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A pure qubit is a source of non-equilibrium free energy, but this energy cannot be fully extracted
when the qubit state is unknown. Here we consider an agent tasked with harvesting work from a
sequence of N identically prepared pure qubits, without quantum memory to store them for joint
processing. The agent must balance two competing objectives: extracting as much work as possi-
ble from each qubit given its current knowledge, while learning more about the state to improve
extraction in subsequent rounds. We show that this learning cost can be reduced exponentially rela-
tive to existing approaches. By leveraging the exploration-exploitation trade-off from reinforcement
learning, we construct fully adaptive work-extraction protocols whose cumulative dissipation scales
logarithmically in N, compared to the square-root scaling of existing strategies. Our results identify
a concrete setting in which the thermodynamic cost of learning an unknown quantum state can
be sharply reduced, and reveal a precise connection between reinforcement learning and quantum

thermodynamics.

The Szilard engine illustrates a central thermodynamic
principle: the work that can be extracted from a system
depends fundamentally on what we know about that sys-
tem. Consider a particle trapped in one of two partitions
of a box (Fig.[1]) [25]. To extract the available free energy,
we must correctly identify which side the particle occu-
pies. Guess incorrectly, and useful work is lost through
irreversible entropy production. This principle extends
to quantum systems. A pure qubit in state |1) at tem-
perature T, carries non-equilibrium free energy kpT In 2.
However, extracting this work requires tailoring the ex-
traction procedure to |¢). Any mismatch between the
procedure and the true state leads to a loss of useful
work, manifested as dissipation [17} 19} 23].

Yet in many natural settings, we do not begin with
knowledge of the free-energy sources available to us. Con-
sider an organism-an agent—placed in a foreign environ-
ment where free energy comes from sequential encounters
with qubits, each identically prepared in some state |¢).
The agent does not initially know [¢) and cannot store
quantum memory. It must therefore decide how best to
exploit each qubit without the capacity for joint oper-
ations. This setting arises naturally in the context of
a simple organism foraging for free energy with limited
physical reach [19]. Without learning something about
|1}, the agent is unable to extract useful work. Yet
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Figure 1. Illustration of Szilard’s engine. A particle
moves freely in a box at temperature 7. The agent inserts
a frictionless partition and must attach a weight to the side
containing the particle in order to extract work. In the left
column, the agent attaches the weight to the correct side, lifts
it, and extracts free energy. In the right column, the agent at-
taches the weight to the wrong side, causing the weight to fall
and indicating a loss of free energy. This illustrates that the
agent can transfer the particle’s free energy into the poten-
tial energy of the weight only when the coupling is correctly
matched to the particle’s state.

learning itself carries a direct thermodynamic cost: every
inaccurate interaction dissipates part of the free energy
that would have been accessible under perfect knowledge.
How, then, should the agent minimize such dissipation?

One immediate—and currently best-known—approach is
“tomography-first”. The idea is to sacrifice a fraction of
the available qubits to estimate |¢), and then apply stan-
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dard state-aware work-extraction methods to the remain-
ing qubits [2, @, 8 11} 24]. Such strategies are effective,
in that they eventually learn [¢)) and enable an asymp-
totic extraction rate of kT In2. However, this learning
incurs a significant cost. Given a sequence of N qubits,
the optimal such strategy sacrifices ©(v/N) qubits in this
way [10, 28, 29]. As a result, the cumulative dissipative
cost of learning—the gap between the total free energy
available in the N qubits and the total work actually
extracted-scales as O(v/N).

