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Abstract

Oversmoothing is a central limitation of deep message-passing Graph Neural
Networks (GNNs), wherein node representations become increasingly indistin-
guishable as depth grows and downstream discrimination deteriorates. This
paper studies oversmoothing for a fixed-diffusion subclass of message-passing
architectures, with random-walk diffusion P = D~!A on undirected graphs
as the primary case; data-dependent propagators such as attention and dy-
namic rewiring are outside the scope of the present theory. We develop a
diffusion-aligned, component-aware formulation that makes oversmoothing
explicit as disagreement contraction under graph diffusion. To handle general
irregular graphs, we introduce a stationary (degree-weighted) projector onto
component-wise constants, IIp = C(CTDC)~'CT D, which preserves the
invariance identities PII = II and IIP = II. This yields a principled de-
composition of representations into consensus and disagreement components,
with oversmoothing quantified by the decay of ||({ — II)H||pp in the natural
stationary geometry. Defining the disagreement-restricted diffusion operator
T = (I —II)P(I —1I) and the mixing coefficient u = ||T||2.p, we obtain non-
expansive or contractive disagreement bounds for linear propagation and lay-
erwise contraction proxies py = L, pu||Wy||2 for nonlinear layers with row-wise
Lipschitz activations. For residual mixing Hy.1 = (1 — ay) Hy + oo (PH,W,),
the bound (1 — ay) + aypy makes the role of residual strength explicit in the
contractive regime. The framework yields operator-consistent diagnostics
based on relative disagreement and collapse depth, linking diffusion mixing
to oversmoothing behavior across datasets, depths, and propagation choices.

Email addresses: fatihuludag@yyu.edu.tr (Fatih Uludag),
[eray.celik@yyu.edu.tr] (H. Eray Celik)
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1. Introduction

Message-passing Graph Neural Networks (MPNNs) learn node represen-
tations by repeatedly aggregating neighborhood information and applying
learnable transformations and nonlinearities (Kipf and Welling, 2017; Hamil-
ton et al., 2017; Gilmer et al., 2017). The combination of depth with receptive
field expansion can improve denoising and capture multi-hop structure, but
deep stacks often show deterioration in node-level discrimination. This depth
barrier is commonly attributed to oversmoothing, where node embeddings
become increasingly indistinguishable as depth grows (Li et al., 2018; Oono
and Suzuki, 2019).

In this paper, the theoretical results are derived for fixed graph-diffusion
operators that preserve a stationary distribution, with random-walk diffusion
P = D! A as the primary case. This setting covers a broad fixed-diffusion sub-
class of message-passing architectures, but it does not include data-dependent
propagators such as attention or dynamic rewiring. Within this scope, we
develop a diffusion-aligned, component-aware formulation that makes over-
smoothing explicit as a contraction mechanism.

The core idea is to decompose any layer representation H into: (i) a
consensus component that is constant on each connected component in the
sense preserved by the diffusion, and (ii) a within-component disagreement
component capturing deviations from that consensus. Oversmoothing is
then defined as the progressive decay of disagreement toward zero as depth
increases.

The random-walk diffusion P = DA preserves degree-weighted (station-
ary) averages on irregular graphs rather than uniform averages. For example,
on the three-node path 1-2-3, the preserved component average is propor-
tional to weights (1,2,1), not the uniform mean. Using uniform component
means therefore breaks key invariance identities unless the graph is regular.
To ensure mathematical correctness on general undirected graphs, we define
consensus via a stationary (degree-weighted) projector compatible with P,
and we derive contraction bounds in the corresponding natural D-weighted
geometry. The novelty is therefore not a new generic Markov-chain contrac-
tion theorem per se, but an operator-consistent formulation of oversmoothing
measurement on irregular and disconnected graphs.



Contributions.

1. Operator-aligned oversmoothing definition. We formalize over-
smoothing as decay of the disagreement component (I — II)H under
message passing, where II is the stationary (degree-weighted) projector
compatible with random-walk diffusion.

2. Stationary-consistent theory on irregular graphs. By adopting IIp =
C(CTDC)™'CTD and the D-weighted geometry, we ensure invariance
identities PII = II and IIP = II hold on general undirected graphs (not
only regular graphs).

3. Mixing-controlled disagreement bounds. Defining 7' = (I —II)P(I —
IT) yields a disagreement-restricted operator whose induced norm p =
|T|l2.p governs worst-case non-expansive or contractive behavior for lin-
ear propagation and yields layerwise bounds for nonlinear layers via a
disagreement—Lipschitz lemma.

4. Residual mixing as a stability dial. For residual-mixing propagation
Hyy = (1 — ay)Hy + apo(PH,W,;), we obtain an explicit bound (1 — ay) +
aypy, clarifying how residual strength modulates disagreement contraction
in the contractive regime.

5. Operator-consistent diagnostics. The theory motivates depth-resolved
diagnostics including relative disagreement and collapse depth, enabling
failure-aware empirical analysis across datasets, backbones, and diffusion
choices.

