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Summary

As a non-contact control approach, electric field (EF) can be utilised to drive droplet
dynamics on a lubricant-infused surface (LIS), with numerous potential applications ranging
from drug manufacturing to 3D printing. However, the resulting droplet dynamics remain
poorly understood, especially as there are several possible droplet lubrication states on LIS.
Here, we develop a lattice Boltzmann scheme that fully captures the interplay between the
interfacial flows and electrohydrodynamics and harness it to investigate EF driven droplets on
LIS. Combining simulations and analytical calculations, we establish quantitative expressions
for the drag force and the electric force acting on a moving droplet. We demonstrate that the
models can accurately capture droplet dynamics during programmable manipulation, including
periodic motion and long-distance transport. Such reliable theoretical models can potentially
transform precision control of droplet dynamics by removing the reliance on trial and error
tests.

Keywords: electrohydrodynamics, droplet dynamics, lubricant infused surface.
Introduction

Non-contact manipulation of droplets is critical in a broad range of engineering
applications, including digital microfluidics [1,2], chemical reactions [3,4], high-resolution
printing [5], and water harvesting [6,7]. In general, droplet manipulation can be classified into
two categories. Passive manipulation is achieved by designing geometric, chemical, or

wettability-gradient surfaces that drive spontaneous motion towards a lower-energy state [8,9],
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whereas active manipulation relies on external physical fields such as optical [10],
acoustic [11], or electric fields [12,13]. Among these strategies, electric field (EF) based
“electric tweezers” (ET) have attracted increasing attention in recent years [14,15]. Compared
with other approaches, ET can be applied to most dielectric and leaky-dielectric liquids and
requires no additional additives.

The fundamental principle of ET is based on electrohydrodynamics (EHD), where droplet
motion results from a balance between electrostatic driving forces and resistive drag. Early ET
approaches relied on superhydrophobic surfaces to minimise pinning [12,14,15]. However,
control failure can occur when the applied electric field is too strong for a given droplet
size [15,16], such that the upward electric force exceeds the surface pinning force, causing the
droplet to lift off from the substrate rather than remain in lateral motion. More recently, an ET
approach on lubricant-infused surfaces (LIS) has been proposed, thereby removing the reliance
on superhydrophobic substrates [17,18]. The presence of the lubricant results in strong
suppression of droplet’s contact line pinning and contact angle hysteresis, resulting in highly
mobile droplet motion. This strategy significantly broadens the applications of ET, enabling
contactless, flexible, and robust droplet manipulation across a wide range of droplet sizes,
compositions, and working conditions [17]. However, introducing a lubricant layer
substantially increases the complexity of manipulation, as both the electric driving force and
the drag force are closely related to the fluid properties, droplet position, and droplet
velocity [19,20]. In most practical electric-tweezing applications, droplet manipulation still
requires real-time observation of the droplet position to determine electrode actuation [15,17],
which is cumbersome and unpractical for many applications.

To enable programmable droplet manipulation, theoretical models capable of accurately
describing droplet dynamics under different operating conditions is urgently needed [16,21].
However, two major challenges remain. First, existing expressions for the drag force acting on
droplets on LIS are still incomplete, particularly across different lubricant viscosities and
surface wettabilities [19]. Primarily, this is because the droplet can exist in different lubrication
states. Second, a temporally and spatially resolved description of the electric force acting on a
droplet remains unavailable [21]. As a complement to experiments, numerical simulations
provide an opportunity to investigate droplet dynamics on LIS over a wide range of operating
conditions. Such numerical simulations are challenging as they must capture complex solid
boundaries, three fluid phases (droplet, lubricant, and air), electrohydrodynamics (EHD), and
their complex interplay. To the best of the authors’ knowledge, a numerical approach capable

of simulating EHD-coupled droplet dynamics on LIS is not previously available.
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In this work, to overcome this challenge, we develop an EHD ternary multiphase LBM
method. This is made possible by bringing together our recently proposed two-phase EHD
LBM model for dielectric fluids [22] and multi-component LBM models for droplets on
LIS [23,24]. Based on the proposed numerical model, we simulate EF driven liquid droplets
on LIS. We first explore the forces acting on the droplet under different operating conditions
and use the simulation insights to develop and validate theoretical models for the drag force
and the electric force. We show that the resulting models can accurately describe
programmable droplet manipulation using pre-designed electrode actuation protocols,

