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Abstract

Living organisms exhibit extraordinary adaptability to unseen environments

through their intrinsic physical structures and lifelong feedback-driven learning.

Endowing robots with comparable generalization is critical for reliable operation

in the real world. While recent approaches attempt to improve generalization

by scaling training data, such strategies remain impractical for robotics, where

collecting real-world demonstrations at the scale of large language models is

prohibitively costly and slow. Contrary to this reliance on massive datasets,

we show that robots can generalize effectively even with limited training data
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by leveraging a feedback mechanism, namely PhyFilter, that corrects learn-

ing outputs with physics-filtered learning residuals. PhyFilter operates as a

lightweight, model-agnostic module whose parameters can be automatically

optimized through an auto-learning algorithm, eliminating manual tuning and

enabling seamless integration with diverse robot policies. We validate PhyFil-

ter across four representative robotic systems, demonstrating that it enables

quadruped robots to generalize to unseen terrains, payload variations, and speed

ranges; drones to flight under unseen wind disturbances; aerial manipulators to

achieve centimeter-level in-air capture despite wind and mass uncertainties; and

acceleration differentiators to remain robust with distribution shift. These results

reveal a scalable and data-efficient pathway toward generalizable machine intelli-

gence, showing that physics-filtered feedback can serve as a powerful alternative

to massive data scaling.

1 Introduction

Over the past decade, large language models (LLMs) [1–3] have attained remark-
able advancements, primarily fueled by extensive training datasets, large-scale neural
networks, and massive computational power [4–6]. As robots serve as the physical
instantiation of intelligence, delineating a feasible pathway toward human-level robotic
intelligence has emerged as a pivotal and intuitive goal [7–9]. A core prerequisite for
such machine intelligence lies in generalization—robust adaptation to unseen envi-
ronments—a critical capability for reliable real-world deployment [10]. With network
architectures and graphics processing unit hardware now relatively mature, a fun-
damental question naturally arises: Can scaling data alone enable generalization in
robotics?

Unlike the text corpora used to train LLMs, which are abundant and readily avail-
able on the internet, robot learning requires massive training data collected in the
physical world. Currently, robot data scaling efforts follow two primary paths. The
first is to collect data through human teleoperation [11, 12], but obtaining human
demonstrations at LLM scale (billions to hundreds of billions of tokens) remains tech-
nically difficult, time-consuming, and costly [13, 14]. Even large industrial efforts, such
as Tesla’s teleoperation-assisted factory data pipeline, face fundamental bottlenecks in
throughput and scalability [15]. The second path relies on synthetic data from simu-
lation engines (e.g., Isaac Lab, MuJoCo) [16–18] and video-based generation methods
(e.g., OpenAI Sora, Cosmos world model) [19–22]. Although these approaches yield
performance improvements on certain robotic tasks [22–24], they remain limited in
scaling robot generalization due to the persistent sim-to-real gap, prohibitive compu-
tational overhead, and the lack of standardized data formats, software, and hardware
interfaces across diverse robotic platforms [10].

From a bionic point of view, the powerful generalization capabilities of living organ-
isms do not rely solely on the scaling law [10, 25, 26]. It has been observed that innate
or acquired physical structure emerges to facilitate the adaptation of living organisms
to unseen environments [27–30]. For example, cortical neural responses are governed
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by the synergistic integration of feedforward signals, feedback loops, and prior drives,
which evolve dynamically to minimize a global energy function [28]. Likewise, lar-
val zebrafish can integrate their innate physical integral structure and real-time state
feedback with an updated cerebellar internal model to effectively respond to unpre-
dictable visual perturbations [30]. Inspired by these insights, intelligent robots should
also utilize readily accessible physics structures or other priors [13, 14, 31], instead of
depending exclusively on data scaling. Different from digital LLMs, real-world robots
indeed possess distinct, well-established physical structures and real-time feedback
resulting from environmental interactions that can be leveraged. This leads to an
interesting question: How to harness these physical architectures to improve robots’
learning generalization?

We propose a novel Physics Filtered learning approach, termed PhyFilter, which
enhances both generalization and interpretability of robot learning. Concretely, Phy-
Filter operates by correcting learning outcomes according to readily accessible physical
differential structure and real-time state feedback, as shown in Fig. 1 (a and b). By
framing the method within a filtering-like paradigm, PhyFilter enhances interpretabil-
ity and improves convergence. We also present an auto-learning algorithm capable of
searching for the optimal parameters of PhyFilter, making manual tuning unneces-
sary. Unlike prior physics-informed methods [32–35] that typically require a retraining
of the modified network, PhyFilter features a plug-and-play design, enabling direct
deployment with pretrained models.

PhyFilter applies seamlessly to two prevailing learning paradigms, reinforcement
learning (RL) and supervised learning (SL), and has been demonstrated to be
effective in four representative robotic scenarios. Experiments include quadruped
locomotion [36–42], drone maneuvering flight [43, 44], aerial manipulation [45], and
acceleration perception [46], as depicted in Fig. 1c. Specifically, with the assistance
of PhyFilter, a policy trained solely on simulated flat terrain can stably generalize to
diverse real-world terrains on a quadruped robot. Moreover, an aerial manipulator can
perform precise pick-and-place tasks with a maximum manipulation error of 2.5 cm, a
23.99% avg. and 55.04% var. improvement over baseline, despite 5 m/s wind and 0.3
kg mass uncertainties. Experimental videos and details are provided in Supplementary
Information.