2. Related Work

2.1. Oversmoothing: theory, dynamics, and operator viewpoints

Oversmoothing is widely understood as the depth-driven homogeniza-
tion of node representations in message-passing GNNs, which reduces class-
discriminative variation. Early analyses interpret the phenomenon through
repeated low-pass filtering or Laplacian smoothing (Li et al., 2018; Oono and
Suzuki, 2019). A complementary operator-theoretic view connects repeated
message passing to Markov-chain-like diffusion toward stationary structure
(Zhao et al., 2022).

Energy- and spectrum-based diagnostics quantify variation decay and
connect oversmoothing to contraction of graph Dirichlet energy across layers.



For example, Dirichlet Energy Constrained Learning introduces energy con-
straints that enable deeper stacks by controlling information loss (Zhou et
al., 2021). Extensions consider irregular graphs and generalized diffusions, in-
cluding fractional Laplacians, which alter the speed and pattern of smoothing
(Maskey et al., 2023).

Oversmoothing is not limited to linear GCN-style diffusions. Analyses
of attention-based models treat attention as a nonlinear, data-dependent
operator and study when homogenization persists and to what extent attention
can resist depth-related collapse (Wu et al., 2023). These findings motivate
diagnostics that preserve the natural symmetries of propagation operators
and separate preserved consensus structure from shrinking disagreement
components.

2.2. Making GNNs deep: stabilization, diffusion control, and propagation
design

Deep GNN design uses residual or dense connectivity and controlled
propagation to stabilize training and improve expressivity (Li et al., 2019).
Diffusion-based architectures also provide routes to mitigate oversmoothing
while retaining multi-hop information flow, for example through source-
term diffusion (Thorpe et al., 2022) or personalized propagation schemes
(Gasteiger et al., 2019). These lines of work motivate measuring whether
an intervention genuinely changes contraction behavior, rather than merely
shifting optimization outcomes.

2.3. Owversquashing and related depth pathologies

Depth limitations also arise from over-squashing, where long-range sig-
nals are compressed through structural bottlenecks (Alon and Yahav, 2021;
Topping et al., 2021). Recent surveys emphasize that deep GNN behavior
is best understood through multiple interacting failure modes rather than
through oversmoothing alone (Akansha, 2025). This makes it important to
distinguish between preserved consensus structure, disappearing disagreement,
and bottleneck-induced information loss.

2.4. Positioning of this paper

We target a gap that remains under-specified in much oversmoothing
literature: operator-consistent, stationarity-aligned measurement on irregular
and disconnected graphs. In contrast to uniform-mean or component-agnostic
baselines, we define consensus using a stationary (degree-weighted) projector
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compatible with random-walk diffusion, enabling a principled decomposition
into consensus and disagreement. Oversmoothing is quantified by disagree-
ment contraction in the natural stationary geometry, linking diffusion mixing
to depth behavior and yielding experiment-ready diagnostics.

3. Preliminaries & Notation

We consider an undirected graph G = (V, E) with |V| = n. Let A € R™"
be the adjacency matrix and D = diag(ds,...,d,) the degree matrix with
di = Zj Aij and dl > 0.

3.1. Random-walk diffusion and stationarity
The random-walk diffusion is

P=D"A, (1)

which is row-stochastic and can be interpreted as a Markov transition matrix.
We also consider lazy diffusion

Pazy = (1 = X) I + AP, A€ (0,1], (2)
which improves aperiodicity while preserving stationary behavior. For an
undirected graph, the stationary distribution satisfies

di
n dj )

j=1

T P=m". (3)

T, =

Although the main results are stated for P = D7'A, the same projector-
based viewpoint extends to any fixed row-stochastic operator with stationary
distribution 7 after replacing D by a diagonal matrix proportional to .

3.2. Message passing layers
Let H, € R™*? denote node representations at layer ¢ (rows are node
embeddings). The base update is

Hppy = o(PHW,), (4)
and the residual-mizing (skip) variant is
Hepy = (1 — ag)Hy + ago(PHW,), ag € [0,1]. (5)
We also define the corresponding pre-activation linear message:

Zg = PHgWg. (6)



3.3. D-weighted geometry

For vectors x,y € R", define
(z,y)p = xTDy, ||ZL’||27D =Vaz'Dz. (7)

For matrices H € R™*¢, we use the D-weighted Frobenius norm

n 1/2
\Hllpp — Jex(HT D) — (Z dz-||Hi:||§) , ®)
=1

and, when convenient, its squared form
123 = tr(H " DH). (9)

The induced operator norm is

M
M2 = sup 1274120

. 10
U el (10)

3.4. Stationary (degree-weighted) consensus projector

Let m be the number of connected components and C' € R™™ the
component-indicator matrix. The stationary projector is