including periodic droplet motion and long-distance transport.
Results

Figure 1 shows the physical problem considered in this study, a water droplet is deposited
on a silicone oil infused micropillar surface and actuated by an electric field generated by an
electrode positioned above the substrate near the upper-right corner of the domain. The
substrate consists of rectangular micropillars of width w, = 42.9um, height h, = 143.0 pm,
and edge to edge spacing s, = 42.9 pm, giving a solid fraction of ¢ = wy /(w, + 5,)% = 0.25.
Unless otherwise specified, the substrate is initially covered by a silicone oil layer with a
thickness of hg; = hy, . The water—air, oil-water, and oil-air interfacial tensions are yy, =
72.5 mN/m, Yo, = 19.8 mN/m, and y,, = 43.0 mN/m, respectively. The remaining fluid
properties are summarised in Table 1. It should be noted that, consistent with the
experiments [17], a relatively low-viscosity silicone oil (< 10 cP) was selected as the lubricant,
as a highly viscous lubricant would lead to extremely slow droplet motion when the droplet
moves away from the electrode. On a flat solid surface, the intrinsic contact angles of water
and oil are denoted by 6,,;and 6,, respectively. The electrode configuration is characterised
by the electrode-surface distance h,, electrode height l,, and the horizontal separation S,
between the electrode and the droplet.

Table 1 Fluid properties used in the current study

Air Water Silicone oil
Density pg = 998.0 kg/m?> Pw = 998.0 kg/m3 Po = 970 kg/m3
Viscosity pg = 0.0179 cP Wy =1cP Uy = 0.5~5cP
Electrical primitivity | & = 8.9 x 107" F/m ew = 80g, £, = 2.3¢,
Electrical conductivity | o, =1x107°°S/m oy =5%x10"%S/m 0o =1x10"2S/m
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To realise this problem numerically, the simulations are performed in a three-dimensional
computational domain of size L, X L, X L, = 7.2 X 2.6 X 2.2 mm. In our simulation, the
droplet initial volume is Vol, = 4mR3 /3 =0.33 ~ 4.19uL, corresponding to an effective radius
of Ry = 0.43 ~ 1 mm. The micropillar surface is prescribed as zero electric potential, the
electrode is maintained at a fixed potential ¢, and Neumann boundary conditions are imposed
on all other walls. The characteristic electric-field strength is therefore defined as Ey = ¢¢/L,.
Unless otherwise stated, the spatial resolution is set to dx = Ry/35 = 14.3 um. A mesh-

sensitivity assessment is provided in Supplementary Fig. 1.
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Figure 1. Schematic of computational domain.

Figure 2(a) presents typical simulation snapshots of droplet migration. In line with
experiment observations [25-27], as the spreading coefficient of oil on water in the presence
of air lysew) = Ywa — Yow — Yoa > 0, the droplet is fully cloaked by the lubricant oil. The
droplet starts to migrate directionally (in the electrode direction) under the electric driving force.
The droplet migration velocity (V) is primarily determined by the competition between the
electric force (Fgje) and drag force (Fyrag) [17]. For droplets moving on LIS, the drag force is
dominated by viscous stresses [20]. In the upper panel of Fig. 2(b), we visualise the viscous
dissipation of the liquid phases during droplet motion. As p, < Uy, it can be observed that the
dissipation is not only concentrated within the lubricant—droplet meniscus but also occurs
inside the droplet (within the black contour), particularly near the micropillar contact region.
The inset in the lower panel of Fig. 2(b) shows the charge distribution during droplet migration,
where negative charges accumulate on the side facing the electrode due to electrostatic
attraction. In addition, inspection of the electric field lines indicates that the field is primarily

perturbed in the vicinity of the droplet, whereas it remains self-similar far from the droplet
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during evolution. In this paper, we focus on the effects of the initial droplet—electrode distance
(Sp), the electric field strength (Ej), the lubricant viscosity (¢g) and the solid wettability (6,
and 6,5) on droplet motion. The first two parameters mainly determine Fg)., whereas the latter
two parameters control the magnitude of Fyr,g. Consequently, the droplet exhibits distinct
migration velocities under various combinations of these operating conditions, as illustrated in
Fig. 2(¢).
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Figure 2. Droplet dynamics under different operating conditions: (a) Droplet migration for the case with S, =
8.3Ry, Ey = 0.5E, o = 0.5¢cP, 6,5 = 5° and 6,,c = 100°. The lines in the figures denote electric field lines. (b)
Viscous dissipation (upper panel) and charge density distribution of the moving droplet. (¢) Initial (white colour)

and terminal (red colour) droplet positions at t /7. = 96.0 for different combinations of S, E,, i, and 6.