2 Results

2.1 Physics filtered learning

We begin by introducing the core concept of PhyFilter. Consider an unknown mapping
f(t) appearing in governing physical equations. The learning residual γ(t) in unseen
scenarios can be formalized as γ(t) = f(t) − fθ(t), with the truth model f(t) and
learned model fθ(t) parameterized by parameter θ.

Intuitively, if real-time knowledge of γ(t) is accessible, the model output could
be corrected online as fθ(t) + γ(t). In practice, however, the absence of labels dur-
ing deployment makes this correction infeasible, as γ(t) cannot be directly inferred.
Even natural organisms are unable to instantly interpret unfamiliar environments, but
instead undergo an adaptation process. Previous studies have discovered a low-pass
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Fig. 1 Overview of our PhyFilter. a, The learning output of RL or SL is enhanced by a physics-
informed filter, which helps narrow the large generalization gap. b, The implementation details of
PhyFilter, which is analytic and convergent. Additional theoretical details are provided in the “Fil-
tering learning residual” section in Methods. c, PhyFilter is validated across four representative
examples. i, Policy learning for quadruped locomotion. A quadruped robot trained in a simplified sim-
ulator generalizes to unseen speeds, payload variations, and real-world terrains when equipped with
PhyFilter. ii, Dynamical learning for drone maneuvering flight. A learning-based model captures mass
variations, while PhyFilter helps handle unseen wind disturbance. iii, Dynamical learning for aerial
manipulation in a pick-and-place task. A dedicated model learns drone-manipulator coupling uncer-
tainties, with PhyFilter aiding in the handling of unseen wind disturbances and mass uncertainties.
iv, Kinematics learning for acceleration perception. A neural network differentiator maps velocity
sequences to real-time acceleration, and PhyFilter improves its robustness to distribution shift.

filtering feature in human perception systems, such as the vision [47] and hearing [48].
These observations suggest that filtering may underlie the adaptive mechanisms
enabling humans to remain robust under environmental variations. In this work, we
try to answer whether a similar scheme can be realized in the robot learning field, i.e.,

f̂(t) = fθ(t) + F(γ(t)) (1)

where f̂(t) represents the corrected learning outcome and F(·) denotes a user-defined
low-pass filter. If Eq. (1) can be achieved, the low-frequency characteristic of learning
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Fig. 2 Simulation results of the quadruped example. a Parallel training setup using only flat
terrain. b, Maximum training rewards over five random seeds. The number of iteration and training
environment are set as 15000 and 256, respectively. c, Locomotion performance of the baseline and
PhyFilter in the training environment. d, Testing performance at an unseen high speed of 2.8 m/s. e,
Testing performance under unseen payloads ranging from 15% ∼ 60% of the robot’s 11.86 kg weight.
f, Testing performance across five unseen scenarios. g, Stairs, rough, wave, and gravel roads, unseen
in training, are considered during deployment.

residual can be captured convergently and compensated timely, enabling the refine-
ment of learning outcomes. In this sense, the convergence process of the low-pass filter
can be regarded as an adaptive procedure in unseen scenarios, like living organisms in
nature. In this work, we show that the objective in Eq. (1) can be fully realized by uti-
lizing real-time state feedback and a priori structure of the differential equation, such
as kinematics or dynamics. Its implementation is detailed in the “Filtering learning
residual” section in Methods. We also show that the filter parameters can be auto-
learned from an optimal-control perspective (“Learning filter parameter” section in
Methods).

2.2 Learning policy for quadruped locomotion

Locomotion control of quadruped robots has garnered substantial interest in recent
years. Notably, RL-based methods have achieved impressive robustness on challenging
terrains by virtue of parallel training and domain randomization strategies [36–42]. In
this paper, we will show that incorporating PhyFilter into the RL training pipeline
not only increases maximum training rewards but also significantly enhances general-
ization to diverse, previously unseen real-world environments, even when trained only
in parsimonious scenarios.
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Fig. 3 Experimental results of the quadruped example. Several unseen scenarios including
flagstone, lawn, sand, and gravel terrains are evaluated. Notably, the policy is trained solely on
simulated flat terrain with no post-deployment tuning. See Supplementary Movie S1 for more visual
results.

The parallel deep learning training strategy presented in [42] is adopted as the base-
line. Desired joint positions are inferred from proprioceptive observations and body
commands, while the proposed PhyFilter is integrated into the joint-space control
layer. Additional implementation details are provided in the “Implementation details
of quadruped example” section in Methods. To emphasize the generalization ability
of the PhyFilter-enhanced RL scheme, the training environment in simulation only
consider a flat terrain (Fig. 2a) and narrow parameter randomization ranges (e.g.,
0 ∼ 1.13 m/s speed, −1 ∼ 3 kg payload). During employment, however, the robot
encounters broader disturbances, including unseen internal dynamical parameters
and diverse unstructured terrains. This setting highlights how the proposed method
reduces the randomization burden of conventional RL while maintaining remarkable
generalization ability. See Supplementary Movie S2 for simulational details.
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Fig. 2b shows the training performance from five random seeds for both the
baseline and the proposed method. PhyFilter consistently achieves higher maximum
rewards. Fig. 2c further illustrates that PhyFilter exhibits a more coordinated locomo-
tion, whereas baseline displays degraded gait quality. This improvement likely arises
from the filtering mechanism, which effectively compensates for unknown uncertainties
and facilitates policy training. This observation suggests that incorporating a robust
low-level controller can substantially enhance the learning efficiency of high-level RL
policies. Supplementary Fig. S3 provides more comparison results.

