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Abstract
Allocating finite representational capacity across spatial domains where geometric complexity and
semantic importance vary independently is a recurring problem in spatial modelling. We address this
problem in the context of low-altitude airspace, where representational fidelity must trade off against
computational efficiency. Building on the GeoSOT-3D global grid encoding system, we propose TSDP
(Terrain-Semantic Dual-driven Partitioning), an adaptive partitioning framework that fuses terrain
roughness and semantic importance into a multi-criteria weighted decision function. The current
implementation operates as a horizontal-plane quadtree subdivision with elevation as a voxel attribute,
complemented by the TS-AdaptiveSubdivide algorithm that formalises adaptive mesh generation as
spatial-complexity minimisation under fidelity constraints. Experiments on a synthetic scene and a real-
world Xi'an district show that TSDP achieves a favourable accuracy–efficiency trade-off: 60% voxel
compression with semantic accuracy (F1 = 0.918) comparable to a uniform grid (F1 = 0.933) and
competitive with single-driver baselines that excel on either accuracy or efficiency alone but not both.
Path-planning time decreases by approximately 40% while mean safety distance to obstacles increases
roughly threefold. More broadly, the results indicate that spatial discretisation efficiency in such
environments is governed jointly by geometric and semantic factors rather than by either alone,
supporting the design of digital-twin systems for low-altitude airspace and urban air mobility
management.

Introduction
With the rapid growth of the low-altitude economy¹, emerging applications such as Urban Air Mobility
(UAM), unmanned-aerial-vehicle logistics, and emergency response have placed increasingly urgent
demands on the digitisation of low-altitude airspace (generally below 1,000 m)²,³. China's revised Civil
Aviation Law (effective 2026) formally recognises low-altitude transportation, and low-altitude airspace
has evolved from a mere aviation transition zone into a critical carrier of three-dimensional intelligent
transport networks, requiring both high-precision geometric modelling and fast dynamic computation. At
a more fundamental level, this challenge reflects a recurring problem in spatial modelling: how to
allocate finite representational capacity across regions whose geometric complexity and semantic
importance are not spatially aligned.

The low-altitude environment exhibits pronounced spatial complexity: terrain undulations form
continuous elevation gradient fields; building clusters constitute discrete obstacle sets; and
meteorological disturbances, dynamic no-fly zones, and air corridors introduce spatio-temporal
heterogeneity³,⁴. This multi-scale, multi-modal interplay challenges conventional 3D geographic
information methods.

Discrete Global Grid Systems (DGGS) provide a principled mathematical framework for representing
geospatial data on a globally consistent reference frame. The concept has been formalised in the Open
Geospatial Consortium DGGS abstract specification⁸, which defines hierarchical spatial partitioning
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schemes with globally unique cell indexing and multi-resolution support¹¹,¹². The hierarchical coordinate
system of Dutton¹² and the geodesic DGGS framework of Sahr et al.¹³ established the formal basis for
recursive subdivision of the spheroid into uniquely indexed cells, while hexagonal DGGS¹⁴ further
improved isotropy and neighbour uniformity. Production-scale open-source implementations of these
principles—Uber's H3 hexagonal grid system⁹ and Google's S2 geometry library¹⁰—have demonstrated
the practical scalability of DGGS in large-scale geospatial computing, even though their detailed designs
are documented primarily as software rather than as peer-reviewed publications. Among these systems,
GeoSOT and its 3D extension GeoSOT-3D⁴⁻⁷ retain the regular quadtree structure favoured by raster GIS
pipelines while inheriting the global integer encoding common to all DGGS approaches; voxels (treated
as columnar pseudo-3D cells in a 2.5D quadtree representation, where horizontal subdivision is adaptive
and elevation is stored as an attribute) obtain globally unique, multi-scale codes that simplify cross-
platform spatial-data exchange (concept illustrated in Supplementary Fig. S1). Compared with hexagonal
DGGS such as H3, GeoSOT-3D trades isotropy for integer encoding and raster compatibility, an attractive
property for the regulatory and audit requirements of airspace management. However, the standard
GeoSOT-3D subdivision is static and isotropic⁵, creating a contradiction common to all uniform DGGS
schemes: excessive resolution in flat areas wastes resources, while fixed resolution in complex areas
produces geometric distortion and semantic ambiguity.

