical stationarity in the concentric pipe with inner wall rotating
was largely established. In |Dunstan| (2023)) it has been elaborated that the geometry for
the concentric pipe with inner wall rotating was finely resolved and hence good fidelity

validation of results was obtained and detailed.

3.3.1 Skewness and kurtosis

From the plots of Coriols azimuthal velocity in Dunstan| (2023)), high clockwise (nega-
tive) rotation occurs near the inner wall (near y = 0.05). Here there is a corresponding
increase in positive, wall-normal (away from the inner wall), third moment of v;, radial
velocity fluctuations. The plot for v skewness for N = 0 is very similar to that in the
channel as shown by KMM (Kim et al.| (1987)), and shown here in Figure [0 in Appendix
[Cl In Figure 5] at N = 0, v skewness on the inner and outer wall show prominently posi-
tive and negative radial velocity fluctuations respectively, which correspond to prominent
ejections from either wall, normally encountered in a two dimensional turbulent boundary
layer (2DTBL). Figure [5| shows how the natural positive (outward) skewness tendency at
N = 0 is then enhanced, by the clockwise Coriolis rotation which manifests near the inner
rotating wall. Here outward positive (centrifugal) skewness of velocity fluctuations in-
creases with rotation, hence enhanced ejections and compensating splatting, which leads
to an increase in three-dimensional turbulence, brought about by rotation of the inner
wall. Figure [5|is essentially a raw demonstration of centrifugal force in fluid flow, not dis-
similar to that discussed in the tea-leaf paradox, which occurs towards the surface of the
tea~cup. |Chung and Sung| (2005) and others have shown corresponding high magnitude

negative pressure strain on the inner rotating wall of the concentric pipe.

4 Discussion

Clearly by taking the third moment of fluctuating radial velocity it can be seen that
centrifugal velocity is stronger in the pipe with wall rotation and in the concentric pipe

with inner wall rotation.
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Figure 5: Radial skewness in the concentric pipe with rotation.

Now consider the Stokes theorem which has to do with circulation

fCF-Tds:]iF-dr://U(cuﬂF)-nds (3)

Now both the Gauss theorem, which is the source of the continuity equation and the

Stokes theorem can be derived from the generalized Stokes theorem

[ -

However it is impossible to directly equate Gauss theorem to Stokes theorem, i.e. respec-

tively,

(/V(V.F)dV:fng.dA)%(ngF.dez/S(vxF).dA) 5)

Obviously in the described DNS experiments there is direct correlation between fluid
(Coriolis) circulation and the strength of centrifugal radial velocity. Therefore the ques-
tion is now, can Stokes theorem be equated to, the third moment of fluctuating radial

velocity? If this is possible, then an equation can then be derived relating axisymmetric

10



Coriolis circulation in rotational turbulence to the third moment of radial velocity v,..

Start with circulation I,

r:fv.de:/vads (6)
C S

In the annulus the circulation is dominated by the azimuthal component of velocity (vy):

21
= / V(1 dO = 27 vy (7)
0

Here vg( is the azimuthal velocity at radius (r).

The third moment of fluctuating radial velocity is @ To apply Gauss theorem, consider

v!3 as a scalar field and compute its divergence:

/
r

—  0u3 10(rv/3) ol 8
R ®)

For an axisymmetric annulus 2 = 0 due to the azimuthal cyclic (periodic) nature, and
assuming no variation in the axial direction (periodic boundary condition) % = 0, thus

simplifies to,

3

V.anv’/“

/
" or

(9)

Now apply Gauss theorem to the annulus:

/vaSdV:/ v3v - dS (10)
\% oV

and given the simplified divergence:

r28/3 r
v — |72
" rdr=v

! 11
or " (11)

r1 71

To connect I' with W consider the relationship between the azimuthal velocity vy and
the radial velocity v,. In rotational turbulence, the azimuthal velocity can be influenced

by radial velocity through mechanisms like vortex stretching or turbulent transport.

11



Assume a relationship of the form:

Vo(r) = f(v7,"37 Ty t) (12)

This function f depends on the specific dynamics of the turbulence and may involve
empirical or theoretical coefficients. Given the unsteady nature of the flow, include the

time derivative of (vg) in the circulation:

or o

S5 = 72 vee)  where vy = f(o],7,1) (13)

This time dependence introduces additional terms in the governing equations that must

be considered when relating I' to v/.3. By combing the expressions from Stokes and
Gauss theorems and incorporating the relationship between vy and @, one can derive a
relationship that links the circulation in the annulus to the divergence of the third moment
of fluctuating radial velocity, accounting for unsteady effects. The final relationship will
depend on the specific form of f(v/3,r,t) and the boundary conditions of the annulus. It
will provide a mathematical connection between the macroscopic circulation I' and the

microscopic turbulent fluctuations represented by f(v.3,7,1).

Examining the quantities which are functions of fluctuating velocity from Dunstan| (2020)),
the 1d plots which appear most likely to provide a distorting influence on the azimuthal
(Coriolis) velocity, to form the corresponding v;, skewness, are the plots for radial turbu-
lent kinetic energy (TKE) production P,,. See Appendix [D] Therefore a final equation
may include P, in some form. More work is required to properly establish and confirm
the exact empirically verifiable form of the equation relating circulation, in rotational

axisymmetric turbulence, to its third moment of fluctuating radial velocity.