IM=1IIp:=C(C"DC)'C'D, (11)

the D-orthogonal projector onto the component-wise constant (consensus)
subspace. For the path graph 1-2-3, this projector averages with weights
(1,2,1) on the connected component; the uniform mean is not diffusion-
invariant unless all degrees are equal. For matrix features, I1H is applied
columnwise. We decompose

H=1H+ (I -1)H,  H+:=(-1)H. (12)

3.5. Layerwise disagreement metrics and collapse depth

To directly track oversmoothing as disagreement contraction, we define
the layerwise relative disagreement on pre-activations:

(I —TD) Z||lr,p
(I =) Z\|lpp’

Srel,pre (ﬁ) = (13)



and analogously (optional) post-activation relative disagreement

|(Z = ) He|pp
Stel.post (£) 1= ., 14
e O (T "
For a threshold 7 € (0, 1), the collapse depth is
L.(7) :=min{l > 1: Sierpre({) < 7}, (15)

and we record L.(7) = None if the threshold is not reached within the explored
depth.

4. Theory: Oversmoothing as Disagreement Contraction

4.1. Invariance of stationary component-wise constants

Proposition 1 (Stationary invariance). For an undirected graph and P =
D=YA, the stationary projector 11 satisfies

PII=1, TIP=IL (16)

Proposition 1 implies that the consensus subspace is invariant and that
disagreement evolves autonomously under the projected operator. In particu-
lar,

(I-IP=(I—-IP(—1I) = P(I —1II). (17)

Thus the dynamics can be restricted to the disagreement subspace without
loss.

4.2. Disagreement-restricted diffusion and the mixing coefficient
Define the disagreement-restricted diffusion operator

T:=(I—IP(I -1, (18)

and the mixing coefficient
= Tl2p- (19)

4.8. Linear disagreement contraction
Proposition 2 (Linear contraction on disagreement). If Hypoy = PHy, then

I(I =) Hepallpp < pll(I = D) Helpp, (20)

and hence ||(I =0 Hy| pp < pt||(I — 1) Hol|p,p-
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Interpretation. Since P is non-expansive in the D-geometry and [ —IT is a D-
orthogonal projector, one has o < 1. Strict exponential contraction requires
i < 1. For plain random walks on periodic components (e.g., bipartite
graphs), u can equal 1, in which case Proposition 2 yields a non-expansive
bound rather than a strict contraction. This motivates lazy diffusion or
self-looped propagation in practice.

4.4. Nonlinearity in D-geometry: a Lipschitz route
Assumption 1 (Row-wise Euclidean Lipschitz). The activation o acts row-
wise via ¢ : R — RY and is L,-Lipschitz: ||p(u) — o(v)||2 < Lo||u — v]|2.

Lemma 1 (Lipschitz in || - |pp). For any U,V € R™¢
lo(U) = o(V)llrp < LollU = V|£p. (21)
Lemma 2 (Disagreement Lipschitzness). For any Z € R4,
(I =)o (Z)||rp < Lo|[(I =) Z| D (22)

4.5. Base-layer disagreement contraction for fized diffusion
Define the layer-wise contraction proxy

pe = Lo pu|[Well2. (23)

Proposition 3 (Base-layer disagreement bound). For the fized-diffusion
update Hoy 1 = o(PH W),

(I =) Hepallpp < pel (T = T Hel| 7. (24)

4.6. Residual layer: a contraction dial
Consider residual mixing

Hngl = (1 — Oég)Hg + CY@O'(PH@W@). (25)
Proposition 4 (Residual disagreement bound). Under residual mizing,
(I =) Hea [l s < (1= ) + awpe) (1 = T Hil| - (26)

Interpretation. The factor (1 — ay) + aypy makes the role of residual mixing
explicit. In the contractive regime p, < 1, smaller a;y moves the bound closer
to 1 and therefore slows disagreement contraction, delaying oversmoothing
onset. When py, > 1, the same expression is only an upper bound and does
not by itself imply delay.



5. Experimental Design

We investigate oversmoothing through the lens of disagreement contraction
in deep graph neural networks. All oversmoothing measurements are computed
on pre-activation linear messages evaluated in evaluation mode. Let P denote
the fixed propagation operator used in a given run (e.g., rw, lazy, or ppr).
We define the pre-activation representation by Z, := PH,W, and quantify
disagreement as (I — I1)Z,.

Relative disagreement and collapse depth. We measure contraction using
Sretpre() = (I = I Z||p.p/||(I — I1)Z1||F.p and summarize onset of over-
smoothing by L.(7), the smallest layer such that Siepre(¢) < 7. We report
7 = 0.1 in the main experiments, and perform a post-hoc sensitivity analysis

for 7 € {0.05,0.1,0.2} (Table A.12).

Failure-aware learning-regime diagnostics. Oversmoothing metrics must be in-
terpreted within a learning regime. We therefore report (i) validation accuracy
at the best epoch, (ii) training accuracy at that checkpoint, and (iii) explicit
stability labels. We count a run as near-collapse when train_acc_at_best <
0.35. We additionally define a hard-collapse detector that flags trivial pre-
dictors when predicted labels concentrate and predictions are confident and
near-chance.