Adaptive Mesh Refinement (AMR), introduced by Berger and Oliger¹⁵ and later generalised by Berger and
Colella¹⁶, provides a systematic framework for dynamically allocating computational resolution based on
local solution features. Subsequent developments, including adaptively refined Cartesian solvers¹⁷, tree-
based fluid solvers¹⁸ and octree-based fluid simulation¹⁹, have demonstrated the effectiveness of AMR in
handling multi-scale phenomena while maintaining computational efficiency. These approaches typically
rely on local error estimators to guide refinement decisions, allowing resolution to concentrate in regions
of high gradient or complexity. Geometry-adaptive refinement on irregular domains²⁰ and multi-resolution
terrain models²⁴ have transferred these ideas to graphics and surface modelling. Yet AMR in the
geosciences has remained largely tied to continuous fields and rarely incorporates discrete semantic
priors. This integration gap is largely orthogonal to the comprehensive treatment of multidimensional
indexing structures by Samet²¹, the R-tree dynamic spatial index of Guttman²², and the foundational
quadtree formulation of Finkel and Bentley²³, which address data-structure efficiency rather than the
fusion of geometric and semantic refinement criteria pursued here.

Despite substantial progress in both DGGS and adaptive mesh refinement, a unified framework for jointly
allocating spatial resolution based on both geometric variation and semantic importance remains
limited. Three specific gaps motivate this work: (1) the integration of a globally unified encoding frame
with locally adaptive representation has received relatively little attention; (2) existing adaptive methods
focus predominantly on continuous geometric fields, with discrete semantic objects under-represented
as refinement criteria¹⁵⁻²⁰; and (3) lightweight formulations that jointly target accuracy and efficiency are
scarce. Existing low-altitude modelling approaches—oblique-photography meshes, point-cloud
voxelisation, and standardised semantic 3D city models such as CityGML²⁵ with associated levels of
detail²⁶,²⁷—each address subsets of these concerns, but to our knowledge a model that combines DGGS
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encoding with semantically-driven AMR has not been reported (a comparative summary is provided as
Supplementary Table S1).

This work addresses the general problem of adaptive spatial discretisation when geometric variation
and semantic importance are heterogeneously distributed and only weakly correlated. We instantiate
this problem on the GeoSOT-3D global grid for low-altitude airspace and contribute: (1) a dual-driven
metric system fusing terrain geometry with semantic features in a constrained-optimisation framework,
building on AMR error-estimator design¹⁵,¹⁸ and DGGS multiscale indexing⁸,¹³; (2) the TS-
AdaptiveSubdivide algorithm for efficient recursive subdivision and conditional merging (Fig. 1); (3)
systematic experiments under synthetic and real-world conditions with full ablation and significance
testing.

Scope. This paper focuses on horizontal-plane quadtree partitioning under the GeoSOT-3D encoding
system; elevation is incorporated as a voxel attribute through the terrain-roughness term in the decision
function. A full octree extension to volumetric three-dimensional partitioning, comparable to the octree-
based fluid simulations of Losasso et al.¹⁹, is deferred to future work.

Methods

Problem formalisation
Let the study area Ω be a closed rectangular region in (longitude, latitude) coordinates aligned with the
GeoSOT-3D global grid. An initial uniform subdivision at level L0 yields N base voxels G0 = {Vi}. A dynamic
subdivision grid G* is the multi-scale voxel set obtained by finite recursive subdivisions or merges,
satisfying three conditions: (i) every terminal voxel V ∈ G* has a level l ∈ [L0, Lmax]; (ii) the closures of

any two terminal voxels intersect at most on a shared face or edge (interior-disjointness); and (iii) the
union of the closed terminal voxels exactly covers Ω. Boundary alignment with Ω is exact because Ω is
chosen along GeoSOT-3D cell boundaries; no clipped or partial voxels arise.