Subsequently, we further evaluate generalization during deployment under high
speed (2.83 m/s, 98.27% beyond the training-set maximum), varying payloads (15% ∼
60% of robot weight 11.86 kg, 137.33% beyond the training-set maximum), and diverse
unseen terrains (stairs, rough, wave, and gravel roads, Fig. 2g). Besides the baseline,
RL2AC [49], which combines an adaptive controller with RL to mitigate the sim-to-
real gap, is also compared. For speed tracking (Fig. 2d), PhyFilter achieves superior
accuracy relative to the baseline and RL2AC. With respect to payload tests (Fig.
2e), the tracking performance of the baseline and RL2AC degrades with increasing
payload, whereas PhyFilter maintains a smaller tracking error (≤ 0.2 m/s) even under
60% of robot weight payload. For terrain adaptation (Fig. 2f), since only flat terrain is
considered during training, the baseline struggles to adapt to new terrains as expected.
However, the proposed algorithm exhibits excellent terrain adaptation. Across five
different scenarios, the passing success rates of the proposed algorithm are consistently
higher than those of the baseline and RL2AC, even though these scenarios have never
been seen before.

Finally, the trained policy is directly deployed on the real hardware (Fig. S4) to
evaluate the sim-to-real transfer performance, with a particular focus on unseen ter-
rains. As shown in Fig. 3, the quadruped traverses four challenging natural terrains
without additional tuning. The baseline exhibits poor adaptability and collapses imme-
diately on sandy and gravel surfaces. In stark contrast, the PhyFilter-enhanced policy
enables stable locomotion across all tested terrains, despite being trained exclusively
on simulated flat ground. To recap, with limited randomized training data, PhyFilter
can not only improve the RL training performance, but also dramatically enhance its
generalization ability using simplified physical knowledge (“Implementation details of
quadruped example” section in Methods).

2.3 Learning dynamics for drone maneuvering flight

Beyond RL, SL has also been widely applied across diverse robotic domains. In our
second case, we integrate PhyFilter into an SL-based controller on a drone to evaluate
its ability to enhance generalization under previously unseen disturbances. Notably,
PhyFilter is used in a plug-and-play manner in this case. Mass uncertainties usually
appear in payload-transport missions for drones. SEER-I, a learning-based adaptive
estimator developed by [43], can effectively estimate mass uncertainty by combining
offline basis learning with online adaptive control. However, the SEER-I generalizes
poorly to other kinds of unseen disturbances, such as wind. In this part, we augment
SEER-I with physics knowledge to assess how PhyFilter handles unseen disturbances.
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Fig. 4 Experimental results of the drone maneuvering example. a, The employed SEER-I
is trained under mass uncertainty, while the testing scenario further includes the wind disturbance,
as depicted in b. c, In tests, the drone is commanded to follow a circular trajectory with 2 m/s.
d, The tracking performance with only mass uncertainty under the baseline and SEER-I. e, The
tracking performance with both mass uncertainty and wind disturbance under the baseline, SEER-I,
and PhyFilter. f, Mean absolute tracking errors across all implemented tests. The error bar indicates
the tracking errors presented in (d) and (e). g, Several flight snapshots.

More details about the implementation of SEER-I on the drone can be found in the
“Implementation details of drone flight example” section in Methods.

In tests, the drone is commanded to follow a circular trajectory with 2 m/s (Fig.
4c) under different uncertainties (Supplementary Movie S3). We first assess the learned
SEER-I model under a single mass uncertainty. As shown in Fig. 4d, the SEER-I
can achieve better tracking performance compared with the baseline [44]. However,
when the wind disturbance is further included, from Fig. 4 (e and f), the tracking
performance of SEER-I is degraded, which indicates its limited ability to generalize
to unseen uncertainties. After the presented PhyFilter is employed, the mean absolute
tracking error can be reduced by 30.22% relative to SEER-I and 50.17% relative to
the baseline. Representative flight snapshots are shown in Fig. 4g. The uncertainty
estimation performance of SEER-I and PhyFilter is further provided in Supplementary
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Fig. 5 Experimental results of the aerial manipulation example. a-c, Pick-and-place execu-
tions under the baseline, SEER-I, and PhyFilter, respectively. d, Illustration of the pick-and-place task
involving coupled dynamics, wind disturbance, and mass uncertainty. e, Three-dimensional tracking
performance of the compared methods. f, Tracking errors for each method.

Fig. S1, which shows that SEER-I captures only mass variations, whereas PhyFilter
additionally identifies wind-induced and inherent dynamical uncertainties. To sum
up, these results suggest that PhyFilter can improve the generalization ability of SL
models by leveraging real-time feedback state and dynamical structure.

