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Fig. S1 Estimation performance of the drone example. a, Uncertainty estimation with
feedback-based disturbance observer. b, Uncertainty estimation with SEER-I. c, Uncertainty estima-
tion with the proposed PhyFilter. For reference, the ground truth of mass uncertainty is provided in
(a)-(c), which can be deduced from the ground-truth mass in advance. It can be seen that SEER-I
can only reflect the mass uncertainty, while PhyFilter can further capture other unknown wind and
inherent uncertainties, leading to more accurate trajectory tracking, as shown in Fig. 4e.

Fig. S2 The convergence performance of Algorithm 2 at different filter orders in the
acceleration example. Each case is repeated 5 times with different initial filter parameter af0. A
higher filter order requires a smaller learning rate.
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Fig. S3 The trained locomotion performance of all compared methods. PhyFilter and
RL2AC can yield more coordinated locomotions, whereas the baseline results in inferior performance.

Fig. S4 The employed hardwares. a, The quadruped robot used in the locomotion example.
b, The aerial manipulator used in the manipulation example. c, The flight drone used in the flight
example.
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Training parameter Value Domain randomization Range

Number of environments 4096 Mass −1 ∼ 3 kg
Number of iterations 15000 Velocity 0 ∼ 0.8 m/s

Filter order n 1 Gain Kp 0.8 ∼ 1.2
Filter parameter a0 1 Gain Kd 0.8 ∼ 1.2

Friction Kd 0.1 ∼ 1.25

Table S1 Hardware of test drones.
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Section A Related work

A.1 Policy learning for quadruped robots

Benefiting from cheaper yet more efficient hardware (e.g., proprioceptive actuators [1]),
advanced control algorithms around optimal control and RL, and high-fidelity simula-
tors (e.g., MuJoCo [2], Isaac Gym [3]), quadruped robots are currently seeing resurgent
interest [4]. In particular, RL is currently the most mainstream algorithm with var-
ious implementation manners, like imitation learning [5], hierarchical learning [5, 6],
privileged learning [7, 8], and competitive learning [9]. Despite the fact that adding
noise during training can improve the robustness, there is still a major sim-to-real gap
in scenarios that exceed the training distribution/training scenarios [10].

Nowadays, plenty of researchers attempt to incorporate classical control schemes
and other a priori physical knowledge into RL to improve the learning generaliza-
tion [11]. For example, [12] discovers that the contact force of the quadruped robot
under an RL-based PD controller can be approximated by a linearly parameterized
form with respect to the joint tracking error. Hence, a composite adaptive controller
can be naturally employed to estimate the unseen disturbances, narrowing the sim-to-
real gap. In [13], a bio-inspired gait scheduler is incorporated into RL to encode pseudo
gait procedural memory and adaptive motion adjustment, leading to an improved gen-
eralized performance for quadruped locomotion. [14] employs a model-based planner
to guide the learning policy, so that the sparse reward problem of RL can be avoided
while maintaining robustness. Our presented PhyFilter also attempts to incorporate
a control feedback scheme into RL, yielding a more lightweight and interpretable
framework.

A.2 Dynamics learning for multirotor drones

Achieving precise maneuver control of drones requires effective handling of external
disturbances and internal model uncertainties. This part mainly reviews the learning-
dominant methods. [15] designs an end-to-end control strategy for the quadrotor by
employing RL, which can achieve the level of human world champions in drone compe-
titions. To address uncertainties, this work trains the control strategy using the domain
randomization [16] and constructs an empirical noise model to reduce the difference
between simulation and reality. [17] employs residual networks to estimate dynamical
uncertainties explicitly, which is then regarded as the learning input of an end-to-end
RL. [18] compares the performance of RL and optimal control in drone competi-
tions. This work finds that RL has a higher success rate and maneuvers faster in the
presence of uncertainties. A neural network-based estimation algorithm is proposed
in [19] to predict the downwash-induced disturbance forces and torques acting on ver-
tically stacked drones. The results demonstrate that incorporating Gaussian-predicted
airflow velocities as input features significantly enhances the estimation accuracy.