Hanging nodes — vertices of a fine voxel that lie on the edge of a coarser neighbour — are permitted in
G* without imposing a 2:1 level-balance constraint, since the path-planning layer (defined later) operates
on voxel centroids via a KD-Tree adjacency graph rather than on shared faces; this means that level
differences across neighbours do not require ghost cells or interpolation operators of the kind used in
finite-volume AMR. The cost of permitting unbalanced refinement is purely combinatorial (more terminal
voxels than a balanced tree would need); the benefit is a strictly smaller |G*| in scenes where features
have sharp scale separation, such as a tall building adjacent to flat ground.

Constrained optimisation
We aim to minimise |G*| under fidelity constraints — a geometric bound |R(V) − R̂(V*)| ≤ εT (the per-voxel
terrain reconstruction error must not exceed εT) and a semantic bound stating that no terminal voxel
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should fragment a single semantic object below a coverage tolerance εS. Because both εT and εS are
problem-specific abstractions whose direct enforcement requires global error estimation at every step,
we follow the local error-estimator pattern established in classical AMR¹⁵ and replace the constrained
minimisation with a per-voxel greedy decision function that acts as a tunable surrogate:

Φ(V) = α · R(V) / Rmax + β · S(V) / Smax + γ · (1 − l / Lmax) (1)

where α + β + γ = 1, and Rmax, Smax are 95th-percentile values across G0 used to normalise the

heterogeneous metrics onto a common scale. The depth-penalty term γ·(1 − l/Lmax) is an empirical
regulariser, not derived from a fidelity bound: it is included to bias the recursion toward earlier
termination at deeper levels, providing a bounded-depth guarantee (no voxel can recurse beyond Lmax

regardless of R(V) and S(V)) and reducing the risk of pathological over-refinement when the local terrain
or semantic signal contains noise. The setting γ = 0.1 means depth contributes at most 0.1 to Φ(V),
making it a soft secondary criterion behind R(V) and S(V); ablating γ to 0 produces qualitatively similar
grids in our synthetic experiments but increases voxel count in the 5–10% range. Subdivision occurs
when Φ(V) > τ; the threshold τ jointly controls the effective εT and εS in (1), and its sensitivity is
characterised in the Parameter sensitivity subsection.

Approximation regime. We do not claim that the per-voxel greedy minimisation in (1) achieves a
provable approximation ratio relative to the constrained optimum |G*|*. The substitution is justified
pragmatically: (i) the constraints εT, εS are themselves problem-specific abstractions whose direct
enforcement would require global error estimation at every refinement step, eliminating the locality that
makes adaptive schemes scalable; (ii) the per-voxel form of (1) is consistent in spirit with the local-error-
estimator pattern of classical AMR¹⁵,¹⁶ and tree-based fluid solvers¹⁸,¹⁹, where similar locality
assumptions are accepted in practice despite the absence of closed-form approximation guarantees on
irregular domains; and (iii) the resulting empirical behaviour is characterised by the parameter sensitivity
scan (Fig. 3) and the multi-baseline ablation (Tables 2–3), which together quantify the operational
envelope of the approximation rather than its worst-case bound. We discuss the implications of this
design choice openly in the Engineering boundaries paragraph of the Discussion.

Feature metrics

Terrain roughness:
R(V) = w1 · ΔH/D + w2 · ||∇H|| + w3 · |κ| (2)

with w1 = 0.7, w2 = 0.2, w3 = 0.1, combining the normalised elevation range over voxel diagonal D, the
least-squares gradient magnitude, and the absolute mean curvature obtained from a quadric-surface fit.

Semantic importance:
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S(V) = maxk (Ok · Wk) + λ · sqrt[ (1/M) · Σk (Ok · (Wk − W̄))2 ] (3)

where the operator maxk denotes the maximum over the M semantic classes (i.e., the dominant
occupied class contributes its full weight), sqrt[·] denotes the positive square root, Ok ∈ {0, 1} is the
occupancy indicator for class k in voxel V, Wk is the domain weight of class k (Table 1), M is the total
number of semantic classes, W̄ = (1/M) Σ Wk is the unconditional mean weight (computed once over all
classes, not per voxel), and λ = 0.3 controls how strongly variance among occupied classes contributes
to the importance score.