Hard-collapse detector (operational). At the best-validation checkpoint, let
Di.c be the predicted probability of class ¢ at node 7, and §; = argmax, p; ..
Let g. = %Zil[@i = ¢| be the predicted-class histogram and Hy =

—@ >c qclog g its normalized entropy. Let Hpreq = % > (—@ Y Diclog pi,c)
be mean normalized predictive entropy. We flag hard-collapse if (max.q. >
0.95 or Hyist < 0.05) and Hpreq < 0.20 and Accipaim < 1/C + 0.05.

Intervention knobs. We study three intervention knobs: (i) depth L, (ii) resid-
ual mixing «, and (iii) diffusion family (rw/lazy/ppr) and mixing strength (lazy
A). The theory predicts smaller a slows contraction and delays oversmoothing,
while overly weak mixing (small @ or A\) can induce under-propagation.

Datasets and seeds. Main sweeps use Cora (real-world), a synthetic SBM
(mechanistic), and ogbn-arxiv (large-scale). Unless noted otherwise, we report
mean+std over five standard seeds {1,7, 13,42, 123}.



Additional breadth matriz. As a robustness check, we also evaluate a small
cross-dataset /backbone matrix across Cora, Chameleon, and ogbn-arxiv using
FD-MPNN, GCN, and GraphSAGE at depths L € {2,4,8}. These results
are reported in Table A.9 and should be interpreted as a breadth check rather
than a direct theorem-validation experiment.

Baseline oversmoothing metrics. Alongside our operator-aligned diagnostics,
we compute commonly used baseline metrics from layerwise representations:
Dirichlet energy, mean cosine similarity on edges, and feature variance. We
assess predictive validity by correlating diagnostics with test accuracy and by
classifying collapse outcomes (Tables A.10-A.11).

6. Results

6.1. Cora: depth boundary and intervention effects

Table A.1 shows a sharp stability boundary under strong mixing (« = 1.0)
for lazy diffusion. Shallow models (L = 2,4) remain in a learning regime
with high accuracy and no failures, and L.(0.1) is not reached within the
explored depth. In contrast, at L = 8 and L = 16 the model enters a
near-degenerate regime (near-collapse rate 100%) with early collapse depth
(median L.(0.1) = 2).

Residual mixing provides an effective stability dial at depth L = 8 (Ta-
ble A.2). Decreasing « from 1.0 to 0.5 restores stable learning (no near-
collapse) and yields strong performance, and further decreasing to a = 0.2
improves accuracy while remaining stable. These results align with Proposi-
tion 4: smaller « slows the effective contraction factor (1 — «) + apy.

Diffusion-family effects are modest once the system operates in a stable
regime (Table A.3): rw/lazy/ppr achieve comparable accuracy at (L = 8, =
0.5) with zero failures and no observed L.(0.1) within depth. In contrast,
mixing-strength A\ in lazy diffusion exhibits a clear stability—propagation
trade-off (Table A.4): very weak mixing (A = 0.1) degrades accuracy (under-
propagation), while moderate mixing (best here at A = 0.5) maximizes
accuracy.

6.2. SBM: mechanistic contraction under near-degeneracy

SBM provides a mechanism-transparent environment. Under lazy diffusion
with a = 1.0, shallow depth (L = 4) achieves near-perfect performance with
no collapse, while deeper models (L > 8) rapidly enter near-collapse with
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early collapse depth (Table A.5). Notably, the hard-collapse detector is not
triggered in these SBM runs; degradation appears mainly as near-collapse,
motivating explicit failure-aware reporting.

At L = 32, residual mixing modulates contraction dynamics (Table A.6):
decreasing « substantially delays collapse depth (median L.(0.1) increases
from 2 to 12), confirming the directional effect on contraction speed. However,
predictive accuracy remains at a near-chance floor in this extremely deep
regime, illustrating that contraction diagnostics must be interpreted jointly
with learning-regime indicators. Diffusion-family changes at (L = 32, = 0.5)
do not rescue accuracy and yield similar collapse depths (Table A.7).

6.3. ogbn-arziv: large-scale depth sensitivity

On ogbn-arxiv under lazy diffusion with o = 0.5, accuracy decreases with
depth (Table A.8), and a subset of runs at L = 8 enters near-collapse. In
these depths, L.(0.1) is typically not reached within the explored range, so
we rely on layerwise disagreement summaries and predictive-validity analyses
below to interpret contraction.

6.4. Cross-dataset/backbone breadth check

Table A.9 reports a small breadth matrix (seeds {1, 7}) across homophily
(Cora), heterophily (Chameleon), and large-scale (ogbn-arxiv). Across back-
bones, depth increases reduce performance most sharply on heterophily and
large-scale graphs, and near-collapse incidence can be backbone-dependent
(e.g., GraphSAGE exhibits higher variance on Chameleon at L = 8). This
breadth check supports that depth-induced degradation is not limited to a
single dataset.

