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Abstract

In regression settings, random forests (RFs) often produce unavoidably biased
estimates and predictions. We explain sources of bias in terms of RF-based
estimated conditional distribution functions (ECDFs). For given covariate val-
ues, the RF ECDF is typically based on observations that are not identically
distributed, which can produce bias in the ECDF and in mean or quantile esti-
mates. Bias is especially pronounced in sparsely populated regions and when tail
quantiles are estimated, as with prediction intervals. We distinguish distal and
proximal sources of bias, show how they manifest differently, and explain how
tuning parameters and data complexity contribute to ECDF bias. We propose a
two-stage bias-correction procedure to reduce bias in the ECDF and in estimates
derived from it, including means and quantiles. Using an estimate of the relation-
ship between the RF ECDF and the covariates, we develop a bias adjustment
for the entire ECDF and derived estimates. Compared with other procedures,
ours was, in the settings considered, more effective at reducing conditional bias
in 0.5-quantile estimates while maintaining or reducing MSE. We also show set-
tings where its conditional bias adjustment yields prediction intervals valid over
a larger region and/or with less coverage error than other methods.

Keywords: random forest, quantile regression forest, bias correction, quantile
estimation



1 Introduction

Random forests (RFs; [1]) are an ensemble method used for regression and classifica-
tion in which B trees are each grown on a bootstrap resample or subsample of the
training data. Each tree is built by recursively splitting the data into ever-smaller
subsets, or “nodes”, thus partitioning the covariate space. At each potential split, a
random subset of the p covariates is drawn as splitting candidates. In the regression
setting, the split that minimizes a chosen loss function (typically squared-error) is
selected. Splitting continues until terminal nodes are reached. The classical random
forest algorithm computes the sample mean of the responses within each terminal node
and defines the estimate of the conditional mean at any covariate value as the average
of the means from all trees’ terminal nodes associated with this value. Equivalently,
one can view all the observations in these terminal nodes as representing a “neigh-
bourhood” around the chosen covariate value [2]. The conditional mean estimate is
then just a weighted average of all the response values in the neighbourhood. Two key
tuning parameters govern forest behaviour: the number of covariates randomly sam-
pled as split candidates at each node, often referred to as mtry, and the size of trees
to be built, often implemented as the minimum number of observations a node must
contain before it can be split, referred to as nodesize.

A useful feature of RF's is their built-in validation set defined by out-of-bag (OOB)
samples. Because each tree is trained on a bootstrap resample or subsample, a fraction
of the training observations are left out of that tree. These OOB observations provide
a hold-out set for error estimation, tuning, and, most relevant for this paper, bias
correction.

While early RF work focused exclusively on estimating means, [3] observed that,
for a given covariate value, one can extract the empirical distribution function (EDF)
of the responses in the associated terminal node of each tree. The average of these
EDFs then becomes the estimated conditional distribution function (ECDF) for that
covariate value. Under certain restrictive regularity conditions, [3] proved that this
ECDF consistently estimates the true conditional distribution. He then used the ECDF
as the basis for quantile estimation, referring to the technique as a quantile regression
forest (QRF). [4] later extended these ideas by growing trees to optimize loss functions
beyond squared error while still producing an ECDF that is consistent under regularity
conditions.

However, due to the way the ECDF is constructed, RF's produce inescapably biased
estimates of various conditional quantities when the sample is finite. This bias is
inherent to their construction: observations from regions of covariate space with poten-
tially heterogeneous response distributions are pooled together, causing the ECDF
to systematically deviate from the true conditional distribution. As a result, location
estimates are pulled toward observations from nearby regions with higher data den-
sity, and the dispersion of the true conditional distribution is typically over-estimated.
In this paper, our first goal is to explain the fundamental (“distal”) source of bias
in the ECDF; in other words, what is the root cause of bias in the ECDF, and how
is it distinct from more proximal sources of bias? Our second goal is to offer a novel
bias-correction procedure that reduces finite-sample bias in RF-based ECDFs.



There is a sparse literature on the finite-sample bias of RF estimates. To our
knowledge, four papers have proposed bias-correction methods for RFs — [5-8] —
each of which briefly documents bias in RF-based estimates of the mean response
conditional on covariates. These papers focus on bias correction and do not go into
deep explanations about the sources of bias. Furthermore, bias correction has received
little attention in the case where quantiles are estimated using a RF-based ECDF.