Table 1
Domain importance weights for semantic feature classes. Where a

range is given, the value within the range is selected during
preprocessing based on local conditions (e.g., the specific class of

weather risk or facility); a single representative value is used per voxel
during scoring.

Feature class Weight Rationale

Permanent no-fly zone 1.0 Absolute prohibition

Restricted flight zone 0.9 Dynamic control

Tall buildings (> 50 m) 0.8 Major obstacles

Medium buildings (20–50 m) 0.6 Moderate obstacles

Weather-risk / critical facility 0.5–0.6 Flight stability

Low-rise buildings (< 20 m) 0.3 Minor impact

Open ground / water 0.10–0.15 Lowest risk

TS-AdaptiveSubdivide algorithm
The full pseudo-code is shown in Fig. 1, using the following notation: Q is a working queue holding voxels
awaiting evaluation, C is the candidate terminal-voxel set accumulated during top-down processing, and
GeoSOT_Subdivide(V) denotes the standard GeoSOT-3D split operation that produces 4 children at level
l + 1 by halving the longitude and latitude extents of V. The algorithm proceeds in four steps: (i) initialise
Q with all G0 voxels and compute Rmax, Smax; (ii) top-down — for each dequeued V, compute Φ(V); if Φ(V)
> τ and l < Lmax, call GeoSOT_Subdivide(V) and enqueue the 4 children, otherwise mark V as a terminal-
state element and add it to C; (iii) bottom-up merging — process C from the deepest level upwards: if all
4 sibling voxels {Vsib} satisfy Φ(Vsib) < τmerge and share consistent semantic labels, remove them from C
and label their parent Vparent as terminal, adding it to C; (iv) output G* = C.

Adjacency between terminal voxels uses a KD-Tree on terminal centroids (search radius 1.6× cell
diagonal) with symmetrisation: if voxel A is found in B's neighbour list, B is added to A's list as well,
ensuring the resulting graph is undirected. This centroid-based adjacency is computationally efficient
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and well suited for irregular multi-resolution grids, although it is an approximation that does not strictly
enforce face-adjacency topology as in classical structured meshes; in practice the 1.6× search radius
proved sufficient to capture all geometrically meaningful neighbours across the level distributions
reported in our experiments. The A* path cost between adjacent voxels Vi and V� is:

cost(Vi, Vj) = d · (1 + µ · risk(Vj)) (4)

where d is the Euclidean centroid distance and risk(Vj) is the maximum semantic weight of Vj; the risk

multiplier µ = 5 was chosen so that traversing a high-risk voxel (W = 1.0) costs six times its geometric
distance, ensuring semantic-driven detours dominate when alternatives exist. No-fly voxels are treated
as non-traversable nodes by assigning them a sentinel cost (109) that effectively excludes them from the
search graph while keeping all arithmetic finite. The number of terminal voxels |G*| is bounded above by
4Lmax−L0, and A* visits each voxel at most once with O(log |G*|) heap operations, giving an overall
complexity of O(|G*| log |G*|); in practice the greedy criterion prunes most subtrees early, so |G*| stays
well below the worst-case bound (see Tables 2–3).

Experimental setup
Synthetic scene

5 × 5 km, 0–180 m altitude; fractal-noise terrain (175 m relief), 15 random buildings (20–80 m), one no-
fly zone, one restricted zone, and one river (illustrated in Supplementary Fig. S2). For each repetition,
building positions and start–goal pairs were re-sampled uniformly within the scene; the terrain field itself
was held fixed across repetitions to isolate the variability of the placement and planning components.

Real-world scene

Xi'an Bell Tower–Giant Wild Goose Pagoda district (108.85°–109.00° E, 34.18°–34.30° N; ~13.8 × 13.3
km). Data sources are summarised in Supplementary Table S2 and include ASTER GDEM V3 (30 m)²⁸,
OpenStreetMap buildings (~ 4,200)²⁹, eAIP/DJI FlySafe airspace, and OpenStreetMap waterways. The
DEM of the study area is shown in Supplementary Fig. S3. The DEM was held fixed; randomisation
across the 30 repetitions was over the start–goal pair locations only.