6.5. Predictive validity and threshold sensitivity

Across 207 unique runs spanning datasets, depths, backbones, and inter-
ventions, our disagreement-contraction diagnostics show strong predictive
validity. Table A.10 reports Spearman correlations between diagnostics and
test accuracy: the minimum relative disagreement (Syelpre and Syeppost Min-
ima) exhibits strong monotone association with accuracy, comparable to
strong baselines such as feature variance. For collapse classification (hard
or near), Table A.11 shows that disagreement summaries nearly perfectly
separate degenerate runs (ROC-AUC > 0.998), while threshold-based collapse
depth L.(7) is sensitive to 7 and performs best at 7 = 0.2 in this study.
Table A.12 summarizes the sensitivity of L.(7) to 7, motivating reporting
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Srel summaries alongside L.(7), especially when L.(7) is not reached within
measured depth.

7. Discussion

This work advances a metric-centric account of oversmoothing by treat-
ing it as disagreement contraction toward a degree-weighted stationary,
component-wise constant subspace. The main contribution is not a new
generic Markov-chain convergence theorem, but an operator-consistent formu-
lation of oversmoothing measurement on irregular and disconnected graphs.
The stationary projector Il yields a consensus/disagreement decomposi-
tion aligned with random-walk diffusion invariances and thereby supports
contraction bounds in the natural stationary geometry.

Empirically, depth and mixing jointly define a stability envelope. On
Cora, strong mixing (a = 1.0) induces an early transition to near-degeneracy
at moderate depth, while reducing residual mixing (o € {0.5,0.2}) restores
stable learning and delays contraction. On SBM, extreme depth regimes
exhibit near-degenerate predictors where contraction metrics change under
interventions (e.g., smaller « increases L.) without recovering predictive
performance, emphasizing the necessity of failure-aware interpretation.

Across a broad set of runs, disagreement summaries show strong predictive
validity. At the same time, they should be viewed as complementary diagnos-
tics rather than universally dominant baselines: feature variance is also very
strong in our study, whereas disagreement measures add stationary-aligned
interpretability and a direct connection to the analyzed propagation operator.
Taken together, the results support disagreement contraction as a practical
and theoretically grounded diagnostic lens for oversmoothing in fixed-diffusion
message passing.

8. Limitations and Future Work

This work has several limitations. First, the current theory covers fixed,
m-stationary diffusion operators, with random-walk diffusion P = D~'A as
the main case. Extending the disagreement framework to data-dependent
propagators such as attention, adaptive graph rewiring, or sample-conditioned
normalization remains an important open direction.

Second, our empirical failure thresholds are operational rather than uni-
versal. Near-collapse uses train_acc_at_best < 0.35, and collapse depth
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L.(7) depends on the chosen threshold 7. Although these diagnostics are
informative in our sweeps, threshold calibration may vary across datasets,
class imbalance, and task difficulty.

Third, the cross-dataset/backbone breadth matrix in this revision is
intentionally small and should be read as a robustness check rather than
a one-to-one validation of the fixed-diffusion theory. It uses two seeds and
includes backbones whose effective propagation operators are related to, but
not identical with, the operator analyzed in Sections 3—4.

Finally, diffusion-family effects can be hyperparameter-sensitive, especially
for PPR and residual mixing. A fuller study should report standardized
protocols, larger hyperparameter grids, and direct links between empirical
contraction and operator quantities such as spectral gap, periodicity, and
mixing time.
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Appendix A. Supplementary Material
Appendix A.1. Proofs for Section /

Useful norm facts. For any matrix X € R™¢ and any feature-space operator
W e Rdxd’

IXWllrp = ID"2XWp < W 1D Xl = W2 [ X]lrp. (A1)

Likewise, for any node-space operator M € R™" and any matrix X =
(1, .., 24,

d d
IMX N5 p = Y IMajllz 0 < IMIE0 D llslls0 = IMI5 oI X5 (A2)
j=1 j=1

Finally,
S:=DY?pD~Y2 = D~12AD~1/? (A.3)

is symmetric. Hence ||P||2,p = [|S||2- Since I — S is the normalized Laplacian,
the spectrum of S lies in [—1, 1], so || P||2,p < 1. Therefore P is non-expansive
in the D-geometry.

Proof of Proposition 1. Let ¢; denote the k-th column of C', i.e., the indicator
vector of connected component k. Because each connected component is
closed under the random walk, every node in component k sends all of its
probability mass to nodes in the same component. Therefore

Pcy = ¢ for each k, (A.4)
and hence PC = (. It follows that
PIl = PC(C"DC)™*C"D =C(C"DC)™'C"D =11 (A.5)
For the second identity, use DP = A:
[P =C(C"DC)*CTDP = C(CT"DC)'CT A, (A.6)
Now CTA = CTD. Indeed, if node j belongs to component k, then
(CTA) = > Aij=d; = (CTD)yy, (A7)

ieVy
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while for any r # k one has
(CTA)rj =0= (CTD)T’]" (A8)

Therefore
[P =C(C"DC)'C"D =1I. (A.9)

As an immediate corollary,
(I-IP=P—-11=P{-T1I), (A.10)

and also
(I —IP(I —1I) = (I — )P, (A.11)

because PII = II.