The approach of integrating traditional control and advanced learning for the mul-
tirotor drone control is increasingly appealing [20]. L1 adaptive observer-enhanced RL
is presented in [21], enabling the drone to precisely control under multiple disturbances.
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Whereas, the estimation error of L1 adaptive observer is not considered in RL train-
ing. The Koopman operator is employed in [22] to learn the uncertainty model online,
favoring the convergence of a model-based uncertainty observer. It can be shown that
the Koopman operator-based observer constitutes a special case of PhyFilter.

A.3 Precise control of aerial manipulators

Different from bare multirotors, achieving precise control of an aerial manipulator
presents substantial challenges [23–25]. Firstly, the control accuracy of the aerial plat-
form is highly susceptible to model uncertainties. In practice, the assumption that a
three-dimensional model cannot perfectly match reality due to the inevitable pres-
ence of motors, sensors, and other components [26–28]. In addition, the dynamics of
the aerial platform and the manipulator are intrinsically coupled, as the multi-link
manipulator is rigidly mounted on the drone. As pointed out in [29, 30], the strong
dynamic coupling disturbances are significantly influenced by the relative motion of
the manipulator with respect to the aerial platform. The strong coupling effects fur-
ther exacerbate the instability of the aerial platform. The reason is that explosive
dynamic coupling terms affect its dynamics. Beyond this, external disturbances like
aerodynamic effects play a critical role in degrading the dynamic performance of the
aerial platform [30–33].

A common approach to address coupling disturbances is the use of disturbance
observers. For instance, an adaptive sliding-mode disturbance observer with a pre-
scribed convergence-time bound is proposed in [34] to estimate state-dependent
uncertainties and external disturbances. In [33], an acceleration-based estimation
method is presented to estimate total external wrench including modeling errors and
wind disturbances. However, when external disturbances are coupled with system
states, the assumption of bounded uncertainty derivatives becomes impractical. This
is primarily because one cannot assume that the states are bounded before the closed-
loop stability of the system is established [35, 36]. In [37], a characteristic modeling
with the bounded identification error is introduced into the integral controller to guar-
antee the finite-time stability of the aerial manipulator. Furthermore, in [38], two
extended state observers are incorporated into a cascade control scheme to improve
quadrotor performance by accounting for first-order coupling effects. Nevertheless,
these ESOs rely on a uniform regulating mechanism to adjust different observed states.
Such a framework may lead to inappropriate parameter tuning, thereby degrading
the dynamic performance of the observers. Although observer-based estimation tech-
niques have yielded promising results, the prior knowledge of the system dynamics is
not fully exploited to enhance estimation accuracy [33–36, 38].

Driven by the availability of large-scale datasets and advances in modern learning
algorithms, data-driven learning has made remarkable progress. Preliminary efforts
have been devoted to disturbance learning. For example, a radial basis function neu-
ral network with an adaptive weight update law has been developed to compensate
for lumped disturbances, including model uncertainties and coupling effects, in real
time [27, 39]. In [40], an adaptive approach is presented to compensate for the unmod-
eled nonlinear disturbances brought by the manipulator motion. Moreover, a gaussian
process regression is developed to estimate the external environment disturbances [32].
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The well-known generalization problem arises when the system encounters scenarios
beyond the training dataset [41, 42]. Although offline training algorithms can be used
to initialize neuron weights [27, 43], the inevitable online adaptation required to cope
with time-varying disturbances often results in sub-optimal transient responses.

A.4 Online differentiator

Calculating the precise derivative of a measured signal in real time is a crucial topic
with numerous practical uses, including reliable state estimation. The most straightfor-
ward analytical differentiator is the finite difference-based discrete differentiator (DD),
which approximates the derivative of discrete-time signals using differences between
their sampled values. As a core component of active disturbance rejection control, the
tracking differentiator (TD) [44] performs differentiation on noisy signals through a
specially designed sign function. [45] propose a robust differentiator (RD) capable of
converging to the derivative of a given signal within a predefined time frame. Nev-
ertheless, these aforementioned analytical algorithms involve cumbersome parameter
tuning procedures, and variations in signal characteristics may necessitate correspond-
ing parameter adjustments. Learning-based methodologies represent another effective
approach for deriving the derivative of measured signals. For instance, [46] formulates
a neural acceleration estimator to achieve accurate prediction of the motion of uneven
free-flying objects. However, as with other neural network-based application scenarios,
the generalization problem is an intractable difficulty that cannot be avoided.