Here, we show how to reduce this learning cost by an
exponential factor. Instead of committing each qubit
exclusively to either learning or harvesting, we design
an agent that leverages ideas from reinforcement learn-
ing to balance exploration—choosing procedures that re-
veal more about |i¢)—against exploitation—choosing pro-
cedures that extract as much energy as possible given
its current knowledge of |¢)). The resulting agent ex-
tracts nearly all available free energy, incurring a total
cumulative dissipation that scales only as O(polylog(N)).
In the limit of large N, the agent fully learns [¢), and
the dissipation rate therefore vanishes, in alignment with
recently proposed state-agnostic work-extraction proto-
cols [29]. Because the protocol is sequential, it requires
neither collective measurements nor coherent interactions
between qubits. More broadly, our results reveal a sur-
prising link to reinforcement learning, showing that total
regret—a key cost function in that domain—has a precise
physical interpretation: it is the cumulative thermody-
namic dissipation necessitated by a learning agent.

RESULTS
Overarching Approach

We consider a setting in which an agent is tasked with
extracting energy from a source S that emits a qubit
Ay at each time step k. The agent knows that every
emitted qubit is identically prepared in the same un-
known pure state |¢)), with corresponding density oper-
ator ¢ := |)(¢|. However, they have no knowledge of
what |¢) is. We also assume the agent has no quantum
memory, such that qubits received at earlier times can-
not be stored and jointly processed with later emissions.
How much energy can such an agent extract over N time
steps?

For conceptual clarity, we first assume that H,4, the
Hamiltonian governing each qubit, is degenerate. The
general case is treated in Supplementary Material [T}
Section IIID]. In this setting, each qubit carries non-
equilibrium free energy kp7T In2. However, harvesting
this energy as useful work requires knowledge of [)).
More precisely, any extraction protocol must be tai-
lored to some target input state o. If ¢ does not ex-
actly match 1, the resulting dissipation is lower bounded
by the quantum relative entropy kT D(v| o), where
D(pllo) = tr[p(Inp — Ino)], as shown in Ref. [23]. Thus,
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the agent’s ability to extract useful work from the source
depends critically on how well it has learned |¢).

The best currently known strategy is the “tomography-
first” approach. The idea is to devote an initial fraction
a of the N qubits entirely to learning [¢)). This imme-
diately sacrifices aNkpT In2 of free energy, yielding an
estimate whose relative-entropy error is bounded above
by ¢ = Q(=L) [0, 12, 13], even if the agent is allowed
to interact coherently with all a/NV training qubits. The
resulting estimate is then used to extract work from the
remaining (1—«)N qubits. The total dissipation is there-
fore lower bounded by

Waies (N) = min Q(aN+ L ;a> =QWN). (1)

This bound is tight: it can be matched by an upper
bound Wyies(N) = O(VN) using an optimal learning
algorithm with respect to relative entropy [12]. At first
sight, this scaling appears to be a fundamental barrier
imposed by the sample complexity of state tomography.
Our adaptive protocol bypasses this barrier by asking;:
can we simultaneously extract useful energy while learn-
ing about |¢)? Our key observation is that there is no
need to allocate each qubit exclusively to either tomog-
raphy or work extraction; it is possible to combine both.
At each time step k, the agent assigns a belief state vy,
representing its best guess of 1, together with an uncer-
tainty parameter €;. The agent then enacts an energy-
extraction protocol tailored to pr = (1 — ex)x + €x1/2,
and we show that the dissipation incurred during har-
vesting is characterized by the cumulative dissipation

N
Waiss(N) = kT Y~ D(3)]|px) - (2)
k=1

Our main result demonstrates that, by striking a delicate
balance between exploration (learning more about |1)))
and exploitation (extracting work using that knowledge),
the agent can asymptotically learn v, such that pr, —
1 in the limit of large k. Meanwhile, the cumulative
dissipation—which quantifies the thermodynamic cost of
learning 1)—scales as

Waiss(N) = O (ln2(N) In (g)) , (3)

with probability at least 1 — §. This constitutes the first
explicit characterization of optimal work extraction from
unknown quantum states beyond the asymptotic many-
copy limit.

In the asymptotic regime, as N — oo, our result
implies that the average dissipation per copy vanishes,
recovering the behavior of canonical state-aware pro-
tocols [2, [, [8) 24] and state-agnostic protocols in the
infinite-copy regime [16, 29], thereby bridging the gap
between regimes of ignorance, perfect knowledge, and un-
limited training data.