Proof of Proposition 2. Define the disagreement component
E,:= (I —-1)H,. (A.12)
Using Proposition 1,
Epin=(U-1MHpy = -1MPH, =1 -1)P(I —1I)H, =TE,. (A.13)
Applying the induced operator norm columnwise gives
|Ee1llrp = ITEellp.p < T ||2.0 | Eellrp = 1l Eell r.p- (A.14)
Iterating this bound yields
1Eellep < 1l Eollrp- (A.15)

Proof of Lemma 1. Let u; and v; denote the i-th rows of U and V. Since o
acts row-wise via an L,-Lipschitz map ¢, we have

lo(@)=o(V)llip = D_ di llp(ui)—p(ui)llz < L5 Y di lui—vill; = LU=V [ p-

i=1 i=1
(A.16)
Taking square roots proves the claim.
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Proof of Lemma 2. Because I1Z is component-wise constant, all rows of
I1Z are identical within each connected component. Since o acts row-wise
using the same map on every node, o(I17) is again component-wise constant.
Therefore

(I — o (I1Z) = 0. (A.17)

Using this identity,
(I = Mo (2) = (I =) (a(2) - o(112)). (A.18)
Because I —II is a D-orthogonal projector, it is non-expansive in || - ||gp, so

I(I=IDo(2)llrp < [lo(2)=o(1Z)||rp < Lol|Z=11Z|[r.0 = Lo||(I-11) 2| p.p,
(A.19)
where the second inequality uses Lemma 1.

Proof of Proposition 3. Recall
Zy = PH,W,. (A.20)
By Lemma 2,
(I =M Hellpp = (I = o(Z)lep < Loll(I =) Z|lrp.  (A21)

Next, using Proposition 1 and the norm facts above,

(I =IDZe|lp.p = [[(I = I)PHW,||F.p (A.22)
= [[THW|[rp (A.23)
= |T(I =) H Wl rp (A.24)
< | Tll2p (I = I HWel|rp (A.25)
< p([Well2 [[(1 — T1) H| p,p- (A.26)

Combining the two displays gives
(I =D Heia|lpp < Lop||Well2 (1 = I Hel|[p.p = pe ||(I =1 Hel|pp- (A.27)
Proof of Proposition 4. Applying I — II to the residual update yields

(I — H)Hg_,_l = (1 — Ckg)(] - H)Hg + Ozg(] - H)O’(PH@WZ) (A28)
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Taking || - ||r,p and using the triangle inequality together with Proposition 3,

(I =) Heallpp < (1= an)[[(I =T Hel[pp + arl|(I = Do (PHW)| k0

(A.29)
< (1—a)||({ =) H||p.p + cwpel|({ — ) Hy||pp (A.30)
= (1= a0) + aupe) (T = T Hel| . (A.31)

This proves the stated residual disagreement bound.

Appendiz A.2. Reproducibility details

Task, checkpoint selection, and reporting. All experiments are node-classification
runs. Model selection is based on validation accuracy, and the reported test ac-
curacy for a run is taken from the best-validation checkpoint. Unless otherwise
noted, results are reported as mean+std over the seed set {1,7,13,42, 123}.
The breadth matrix in Table A.9 uses seeds {1, 7} only and should be read
as a robustness check rather than as a directly comparable five-seed sweep.

Propagation operators and model families. The paper-aligned fixed-diffusion
model (FD-MPNN) uses a fixed propagation operator P inside each layer:

Hg_H = (1 - Oég)Hg + ay U(ﬁHgWg), (A32)

with the base case recovered by a, = 1. For random-walk and lazy diffusion
we use

P, =D1A, Pazy = (1= XN+ AD ' A. (A.33)

The exposed fixed-diffusion base configs enable self-loops. PPR-based sweeps
use the ppr diffusion type; in the exposed Cora and ogbn-arxiv base configs,
the associated parameters are app, = 0.15 and K = 10.

Measured representations and collapse diagnostics. All oversmoothing diag-
nostics are computed on pre-activation linear messages in evaluation mode:

(I — 1D Z||r,p

7, = PHZWb Srel,pre(€> = ||(I _ H)ZlnFD

(A.34)

The main experiments use 7 = 0.1 and norm_layer=1. Collapse depth is
defined as
L.(7) :==min{l > 1: Siepre(¥) < 7} (A.35)
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A run is labeled near-collapse when
train_acc_at_best < 0.35. (A.36)

In the exposed Cora and ogbn-arxiv base configs, the hard-collapse detector
uses

Gmax = 0.95, Hyise < 0.05, Hpeq < 0.20, chance margin = 0.05.
(A.37)
Threshold sensitivity is evaluated for 7 € {0.05,0.1,0.2}.