Relatedly, various methods have been proposed for producing RF prediction inter-
vals [3, 4, 9, 10]. Prediction intervals based on quantiles of the ECDF [3] have been
shown to be inferior to other methods in terms of both validity and width when default
tuning parameters are used or when tuned conventionally [8-10], but recent work on
tuning has demonstrated that ECDF-based prediction intervals are competitive with
these other methods if the RF is appropriately tuned [11]. While tuning can reduce
the bias of the marginal coverage probability of quantile estimates and associated pre-
diction intervals, to our knowledge, no tuning method has been proposed that corrects
the bias of the coverage probability of quantile estimates conditional on covariates.
The only approach that even gestures at this sort of bias correction is that of 8], who
first correct the conditional bias associated with initial RF mean estimates and then
construct prediction intervals from these corrected values.

We develop a bias correction procedure that exploits our understanding of the distal
source of bias. More specifically, our procedure is based on the probability integral
transform and uses the ECDF to derive an estimate of the cumulative probability
associated with each response value given any covariate value in the covariate space.
Next, we use a second-stage model to predict these cumulative probabilities as a
function of the covariates. From this model and the original ECDF, we obtain quantile
estimates associated with each of these cumulative probability predictions.

We begin in Section 2 by illustrating and explaining the distal source of bias in
the ECDF produced by RF's, then proceed to differentiate between this distal source
of bias and more proximal sources of bias that manifest in various ways. In Section 3,
we describe in detail our two-stage bias-correction procedure—bias-adjusted random
forest (BARF)—to reduce the bias of the ECDF and therefore of quantile estimates.
In Section 4, we describe our simulation study that we conducted to illustrate the per-
formance of BARF compared to other bias-correction methods. We also discuss the
results. In Section 5, we offer explanations for why BARF excels across diverse condi-
tions, highlight the importance of choosing a suitable second-stage model, and explain
why BARF’s performance may differ from other methods. We conclude by summariz-
ing our procedure’s strengths and limitations and providing avenues for future research
opportunities.

2 Finite-Sample Bias of Random Forests

We assume the standard regression framework. Let x be a realization of X =
(X1,...,X,), a p-dimensional random vector denoting the covariates. We assume that
X is defined on a covariate space X', which may consist of both continuous and dis-
crete variables. Conditional on X = x, we assume T = g(x) + ¢, where € ~ D and



g9(x) = E[T | X = x]. We assume throughout that all observations from this model
are drawn independently.

2.1 Tllustration of Conditional Bias in the ECDF

We start with a toy example to explain why random forests produce biased ECDFs
in most settings. The key point is that the ECDFs are usually based on observations
that are not identically distributed.

Consider a single numerical covariate, X, taking on values {1,2,3,4,5}. Suppose
that the mean of T' conditional on X = x is simply ¢g(z) = = and that, given X = z,
T is observed without error (i.e., € = 0). Now consider a dataset of size n = 5 with
observations (¢;,z;) = (i,4), ¢ = 1,...,5. Suppose we fit a RF to these data with a
subsampling rate of 0.8 and a minimum terminal node size of 2. Each tree is trained
on only 4 out of the 5 observations. Because the minimum terminal node size is 2,
each tree partitions its four observations into two leaf nodes, each of size 2.

In this simple setting, we are able to compute the expected value of both the
predicted response and the ECDF for any value of  and therefore show the bias in
these quantities. Specifically, we can enumerate all five possible trees that arise by
letting each of the five observations be OOB once. Table 1 shows these five trees,
indicating (i) which observation is OOB, (ii) which observations end up in Node 1 vs.
Node 2, (iii) the predicted response for each of x = 1,2,3,4,5 from that tree, and (iv)
the mean prediction across the five trees. For x = 3, the predicted value can differ
depending on whether the split sorts observations according to < 3 or < 3 (denoted
3 and 3* in the table). Because the trees occur with equal probability in any random
forest, the mean predictions represent the expected values of the predicted response
for each value of . The mean predictions differ from the true expected responses and
are therefore biased.

OOB Nodes Split Rule Tree Prediction
obs Node 1 Node 2 for Node 1 r=1 z=2 x=3 =3 z=4 x=5
5 {1,2} {3,4} r <25 1.5 1.5 3.5 3.5 3.5 3.5
4 {1,2} {3,5} <25 1.5 1.5 4.0 4.0 4.0 4.0
3 {1,2} {4,5} r<3orzxz<3 1.5 1.5 1.5 4.5 4.5 4.5
2 {1,3} {4,5} r < 3.5 2.0 2.0 2.0 2.0 4.5 4.5
1 {2,3} {4,5} r <35 2.5 2.5 2.5 2.5 4.5 4.5
Mean Prediction | 1.8 1.8 2.7 3.3 4.2 4.2

Table 1 The five unique trees that can arise in our toy scenario. Each tree partitions its in-bag
observations into two nodes of size 2. The final row shows the mean predictions for each z, while
bold entries in the table are the OOB estimates of the expected responses.