Protocol Specifics

We formalize extracting work from free energy within
a quantum system by measuring how well we can use
it to charge an external battery when in contact with a
thermal bath Fig. [2)) [I5, 24]. The physical setup consists
of the following components:

e Battery (System B): The storage medium for ex-
tracted work. It is modeled by a classical weight that
can be raised and lowered, reflecting its potential en-
ergy.

e Thermal reservoir (System R): Reservoir held at fized
temperature T, which supplies us with qubits in Gibbs
state, v = Z e Hr/k8T  where Hp is the Hamilto-
nian and Z the partition function. Following standard
conventions in quantum resource theory, we assume
these Gibbs states are available at no thermodynamic
cost [7, [8 141 20].

AWy,

Measurement

% ®N
Agent Battery D w/\
thermat |+ QS -
Operation
Feedback

Reservoir

Figure 2. Sketch of the sequential work extraction pro-
tocol with a thermal reservoir. At each time step k € [N],
the agent receives a copy of an unknown qubit state ¢ and
performs a thermal operation involving the reservoir and a
battery. A measurement of the battery system is carried out
to determine the extracted work AW}y, which is then used
as feedback to improve the extraction strategy in subsequent
rounds.

Under this backdrop, the agent can interact with a
stream of qubit, all initialized in the same unknown quan-
tum state 1. Since the agent begins without prior knowl-
edge of the state 1), it cannot implement a perfect extrac-
tion protocol from the outset. Instead, it must gradually
improve its strategy by learning from the observations on
the battery system. A schematic diagram can be found
in Fig. The agent extracts free energy from A and
stores it in the battery B through interactions with the
thermal reservoir R.

At each round k € [N], the agent’s physical proce-
dure to harvest energy from 1 is governed by two key
parameters: the target state i, the agent to gamble 1)
is in, and €, € R representing the agents uncertainty in
their choice. In methods, we show that this results in a
work extraction protocol that achieves the theoretically
optimal work extraction when the input state is precisely
pe =D (p) = (1 — €)Yy + €l /2.

Application of the protocol (see methods for details)
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Algorithm 1: Adaptive Work Extraction

Require: A source that emits v, a battery system, a
reservoir at temperature 7', inital guess 1 and initial
error €.

Procedure: At each round k € [N]

1. Receive unknown ).

2. Design the extraction protocol tailored for
Pk = (1 — E)wk + Ek]]./2.
3. Apply the designed protocol onto 1. This

process couples the system v and the battery B
while interacting with the reservoir R.

4. Observe and record the battery’s energy, .
5. Compute work extracted AWy = pur — pig—1.

6. Compute new estimate ¥yy1, €x+1 based on the
whole history {AW,.}¥,_, and {3 }5,_,.

results in a discrete probability distribution for the work
extracted, such that

Pr(AW;, = wy0) = [(|vhw)]?,

= ko) = 2 ()
Pr(AWk = wk,l) =1- |<’l/}|1/1k>| s

with
Wg,0 ‘= kBT[1n2 + ln(l — Gk/2)] R

- (5)
Wg,1 = kBT[1n2 + lnek/Z} .

The expected extracted work at round k € [N] is
E[AW}] = kT [In2 — D(¢|lpx)] - (6)

The first term is the non-equilibrium free energy of the
unknown state. This is attained when the agent is fully
committed to their gamble (¢, = 0) and the gamble is
precisely on point (15 = 9). Otherwise, the agent incurs
a penalty in the form of dissipation in the second term.
Accordingly, the expected dissipation is

Wi = ksTD( or)- (7)

This expression highlights a key trade-off: reducing
dissipation toward 0 requires the agent to fully commit
to his gamble, such that ¢, — 0. However, ¢, cannot
be made arbitrarily small unless the agent’s guess
is precisely on point (¢ = 1); otherwise, the second
term in Eq. diverges and the agent’s risks losing all
work extracted so far. Consequently, achieving sub-linear
heat dissipation in N requires our agent to asymptoti-
cally learn ¢ to perfect precision, ensuring that they can
fully commit to their gambles in the limit of large k.