The first issue to be discussed is the drag force (Fgrag) €xperienced by a droplet moving
on LIS. In recent years, Fyr,g for lubricant dissipation dominated regime has been extensively
studied [20,28]. In this regime, Fqrag increases with the capillary number (Ca = uoV /Vow)
following an approximate Fgrag X Ca?/® scaling [29,30]. This behaviour is attributed to
viscous dissipation being primarily localised within the Landau-Levich-Derjaguin (LLD)
film [31,32], with thickness can be scaled as hj;p ~ RyCa?/3. The lubricant dissipation
dominated regime is typically observed when hyyp > hy, and pio > fty, and the Fyp,g o Ca®/3
scaling is captured by our model, as shown in the Model validations section. In this paper, as
discussed above, our cases correspond to the droplet dissipation dominated regime (i.e., for
hiip K hp and po/py < 10). Previous studies [23,31,33] pointed out that Fyp,g follows a
linear dependence on Ca in this regime. To verify this scaling, we simulate a droplet
deceleration during sliding on a lubricant-infused pillar surface with an initial velocity V,. We
test six cases with different Vy, Vol and compute Fyrag by Farag = —mdV /dt (m = py,Vol,

is droplet mass). The corresponding evolutions of droplet displacement, S, and velocity, V, can
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be found in Supplementary Fig. S2. As shown in Fig. 3(a), the calculated drag force Fyraq
agrees well with both the theoretical prediction Farag/(2YowRo) = 3.5T(Ry/ hp)°'5Ca and the
experimental data reported in Ref. [31] (solid line and red symbols in Fig. 3(a)). Present
simulation data in Fig. 3(a) gives a slightly smaller best-fit perfector of 3.3 (dashed line in

Fig.3(a)), compared with the experimental value of 3.5.
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Figure 3. (a) The normalized drag force Fyrag/(2Y,wRo) as a function of u,V /y,, during droplet motion, where
the red symbols and dashed line denote the experimental data and theoretical equation in Ref. [31]. (b)

Comparison between the dimensionless drag coefficient predicted by the proposed theoretical model (Cgrag pri)
and LBM simulations (C(’{rag_sim). The red shaded region corresponds to Iys(y)/Is > 0.8. In the blue-shaded region,
the dashed and solid lines denote Cgragsim = Caragpri @1 Caragpri = 1, respectively. In the inset of panel (b), the
grey, blue, and black regions represent the lubricant oil, the droplet, and the micropillars, respectively.

In this paper, we further extend the model of Fy,g to a broader range of liquid viscosities
and pillar wettabilities, which has not been systemically explored before. For lubricant
dissipation dominated cases, Fyr,g is assumed to scale linearly with y, [28]. However, when
dissipation within the droplet is non-negligible, the viscosity of droplet must be taken into

account. Here, we replace u, in the original model with an effective viscosity i =

(,uo ,uwug)l/3 defined by the geometric mean of ternary system. In addition, we introduce an
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interfacial tension factor Iosw)/Is to incorporate the effect of pillar wettability. Inspired by
Ref. [26], by substituting water-solid interfacial tension ygy = Vg — ngcos(st) and oil-
solid interfacial tension Yos = Vsg — Vog€05(6,5) to Young's equation cos(HOS(W)) = (Ysw —
¥s0)/Yow, the spreading coefficient of oil on the pillar surface in the presence of water can be
defined as losew) = Yog€08(0os) — YwgCOS(Bws) — Vow. Theoretically, when Iogqyy > 0, the
contact angle of oil on the pillar surface in the presence of water is 0°, which implies the oil
completely wets the pillar surface and the pillar surface exhibits fully encapsulated (see the
fully encapsulated schematic in the inset of Fig. 3(b)). Next, introducing Iy = —Y, as
reference quantity associated with the oil-water interfacial tension, when Iogw) < s, the
spreading of water overcomes the interfacial tension of the oil-water layer, such that water
fully displaces the oil from the pillar surface (see the fully wetted schematic in the inset of Fig.
3(b)). Finally, for 0 < I,5w)/Is < 1, the droplet penetrates into the pillar array, leading to
partial exposure of the pillar tops, and I,sw)/Is quantifies the extent of water penetration into
the pillar gaps. A new expression for Fgrag which accounts for viscosity effects and pillar

wettability can be obtained by introducing an empirical fitting coefficient Cyyag.