Baselines: (1) Uniform grid (~ 50 m); (2) Terrain-AMR (α = 0.9, β = 0, γ = 0.1); (3) Semantic-Only (α = 0, β = 
0.9, γ = 0.1). TSDP configuration: L5–L9, α = 0.6, β = 0.3, γ = 0.1, τ = 0.35, τ_merge = 0.20.

Platform

Intel i7-12700H, 32 GB RAM, single-threaded Python 3.13 (no GPU acceleration); reported wall-clock
times exclude I/O.

Metrics and statistics
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(i) Elevation RMSE — the root-mean-square deviation between the voxel-reconstructed elevation field
(each terminal voxel assigned the mean elevation over its DEM coverage) and the original GDEM V3
input; this measures how faithfully the discretised grid represents the source terrain, and is therefore
lower than the absolute vertical accuracy of GDEM V3 itself (≈ 8.68 m, see Supplementary Table S2). (ii)
Maximum elevation error — the worst-case absolute deviation across all terminal voxels, capturing
peaks/cliffs missed by coarse cells. (iii) Building F1 — see protocol below. (iv) NFZ boundary error — the
mean perpendicular distance between the voxel-discretised no-fly-zone boundary and the ground-truth
polygon boundary, sampled at 1 m intervals. (v) A* runtime, expanded nodes, and total voxel count —
measured per Python's  and standard A* counters, single-threaded, with peak
resident set size obtained from . Each experimental setting was repeated 30 times.
Distribution normality was tested per metric using the Shapiro–Wilk test; in all cases Shapiro–Wilk
rejected normality (W < 0.95, p < 0.05), motivating non-parametric pairwise comparisons via the Wilcoxon
signed-rank test. All ± values denote standard deviation (s.d.); exact p values are reported throughout.

Building F1 protocol

A building is counted as "detected" when its OpenStreetMap footprint intersects at least one terminal
voxel labelled building in the horizontal plane. Precision is the fraction of building-labelled voxels whose
footprint actually contains a building, and recall is the fraction of buildings detected. Because all tested
grid resolutions are sufficient to cover every building footprint, recall is 1.000 across methods, and F1
differences arise from precision—specifically, from the fraction of empty voxels incorrectly assigned to
building proximity.

Results

Synthetic environment
TSDP refines to L8–L9 in undulation zones, densifies around buildings, and retains L5–L6 in flat areas
(Fig. 2). The total terminal voxel count is 36,782 (64.1% compression), with level distribution L5: 12.3%,
L6: 31.2%, L7: 28.7%, L8: 19.5%, L9: 8.3%.

Multi-baseline comparison results are reported in Table 2. TSDP RMSE (2.41 m) is statistically
indistinguishable from Terrain-AMR (2.38 m; Wilcoxon p = 0.23). Building F1 (0.85) significantly exceeds
Terrain-AMR (0.74; p = 0.0003) and modestly improves on Semantic-Only (0.83; p = 0.038). Compression
(64.1%) outperforms both single-driver baselines (Terrain-AMR 58.8%, Semantic-Only 55.2%; both p < 
0.001).

time. perfcounter()

tracemalloc
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Table 2
Multi-baseline comparison on the synthetic environment. Values after ± denote s.d. across 30

repetitions.
Dimension Metric Uniform Terrain-

AMR
Semantic-
Only

TSDP

Geometric RMSE (m) 2.82 ± 
0.15

2.38 ± 0.11 2.79 ± 0.14 2.41 ± 
0.12

  Max. error (m) 8.7 5.9 8.5 6.3

Semantic Building F1 0.73 0.74 0.83 0.85

  NFZ boundary error
(m)

12.5 12.1 8.2 7.8

Efficiency Total voxels 102,400 42,156 45,893 36,782

  Compression — 58.8% 55.2% 64.1%

Parameter sensitivity
The optimal threshold range is τ ∈ [0.30, 0.40]; balanced weights (α = 0.6, β = 0.3) yield the best trade-off
(60.2% compression). Perturbation of W_k by ± 20% over 100 trials yields F1 ∈ [0.82, 0.87] (s.d. = 0.013).
The full sensitivity surface is shown in Fig. 3, including a (α, β) heatmap that confirms the chosen
operating point lies within a stable plateau.