A.5 Physics-informed machine learning

Physics-informed machine learning [16, 41, 47–53] is designed to integrate prior physi-
cal insights into the development of machine learning methods. The primary objectives
of this integration include enhancing model interpretability, accelerating training con-
vergence, boosting predictive precision, and strengthening generalization capabilities.
Three synergistic strategies are commonly adopted. These involve introducing observa-
tional [16, 48], inductive [41, 49], and learning [50–53] biases into the training dataset,
learning structure, and optimization algorithm, respectively. For instance, [54] demon-
strates that neural networks can be trained to directly approximate the mass matrix
and potential energy functions derived from Lagrangian and Hamiltonian mechanics.
Such physics-informed structures yield more physically consistent models compared
to conventional black-box neural network architectures. Along a parallel research tra-
jectory focused on neural ODEs [49], [52] propose the Hamiltonian neural network,
which is specifically engineered to learn the Hamiltonian of dynamic systems. A key
advantage of this approach is its ability to preserve the energy conservation property
inherent to such systems. However, a notable constraint of the Hamiltonian neural net-
work is its reliance on canonical coordinates. To address this limitation, [53] develops
the Lagrangian neural network, which eliminates the need for canonical coordinates.

In the domain of learning-based robotic autonomy, where improving generalization
remains a critical challenge, [51] introduces a self-supervised neural-symbolic learning
framework termed imperative learning. This framework formulates the learning task
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as a bilevel optimization problem, wherein the base learner leverages symbolic knowl-
edge, encompassing physical principles and logical reasoning, to enhance performance.
[55] explores the integration of model predictive control (MPC) with actor-critic RL.
Their findings indicate that this hybrid approach enables the simultaneous retention of
MPC’s short-term optimization strengths and the end-to-end training benefits charac-
teristic of RL. A physics-informed world model is developed in [56] for bib-prehensile
manipulation, in which a physics-aware randomization strategy is employed to bridge
the sim-to-real gap. Inspired by a physics-based aerodynamic model, [19] incorporates
airflow velocities as feature inputs to the neural network, enabling precise estimation
of disturbance force and torque for vertically stacked drones.

A.6 Generalization improvement

A.6.1 Domain randomization

To enable data scaling, various simulational physics engines [2, 3, 57] have been estab-
lished to train robotic agents. The utilized data is synthesized from massively different
settings by randomizing the parameters of the simulator, also known as domain ran-
domization [16, 48], aiming to bridge the sim-to-real gap. Several drawbacks exist in
the paradigm. At first, domain randomization pursues the average performance among
randomized environments, i.e., sacrificing accuracy for robustness [4, 41, 58], simi-
lar to classical robust control [4, 58]. Secondly, substantial computing resources are
often required to train such a monolithic model, which may be infeasible for compute-
constrained cases. Finally, universal physics engines are incapable of encompassing
the full spectrum of diverse real physical robots and their dynamical environments.
The standardization of data format, software, and hardware still remains a long-term
endeavor [59].

A.6.2 Domain adaptation

Apart from domain randomization, domain adaptation [60] is another way to combat
the generalization problem, which tries to identify the encountered environment explic-
itly, so that current decisions can be appropriately adjusted [60]. This scheme is akin
to adaptive control [4, 61]. In comparison with domain randomization, while domain
adaptation is trained more complexly, it maintains accuracy in specific scenarios. A
particular online domain adaptation case, test-time adaptation [60], aims at updating
the pre-trained model only through unlabeled test data, considering the source data is
usually inaccessible during online testing [62]. However, domain adaptation also relies
on substantial computing resources to train a monolithic model.