2.4 Learning dynamics for aerial manipulation

Compared with conventional multirotor platforms, aerial manipulators offer sub-
stantially greater flight flexibility and operational dexterity, enabling deployment in
complex interactive tasks such as component transport, infrastructure repair, and
obstacle removal [45]. High-precision end-effector control is a fundamental prerequisite
for the deployment of aerial manipulators. However, achieving such precision is chal-
lenging due to the presence of strong coupling dynamics caused by the manipulation
movement, along with external disturbances [45, 50, 51].

To evaluate the compatibility of PhyFilter in such precision-critical interaction
scenarios, we design a pick-and-place mission. As illustrated in Fig. 5d, the aerial
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manipulator is expected to precisely pick a medicine from a tripod and place it into
the specified area. The maximum allowable tracking error of the end-effector is 2.5 cm.
See Supplementary Movie S4 for experimental scenarios. The pick-and-place reference
trajectory is computed in real time using a model predictive control strategy (“Tra-
jectory generation of aerial manipulation” section in Supplementary Information). To
mimic realistic environmental disturbances, a 380 W fan is used to generate a maxi-
mum wind speed of up to 5 m/s. Additionally, an unmodeled 10% mass uncertainty
(0.3 kg) is introduced to replicate real-world payload change. These factors constitute
a fundamental active interaction task in the emergency rescue field.

Fig. 5 (a-c) presents representative snapshots corresponding to three distinct con-
trol schemes: the baseline controller, SEER-I [43], and the proposed PhyFilter. SEER-I
is an offline-trained learning-based model that captures coupled aerial manipulation
dynamics using collected states and ground-truth disturbance labels. Implementation
details for the baseline and SEER-I are provided in the “Implementation details of
aerial manipulation example” section in Methods. PhyFilter is applied on top of SEER-
I to enhance generalization to unseen disturbances, including external wind and mass
uncertainty. The resulting three-dimensional (3D) tracking performance and tracking
errors of these methods are visualized in Fig. 5 (e and f). As observed from the exper-
imental results, both the baseline and SEER-I fail to capture the object due to the
involvement of unseen wind and mass uncertainties. Notably, owing to its incorpo-
ration of the coupled dynamics model, SEER-I exhibits marginally superior tracking
performance compared to the baseline. In stark contrast, PhyFilter markedly improves
the generalization capability of SEER-I, enabling the aerial manipulator to maintain
centimeter-level manipulation and perform the pick-and-place task.

2.5 Learning kinematics for acceleration perception

Precisely estimating robot acceleration is particularly challenging for resource-
constrained platforms such as lightweight drones, which typically lack additional
high-fidelity perceptive sensors [43]. The neural network-based differentiators have
shown promising performance for state perception [46]. However, as with other neu-
ral network-based application scenarios, the generalization problem is an intractable
difficulty that cannot be bypassed. In this section, we apply PhyFilter to enhance the
robustness and generalization of learned acceleration estimates. Additional theoretical
and implementation details are provided in the “Implementation details of perception
example” section in Methods.

The training set (0 ∼ 2 m/s) and testing set (0 ∼ 3 m/s) are collected from real
flight experiments, as shown in Fig. 6 (a, b, and f). A fully connected neural net-
work with two hidden layers is first trained in a supervised manner to map historical
velocities to acceleration. Subsequently, PhyFilter using the knowledge of kinematic
structure, is employed to enhance the learning output in the face of the testing set
with distribution shift. Several state-of-the-art benchmarks, including robust differen-
tiator (RD) [52] with a predefined convergence time, tracking differentiator (TD) [53],
and discrete differentiator (DD) are also implemented as compared methods. All base-
lines are carefully tuned for their best performance [54]. As shown in Fig. 6 (c and
d), the purely learning-based model exhibits generalization failure in the testing set.
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Fig. 6 Experimental results of the accelerator example. a, Training dataset containing veloc-
ities from 0 to 2 m/s. b, Testing dataset containing velocities from 0 to 3 m/s. c, Absolute prediction
errors of each method on the training set. d, Absolute prediction errors on the testing set. e, Abla-
tion study on filtering orders and parameters determined via pole-placement. Blue stars denote the
auto-learned parameters, which are roughly consistent with manually optimal results. f, Distribution
of the training and testing datasets. g, Ablation study across different sampling intervals. RMSE
denotes the root mean square error.

However, it can be seen that PhyFilter achieves the highest accuracy, outperforming
both learning-based and classical differentiator baselines.

Ablation experiments on filter order and pole selection (“Filtering learning resid-
ual” section in Methods) are summarized in Fig. 6e. The results indicate that
higher-order filters benefit from larger pole values. Moreover, an auto-learning proce-
dure (“Learning filter parameter” section in Methods) is further developed to discover
the optimal filter parameters. As can be observed from Fig. 6e, the auto-learned opti-
mal parameters are roughly consistent with the manually adjusted ones, showing the
effectiveness of the proposed strategy. The convergence performance at different filter
orders is provided in Supplementary Fig. S2. Since differentiator performance depends
on sampling rate, we additionally examine a range of sampling intervals, as presented

11



in Fig. 6g. The proposed PhyFilter consistently outperforms the purely learning-based
one, ranging from 0.002 s to 0.018 s in the testing set.