System performance
Empirical scaling across scenes of 2, 5, 8, and 10 km side length (each repeated 5 times) shows TSDP
follows an empirical sub-linear trend with side length (best-fit power-law exponent ≈ 0.68 against scene
area), versus the near-linear trend of the uniform baseline (≈ 0.95); the corresponding 10 km path
planning takes 3.85 s under TSDP, approximately 43% of the uniform baseline. Dynamic re-planning takes
0.86 ± 0.18 s (s.d.), a 45.3% reduction relative to uniform (Wilcoxon p = 0.0007), affecting approximately
28% of the domain on average. The Spearman rank correlation between Φ(V) and the final voxel level,
computed across all 36,782 terminal voxels of the synthetic scene, is ρ = 0.91 (p < 10⁻⁶); we note this
correlation is high by construction—Φ(V) is the input to the subdivision rule that determines level—and it
is reported here as an internal-consistency check rather than an independent validation. Peak resident
set size is 35.8% of the uniform baseline, with disk I/O reduced by 55–65% across the tested scene
sizes.

Real-world scene
In the Xi'an district, elevations range from 380 to 800 m with approximately 4,200 buildings and 6
airspace zones. The City Wall–Bell Tower core refines to L8–L9, the Pagoda periphery to L7–L8, and flat
northern areas remain at L5–L6. TSDP level distribution is highly skewed toward fine resolutions: L9
contains 23,348 voxels (79.6%), L8 contains 4,664 (15.9%), L7 contains 1,085 (3.7%), L6 contains 205

Page 9/20



(0.7%), and L5 contains 29 (0.1%), summing to the 29,331 total reported in Table 3. This concentration
confirms that adaptive refinement focuses computational resources on geometrically and semantically
complex regions.

A visual comparison of the four partitioning strategies is shown in Fig. 4, and quantitative results are
reported in Table 3. A close-up local comparison between uniform sampling and TSDP is provided as
Supplementary Fig. S4.

Table 3
Real-world experimental results on the Xi'an district. Values after ± denote s.d.

Dimension Metric Uniform Terrain-AMR Semantic-Only TSDP

Geometric RMSE (m) 3.35 5.15 3.38 3.97

  Max. error (m) 50.7 65.9 52.8 48.7

Semantic Building F1 0.933 0.842 0.935 0.918

  Precision 0.875 0.727 0.877 0.849

  Recall 1.000 1.000 1.000 1.000

Efficiency Total voxels 73,682 4,872 65,121 29,331

  Compression — 93.4% 11.6% 60.2%

Path A* time (s) 10.61 ± 0.30 1.03 ± 0.04 11.72 ± 0.23 6.26 ± 0.21

  Expanded nodes 93,538 3,789 86,612 29,946

  Path length (m) 17,541 16,414 17,581 17,088

  Mean safety (m) 23.6 194.9 27.5 80.8

TSDP achieves 60.2% compression with F1 = 0.918, slightly below the uniform baseline (0.933) and
Semantic-Only (0.935), but with the lowest maximum elevation error (48.7 m) among all methods.
Planning time is reduced by 41.1% relative to uniform (6.26 ± 0.21 s vs. 10.61 ± 0.30 s; Wilcoxon p < 10⁻⁵),
and mean safety distance to obstacles improves from 23.6 m to 80.8 m. The higher real-world RMSE
(3.97 m) compared to the synthetic scene reflects the 30 m horizontal resolution limit of GDEM V3 rather
than methodological degradation; we note however that this same data limitation applies to the uniform
baseline (3.35 m), and the residual gap is discussed below.