When a given z is dropped down each tree in the forest, it lands in a terminal node
containing two training observations. The average relative frequency with which each
training observation joins x in a terminal node across all trees in the forest comprises
the RF estimate of the conditional distribution function, the ECDF, for our example.



Table 2 displays the probability mass that the ECDF assigns to each response value
for each z. For example, the ECDF for = 1 puts 0.4 masson ¢ = 1, 0.4 mass on t = 2,
and 0.2 mass on t = 3. This distribution is very different from the true conditional
distribution at x = 1, which places mass 1 on ¢t = 1. This exercise shows that the
ECDF is a systematically biased estimate of the true conditional distribution of T
and that the direction and severity of this bias depend on the value of = at which the
distribution is estimated.

-+

r=1 xx=2 x=3 xz=3* z=4 x=5

|
1 0.4 0.4 0.2 0.1 0.0 0.0
2 0.4 0.4 0.2 0.1 0.0 0.0
3 0.2 0.2 0.4 0.4 0.2 0.2
4 0.0 0.0 0.1 0.2 0.4 0.4
5 0.0 0.0 0.1 0.2 0.4 0.4

Table 2 Probability mass assigned by the ECDF to
each response value for each x.

The estimated mean and distributions from the forest at a given x are biased
because terminal nodes contain observations whose conditional distributions differ
from that at x. This phenomenon is starkly apparent in our zero-noise scenario, where
the true distribution at each x is a point mass at t = x. However, the same phenomenon
persists in any RF where the ECDF mixes responses corresponding to different val-
ues of x, either within terminal nodes or across trees. In that case, each observation’s
ECDF is an estimate of a mixture of conditional distributions, with weights deter-
mined, in part, by the observed values of the covariates and response variables. This
phenomenon—where coarse partitions in the covariate space lead to the mixing of
responses from different underlying conditional distributions—is the cause of what we
refer to as the distal bias of RFs. Only when the conditional distributions that con-
tribute to a given ECDF are identical can this mixture result in an unbiased estimate
of the true distribution at each x.

We now give a more realistic scenario to illustrate possible manifestations of the
conditional bias in the ECDF, where we define conditional bias as the expected differ-
ence between an estimator of a population quantity and the true quantity, conditional
on the covariates. We simulated 100 datasets of size 200, each comprising indepen-
dent observations, where g(x) =x'3, X ~ U[0,1]'°, ¢ ~ N(0,1), B is chosen so that
R? ~ 0.5 on average across the datasets, and X3 has variance 1. We fit RFs using
default tuning parameter values on all training sets and evaluated them on a fixed
test set of size 1000—simulated with the same distribution as above and kept constant
across the 100 datasets.

Figure 1 consists of plots of the RF-estimated densities with the true densities
overlaid for the three values of x in the test set (specifically, those whose respective
g(x) values were closest to 2, 0, and —2). See Appendix A for details on how the
RF-estimated density was obtained using R. The plots reveal that the RF-estimated



conditional densities tend to have greater dispersion than the true densities, highlight-
ing the conditional bias in the ECDF's that stems from mixing different distributions.
In addition, the means of the ECDFs for g(x) = —2 and g(x) ~ 2 are noticeably
biased toward 0, the overall mean value. The reason is that the corresponding val-
ues of x occur in regions with data from distributions that are heterogeneous in an
asymmetric manner; i.e., there are more nearby observations from distributions with
means closer to 0 than from distributions with means farther away. The phenomena
illustrated in Figure 1 occur any time the RF ECDF is forced to aggregate observa-
tions that come from different conditional distributions, which is common in the case
of continuous covariates.

g(x)

-2 0 2 2 0 2
response value

Fig. 1 Random forest density estimates and true densities for g(x) € {—2,0,2}

2.2 Distal Bias

For RF-based estimates of the CDF, we distinguish between distal sources of bias—
the ultimate, inherent cause of bias—and proximal sources of bias that induce bias
through some mechanism that triggers the distal source. We posit that the distal
source of RF bias occurs when forests cannot partition the covariate space, X, into
neighbourhoods with homogeneous conditional response distributions. This can occur
when observations with different covariate values share the same terminal node. It can
also occur when observations from terminal nodes of different trees are aggregated
across trees in the forest. Hence, this bias can occur even with a terminal node size
of 1. For any covariate value xg € X, the RF-based ECDF puts mass on observed
values of T in an adaptively determined neighbourhood of x¢, as described by [2].
This neighbourhood typically comprises covariate values with differing conditional
distributions. Hence, the RF-based ECDF at xy is an empirical mixture of those
differing distributions and is thus biased. This bias is evident in each of the examples
above.