) Fq
Fdrag =% = 3-5ncdrag(R0/hp)O'5C3r (1a)
2yowRO
I 2\ @
Carag = Ca <1 + 1.5( °SI(W)> )uﬁ (1b)
S 0

Where C, 1s a fitting constant which value depends on the simulation configuration (3D or
Q3D) and the initial lubricant thickness h,;. In the 3D simulations, C,, = 18.2 for hy; = h,,
and Cy = 16.4 for hyj = 1.2hy,. In the Q3D simulations, the corresponding values are C, =
6.8 and C, = 6.1, respectively, the corresponding correlation analysis is provided in the
Supplementary Material. To validate the model for Fyr,e in Eq. (1), we carry out simulations
to different 6,5, 6,5 and u,. Considering that the lubricant oil is usually highly wetting on the
solid surface for LIS, we restrict our simulations to 8,3 < 40°. Similar to Fig. 3(a), we simulate
a droplet deceleration and obtain S from solving deceleration equation of moving droplet
d2s/dt? = —F4rag/m . The comparisons between the theoretical displacement and the
numerical results are provided in Supplementary Fig. S3, showing that the proposed model
accurately captures the droplet dynamics over a wide range of viscosities and surface

wettabilities.
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To further assess the generality of the proposed drag model, we perform full 3D and Q3D

simulations and compare the simulated drag coefficient, Cyragsim = MVo/(2RofSmax) (Smax
is the maximum displacement of droplet) with the theoretical prediction Cyragpri in Eq. (1). A
comparison between the normalised Cgyag sim @nd Cgragpri 1S shown in Fig. 3(b), with both
coefficients normalised by Cyrag(losw)/Is = 0). Figure 3(b) reveals three distinct regimes.
First, when Iyg(w)/Is > 0.8, the lubricant film beneath the droplet is completely depleted and
the droplet becomes pinned on the micropillars, as illustrated by the inset in the red-shaded
region. This critical value is slightly lower than the theoretical threshold Iog(w)/Is > 1. We
suspect that this discrepancy may arise from numerical artefacts associated with the diffuse-
interface model used in this study. Second, when 0 < Iogw)/Is < 0.8, Cgragsim agrees well
with Cérag'pri and increases as logw)/ls decreases. In this regime, the droplet partially
penetrates into the micropillars, as shown in the inset of Fig. 3(b), which is the main reason for
the increased drag. Finally, when I,g(w)/Is < 0, the lubricant film beneath the droplet remains
continuous and prevents direct contact between the droplet and the micropillars. The droplet
therefore slides entirely on the lubricant layer, and the drag coefficient approaches an

approximately constant value, close t0 Cyrag(losewy/Is = 0).
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Figure 4. Transient evolution of an electric field driven droplet by varying different operating conditions:(a)

droplet—solid apparent contact angle 8,,; (b) lubricant viscosity p,; (c) initial droplet—electrode distance S, and
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electric field strength E,, where symbols denote LBM simulation results, lines represent predictions from the
theoretical model. Figure (d) is a comparison of the droplet average velocity obtained from LBM simulations and
theoretical predictions.

The results in Fig. 3(b) reveal two important mechanisms: (1) The drag force acting on a
droplet on LIS can be tuned by adjusting surface wettability, such as 6,5 and 6,,5; (2) When
Losewy/1s < 0, the drag force becomes independent of surface wettability. This regime can be
accessed by varying the droplet, lubricant, and/or solid such that contact angles satisfy the
inequality ¥5gC0S(0os) — YwgCOS(Bws) — Yow < 0. It should be noted that, consistent with the
previous findings [34], we observe that within the present regime of relatively sparse solid
fraction (¢ < 0.25) and sufficiently tall micropillars (hyp < hy), variations in pillar height
and interpillar spacing do not lead to a noticeable change in Cqrag. A detailed sensitivity
analysis is provided in the Methods section.

We next discuss the electric force acting on the droplet during migration. When the droplet
is sufficiently small compared with the computational domain, the electric force can be
approximated using a point-dipole dielectrophoretic (DEP) model [35,36]. Besides, since
&w > &, and oy, > g, the Coulomb and polarisation forces acting on the lubricant film are
negligible compared with those acting on the droplet. For a DC electric field, the time-averaged
DEP force on a dielectric sphere can be written as:

d(|E|?)
dx
Ow — Op

Fele ~ Ke
(2)

K, = 2me, R3 ,
e WOO_W_ZO_O

where V(|E|2) is the gradient of the squared electric field magnitude along the direction of
motion. As shown in Fig. 2(a), the droplet perturbs the electric field mainly in the vicinity of
the interface. In the far field, the electric potential still satisfies Laplace’s equation V2 = 0,

solving Laplace’s equation yields:

Fele = KeCelee_Zaose: (3)
with:
2a0p§ cos®(agle)
Cele = 27
(]D (ap) + ao]zv(“o)) (4)
/s l. sin(ayl,) he sin(Rayl,)
ao—m, ]N(ao)—i_Txo; ]D(ao)—7+T-

A detailed derivation of the above analytical solution is provided in the Supplementary

Material, together with a comparison with the LBM simulation results presented in
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Supplementary Fig. S4. When the initial droplet—electrode distance is Sy, combining Fyr,g

with Fgje, the equation of motion for an EF driven droplet on LIS can be written as:

d?s
m dt?