3 Disscusion

Stemming from the adaptive mechanisms observed in living organisms, we presented
a physics-filtered learning framework aiming at alleviating the long-standing general-
ization challenge in robot learning. To achieve low-pass filtering of learning residuals
(Eq. (1))—mimicking biological systems—we derived an equivalent implementation
(Eq. (5)) that leverages real-time state feedback and the intrinsic differential structure
of physical models. To eliminate the need for manual parameter tuning, an automated
learning algorithm was further developed. Overall, PhyFilter exhibited the advantages
of generalization and interpretability.

Four realistic robotic experiments were arranged to validate the effectiveness of
PhyFilter. When incorporated with RL strategies for quadrupedal locomotion, PhyFil-
ter not only enhanced training rewards but also substantially improved generalization.
Notably, even if the RL policy was trained solely on simulated flat terrain, it could
stably generalize to unseen realistic terrains. Additionally, PhyFilter boosted the gen-
eralization capability of SL methods. Flight tests demonstrated that, with PhyFilter,
drones and aerial manipulators maintained satisfactory control precision while encoun-
tering unseen uncertainties. We also demonstrated that PhyFilter also strengthened
perception modules, enabling accurate acceleration estimation despite input distribu-
tion shifts. Note that PhyFilter is applied in a plug-and-play manner in the last three
experiments, underscoring its model-agnostic feature.

3.1 PhyFilter unifies generalization and accuracy

To bridge the simulation-to-reality gap, the prevailing paradigm relies on domain ran-
domization [23, 55], which stochastically randomizes the parameters of the simulator
to encompass real-world uncertainties. This approach pursues the average performance
among randomized environments, i.e., sacrificing accuracy for robustness [56–58], sim-
ilar to classical robust control [57, 58]. In contrast, PhyFilter unified generalization
and accuracy in one framework via a physics-informed feedback mechanism [56].
Specifically, when encountering scenarios outside the training distribution, PhyFilter
was activated to mitigate uncertainty and enhance generalization. Conversely, within
familiar training regimes, where learning residuals remain small, its intervention was
adaptively attenuated, thereby preserving the intrinsic precision of the original neural
network.

3.2 PhyFilter lightens the learning burden

The enhanced learning strategy no longer requires extensive domain randomization in
the training phase while still maintaining excellent generalization during deployment.
In the quadruped experiment, although integrating PhyFilter increased RL training
time due to the computational complexity of evaluating the 12×12 simplified dynam-
ics model, it eliminated the need to account for complex terrains, payloads, and speeds
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during training. During deployment, PhyFilter required only a small set of analytic
update equations (Fig. 1b). In the cases of drone flight and aerial manipulator, Phy-
Filter ran in real time on an STM32F765 microprocessor at 500 Hz, demonstrating its
suitability for lightweight, resource-constrained platforms.

3.3 Limitation and future work

Two limitations exist in this study that also highlight directions for future devel-
opment. First, the beneficial knowledge obtained through PhyFilter only enhances
the learning output. A more intelligent strategy should involve leveraging the filtered
knowledge to refine the parameter or structure of the original neural network. Con-
tinual learning [59] may be an integrable approach to achieve this goal. Secondly, the
current auto-learning algorithm for tuning the filter parameters is computationally
inefficient, as each iteration requires a forward rollout of the entire trajectory. Future
work will explore approaches to improve the efficiency of parameter learning. In prac-
tice, the manual tuning is found to be intuitive and efficient for anyone with basic
pole-placement knowledge.

Moreover, while PhyFilter is validated across four diverse robotic scenarios, cur-
rent experiments mainly focus on limited data and small model capacity. This setting
demonstrates PhyFilter’s efficacy under challenging, resource-limited conditions; how-
ever, it remains unclear how robot behavior might evolve with larger models or more
extensive datasets. Understanding how PhyFilter interacts with scaling laws is a
critical direction for future work.

4 Methods

4.1 Filtering learning residual

In this part, the theoretical framework of PhyFilter is established. Before proceeding,
consider a general differential structure

ẋ = f(x, z) + g(x, z) (2)

with internal system state x ∈ R
nx , external influencing factor z ∈ R

nz , known
nonlinear mapping g(·) : R

nx × R
nz → R

nx , and unknown nonlinear part f(·) :
R

nx × R
nz → R

nx . Note that the above structure can represent unknown dynamics
and kinematics in robotic systems. Unless otherwise specified, g(x, z) and f(x, z)
are simplified as g(t) and f(t), respectively, by considering the time-varying features
of x(t) and z(t). It is assumed that f(t) can be learned through neural networks
or kernel-based regression methods with parameter θ ∈ R

nθ , denoted as fθ(t), with
learning residual γ(t) ∈ R

nx , i.e., γ(t) = f(t)− fθ(t).
Next, we show that the objective in Eq. (1) can be realized from the filtering per-

spective. The direct implementation of Eq. (1) is not feasible because γ(t) cannot be
accessed without additional sensing. However, by leveraging available physical struc-
ture and real-time state feedback, we demonstrate that Eq. (1) can be sufficiently
achieved. The proposed formulation can also be extended to more general classes of
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filters. More details can be found in the “Filtering learning residual with more general
form” section in Supplementary Information.