A.6.3 Filtering learning output

Few previous works use physics knowledge to filter the outcome of machine learning.
A differentiable Kalman filter augmented neural acceleration estimator is designed
in [46, 63], in which the Kalman filer balances the measurement (i.e., learning output)
and prediction from a priori propagation model. However, the targeted uncertainty
of the above method is limited to random white noise.
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Section B Formalization of parameter learning

The filter parameter af = {a0, a1, · · · , an−1} in Eq. (3) can be set according to the
mature pole-placement theory. To avoid the domain-specific expertise required, an
auto-learning algorithm is further developed to learn the filter parameter af from the
aspect of an optimal control scheme.

Before the procedure, define ξ̄ =
[
ξT , ξ̇T , · · · , ξ(n−1)T

]T
∈ Rnxn, αi =∫ i

f̂(t)(dt)i ∈ Rnx , ᾱ =
[
αT

1 ,α
T
2 , · · · ,αT

n−1

]T ∈ Rnx(n−1), βi =
∫ i

fθ(t)(dt)
i, and

β̄ =
[
βT
1 ,β

T
2 , · · · ,βT

n−1

]T ∈ Rnx(n−1). Rearrange Eq. (5), leading to

f̂(ξ̄, ᾱ, β̄,af ) = a0ξ + fθ(x, z) + a0

∫ n−1

x(dt)n−1 −
n−1∑
i=1

an−iαi +

n−1∑
i=1

an−iβi (B1)

where

˙̄ξ = ϕξ̄(ξ̄, ᾱ, β̄,af ) =
[
ξ̇T , ξ̈T , · · · , ξ(n−1)T , (−g − f̂)T

]T
˙̄α = ϕᾱ(ξ̄, ᾱ, β̄,af ) =

[
f̂T ,αT

1 , · · · ,αT
n−3,α

T
n−2

]T
˙̄β = ϕβ̄(β̄,af ) =

[
fT
θ ,β

T
1 , · · · ,βT

n−3,β
T
n−2

]T
. (B2)

Regard the above equations Eqs. (B1)-(B2) as an optimal control system with
concatenated states {ξ̄, ᾱ, β̄} and control input af . Then, the optimization problem
to find optimal af can be formalized as

min
af

J(af ) = min
af

N−1∑
i=1

li(f
∗
i , f̂i,af ) + lN (f∗

i , f̂i)

s.t. ξ̄i+1 = ϕd
ξ̄(ξ̄i, ᾱi, β̄i,af ), i = 1, 2, · · · , N − 1

ᾱi+1 = ϕd
ᾱ(ξ̄i, ᾱi, β̄i,af ), i = 1, 2, · · · , N − 1

β̄i+1 = ϕd
β̄(β̄i,af ), i = 1, 2, · · · , N − 1

where N denotes the sample number, li(·) ∈ R is defined to quantify the state dif-
ferences between model rollout f̂i and labelled sample f∗

i , lN (·) ∈ R represents the
terminal cost, ϕd

ξ̄
(·), ϕd

ᾱ(·), and ϕd
β̄
(·) refer to the discretized integration of ϕξ̄(·),

ϕᾱ(·), and ϕβ̄(·), respectively. Note that li(·) is chosen as (f∗
i − f̂i)

T (f∗
i − f̂i) in

this work for i = 1, 2, · · · , N . For the convenience of subsequent expressions, define

ς =
[
ξ̄
T
, ᾱT , β̄

T
]T
∈ Rnx(3n−2), one can achieve

min
af

J(af ) = min
af

N−1∑
i=1

li(f
∗
i , f̂i,af ) + lN (f∗

i , f̂i)
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s.t. ςi+1 = ϕd
ς (ςi,af ), i = 1, 2, · · · , N − 1 (B3)

with ϕd
ς (·) =

[
ϕd

ξ̄
(·)T ,ϕd

ᾱ(·)T ,ϕd
β̄
(·)T

]T
. ϕd

ς (ςi,af ) is further simplified as ϕd
ς,i for

convenience.
Next, the Lagrange multiplier method is utilized to solve Eq. (B3), define Lagrange

function

L = J(af ) +

N−1∑
i=1

λT
ς,i(ϕ

d
ς,i − ςi+1)

with Lagrange multiplier λς,i∈ Rnx(3n−2) for i = 1, 2, · · · , N − 1. The first-order
optimality conditions of the learning problem can be derived as

∂L
∂ς

= 0,
∂L
∂λς

= 0,
∂L
∂a

= 0.