Extracting work while learning

Traditional methods for achieving sublinear dissipation
involve tomography of the first v N qubit—essentially us-
ing these qubits to maximize exploration (learning about



1 while sacrificing its free energy completely), and using
this knowledge to maximize exploitation (energy extrac-
tion) on the qubits that remain. Our innovation here is
to observe that there is no need for such a stark classifica-
tion. It is possible to balance performance and weight for
both. In Methods, we show that the work distribution
in Eq. serves as a projective measurement: by ob-
serving how much work is extracted, we have effectively
measured the qubit along the {1, 9;-} basis. Our agent
can use this information to learn more about .

The key is for our agent to balance exploration vs.
exploitation—taking inspiration from the multi-armed
bandit framework [3| Bl [0, 10, 22]. That is, our agent
must adaptively choose 1y to balance information gain
and work extraction. In essence, the agent chooses di-
rections close to the true state 1 that still provide useful
learning information.

To decide which direction v we should gamble on,
we leverage the optimistic principle from reinforcement
learning [0, 18] adapted to our thermodynamic setting:
among all pure-state estimates still compatible with the
data collected so far, we pick probe directions that are
expected to (i) remain nearly aligned with the state (to
keep dissipation small), while (ii) being mazimally infor-
mative in the directions where our current knowledge is
most uncertain (to speed up learning).

More concretely, given a target success probability 1 —
0, the agent first groups 4t consecutive rounds as a single
stage. It then operates as follows:

e Estimation and confidence region. At the be-
ginning of stage K*, where k = 4tk™ + 1, the agent
already extracted work from the last 4tk qubits.
Thus, it has a record of all work values extracted
so far (i.e., {AW,}*_,) and the associated target
state [1),. From this, the agent forms a weighted
least-squares estimate and constructs a confidence
region C over which v resides with probability at
least 1 — kd/N. Geometrically, we can represent
this region by the projection of an ellipsoid Cj on
the surface of the Bloch sphere. (see Fig. and
methods for details).

e Probe Selection. Our agent then selects four
states {|1/A1i’k>}f:1 on Cj, geometrically correspond-
ing to picking appropriate extremal points on Cy
and projecting them onto the Bloch sphere. The
agent will then attempt work extraction with a tar-
get state of 1; , and uncertainty e over ¢ consecu-
tive qubits.

e Confidence Update. The agent then collates
the resulting work values, and thus now has infor-
mation on all work values extracted up };li(fki})

There is then a systematic method for the agent

to define a new confidence region Cj, with k =

4t(k* 4+ 1) (see methods).

Our agent initially begins with C as the entirety of the
Bloch sphere, whereby the initially |i; ) can be almost
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Figure 3. Geometric representation of the adaptive
learning strategy on the Bloch sphere. At round k, the
algorithm constructs a confidence region Cy, (shaded blue ellip-
soid) centered on a least-squares estimator |ty ). This region
is bounded to contain the true unknown state |¢)) with high
probability. The protocol then selects four new probe estima-
tors, {|1bix)}i=1, corresponding to the extreme points of Cy
projected onto the surface of the Bloch sphere. These bound-
ary states serve as the targeted inputs for the next work ex-
traction rounds, keeping the estimates close to the true state
to minimize dissipation while simultaneously probing the axes
of highest uncertainty.

arbitrarily chosen. We then have theoretical guarantees
on how close the estimates 1, get to the unknown state
. Specifically, their infidelity 1 — |(1%]1)|? scales as
O(In(N)/k) (see Supplemental Material [I, Section IT}),
for all k € {1,2,...,N}. The estimates thus become in-
creasingly more aligned with the true state as the rounds
progress.