Consider an nth-order low-pass filter with the following transfer function

L [F(γ(t))] =
a0

sn + an−1sn−1 + · · ·+ a1s+ a0
Υ(s) (3)

with Laplace transform L [·], Laplace variable s, parameters an−1, · · · , a1, a0, and
frequency-domain expression Υ(s) of γ(t). By substituting Eq. (3) into Eq. (1) and
performing the result in time-domain, it can be rendered that

f̂ (n)(t) + an−1f̂
(n−1)(t) + · · ·+ a1f̂

′(t) + a0f̂(t)

=f
(n)
θ (t) + an−1f

(n−1)
θ (t) + · · ·+ a1f

′

θ(t) + a0fθ(t) + a0γ(t)

where (·)(n) denotes the nth-order differentiation of a signal. For simplicity, define

χ1(t) = an−1

∫

f̂(t)dt+ · · ·+a1
∫ n−1

f̂(t)(dt)n−1 and χ2(t) = fθ(t)+an−1

∫

fθ(t)dt+

· · ·+a1
∫ n−1

fθ(t)(dt)
n−1, where

∫ i
(·)(dt)i denotes the ith-order integration of a signal.

Thus, we have

f̂ (n)(t) + χ
(n)
1 + a0f̂(t) = χ

(n)
2 + a0fθ(t) + a0γ(t).

Due to that γ(t) = f(t)− fθ(t) and physical structure in Eq. (2), one can imply

f̂ (n)(t) + χ
(n)
1 + a0f̂(t) = χ

(n)
2 + a0fθ(t) + a0(ẋ− g(t)− fθ(t)). (4)

It can be seen f̂ (n)(t), χ
(n)
1 , χ

(n)
2 , and ẋ in Eq. (4) are unknown or strenuous to be accu-

rately obtained. Define an auxiliary variable ξ = (f̂(t)+χ1−χ2−a0
∫ n−1

x(dt)n−1)/a0,

leading to a0ξ
(n) = f̂ (n)(t) + χ

(n)
1 − χ

(n)
2 − a0ẋ. Thus, it can be obtained that

{

ξ(n) = −g(t)− f̂(t)

f̂(t) = a0ξ − χ1 + χ2 + a0
∫ n−1

x(dt)n−1.
(5)

By introducing a new variable ξ, the direct use of f̂ (n)(t), χ
(n)
1 , χ

(n)
2 , and ẋ in Eq.

(4) is avoided. The underlying principle is to reconstruct lower-order signal evolution
by combining higher-order signal differences with lower-order initial conditions. The
resulting analytic implementation of Eq. (5) is portrayed in Fig. 1b.

Up to now, the objective stated in Eq. (1) has been reformulated into the imple-
mentable form of Eq. (5), relying solely on accessible measurements. In the case
where the low-pass filter is configured as a first-order one, Eq. (5) will roughly equal
to EVOLVER [54], SEER-II [43], and feedback neural network [56], in which the
Koopman operator, Chebyshev polynomials, and neural ordinary differential equations
(neural ODEs) [60] are respectively utilized to learn f(t) with specific profitable
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characteristics (“Several special forms” section in Supplementary Information). Fur-
thermore, if the learned knowledge is additionally disregarded, Eq. (5) ultimately
degenerates to a purely feedback-based disturbance observer [61].

4.2 Learning filter parameter

To eliminate the reliance on domain-specific expertise typically required by tradi-
tional pole-placement theories, we formulate an optimal control problem to determine
filter parameters. By restructuring the observer dynamics, the filter parameters are
redefined as control inputs, while the system states and their successive higher-order
integrals are concatenated into an augmented state space. The learning objective is
centered on minimizing a cost functional that quantifies the discrepancy between the
model’s predicted rollouts and the ground-truth labeled samples. This formulation
effectively transforms the task of parameter tuning into the pursuit of an optimal
control law subject to the underlying system dynamics.

The optimization is implemented using the Lagrange multiplier method to derive
the first-order optimality conditions. To ensure computational tractability, particu-
larly for high-dimensional systems, an iterative scheme is employed wherein analytical
gradients are computed through a sequence of forward state rollouts followed by back-
ward adjoint solves (reverse-mode differentiation) [60]. To further enhance convergence
stability and efficiency when processing large-scale experimental datasets, the frame-
work integrates mini-batching and stochastic gradient descent, specifically utilizing
the Adam optimizer, complemented by an early stopping mechanism. This end-to-
end gradient-based architecture enables the autonomous extraction of optimal filter
characteristics directly from dynamical data, ensuring robust state estimation. The
learning performance is verified in the acceleration example, as shown in Fig. 6e. The-
ological details can be found in the “Formalization of parameter learning” section in
Supplementary Information.

4.3 Implementation details of quadruped example

The fully-actuated Lagrangian dynamical model of the quadruped robot is usually
described as

M(q)q̈ +C(q, q̇)q̇ +G(q)− JTFc = τ +∆τ (6)

with joint angle q ∈ R
12, inertial matrix M(q) ∈ R

12×12, Coriolis force C(q, q̇) ∈
R

12×12, gravity force G(q) ∈ R
12, Jacobian matrix J ∈ R

12×3, contact force Fc ∈ R
3,

joint torque input τ ∈ R
12, and unknown torque uncertainty ∆τ ∈ R

12. ∆τ mainly
results from internal model mismatches or external disturbances.