Path-planning comparison
Path-planning performance on the synthetic environment (Supplementary Table S3) shows TSDP
reduces planning time by 40.1% (1.42 ± 0.11 s vs. 2.37 ± 0.19 s for uniform, both s.d.; Wilcoxon p = 
0.0002) and increases the minimum obstacle clearance from 4.2 m to 8.5 m, eliminating all clearance
violations (defined as the path approaching within 5 m of an obstacle: 3 such violations under the
uniform baseline, 0 under TSDP across the 30 repetitions). Path lengths differ by less than 2% across
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methods, confirming that the safety improvements do not come at the cost of route efficiency. Note that
the synthetic scene reports minimum clearance whereas the real-world experiment (Table 3) reports
mean safety distance: minimum clearance is the worst-case approach distance along a planned path
and is most relevant in tightly cluttered environments, while mean safety distance averages the
approach distance over the path and better reflects overall route quality in the larger-scale Xi'an scene. A
visual comparison of paths produced by each method on the Xi'an scene is shown in Fig. 5.

Discussion
The dual experiments validate TSDP's value as a middle-ground operating point between extreme single-
driver methods. Terrain-AMR achieves the highest compression (93.4%) but at a substantial cost to
building detection (F1 = 0.842), while Semantic-Only preserves semantic accuracy at the price of poor
compression (11.6%). TSDP fills the gap, suitable for scenarios that require both semantic reliability and
computational economy—onboard navigation (35.8% memory footprint) and large-scale path planning
(41.1% speedup) being the most direct applications. More broadly, the ablation pattern across the three
baselines suggests that spatial discretisation efficiency in low-altitude environments is governed not by
geometric variation alone but by the joint distribution of geometric variation and semantic constraints,
indicating a dual-factor regime in which neither factor can be neglected without measurable accuracy
cost.

A nuance worth highlighting concerns the mean safety distance metric. Terrain-AMR's 194.9 m mean
safety distance superficially appears superior to TSDP's 80.8 m, but this advantage is mechanically
produced by the coarseness of its grid—coarse voxels physically displace the planner away from
obstacles, at the cost of path-resolution (only 3,789 expanded nodes). TSDP's 80.8 m mean safety
distance, by contrast, is achieved while preserving 29,946 expanded nodes, reflecting genuine semantic-
driven avoidance rather than a granularity artefact. This distinction matters in practice: planners that
operate on Terrain-AMR grids cannot represent fine-scale corridors, whereas TSDP retains the option to
plan at high resolution where it matters.

Where TSDP does not dominate. In scenes where terrain undulation is the only meaningful feature and
semantic objects are sparse, Terrain-AMR alone is sufficient; the additional semantic-driven refinement
in TSDP yields little benefit and slightly increases voxel count. Conversely, in scenes dense with semantic
objects but with negligible terrain relief, Semantic-Only achieves comparable accuracy at lower
implementation cost. The advantage of TSDP is concentrated in mixed scenes where both factors
matter, which describes most real urban airspace environments. Practitioners deploying TSDP should
therefore characterise the dominant feature mode of their target environment before committing to dual-
driven partitioning.

Relation to other DGGS approaches. TSDP's reliance on the GeoSOT-3D 2ⁿ quadtree is a deliberate trade-
off in the broader DGGS design space. Hexagonal systems such as Sahr's hexagonal DGGS¹⁴ offer better
isotropy and uniform neighbour distances, while production-scale geospatial computing platforms such
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as Uber H3⁹ and Google S2¹⁰ have demonstrated the practical scalability of icosahedral and hexagonal
indexing. The semantic-driven refinement mechanism we describe is in principle portable to those
systems—the decision function Φ(V) makes no assumption about cell shape—and porting TSDP to other
DGGS such as H3 or S2, where differences in cell topology do not affect the general applicability of the
decision function, is a natural follow-up. Conversely, the integer-encoding advantages of GeoSOT-3D
(lossless cross-platform exchange via fixed-length codes) are particularly suited to the regulatory and
audit requirements of low-altitude airspace management, where unambiguous referencing of voxel
identity matters more than geometric isotropy.