= Cirag " 2Roft Z—f + AK,Coroe™2%0(079), (5)
where A is a free parameter that balances the relative contributions of the drag force and the
electric driving force. We find A;p = 0.012 for 3D cases. With the initial conditions S(0) = 0
and V, = 0, the evolution of droplet displacement can be solved for different operating
conditions.

Figures 4(a-c) show the time evolution of the dimensionless droplet displacement (S* =
S/Ry) under different 8, fi, Sy and E,. Our proposed theoretical model agrees well with the
simulation results. Moreover, consistent with the analysis in Fig. 3(b), for cases with
Losewy/1s < 0, varying the droplet and lubricant wettability have a negligible influence on the
droplet migration. To achieve active control of droplet migration, a key requirement is to
predict the relationship between migration distance and droplet travel time under various
operating conditions [18]. When the droplet is far from the electrode, the viscous relaxation
time 7,~ m/(2CqragRoft) is much smaller than the electric force varies timescale. Equation (5)
therefore admits the approximate analytical form:

dt 2CqragRopt oem
05 ™ 01K, Coroe 9GS " CarygRofl

(6)

Integrating Eq. (6) from S to S;, the total transport time for a droplet moving can be estimated

as:

ROﬂCdrag @om
ts s, = ——ot_ (g20S0 — g200(S0=50)) 4 ( —2 ], 7
So~5t aOAlKeCele( ) RO#Cdrag ‘

Figure. 4(d) shows a comparison between the theoretically predicted and simulated average
velocities Vo,g = (Sg — St)/tsy~s, for droplet travel distance Sy — Sy = 3Ry. The maximum
error of the theoretical prediction (Eq. 7) does not exceed 7% for all cases. We further
performed Q3D simulations to assess the generality of the droplet transport model. The
theoretical prediction remains valid for the Q3D cases, the only difference is that the fitting
parameter Ay g3p = A1 3p/2.

Building on our theoretical model, we enable active control by pre-designing electrode
switching protocols for different transport modes. In this work, we propose two electrode-
control strategies to realise periodic and long-distance droplet transport. First, we place a

droplet in the middle of two electrodes and control its motion by setting the switching times of

10



271
272
273
274
275
276
277
278
279
280
281
282
283
284
285

286
287
288
289
290
291

electrodes e; and e,. We initially activate e; to drive the droplet. When the droplet approaches
electrode e; such that the droplet—electrode distance S,.; decreases to 4.5R,, we switch off e;
and activate e,. When the droplet subsequently moves back and the droplet—electrode distance
to e,, denoted by S,,, decreases to 4.5R,, we switch off e, and reactivate e;. The switching
times are obtained by solving Egs. (5) and (7). A transient snapshot of the bidirectional droplet
motion is shown in Fig. 5(a), respectively, together with the corresponding quantitative
evaluation of droplet displacement. In addition, the animation of the bidirectional droplet is
shown in Supplementary Movie 1. Our LBM simulations confirm that periodic droplet motion
can be achieved through electrode switching, and the simulated displacement agrees closely
with the theoretical prediction. It is worth noting that a small deviation in the switching time
can significantly alter the droplet migrate. As an illustration, we plot the theoretical
displacement curves obtained when the first switching time (tg,4) is advanced by 10% or
delayed by 10%. The corresponding time for the droplet to reach the second switching point
(tswz) differs by approximately 50%. This sensitivity highlights that an accurate theoretical

model is essential for achieving reliable active control of droplet transport.
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Figure 5. Simulation of directional droplet motion driven by an electric field. (a) Left: qualitative snapshots of
periodic droplet motion, with different colour correspond to different time instants. Right: quantitative comparison
between the simulated droplet displacement and the theoretical prediction. (b) Top: quantitative comparison
between the simulated droplet displacement and the theoretical prediction for long-distance droplet transport.