One appealing control strategy in RL framework [42, 49] is to infer a policy network
from proprioceptive observations o and body commands c to desired joint positions
qd, denoted as π(qd,t|ot, ct). ot includes the base attitude, base angular velocity,
joint angles, joint angular velocities, and their historical sequences. Subsequently, a
proportional-derivative (PD) controller is employed to track qd, i.e.,

τ = Kp(qd − q)−Kdq̇
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with gains Kp ∈ R
12×12 and Kd ∈ R

12×12.
The purpose of PhyFilter is to estimate uncertainties ∆τ using the output of RL

policy and dynamical structure. By defining x = q̇, g(t) = −C(q, q̇)q̇−G(q)+JTFc+
τ , and f(t) = ∆τ , Eq. (6) can be adjusted to

M(t)ẋ = g(t) + f(t).

Compared with Eq. (2), a new term M(t) is further induced. Similar to the derivation
process from Eq. (3) to Eq. (5), the PhyFilter algorithm in the locomotion case can
be derived as

{

ξ(n) = −g(t)− f̂(t)

f̂(t) = a0ξ − χ1 + χ2 + a0
∫ n−1 [∫

M(t)dx
]

(dt)n−1.
(7)

where the auxiliary variable ξ is defined as ξ = (f̂(t) + χ1 − χ2)/a0 −
∫ n−1 [∫

M(t)dx
]

(dt)n−1. Experiments found that 1-st order form of PhyFilter (i.e.,
n = 1 in Eq. (7)) is enough to improve the generalization ability (Figs. 2 and 3).

Note that only simplified M(q) and C(q, q̇) are employed in tests to reduce
computational complexity. Specifically, the inertial matrix M(q) is subject to a diag-
onalization assumption, where inertial coupling between joints is neglected, and only
the diagonal terms and local inertia are retained. The Coriolis force C(q, q̇) is approx-
imated as linear damping, with the complex velocity-coupled quadratic terms ignored.
Experimental results show that despite these simplifications, the proposed PhyFilter
can still significantly improve generalization performance.

Training details

The parallel deep learning training strategy presented in [42] is adopted here. The key
training parameters and domain randomization ranges are listed in Supplementary
Table S1. The proximal policy optimization (PPO) algorithm [62] is used, and the
policy with the best training reward is finally adopted to deploy. Note that the training
scenario only includes flat terrain with the purpose of highlighting its generalization
ability. Moreover, the algorithm is run on a laptop with Intel(R) Core(TM) Ultra and
RTX 4060 GPU. For a fair comparison, except for the backend filter mechanism, both
the training and testing processes of the proposed algorithm are consistent with those
of the baseline.

4.4 Implementation details of drone flight example

SEER-I [43], a supervised machine learning technique, is employed to learn the mass
uncertainty of the drone, which can be formalized as

∆ma = −ΞΦ(vh)ς(∆m) (8)

with unknown changed mass ∆m ∈ R
3, acceleration a ∈ R

3, constant param-
eter matrix Ξ ∈ R

3×(p+1)4 , state-related Chebyshev polynomial matrix Φ(·) ∈
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R
(p+1)4×(p+1), historical recorded velocity vh = {v,v1, · · · ,vnh

}, and mass-related
Chebyshev polynomial vector ς(·) ∈ R

p+1. The model accuracy depends on p. Ξ can be
obtained offline via the least squares (LS) algorithm with labeled data. When applied
to an unknown mass scenario, ς(∆m) can be estimated via a converged adaptive law
with known portion ΞΦ(vh). The decomposed structure in Eq. (8) can improve the
generalization ability subject to unseen mass uncertainty.

In the presence of other kinds of uncertainties (e.g., wind), the above decomposed
structure will no longer be suitable, leading to a poor estimation performance (Fig.
4 (e and f)). Here, we further filter the learning output with physics knowledge, i.e.,
the dynamics structure. Define f(t) = ∆ma with other uncertainties. Similar to the
derivation procedure of Eq. (5), one can obtain

{

ξ(n) = −mgez − f̂(t)

f̂(t) = a0ξ − χ1 + χ2 + a0
∫ n−1

x(dt)n−1
(9)

with nomimal mass m ∈ R, acceleration of gravity g ∈ R, and its direction ez ∈ R
3.

Moreover, fθ in χ2 comes from the learning output of SEER-I. The training details
are consistent with [43]. In experiments, it is found that a 1-st order form of PhyFilter
(i.e., n = 1 in Eq. (9)) is enough to improve the generalization ability.