Thus, one can render

λς,i−1 = ∇ςi li + λT
ς,i∇ςiϕ

d
ς,i, λς,N−1 = ∇ςN lN , (B4)

ςi+1 = ϕd
ς,i, ς1 = ς(0), (B5)

∇af
L =

N−1∑
i=1

(∇af
li + λT

ς,i∇af
ϕd

ς,i) = 0. (B6)

The optimal parameter af that minimizes L can be obtained by solving the lin-
ear system above. However, directly solving Eqs. (B4)-(B6) becomes computationally
expensive, particularly when N and nx are large. To address this, starting from an
initial guess af0, we employ an iterative scheme to compute af .

At first, the analytical gradient computation ∇af
L is driven by sequentially doing

forward rollout Eq. (B5) and backward rollout Eq. (B4), where the latter one is also
known as the term adjoint solve or reverse-mode differentiation [49]. The calculation
process of ∇af

L is summarized in Algorithm 1.

Algorithm 1 Analytic gradient computation

Input: Learning objective li(·), lN (·); model ϕd
ς (·); continuous trajectories

{f∗(t),x(t),z(t)}.
Result: Gradient ∇af

L.
1: Initialize: Parameter af0.
2: ς ← Forward rollout of ϕd

ς (·) using Eq. (B5);
3: Compute ∇ςi li, ∇ςiϕ

d
ς,i, ∇ςN lN , ∇af

li, ∇af
ϕd

ς,i;
4: λς ← Reverse rollout using Eq. (B4);
5: ∇af

L ← Compute gradient using Eq. (B6).
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With updated ∇af
L, the parameter af is optimized according to the gradient

descent algorithm, which is summarized in Algorithm 2. Note that the gradient com-
putation is only supported for a single continuous state trajectory, with computational
complexity scaling linearly with trajectory length. In practical applications, multiple
long-horizon trajectory segments may be employed. In Algorithm 2, the mini-batching
and stochastic optimization methods are employed to facilitate learning results. The
learning step can be set using Adam or other stochastic gradient descent-related
approaches. An early stopping mechanism is adopted as the convergence condition,
which can markedly improve the training efficiency.

Algorithm 2 Training filter parameters

Input: Objective lk(·), lN (·); mini-batch size s; trajectories {f∗(t),x(t),z(t)}.
Result: Parameter af .
1: Initialize: Network parameter θ; filter parameter af0; slice Dtra into M segments
{Dtra

j=1,··· ,M} with s length each.
2: repeat
3: for {f∗

1:s,x1:s, z1:s} in {Dtra
j=1,··· ,M} do

4: Compute analytic gradient ∇af
L using Algorithm 1;

5: Compute learning step η ← Optimizer(af ,∇af
L);

6: af ← af − η.
7: end for
8: until convergence

The learning performance of Algorithm 2 is verified in the acceleration example, as
shown in Fig. 6e. More experimental results are provided in Supplementary Fig. S2.