Bottom figure corresponding qualitative snapshots.
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Finally, similar to the experiment in Ref. [15] ,we simulate long-distance droplet transport
driven by multiple electrodes. We consider three electrodes separated by a fixed spacing S,,
with the initial droplet—electrode distance set to Sy = 5R,. The electrodes are switched when
the droplet approaches the active electrode to Sp,; = S., = 1.5R,,. Considering the substantial
computational cost of this simulation, we adopted a thicker initial lubricant layer (hq; = 1.2h;)
in this case to reduce Fyrag (as discussed in Supplementary Material), thereby shortening the
simulation time. The animation of the long-distance droplet transport is shown in
Supplementary Movie 2. Similar to case in figure 5(a), the switching times are obtained by
solving Eqgs. (5) and (7). Figure 5(b) presents the quantitative evolution of the droplet
displacement together with representative snapshots. It can be found that the theoretical model
accurately predicts the droplet displacement for this long-distance droplet transport problem.
A small deviation can be observed between the theoretical model and the simulation results at
the initial stage (t/7. < 25) and final stage (t/t. > 25). This discrepancy arises from a
limitation of the point-dipole dielectrophoretic model used to evaluate the electric force, which
is derived under the assumption of an infinite domain. In the present case, the electrode is
initially located close to the droplet and the electrode still active at final stage, so finite size
effects of the droplet are no longer negligible. As a result, the point-dipole approximation

becomes less accurate, leading to the observed deviation.
Conclusion

In this work, we conducted a systematic investigation into the dynamics of EF-driven
droplets on LIS and revealed the competition of forces governing droplet motion under
different operating conditions. Our results show that the lubrication state and the drag force of
a droplet on LIS can be tuned by modifying the surface wettability of the solid substrate. The

interfacial tension factor Ioswy/Is can be used to characterise the droplet lubrication state on

LIS. In addition, through rigorous mathematical derivation, we proposed a temporally and
spatially resolved description of the electric force acting on a droplet during migration. By
combining the electric driving force with the drag-force model, we established a theoretical
equation to predict droplet motion under different operating conditions. Based on the proposed
theoretical model, we designed programmable droplet manipulation by pre-setting the
electrode-switching times and electrode arrangement, enabling periodic droplet motion and

long-distance droplet transport.
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One important outcome of this study is the establishment of the quantitative relationship
between drag force and surface wettability, providing new insight for the precise control of
droplet dynamics on LIS. In addition, the proposed theoretical equation for EF-driven droplets
on LIS enables prediction of droplet motion across multiple operating parameters. Based on
this theoretical framework, droplet motion becomes predictable once the physical properties of
the droplet and lubricant, the wettability of the micropillar surface, and the electrode position
and field strength are specified. This work overcomes the limitation in EF-driven droplet
manipulation on LIS that requires continuous monitoring of droplet position to adjust the
electrode configuration and opens up new avenues to droplet manipulation in applications such

as 3D printing, printed electronics, microfluidics, and drug delivery.
Method

Governing equations for the ternary multiphase EHD model

Electric field driven droplets on LIS represent a typical ternary multiphase EHD problem.
Before constructing the numerical model, several assumptions are specified. First, the three
fluid phases are assumed to be incompressible and immiscible. Second, compressibility effects
are neglected, and each phase is treated as a Newtonian fluid with constant properties. Third,
the multiphase EHD flow is described using the leaky dielectric model (LDM) [37]. Surface
charges are treated as volumetric charges distributed within the interfacial diffusion layer, and
no free charges are assumed to exist in the bulk fluids.

In the present model, a phase-field approach is adopted to simulate the ternary multiphase
flow, and an improved conservative Allen—Cahn (AC) equation is employed for interface

tracking [38]:

9% v (du) = MV - | Vo 4ni|qb(1 <p)|+d)izz4n"|¢>(1 )], (8
ot T T, Y T T S e L, )

where u = [uy, uy, u,Jis the fluid velocity. @;(i = 1,2,3) denote the phase indicators of the
ternary components and satisfy the constraint @; + @, + @3 = 1. The phase interfaces are
identified by @; = 0.5.n; = V@, /|V®;| is the unit normal vector to the interface of component
i. M; represents the mobility, and W,,; denotes the interface thickness. In the present study, to
ensure numerical stability and accuracy when simulating multicomponent flows with large
density ratios, we set M; = M, = M; = 0.0025 and W;,; = 5.