The bias of the ECDF at xg is influenced by the proximity and distribution of
observations in X', the shape of the mean surface in the region around xg, the amount of
noise in the underlying data-generating mechanism, and the sample size. In particular,
bias tends to be largest where g(x) changes quickly relative to noise and where there are
few nearby observations; conversely, bias tends to be low when g(x) is locally flat and
there are many nearby observations. Location bias, in particular, is higher where the



neighbourhood of x( is asymmetric in its heterogeneity—i.e., nearby observations have
means that lie predominantly above or below g(x)—and lower when the distribution of
means in the neighbourhood is symmetric. For example, high location bias is evident
in the left-hand and right-hand plots of Figure 1, where neighbourhoods nearer the
boundary of covariate space contain disproportionately many observations closer to the
centre, shifting the ECDF's toward the mean responses associated with more central
covariate values. On the other hand, the middle plot shows that, with uniform covariate
distributions and a linear response surface, ECDFs associated with central covariate
values show no location bias. In addition, the ECDFs are excessively variable, may
have the wrong skewness and shape, and so forth. The bias in the ECDFs can lead
to bias in other quantities derived from the ECDF. However, the relationship is not
always simple. For example, because quantiles are nonlinearly related to the CDF, it is
possible to have bias in the quantile coverage probability (and thus prediction interval
coverage) computed from the ECDF but comparatively little in the corresponding
quantile estimate, or vice versa. Consequently, bias measured on the probability scale
can differ in magnitude and even sign from bias measured on the quantile scale.

2.3 Proximal Bias

We next explain and demonstrate RF biases more thoroughly as we break down the
various proximal sources of ECDF bias that contribute to the distal source.

2.3.1 Data structure complexity

We operationalize data structure complexity as the degree of heterogeneity among
the conditional distributions in regions of covariate space. Several aspects of the data
structure drive complexity.

First, adding covariates increases the dimension of X. For a fixed sample size, the
expected distance between pairs of covariate points increases as dimension increases,
which increases the potential for heterogeneity in their respective distributions. In par-
ticular, because different trees are built from different subsets of the data, the nearest
observations to x( in some subsets might be quite distant in different directions, yet
they are pooled into a single ECDF.

Second, the structure of the covariates matters. If many observations have the
same covariate value Xg, as in the case of a dataset with categorical covariates and few
unique combinations of levels, then the neighbourhood of xy will contain just these
observations and the ECDF for xo will be unbiased. But continuous covariates fre-
quently lead to neighbourhoods containing observations with non-identical conditional
distributions, in which case bias is likely unavoidable.

Third, for a fixed sample size, greater variability in g(x) near x¢ results in greater
heterogeneity in the conditional distributions of the observations in the neighbourhood
of x¢, thus increasing bias in the ECDF.

Overall, a high-complexity data structure is one that leads to substantial local
heterogeneity in the conditional distributions of the observations in the neighbourhood
of at least one value xg, whereas a low-complexity data structure is one that leads to



relative homogeneity in the conditional distributions of the observations within every
neighbourhood.

Figure 2 illustrates the effect that differing numbers and types of covariates can
have on the bias of the ECDF. We consider three settings of differing complexity. For
each of the three settings, we simulated 100 datasets of size 1,000 using ¢(X) = X3
and € ~ N(0,1). The value of 3 was chosen so that R? ~ 0.75 on average across the
datasets within each setting, providing ample opportunity for bias due to the hetero-
geneity of the response surface within neighbourhoods built by a RF (see Appendix B
for more details). In the low-complexity covariate setting, all five covariates had a
Bernoulli(0.5) distribution; in the medium- and high-complexity settings, X ~ U[0, 1]°
and X ~ U[0,1]'9, respectively. Using results in [12] and [11], we set mtry = [p - R?]
and nodesize = 3 to fit RFs. We obtained quantile estimates for coverage probabili-
ties 7 € {0.1,0.5,0.9} for each observation in a single test set of size 1,000 where the
observations were drawn from the same distributions as those in the training data.
For each x in the test set, we computed the conditional bias estimate for each quan-
tile as the difference between the average estimated and true quantile at that 7. We
computed confidence intervals for the biases and plotted LOESS-smoothed curves for
these bias estimates and confidence bounds as functions of g(x) (standardized to have
mean 0 and variance 1 across all three settings combined) to aid in identifying trends.
Figure 2 shows these curves for each complexity level. The horizontal lines represent
the estimated marginal bias (average of all estimated conditional biases) for each 7 in
each setting. Note that the low complexity setting has a more restricted range of g(x)
values, hence the truncated LOESS curves.