Run aggregation and predictive-validity pipeline. Run-level summaries are col-

lected from metrics. json. Canonical metadata are read from config resolved.yaml,
and layerwise summaries are extracted from layerwise.csv. For the flat
aggregation used in Tables A.10-A.12, duplicate (run, seed, ) tuples are
removed by keeping the latest timestamped run directory. Table A.10 reports
Spearman correlation with test_acc_at _best. Table A.11 labels a run as

positive when either hard_collapse or near_collapse is true. When L. (7)

is not reached, the filled-depth predictor imputes L + 1.

Sweep grids reproduced from the study. The exact sweep grids used for the
reported tables are as follows.

« Cora depth sweep (Table A.1): lazy diffusion, o = 1.0, depths
L € {2,4,8,16)}.

« Cora residual sweep (Table A.2): lazy diffusion, depth L = 8§,
a € {0.2,0.5, 1.0}

« Cora diffusion-family sweep (Table A.3): {rw,lazy, ppr}at (L,a) =
(8,0.5).

« Cora lazy-strength sweep (Table A.4): lazy diffusion, (L,a) =
(8,0.5), A € {0.1,0.3,0.5, 1.0}.

« SBM depth sweep (Table A.5): lazy diffusion, « = 1.0, depths
L€ {4,8,16,32).

« SBM residual sweep (Table A.6): lazy diffusion, depth L = 32,
a € {0.2,0.5,1.0}.

19



« SBM diffusion-family sweep (Table A.7): {rw, lazy, ppr} at (L, «) =
(32,0.5).

« ogbn-arxiv depth sweep (Table A.8): lazy diffusion, o = 0.5,
depths L € {2,4,8}.

« Breadth matrix (Table A.9): datasets { Cora, Chameleon, ogbn-arxiv},
backbones {FD-MPNN, GCN, GraphSAGE}, depths L € {2,4, 8}, seeds

1,7},

« Predictive-validity analysis (Tables A.10—-A.12): 207 unique runs
after deduplication across datasets, depths, backbones, and intervention
settings.

Dataset protocol. The main sweeps use Cora, a synthetic SBM, and ogbn-arxiv;
the breadth matrix additionally includes Chameleon. The exposed fixed-
diffusion configs use data.dataset=cora and data.dataset=ogbn-arxiv
with root=data. The exposed SBM generator uses sizes=[800,800,800],
p_in=0.02, p_out=0.002, feat_dim=128, and split {train:0.6, val:0.2,
test:0.2}.

Training hyperparameters. Across the exposed fixed-diffusion base configs, all
runs use hidden_dim=128, ReL.U activation, learning rate 0.01, weight decay
5x 1074, patience 50, residual_apply_last=false, add_input_proj=true,
and device=auto. Maximum epochs are 300 for Cora and SBM, and 200 for
ogbn-arxiv. Dropout is dataset-specific: 0.5 for Cora, 0.0 for SBM, and 0.2
for ogbn-arxiv.

Breadth-matriz comparability note. Table A.9 combines the paper-aligned
fixed-diffusion model with GCN and GraphSAGE backbones whose effective
propagation operators are related to, but not identical with, the operator
analyzed in Sections 3-4. In the matrix-generation script, the non-FD PyG
backbones are instantiated with the lazy tag and o = 0.5 for configuration
uniformity, but these values are ignored at the model level. For this reason,
Table A.9 should be interpreted as a robustness check rather than as a
one-to-one theorem-validation table.
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L Test acc. Near L.(0.1) defined median L.(0.1)

2 0.811 £0.003 0% 0% -

0.783 £ 0.008 0% 0% -
8 0.251 £ 0.093 100% 100% 2
16 0.319 £ 0.000 100% 100% 2

Table A.1: Cora depth sweep under lazy diffusion with o = 1.0 (mean+std over 5 seeds).
Near-collapse uses train_acc_at_best < 0.35.

e Test acc. Near L.(0.1) defined median L.(0.1)

0.2 0.805 £ 0.006 0% 0% -
0.5 0.764 £ 0.021 0% 0% -
1.0 0.251 £0.093 100% 100% 2

Table A.2: Cora residual-mixing sweep at depth L = 8 under lazy diffusion (mean+std
over 5 seeds). Smaller o improves stability and delays contraction.

Appendix A.3. Core sweep tables
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Diffusion Test acc. Near

lazy  0.760 + 0.027 0%
ppr  0.768 £ 0.010 0%
rw  0.770 £ 0.021 0%

Table A.3: Cora diffusion-family sweep at L = 8 with o = 0.5 (mean=+std over 5 seeds).

A (lazy) Test acc.