In the phase field model, the conservative AC equation is coupled with incompressible

NS equations for the fluid flow, where [39]:
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V-u= 0,
d(pu)
ot

p denotes the fluid density, v is the kinematic viscosity, v, represents the non-hydrodynamic

%)

2
+V-:(puu) =-VP + V- (pv(Vu +vul)+p (vb —§v> (V- u)l) +Fg+ F,.

bulk viscosity, and P is the pressure. For the ternary phase-field model, the surface tension
force is given by Fg = ug V®;, and the ternary chemical potential is defined as [40]:

i 4Yr

2 3
®;(®; —1)(®; — 0.5) — D,D,P5 — ZYiWintvzd)ir (10)

Ho, =
v Wine int
Y and Y; are parameters related to the surface tension:

3Y'T—1 — Y'l—l + Y'Z—l + Y3_1,
i =vi2+ V13 — V23
11
Y, =v12+ V23 — V13 1
Y3 =vy13+ V23— V12:

The above ternary multiphase model is coupled with the LDM model for EHD problem.
In LDM, the electric force (F,) can be expressed as [37]:

1
F, =peE—§E2Vs, (12)

where E = —Vg is electric field strength. ¢ stands for the electric potential, € is dielectric
permittivity, p, is electrical charge density and fluid density. The governing equation of the

electric field follows Gauss’s law:

V: (V) = —pe. (13)
The charge conservation equation is used to describe the evolution of charge density [41,42],
where:
ap. 2 _
5t +V-(p,u) — V- (cVY) — aVp, =0, (14)

a i1s the charge diffusion number, and o is the electrical conductivity of the fluid. The
introduced leaky dielectric model (LDM) has been extensively adopted and validated in our
recent studies [22,43]. It has demonstrated the capability to accurately reproduce a broad range
of challenging EHD problems, including Rayleigh fission, electrospray, droplet equatorial

streaming, and EF enhanced pool boiling.

Unified Lattice Boltzmann Model for the ternary multiphase EHD model

In this work, the Unified Lattice Boltzmann Model (ULBM) proposed by Luo et al. [44]
is employed to solve the governing equations presented in the preceding sections. ULBM is a
unified framework that incorporates different collision models, multiphase flow models, and
force schemes. To recover the target AC equation, a D3Q17 multi-relaxation time (MRT)

ULBM is constructed, the collision operator of ULBM in raw moment space can be written as:

14



382

383
384
385
386
387
388

389

390
391
392

393

394

395

396

397

398

399

400
401
402

403

404

S,
mj, = (1 - Sy, )My, + So;mST + At (1 _ %’) MC,,, (15)

where m*, m®? are post-collision distribution moment set and equilibrium moment set,
respectively. I stands for the unit matrix and S is the relaxation matrix. The superscript @;
represents the phase indicator, e, and At = 1 are the discrete velocities and the time step,
respectively. In this study, the transformation matrix M is chosen as the simplified non-
orthogonal moment set which was originally proposed by Fei et al. [45,46]. The equilibrium

distribution function for component i can be as:

e, u

2, = do(lenl) |1+ 257 (16)

c$
where the weighs are w(0) = 1/3, w(1) = 1/18, and w(2) = 1/36 for D3Q19 model, and

Cs = 1//3 stands for the lattice sound speed. Multiplying the transformation matrix M, the

raw moment space discrete equilibrium moment is m;q, =M ;_qn, the forcing term can be
L 124
written as [47]:
_ w(|en|2) da(o;u)
Con =, (1o 428 an

Fg, n is given by:

4nl-
|®;(1— @), (18)
int

4n; D7
Foun = [Faye Foy Foz] = e 1001 = @)l =5 )

Wint Z (Diz

and the phase indicators can be calculated by:
= foun (19)
n

The distribution function for @; (fp, ) is reconstructed by fp, , = M_lml},i after the collision

in the raw moment space. To model the wetting behaviours involved in the simulation, we
employed an energy-based contact angle model, in which the relationship between the solid
phase indicator (@; ;) and the apparent contact angle (8) can be expressed as [48]:

4
n- V¢1,S =

(—C05(913)‘D1,s‘p3,s - C05(912)¢’1,s¢’2,s):

int

4
n-vVo,, = W (C05(912)¢1,s¢2,s - C05(923)‘152,54)3,5)» (20)
t

mn

4
n-Vos, = W (C05(923)¢2,s¢3,s + C05(913)‘D1,s¢3,s)-
¢

mn

6;; stands for the contact angle of the interface shaped by fluid i and j with the solid surface.
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The incompressible Navier—Stokes equations, the charge conservation equation, and the
Poisson equation are solved using a methodology similar to that adopted in our recent
studies [22,43]. For example, two different distribution functions are introduced:

S
m; = (I-S,)my + S;m;7 + At (1 — 7") R,,
(20)

m; = (1-S, )m, +S, m! + At (1 — S;’) R,, + AtC, +0.5At%9,(C,,),
where my = Mg, is associated with the incompressible Navier—Stokes equations, and m,, =
M fpe corresponds to the charge conservation equation. After the collision step in raw moment
space, the distribution functions are reconstructed as g; = M_lmg and f,, = M_lm;e. For the
Poisson equation, an inner iteration is required at each time step to reach the steady state. To
reduce the computational cost, a D3Q7 single-relaxation-time collision operator is adopted to
solve the Poisson equation:

* 1 eq ' 2
fii = Fpi— a(ﬁ,,_i — £57) + At'Cyi + 050820, (Cy1), (21)
where At’ = 1 is the inner iteration time step. In the above equations, the discrete equilibrium
moment sets and the discrete forcing terms, including ng, m;q, Ry, R,,, Cp,, f;? and Cy;,
are given explicitly in our previous work studies [22,43] According to the Chapman—Enskog
analysis in our recent studies [22,49], it has been demonstrated that the above LBM model can
accurately reproduce the incompressible NS equations, the charge conservation equation, and

the Poisson equation. The detailed derivations are not repeated here for brevity.

Model validations

In this work, the proposed model is comprehensively validated by comparing our
simulations with available experimental and simulation studies. It should be noted that the EHD
multiphase model employed here has been extensively validated in our recent studies [22,43].
Therefore, we focus on validating the additional ternary multiphase model in this section.
Firstly, we reproduce the experiments of Planchette et al. [50], in which a glycerol-solution
droplet and a silicone-oil droplet with the same initial diameter D, undergo head-on collisions
with different relative velocities V,, and off-centre distances X.

We simulate two cases with different impact parameters (i.e., (a) Dy = 230 um, V,, =
2.30m/s, X = 0.03 and (b) Dy = 190 um, V, = 2.75 m/s, X = 0.49). As shown in Fig. 6,
the numerical results agree well with the experimental observations [50]. In particular, for the

higher impact velocity case, the simulations successfully capture the “cross-separation”
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mechanism reported experimentally, where only a pure droplet of the encapsulating liquid

remains after collision, together with the formation of satellite droplets.
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Figure 6. A qualitative comparison between experimental and numerical results for head-on collisions of a
glycerol-solution droplet and a silicone-oil droplet.

Next, we validate the translational mobility of droplets on LIS, following previous
experimental [33] and numerical studies [23]. We reproduce droplet sliding on LIS driven by
a fixed body force (F; = mg,), using the similar configuration (¢ = 0.25, Bond number Bo =
R g, /Ywg = 0.112 and apparent angle 8,,, = 90°) to experiment in Ref. [33]. In this case,
the lubricant viscosity is set to p, = 10, Where pof = 1cP is the reference viscosity. The
droplet viscosity is varied over the range pu,, = 1 ~ 500 cP. Similar to Ref. [23], we scale the
droplet terminal velocity V; by V,.ef, Where V,.¢r is defined as the terminal sliding velocity for

the case with u,, = Urer.
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Figure 7. Simulation of droplet sliding on LIS driven by a constant body force: (a) comparison of our simulation
results with experimental data [33] and previous numerical results [34] for the droplet terminal velocity V;; (b)
parameter sensitivity analysis with respect to y,, 6,5, ¢, and h,,.(c) The normalized drag force Fyrag/(2VowRo)

as a function of u,V /y,, during droplet motion in the lubrication dissipation regime, where the red symbols and

dashed line denote the experimental data and theoretical equation in Ref. [20].

As shown in Fig. 7(a), for high-viscosity droplets, viscous dissipation occurs

predominantly within the droplet. In this regime, the terminal velocity decreases with
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increasing droplet viscosity, following V; « uj;!, and eventually approaches V; = V. In both
simulations [34] and experiment [33], this transition occurs at approximately p,, ~ 2u, .
Besides, we extend the case with u,, = p,, in Fig. 7(b) to different y,, 6,5, ¢, and h,, to assess
parameter sensitivity. The results show that variations in y, and 6,,; have a dominant effect on
droplet translational mobility. By contrast, the geometric parameters have little influence, even
when ¢ and h,, are reduced by half. This observation is consistent with the previous numerical
findings [34].

In addition to the droplet dissipation dominated regime as discussed above, we also
performed simulations to validate Fyrag in the lubrication dissipation regime. In this case, we
set Ry = 0.5mm, u, = 100cP, 6, = 105°, and 8,; = 5°. The droplet was driven by a
constant horizontal force ranging from 0.6mg to 6mg, and was allowed to accelerate until
reaching a steady state. Figure 7(c) presents the quantitative relationship between Fgp,q, and

2/3

Ca. Our simulations successfully reproduce the Fqrag ~ Ca®/~ scaling law and agree well with

the experimental results reported in the Ref. [20]. These results further demonstrate that the
present numerical method can accurately capture droplet drag over a broad range of lubricant

viscosities.
Data and code availability

The data and code generated in this study are available from the lead contact upon

reasonable request.
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