4.5 Implementation details of aerial manipulation example

The dynamics of the aerial platform, considering the strong coupling effects with a
serial manipulator, can be established as:

mbv̇b = mbgez − fb3 −∆F

Jω̇b = −ω×

b Jωb + τ +∆τ

where g ∈ R
+ is the gravity and mb ∈ R

+ represents the mass of the aerial platform,
J ∈ R

3×3 denotes the inertia matrix of the aerial platform, f ∈ R represents the gener-
ated force of eight rotors, and τ ∈ R

3 expresses the generated torque vector. Moreover,
∆F ∈ R

3 and∆τ ∈ R
3 are the coupling disturbance force and torque, respectively. ω×

b

represents the skew-symmetric operator of ωb. According to the centroid principle [63],
the coupling disturbances can be analytically formulated as:

∆F = −mmv̇b +mmgez −mmRb

(

ω×

b

(

ω×

b P
B
bm

)

+ ω̇×

b P
B
bm + 2ω×

b Ṗ
B
bm + P̈B

bm

)

∆τ = −JB
mbω̇b − ω×

b J
B
mbωb +mmPB

bmR⊤

b (gez − v̇b)− J̇B
mbω̇b − ω×

b L
B
m − L̇B

m

(10)
where mm ∈ R

+ is the mass of the manipulator, PB
bm ∈ R

3 is the center of mass of
the manipulator, JB

mb ∈ R
3×3 is the inertia tensor of the manipulator along the body

frame, and LB
m ∈ R

3 describes the angular momentum of the manipulator. It can be
proven that the unknown high-order term is an analytic function regarding the state
and inertial parameters of the aerial manipulator. The detailed modelling analysis of
the coupling disturbances can be found in [64].
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Let η ∈ R
3 be the system state and φ ∈ R

nφ be the unknown parameter vector. On
the basis of decomposition theorem [65], ∆F (η, φ) can be decomposed with arbitrary
accuracy as:

∆F (η, φ) = ΞpΦp(η)ξp(φ) +O(n)

whereΞp ∈ R
3×(p+1)3+nφ

is an unknown parameter weight matrix to be learned.Φp(η)
and ξp(φ) are mappings with corresponding dimensions. p ∈ R is the hyperparameter
determining the decomposition accuracy. In the presence of additional uncertainties
(e.g., model uncertainties and external wind), the aforementioned decomposed struc-
ture is no longer suitable, resulting in a poor estimation performance. Hence, the
learning output is further filtered via physics knowledge, i.e., the dynamic struc-
ture. The filter framework can be expressed in the same form as Eq. (9) by treating
f(t) = ∆F (η, φ) with other uncertainties.

Similarly, the coupling torque can be decomposed as:

∆τ (η, ϑ) = ΞτΦτ (η)ξτ (ϑ) +O(n)

where Ξτ ∈ R
3×(p+1)3+nϑ is the learned parameter weighting matrix. Φτ (η) and

ξτ (ϑ) are mappings with corresponding dimensions, which can consist of the known
Chebyshev polynomials. The filter framework for the rotational loop can be derived
similarly to Eq. (9).

Training details

During the process of collecting training data, the manipulator is com-
manded to follow a circular trajectory designed to excite the nonlinear
coupling dynamics continuously. The reference trajectory is defined as
[

0.28 + 0.1 sin(ωt)/
√
5, 0.1 sin(ωt)/

√

5/4, 0.105 + 0.1 cos(ωt)
]

m in its base frame,

which forms a three-dimensional periodic path covering both vertical and horizon-
tal planes. To further enrich the dynamic excitation, the angular frequency of the
trajectory is gradually increased from 2.5 to 4.5 rad/s. It is ensured that all joint
dynamics of the manipulator are sufficiently excited. Moreover, Eq. (10) implies that
the nonlinear coupling effects are associated with these signals v̇b, ω̇b, Ṗ

b
bm, and P̈ b

bm

that cannot be accurately measured by onboard sensing. Therefore, the time-delay
embedding theorem [66, 67] is used in training, that is, the historical records of
signal can reflect its differentiation. Concretely, the collected dataset includes linear
velocity, attitude, angular velocity, joint position, and joint velocity, along with three
historical values of each signal to encode their derivative information. Other training
settings follow those used in the preceding drone example.

4.6 Implementation details of perception example

In the absence of a high-performance accelerometer for drones, the acceleration can
be obtained through historical velocities, i.e.,

a = f(vh)
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with acceleration a ∈ R
3, historical recorded velocity vh = {v,v1, · · · ,vnh

} ∈ R
3nh ,

and a mapping f(·). For example, f(·) can be designed as the discrete differentia-
tor (DD), tracking differentiator (TD) [53], robust differentiator (RD) [52] with a
predefined convergence time, or neural network-based accelerator [46].

To further enhance the generalization of the neural network-based accelerator, we
filter its output using the underlying kinematic structure, i.e.,

{

ξ(n) = −f̂(t)

f̂(t) = a0ξ − χ1 + χ2 + a0
∫ n−1

x(dt)n−1

with fθ in χ2 comes from the learning output of the learned neural network. The
ablation study on different orders n and parameters af is conducted, as shown in
Fig. 6e. The parameters af can be set according to the pole-placement theory or the
proposed auto-learned algorithm (Algorithm 2).

Training details

The employed neural network has two hidden layers with 20 hidden units each. The
trainscg optimizer is used. In Fig. 6 (c-e), the training datasets consist of 28000 samples
within 0 ∼ 2 m/s, while the testing datasets consist of 8400 samples within 0 ∼ 3 m/s.
All compared methods are tuned to their best performance [54].

Data availability. All data needed to evaluate the conclusions in the paper are
present in the paper and/or the Supplementary Information.
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