Section C Filtering learning residual with more
general form

In comparison with Eq. (3), a more general filter is considered in this part, i.e.,

L [F(γ(t))] = bn−1s
n−1 + · · ·+ b1s+ b0

sn + an−1sn−1 + · · ·+ a1s+ a0
Υ(s) (C7)

with more parameters bn−1, · · · , b1, b0. The above filter can cover the bandpass case.
By substituting Eq. (C7) into Eq. (1) and performing the result in time-domain, it
can be rendered that

f̂ (n)(t) + an−1f̂
(n−1)(t) + · · ·+ a1f̂

′(t) + a0f̂(t)

=f
(n)
θ (t) + an−1f

(n−1)
θ (t) + · · ·+ a1f

′
θ(t) + a0fθ(t)

+ bn−1γ
n−1(t) + · · ·+ b1γ

′(t) + b0γ(t). (C8)
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Define χ1(t) = an−1

∫
f̂(t)dt+ · · ·+ a1

∫ n−1
f̂(t)(dt)n−1, χ2(t) = fθ(t) + (an−1 −

bn−1)
∫
fθ(t)dt + · · · + (a1 − b1)

∫ n−1
fθ(t)(dt)

n−1, χ3(t) = bn−1

∫
g(t)dt + · · · +

bn−1

∫ n−1
g(t)(dt)n−1, and recall γ(t) = ẋ− g(t)− fθ(t). One can obtain

f̂ (n)(t) + χ
(n)
1 + a0f̂(t)

=χ
(n)
2 − χ

(n)
3 + a0fθ(t)− b0g(t)− b0fθ(t) + bn−1x

(n) + · · ·+ b0ẋ. (C9)

Define an auxiliary variable ξ = f̂(t)+χ1−χ2 +χ3− bn−1x− · · ·− b0
∫ n−1

x(dt)n−1.
It can be rendered that{

ξ(n) = (a0 − b0)fθ(t)− a0g(t)− a0f̂(t)

f̂(t) = ξ − χ1 + χ2 − χ3 + bn−1x+ · · ·+ b0
∫ n−1

x(dt)n−1.
(C10)

Compared with Eq. (5), Eq. (C10) can capture more complex leanring residual at the
cost of complex parameter adjustment.

Section D Several special forms

In this part, we will show the feedback neural network [41], EVOLVER [22], and
SEER-II [64] belong to the framework of PhyFilter. Consider the first-order form of
the PhyFilter, {

ξ̇ = −g(t)− f̂(t)

f̂(t) = a0ξ + fθ(t) + a0x.
(D11)

D.1 Feedback neural network

Substitute the first subequation into the second one of Eq. (D11) can yield

f̂(t) = −a0
∫ t

t0

(g(t) + f̂(t))dt+ fθ(t) + a0x. (D12)

Define a state estimation x̂ =
∫ t

t0
(g(t) + f̂(t))dt as in [41], one can obtain

f̂(t) = fθ(t) + a0(x− x̂). (D13)

The above equation is exactly the key feedback equation [41, Eq. (7)], where fθ(t) is
learned through the neural ODE by providing state trajectories and a0 denotes the
feedback gain.
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D.2 Koopman operator-based uncertainty observer

By defining ξ1 = a0ξ + fθ(t), Eq. (D11) can be adjusted to{
ξ̇1 = ḟθ(t)− a0(g(t) + f̂(t))

f̂(t) = ξ1 + a0x.
(D14)

By regarding −a0 and fθ(t) as the observer gain and unknown uncertainty, respec-
tively, the above equation is exactly the uncertainty observer [22, Eq. (19)]. Note
that fθ(t) is learned through the online Koopman operator in [22], which involves an
online construction process of the training dataset. Theoretically, the EVOLVER [22]
is devised targeted at the uncertainty with ḟ(t) = h(f(t),x,d) form, where d denotes
external factors.

D.3 Chebyshev-based uncertainty observer

The basic idea of the SEER-II in [64] is similar to the EVOLVER [22], apart from the
term ḟθ(t) is handled by Chebyshev variable decomposition. The targeted uncertainty
is modeled as f(t) = h(x,d). With the analytic assumption, it can be proven f(t)
can be decomposed into ΞdΦ(t)ς(x) with arbitrarily high precision. Ξd is a learned
parameter matrix. Φ(t) and ς(x) are composed of Chebyshev polynomials. Hence,
ḟθ(t) can be analytically represented as

ḟθ(t) = ΞdΦ̇(t)ς(x) +ΞdΦ(t)
∂ς(x)

∂x
ẋ. (D15)