5 Conclusions

A complete description of turbulence remains one of the biggest unsolved problems of
classical physics. A way forward in understanding it better is to eliminate as much as

possible the ambiguities surrounding its treatment in different reference frames, inertial

12



and non-inertial (the rotational frame). To this end the first paper Dunstan (2023)
has sought to establish that azimuthal velocity can only be considered in the Coriolis
(rotational frame). The current paper seeks now to confirm that centrifugal velocity is
stronger in rotational turbulence and this bias should be considered going forward. An
attempt has been made to derive an equation relating induced circulation in rotational
turbulence to the third moment of radial velocity fluctuation but thus far only a functional

relation has been derived.
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Appendix

A Proof of the invariance of fluctuating velocity, from

Speziale 1979 Speziale (1979)

A.1 velocity decomposition

The velocity field v is decomposed into the mean and fluctuating parts respectively,

v=v-+u

13



where ensemble mean,

1 o0
v g2 v

where an average is taken over IV experiments with the same initial and boundary condi-
tions. The superscript a denotes the experiment under consideration. By definition the

Reynolds stress tensor 7 is given as,

Tkl = —PURUL (14)
We now show that 7 is frame indifferent, i.e. 7 transforms as,

™ =QrQ” (15)

where the superscript 1" denotes the transpose. Under arbitrary time dependent rotations
and translations of the spatial frame of reference x and shifts in the origin of time ¢ given

by,

x* = Q(t)x + b(1), t=t+c (16)

Here ¢ is any constant, b(t) is any time dependent vector, and Q(t) is any time dependent

orthogonal tensor so that,

QQ"=Q'Q=T1, Q=1

The proof of [15]is straightforward from [14] we have,

P (a) (a) 1
T = —p lim < Zu (17)
where,

@ — v@ _§ a=1,23--N (18)
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By differentiating [16| we obtain the transformation rule for v

v = Quu + kawl + i% (19)

where a dot denotes a derivative w.r.t time. However Q(¢) and b(t) are independent of
the experiment a since 7* and v* are obtained by conducting N experiments w.r.t the

same x* frame. Of course x is independent of the same «, so that from [18| we have,

N
. . 1 o .
Uy, = Quv + Qux; + by, — nllg)lo - E <Qkﬂ)l( )+ Qi + bk) (20)
a=1

After removing those terms that are independent of o from under the summation sign

we get,
N
Uy, = Qv — Qi nll_{lc}o N Z vl(a) = Quw (21)
a=1

Which proves the fluctuating velocity u is frame indifferent.

Now since for the continuity equation we have p* = p we have,

N N
* * 1: 1 *(a), *(a . 1 « «
T = —p" lim Zuk( Jur(®) = —p lim N Z (kaufn)anu% )) (22)
a=1 a=1

n—oo [N n—00

Since Q(t) is independent of the experiment «, we have,

N
3 . 1 o o
T = QemQin <—P nh_g)lo N Zl uﬁn)ug )> = QrmQinTmn (23)

Which completes the proof.
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B In tandem plots for comparison

B.1

Turbulent rotating pipe

Note grid independence tests and validation carried out in Dunstan (2020, 2023) show

that the pipe has achieved a good level of stationarity.
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Figure 6: THE TURBULENT PIPE WITH ROTATION: The top plot is azimuthal
Coriolis velocity. The middle plot is the third moment of v/.. The bottom plot gives an
appreciation of the pipe wall and the yellow streak gives the approximate zone of peak

V.
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B.2 Turbulent concentric pipe with inner wall rotating

Note grid independence tests and validation carried out in Dunstan| (2020} [2023) show

that the concentric pipe with inner wall rotating, has achieved a well developed level of

stationarity.
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Figure 7: THE TURBULENT CONCENTRIC PIPE WITH INNER WALL ROTATION:
The top plot is azimuthal Coriolis velocity. The middle plot is the third moment of v;.
The bottom plot gives an appreciation of the inner wall, outer wall and the yellow streak
gives the approximate zone of peak Vj, near the inner rotating wall.
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B.3 Turbulent concentric pipe with outer wall rotating

Note grid independence tests and validation carried out in Dunstan| (2020} [2023) show

that the concentric pipe with outer wall rotating has not achieved stationarity and the
flow is still developing. Regardless some results are placed here in the Appendix for

comparison purposes.
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Figure 8¢ THE TURBULENT CONCENTRIC PIPE WITH OUTER WALL ROTA-
TION: The top plot is azimuthal Coriolis velocity. The middle plot is the third moment
of v.., here positive is wall-normal outward from the inner wall (centrifugal). The bottom
plot gives an appreciation of the inner wall, outer rotating wall and the yellow streak
gives the approximate zone of peak Vj.
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C DNS of Channel flow - skewness plot

1.5
(a)
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Figure 9: The skewness plots from the Channel DNS experiment of Kim, Moin and Moser
1987 Kim et al.| (1987). The dashed line is S(v'), the third moment of fluctuating wall-
normal(away from bottom wall) velocity, which is comparable to that in concentric pipe
without wall rotation (N = 0).
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D Turbulent statistics for the radial component of

turbulent kinetic energy production F,,.
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Figure 10: Radial component of turbulence production in the (a) pipe with rotation, (b)
concentric pipe with inner wall rotation, (c) concentric pipe with outer wall rotation.

-0.005

The equation for the radial component of TKE production, as taken from |Dunstan

(2020), is given as,

——0Ve (Vs
P, =v?= 21}51}45 + 2vpvl. <?)

Here, the term that is not underlined is sometimes deemed too small and is left out.
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