Engineering boundaries. Three constraints currently shape the practical reach of TSDP. First, the linear
form of Φ(V) is a deliberate simplification of what could be a nonlinear interaction between R(V) and
S(V); for instance, a tall building on steep terrain may warrant refinement beyond what the linear sum
predicts. Second, manual calibration of W_k limits portability across regulatory jurisdictions, since "no-fly
zone" itself is not a globally uniform category. Third, the per-voxel greedy criterion does not provide the
formal a-posteriori error guarantees available in classical AMR¹⁵,¹⁶; Φ(V) > τ is an empirical proxy for the
unmet fidelity constraints rather than an upper bound on the resulting error. These boundaries do not
preclude practical deployment but they should temper claims of optimality.

Application potential spans large-scale urban air traffic management (10 km scenes), emergency re-
planning (sub-second response), onboard navigation under memory constraints, and multi-resolution
collaborative decisions across heterogeneous platforms. The integer encoding inherited from GeoSOT-
3D enables efficient cross-platform data exchange that resource-specific representations such as
oblique-photography meshes cannot provide.

More generally, this work can be viewed as a unified framework for multi-objective spatial discretisation
under heterogeneous geometric and semantic constraints; while we instantiate it on GeoSOT-3D for low-
altitude airspace, the same dual-driven decision principle applies to any DGGS or AMR scheme where
multiple, weakly correlated factors compete for finite representational capacity.

Several limitations frame the scope of future work. First, the linear form of Φ(V) cannot capture nonlinear
interactions between terrain and semantics; machine-learning extensions—including reinforcement-
learning auto-tuning and Bayesian optimisation of weights—are warranted. Second, W_k requires manual
calibration per environment; a learned calibration would improve generalisability. Third, only one city has
been tested in detail, and cross-city transfer studies are needed to confirm robustness. Fourth, the GDEM
V3 30 m resolution sets an upper bound on terrain fidelity; airborne LiDAR data would lift this ceiling.
Fifth, as noted in the Scope statement, the current implementation is a horizontal-plane quadtree; a full
octree-based volumetric extension and 4D spatio-temporal modelling are the next major development
steps. Sixth, ground truth for F1 is derived from OpenStreetMap; independent validation using high-
resolution remote sensing would strengthen the semantic accuracy claims.

Future directions include reinforcement-learning and Bayesian auto-tuning of (α, β, γ, τ); 4D spatio-
temporal models incorporating dynamic airspace; GPU-parallel implementations for real-time large-scale
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deployment; multi-city generalisation studies; and multi-source data fusion combining LiDAR, oblique
photography, and live air-traffic feeds.
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Figure 1

TS-AdaptiveSubdivide algorithm flowchart. Phase I performs top-down subdivision driven by Φ(V); Phase II
performs bottom-up sibling merging when Φ < τ_merge and labels are consistent.
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Figure 2

TSDP subdivision result on the synthetic scene, showing automatic multi-resolution refinement: dense
voxels concentrate in undulation zones and around buildings, while flat regions retain coarse voxels.
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Figure 3

Parameter sensitivity analysis. (a) τ sensitivity scan showing voxel count (blue, left axis) and elevation
RMSE (orange, right axis) as functions of the subdivision threshold τ; the shaded green region highlights the
optimal range τ ∈ [0.30, 0.40]. (b) Joint (α, β) sensitivity heatmap. Colour encodes the resulting
compression rate; dashed contours indicate Building F1. The chosen working point (α = 0.6, β = 0.3, marked
with �) lies on a stable plateau where compression and F1 are jointly favourable.
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Figure 4

Real-world grid comparison on the Xi'an district. (a) Uniform grid, n = 73,682; (b) Terrain-AMR, n = 4,872; (c)
Semantic-Only, n = 65,121; (d) TSDP, n = 29,331. Cell colour encodes the GeoSOT-3D subdivision level
(legend below). TSDP concentrates fine voxels (L7–L9, yellow/orange/pink) along the historic core and
major obstacles while keeping peripheral flat areas at coarse levels (L5–L6, green/blue).
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Figure 5

Path planning on the Xi'an scene. (a) Uniform grid; (b) Terrain-AMR; (c) TSDP. The blue line denotes the
planned path; the green dot and orange star mark start and goal respectively. Inset boxes report planning
time, expanded nodes, path length, and mean safety distance for the displayed run. TSDP follows a route
comparable in length to the uniform path but with substantially larger margins around buildings and the no-
fly zone.
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