This bound on infidelity implies that our agent can be-
come more confident in his guesses over time. In meth-
ods, we show that by setting € to scale as O(In(N)/k),
and bounding D(v|| A, (¢1)), we obtain

N

Waiss(N) < kpT Y 8e(2 — Inex/2). (8)
k=1

As k increases towards N in the limit of large N, €, —
0, reflecting our agents’ growing confidence in their guess
as they gain more information on . Since we can set
€x ~ 1/k, the cumulative contribution to the dissipation
in leads to the desired polylogarithmic behavior as
outlined in Equation [3]

We illustrate our theoretical analysis with numerical
simulations that explicitly illustrate the polylogarithmic
dissipation predicted by our bounds. Figure [ reports
both the cumulative dissipation and the dissipation rate,
defined as Wyiss(N)/N, as functions of the number of
available copies. The simulations confirm that the cu-
mulative dissipation grows polylogarithmically with IV,
while the dissipation rate decays to zero, in agreement
with the dissipation guarantees of our protocol. Impor-
tantly, this behavior is already visible in the finite-copy



regime accessible to realistic implementations, indicat-
ing that the polylogarithmic scaling is not purely asymp-
totic. Together, these results demonstrate that our explo-
ration—exploitation strategy achieves simultaneously ac-
curate learning and minimal thermodynamic dissipation
in practice, thereby providing strong numerical support
for the theoretical polylogarithmic dissipation guarantees
established above.

Finally, we verify that our results remain robust when
accounting for the thermodynamic costs of memory era-
sure incurred during the agent’s operation. Since our
model involves measurements in the battery’s energy
eigenbasis, the associated reduction in entropy implies an
energetic cost for memory erasure (Landauer’s principle).
In Supplementary Material [, Section IV], we provide
an explicit proof that incorporating these information-
processing costs does not alter the scaling: the total dis-
sipation remains O(polylog(N)).

DISCUSSION

Here, we considered the problem of state-agnostic se-
quential work extraction—where an agent is tasked to ex-
tract free energy from a sequence of N qubits all initial-
ized in some unknown quantum state [¢)). To do this, the
agent must necessarily learn |¢) during the process, ne-
cessitating extra heat dissipation. Prior state-of-the-art
methods incurred heat dissipation of ©(+/N); such that
O(1/+/N) of all available free energy is wasted. Here, we
observed that the act of observing the amount of energy
we extract in itself allows an agent to learn about |¢). By
introducing a family of energy-extraction protocols that
balanced the energy extracted with how much informa-
tion our agent could learn, we demonstrated an energy
extraction protocol that reduces heat dissipation of learn-
ing to O(polylog(NN))—an exponential improvement over
prior state-of-art.

There are several natural directions of further research.
The first is to consider the relation of our work with that
of state-agnostic energy extraction protocols that oper-
ate in the thermodynamic (N — oo) limit [28] [29], where
it was shown that the heat dissipation per qubit can be
made arbitrarily small. Our agentic approach naturally
recovers such results; we scale IV, and our cumulative
heat dissipation per qubit scales to O(polylog(N)/N) —
0. Such a comparison would naturally also require us to
translate results across different models of quantum work
extraction. Indeed, our studies in this area already yield
some promising results. In the supplementary materi-
als [I Section III], we illustrate our adaptive algorithm
in an alternative setting where the battery is modeled
as a uniform energy ladder. Our cumulative dissipation
similarly exhibits O(polylog(N)) scaling, suggesting that
our protocol’s advantage is robust across different ther-
modynamic realizations.

It would also be interesting to see if these asymptotic
energy-extraction protocols can be adapted to the finite-

copy domain, and if so, their resulting cumulative heat
dissipation as a function of N. The second is in terms of
general agnostic information ratchets, where the source
is no longer a sequence of identically prepared unknown
quantum states, but rather a source of correlated quan-
tum states generated by a hidden Markov model. Such
scenarios have been extensively studied in settings where
the hidden Markov models are known, but what if our
agent had to learn them in real time? Meanwhile, free
energy is just one potential resource. It would certainly
be exciting to explore if our reasoning here can extend to
the extraction and distillation of other resources—such as
entanglement, coherence, or magic.