By defining ξ2 = ξ1 −
∫
ΞdΦ(t)∂ς(x)∂x dx, Eq. (D14) can be adjusted to{
ξ̇2 = ΞdΦ̇(t)ς(x)− a0(g(t) + f̂(t))

f̂(t) = ξ2 +
∫
ΞdΦ(t)∂ς(x)∂x dx+ a0x

(D16)

which is exactly the SEER-II [64, Eq. (11)] with observer gain a0.
Compared with Eq. (D11), EVOLVER (D14) and SEER-II (D16) move differen-

tiable learned uncertainty to the first ODE subequation. By this way, the possible
discontinuous problem induced by learning can be alleviated to a certain extent.

Section E Joint learning

A learning algorithm is presented in this part to learn the filter parameter af =
{a0, a1, · · · , an−1} in Eq. (3) with model parameter θ together.

Following the definition in Section “Learning filter parameter”, define ω = {af ,θ}.
Regard the equations Eqs. (6)-(7) as an optimal control system with constrained states
{ξ̄, ᾱ, β̄} and control input ω. Thus, the optimization problem to find optimal ω can
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be formalized as

min
ω

J(ω) = min
ω

N−1∑
i=1

li(f
∗
i , f̂i,ω) + lN (f∗

i , f̂i)

s.t. ςi+1 = ϕd
ς (ςi,ω), i = 1, 2, · · · , N − 1. (E17)

The Lagrange multiplier method is utilized to slove Eq. (E17), define Lagrange function

L = J(ω) +

N−1∑
i=1

λT
ς,i(ϕ

d
ς,i − ςi+1). (E18)

The solving procedure for optimal ω is similar to af in Section “Learning filter
parameter”. Especially, ∇ωli and ∇ωϕ

d
ς,i need to be derived analytically.

Section F Trajectory generation of aerial
manipulator

Focusing on achieving the aerial interaction mission, we formulate an optimiza-
tion problem to generate a 6-dimensional motion state, which includes the aerial
platform’s trajectory in the inertia frame and the end-effector’s trajectory in its
base frame. Firstly, the state propagation of the aerial manipulator is given. Let

h =
[
P⊤
b , Ṗ⊤

b , P⊤
ed, Ṗ

⊤
ed

]⊤
∈ R12×1 be the controlled state vector. The propagation of

the controlled state hi in discrete time can be formulated as{
hi+1 = Ahi +Bui

yi+1 = Chi+1
(F19)

where ui =
[
P̈⊤
b , P̈⊤

ed

]⊤
i
∈ R6×1 is the optimized control action consisting of the accel-

erations of the aerial platform in the inertia frame and the end-effector with respect

to its base. Furthermore, yi+1 =
[
ypu

⊤
, yvu

⊤
, ypm

⊤
, yvm

⊤
]⊤
i+1
∈ R12×1 represents the

predictive model output. The tracking error of the end-effector can be formulated as

eP (t+ i) = P d
e (t+ i)− P̂e(t+ i) (F20a)

P̂e(t+ i) = ypu(t+ i)−Rb(t+ i)P o −Rb(t+ i)ypm(t+ i) (F20b)

Rb(t+ i) = Rb(t+ i− 1) + δtRb(t+ i− 1)ω×
b (t) (F20c)

where δt is the state propagation period. P d
e ∈ R3×1 represents the desired trajectory

of the end-effector in the inertia frame. Po ∈ R3×1 is the constant deviation between
the manipulator base and the CoM of the aerial platform. ωb ∈ R3×1 denotes the
angular velocity of the aerial platform. Therefore, the cooperative planning problem

13



of the aerial manipulator is converted to seek an optimal control input u to minimize
the following error cost function