0.1 0.628 £ 0.046
0.3 0.751 £ 0.019
0.5 0.784 £ 0.016
1.0 0.758 £ 0.021

Table A.4: Cora lazy mixing-strength sweep at L = 8 with = 0.5 (mean+tstd over 5
seeds).

L Test acc. Near median L.(0.1)

1.000 £ 0.001 0% -
8 0.329 £ 0.015 100% 2
16 0.333 £ 0.007 100% 2
32 0.336 +£ 0.006 100% 2

Table A.5: SBM depth sweep under lazy diffusion with o = 1.0 (mean+tstd over 5 seeds).

o' Test acc. median L.(0.1)
0.2 0.336 £ 0.006 12
0.5 0.336 £ 0.006 5
1.0 0.336 £+ 0.006 2

Table A.6: SBM residual-mixing sweep at L = 32 under lazy diffusion (mean=+std over
5 seeds). Smaller v delays contraction (larger L.) but does not recover accuracy in this
near-degenerate regime.
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Diffusion Test acc. median L.(0.1)

lazy 0.336 £+ 0.006 Y
ppr 0.336 £ 0.006 5
rw 0.336 £ 0.006 5

Table A.7: SBM diffusion-family sweep at L = 32 with o = 0.5 (mean=std over 5 seeds).

L Test acc. Near

2 0.541 £ 0.001 0%
4 0522 +£0.002 0%
8 0.411 £0.110 20%

Table A.8: ogbn-arxiv depth sweep under lazy diffusion with o = 0.5 (mean+std over 5
seeds).
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Dataset Backbone L=2 L=4 L=8 Near@8
Chameleon FD-MPNN  0.450 4+ 0.040 0.384 4+ 0.037 0.344 + 0.006 0%
Chameleon GCN 0.359 + 0.002 0.320 &= 0.012 0.272 4 0.006 0%
Chameleon GraphSAGE 0.527 4+ 0.011 0.492 4+ 0.005 0.364 + 0.143 50%
Cora FD-MPNN  0.804 4+ 0.011 0.790 + 0.040 0.745 + 0.040 0%
Cora GCN 0.807 4+ 0.004 0.801 4+ 0.002 0.741 + 0.040 0%
Cora GraphSAGE 0.806 + 0.006 0.800 + 0.004 0.736 + 0.021 0%
ogbn-arxiv FD-MPNN  0.541 & 0.002 0.525 4+ 0.002 0.216 4+ 0.000  100%
ogbn-arxiv. GCN 0.502 + 0.001 0.486 + 0.005 0.275 4+ 0.084 50%
ogbn-arxiv. GraphSAGE 0.505 £ 0.001 0.493 4+ 0.002 0.303 £ 0.024 0%

Table A.9: Cross-dataset/backbone matrix (meantstd over seeds {1,7}). Fixed-diffusion

runs use lazy diffusion with o = 0.5 and 7 = 0.1.

Appendix A.4. Breadth matriz and predictive validity
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Metric Spearman p p-value

Var(min) 0.810 2.54 x 1074
Var(final) 0.767 2.49 x 10~
Srelpre (min) 0.710 4.58 x 10733
Srel,post (min) 0.696 2.71 x 10731
Srel,pre (final) 0.577 9.72 x 10~20
Srel,post (final) 0.555 3.92 x 10718
Dirichlet(min) 0.498 2.21 x 10714
Dirichlet(final) 0.493 4.38 x 10714

L. fill (7 =0.2) 0.490 6.46 x 10714
L. fill (1 =0.1) 0.457 4.53 x 10711
Cosine(final) —0.483 1.72 x 10713

Table A.10: Predictive validity across 207 unique runs (duplicates removed): Spearman
correlation between diagnostics and test accuracy at the best-validation checkpoint. L. fill
imputes L + 1 when L.(7) is not reached.

Metric ROC-AUC AUPRC
Var(min) 1.000 1.000
Var(final) 1.000 1.000
Srel.post (min) 1.000 1.000
Srelpre (min) 0.998 0.998
Dirichlet(final) 0.987 0.988
Srel,post (final) 0.986 0.991
Dirichlet(min) 0.986 0.989
Stel,pre (final) 0.984 0.989
Cosine(final) 0.979 0.987
L. fill (r=0.2) 0.844 0.811
L. fill (r=0.1) 0.786 0.763

Table A.11: Binary collapse prediction (hard or near). Scores are oriented so that larger
values indicate higher collapse risk (e.g., —Sye and —L,. fill). Results over 207 unique runs.
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7 L. defined median L. Spearman p ROC-AUC AUPRC

0.05 37.7% 3.0 0.305 0.697 0.616
0.10 38.2% 2.0 0.422 0.786 0.763
0.20 38.6% 2.5 0.490 0.844 0.811

Table A.12: Sensitivity of L.(7) to the threshold 7 (207 unique runs). Predictive validity
uses filled depth (L. when reached, else L + 1).
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