METHODS
Work extraction protocol

The details of the work extraction protocol first pro-
posed in [24] will be reviewed here. Aside from an un-
known source, this protocol models the battery with a
semi-classical realization. It is a semi-classical weight
described by a continuous-variable state ¢(z) € L?(R).
The battery Hamiltonian is defined as Hgp(z) = zp(z),
where x represents the height of the weight. The energy
of the battery can be changed by translating the weight
up by a certain height dz, described by the translation
operator I'} o(x) = o(z — dz).

The protocol also assumes access to a thermal reser-
voir, R, at a fized temperature T with a tunable Hamil-
tonian Hr(v) = v|1)1|. Here, |0) and |1) are energy
eigenstates and v is an energy gap that can be tuned.
This reservoir supplies qubit thermal states yz(v) =
Z(V)_le_HR(V)/kBT.

In every round k € [N], the agent first performs a
unitary on the system qubit in the form of Uy = |0}tk |+
’1><’(/}ch , satistying [Ha, Ux] = 0. (Note that, if ¢y = v,
this unitary simply diagonalizes the system qubit in the
computational basis.)

The agent then performs M thermal operations by
repeatedly applying an energy-conserving unitary on a
combined system AiBR; to transfer energy from a fresh
reservoir qubit R, to the battery B mediated by the in-
crease in entropy of Ag. Specifically, for each iteration
¢ € [M], the agent:

e sets the energy gap to v(£, ex) (see ) and selects a
reservoir qubit in the thermal state vg(v(4, €x));

e applies the energy-conserving unitary swap operation

Vit = D100 (ila, © )il @ T8 joerys (9

(2]

e discards the reservoir qubit.

The unitary Vi, ¢ in Eq. (9) swaps the states of the
unknown system Ay and the thermal reservoir R,. This
operation induces an energy exchange determined by the
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energy gap v(¢,e;) between the two systems. The en-
ergy difference is transferred to the battery conserving
the energy of the combined system, i.e., [Ha + Hp +
Hp,Vy, ) =0.

To maximize the extractable non-equilibrium free en-
ergy from system Ay, it is essential to minimize dissipa-
tion during the energy transfer to the battery. This can
be achieved by ensuring that the process is quasi-static—
that is, changes occur slowly enough. This is achieved in
the limit of repetitions M — oco. Under such conditions,
in each iteration ¢ except for the first one, the qubit in
A, remains close to the thermal state Ry of the reser-
voir’s Hamiltonian, thereby suppressing heat flow during
the interaction.

However, the process is not entirely quasi-static—it is
quasi-static for all but the first repetition. During the
first repetition, the system qubit |0)(0| is swapped with
the reservoir qubit (1 — €)|0X0| + €x|1)1]. This swap
generates entropy AS = —eplne, — (1 — €) In(1 — €)
and yields work extraction AU = —kpTerv(l,ex) =
—kpTer In 1;Ek. Combining both, the resulting change
in free energy is AU — kgTAS = In(1 — €), which pre-
cisely accounts for the logarithmic term observed in wy, o
(Eq. {@). A similar argument holds for wy, ;.

Conversely, if the process is carried out rapidly, i.e.,
the system state deviates from the reservoir’s thermal
state, the system will appear out of thermal equilibrium
with the reservoir, resulting in heat exchange, which con-
tributes to irreversible entropy production during the

protocol [26][27]. For practical implementation, it suffices
to choose M = DN?/In®*(N) for some constant D > 0,
ensuring that the total error probability does not exceed
that of the tomography algorithm; see Supplemental Ma-
terial [I, Section ITIA].

At each repetition ¢ € [M], a slight mismatch between
the energy levels of the system Ay and the reservoir Ry
is introduced by varying the energy gap. The gap is
parameterized as follows

v(l,e) = kpT'ln (1 _eﬁ — (- 1r) 6’“) . (10

a7 + (1= 37) e

where €, € [0,1] controls the mismatch. Further de-
tails on this gap parametrization can be found in Sup-
plementary Material [T, Section ITA]. The full interaction
of systems Ay, B, and R, through the unitary Vy, , is
illustrated in Fig.