Q1 = ∥eP ∥2Λ1
= e⊤PΛ1eP , eP ∈ R3N×1 (F21)

where Λ1 ∈ R3N×3N is a positive-definite weighting matrix. If the optimization for-
mulation has no constraints or does not trigger any constraints, Eq. (F21) can be
simplified to an unconstrained quadratic programming (QP) problem. Nevertheless,
such a pure formulation neglects practical safety during executing dynamic operations
and fails to account for the motion characteristics of the aerial manipulator. There-
fore, specific constraints are of seminal importance that must be incorporated in the
planner design phase.
Control action smoothness: The smoothness of control action u is a major step
to prevent unnecessary aggressive control responses, thereby enhancing system safety.
For such a safe concern, the following cost function for optimizing the control input u
is considered as

Q2 = ∥∆u∥2Λ2
= ∆u⊤Λ2∆u,∆u ∈ R6N×1 (F22)

where Λ2 ∈ R6N×6N is a weighting matrix and ∆u represents the increment of control
action at each step. The additional cost can mitigate sharp acceleration maneuvers
caused by abrupt external impulses acting on the aerial manipulator.
State stability: Although the above two-term formulation is widely used in trajec-
tory generation, the neglected state increments may lead to poor output stability of
aerial manipulators. It is feasible to control either the aerial platform or the manip-
ulator while maintaining end-effector tracking accuracy [30]. An undesirable scenario
may arise wherein both the aerial platform and the manipulator exhibit persistent
oscillatory behavior in an attempt to maintain stability of the end-effector. Therefore,
a constraint on state increments is imposed to improve the stability of the optimized
cooperative trajectory, which is expressed as

Q3,u = ∥∆ypu∥2Λu
3
= ∆ypu⊤Λu

3∆ypu,∆ypu ∈ R3N×1 (F23a)

Q3,m = ∥∆ypm∥2Λm
3

= ∆ypm⊤Λm
3 ∆ypm,∆ypm ∈ R3N×1 (F23b)

Q3 = Q3,u +Q3,m (F23c)

where ∆ypu and ∆ypm represent the predicted output increments of the aerial platform
and the end-effector from sample time t + 1 to t + N , respectively. Moreover, Λu

3 ∈
R3N×3N and Λm

3 ∈ R3N×3N denote the corresponding positive weighting matrices
based on their motion characteristics. The inclusion of state increments significantly
contributes to increasing the system safety.

The propagation matrices are formulated as

A =


I 3 δtI 3 03 0 3

03 I 3 0 3 0 3

03 03 I 3 δtI 3

03 03 0 3 0 3

B =


0.5δt2I 3 0 3

δtI 3 0 3

03 0.5δt2I 3

03 δtI 3

C =


I 3 0 3 03 0 3

03 I 3 0 3 0 3

03 03 I 3 0 3

03 03 0 3 I 3

 (F24)
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where δt = 0.07. Moreover, the optimization parameters of the presented cooperative
planner are: Λ1 = diag{6000, 6000, 9000}, Λ2 = diag{700, 700, 700, 1, 1, 1}, Λu

3 =
diag{20, 20, 20}, Λm

3 = diag{10, 10, 10}.

Section G Experimental hardware

In this section, the hardware components utilized in experiments, including a
quadruped robot, an aerial drone, and an aerial manipulator, are introduced.

For the locomotion experiment, the DEEPRobotics Lite3 quadruped robot is
employed, which comprises a locomotion host (equipped with an RK3588 CPU) and
a perception host (equipped with an NVIDIA Jetson Xavier NX). The robot has a
weight of 11 kg and dimensions of 548 × 370 × 118 mm3. During employment, the
locomotion control policy is executed on a remote personal computer, with control
commands transmitted to the robot via a Wi-Fi connection.

In the experiments involving drone flight and aerial manipulation, the same coax-
ial dual-rotor octocopter platform is utilized. For state perception, an STM32F427
microprocessor is employed to receive data from both the motion capture system and
the onboard IMU, while another STM32F427 microprocessor is dedicated to low-level
control. A UWB (Ultra-Wideband) communication module is employed for signal
transmission between the drone and the ground station. To enable online planning
of pick-and-place trajectories, an Intel NUC is integrated as the onboard computing
unit for the aerial manipulator. Additionally, a 5-DOF manipulator is mounted on the
drone to execute aerial manipulation tasks.
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