To compute the total extracted work, the amount of
energy transferred to the battery at each repetition ¢ €
[M] can be evaluated. This is done by considering the
two initial input states that can trigger a swap operation,
namely [0) , [1) ; and [1) , |0) ;. When the unitary Eq. (9)
is applied repeatedly, there is a certain probability that
the states of the system and reservoir qubits are swapped,
thereby enabling energy exchange with the battery. In
the quasi-static limit M — oo, each of these initial states
contributes a fixed amount of energy AWy = pg11 — pg
to the battery. The possible values of AW} is shown in
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Figure 5. Illustration of the iterations of the thermal oper-
ation in the full system ABR, where arrows represent Bloch
vectors of states, showing that the system qubit becomes more
and more mixed as the process goes. The energy gaps {v,: }+
of successive reservoir Hamiltonians form a strictly decreasing
sequence, making the successive thermal states more mixed.
At each step, a new reservoir qubit is supplied from the reser-
voir and swapped with the system qubit; the energy from the
reservoir will flow into the battery. At the end of the process,
the qubit in system A is the thermal state.
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Eq. . See Supplementary Material [T, Section III] for
rigorous derivation as well as rate of convergence of work
values with respect to M.

Learning algorithm

The exact update rule for i, at each time step k €
{1,2,..., N} will now be reviewed. Each 1, is updated
adaptively based on the previous binary measurement
outcomes {r;}F! and measured directions {¢;}F~" such
that they are distributed according to Born’s rule i.e.,
Pr(r; = 1) = 1—|(x|1)|?. The update rule is formulated
in the Bloch vector representation. The algorithm pro-
ceeds in K* € N stages, where at each stage k* € [K*],
it performs ¢ measurements along the Bloch vector direc-
tions {ag-;}i_; C R which will be defined below. The
total number of rounds is then NV = 4tK*. The sampled
rewards are used to build the ¢ weighted least-square es-
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timators

05 =

k* 4
w=vaty % asi(2rsi; —1),  (11)
s=1 i=1
where r5; ; € {0,1} is the outcome obtained from the
measurement direction as ; for s € [K*] and j € [t]. Here,
62 is an upper bound on the variance of r, ; ; and V¥ is
the design matrix defined as

k* 4
w 1
=Y S e (12)
s=1 % 4i=1

As studied in [21] 22], the weighted least-squares estima-
tor boosts learning along directions with low variance,
which are precisely those close to v, since the variance
satisfies Var(r,) < 1 — |[(¥|¥)]?>. For the specific up-
date used by the algorithm, it can be shown that choos-
ing 67 ~ 1/v/Amax(Vi+—1), (Where Amax(-) denotes the
maximum eigenvalue) provides an upper bound on the
outcome variances and ensures well-defined least-squares
estimators. However, a single estimator is generally in-
sufficient to guarantee proximity to the unknown state
with high probability. To address this, the algorithm
constructs multiple estimators and combines them into a
normalized weighted median-of-means §¥"M°M which sat-
isfies the desired probabilistic guarantees to be close to
1. Details on the construction of HX*MOM are provided in
Supplementary Material [I}, Section I]. Finally, it outputs
the measurement directions in the Bloch sphere represen-
tation {ak*+1,i}i:17273,4, in the form of

(=1)’

wMoM
Amin (Vk* )

&k*—‘—l,i = ek* vk*ﬂé—‘? (13)

where Apin(Vi+) is the minimum eigenvalue of Vi« and
{vk+ 0,V 1} are the two eigenvectors of Vi« with small-
est eigenvalues. The normalized Bloch vectors ag«41
are used to update the measurement directions 1 for
round k in stage k* 4+ 1. More details can be found in
Supplementary Material [I Section IJ.
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