1=0.1 1=0.5 =09

estimated bias

-2 0 2 -2 0 2 -2 0 2
standardized g(x)

Complexity: — Low — Medium — High

Fig. 2 Estimated bias of RF quantile estimates from three settings, accompanied by 95 % confidence
intervals. Horizontal lines represent the estimated marginal bias for each setting.



The plots reveal two key results. First, the biases illustrated in Figure 1 become
more pronounced as the covariate structure becomes more complex. Specifically, an
increase in complexity leads to more severely biased estimates of quantiles as xg moves
farther away from the centre of X'. In the low-complexity setting, trees can be fully
grown because there are only 2* = 16 unique means and sufficient data to be able to
separate observations according to their means, thus producing homogeneity within
the terminal nodes. Hence, the ECDF's should be unbiased estimates of the true condi-
tional distributions, although the resulting quantile estimates may exhibit slight bias
because they are computed from discrete distributions. Second, there is marginal bias
in the 0.1- and 0.9-quantile estimates, most pronounced in the high-complexity set-
ting. On average, the lower and upper quantiles are underestimated and overestimated,
respectively, because of the excess variability in responses that is captured by ECDFs.
For the 0.5-quantile estimates, our symmetric mean structure causes the positive and
negative conditional biases to average out, thus preventing marginal bias. The excess
variability has little effect on central quantiles in this setting. Both patterns—the
relationship between the bias of the estimated quantile and g(x) and the relationship
between the marginal bias and 7—are indicative of the distal bias we have articulated.
This bias is triggered or exacerbated by the data complexity.

2.3.2 Sample size

Smaller sample sizes can increase the heterogeneity of the conditional distributions in
the RF-neighbourhood of xq. More specifically, for a given distribution of the covari-
ates, smaller sample sizes, in general, cause the neighbourhood around xq to encompass
observations whose covariate values lie farther from xg. In other words, all else held
constant, increasing the sample size typically leads to less-biased ECDFs. But in our
experience, very high sample sizes are often needed to observe meaningful decreases
in the bias of quantile estimates and point predictions.

2.3.3 Tuning parameters

Tuning in the RF context typically focuses on mtry and nodesize. Previous research
has indicated a need to tune these parameters according to some loss function to
obtain less biased, and/or less variable, mean or quantile estimates [12, 13]. Increasing
the value of nodesize, in general, results in smaller trees and ECDFs that aggregate
more observations with different underlying distributions, potentially leading to more
bias in ECDFs. A low mtry value can lead to splits on relatively unimportant covari-
ates. Because the sample size limits the number of splits each tree can make, splits
on less important covariates leave fewer splits available for more important covari-
ates, resulting in terminal nodes whose observations exhibit greater heterogeneity in
their conditional distributions. Setting mtry too low can also lead to premature split
termination, resulting in shallower trees. With categorical (especially binary) covari-
ates, setting mtry < p can lead to the selection of only “pure” covariates—covariates
that cannot be split on because all observations in the node contain identical val-
ues of that covariate. Many RF algorithms (such as those used in the ranger and
randomForestSRC packages in R) terminate in this event, thus preventing further split-
ting on possibly important covariates. One may question the programming/algorithmic



choice to allow pure covariates to be selected as candidates upon which to make splits.
The randomForestSRC package authors cite computational burden as one reason for
this choice (personal communication).

Tuning mtry and nodesize can reduce the marginal bias most commonly observed
at more extreme quantiles [11] but does not in general reduce the conditional bias
of the ECDF at different locations in X. Our proposed bias correction procedure is
designed to reduce this conditional bias.

3 Bias Correction Procedure

In this section, we describe our modification to the standard RF, the bias-adjusted
random forest (BARF). Our modification is primarily a location shift applied to the
quantile function through the ECDF. We describe the BARF procedure in the context
of quantile estimation but, in fact, the procedure could be applied to the estimation
of any function of the conditional distribution (e.g., the mean).

Let (t;,%;), ¢ =1,...,n be a random sample from the joint distribution of (T, X).
The conditional distribution function of T' given covariates X = x is denoted by
Fr(t | x). We obtain the ECDF, Frp, an estimate of Fr, using RFs as per [3]. For any
7 € (0,1) the conditional quantile function for the 7-quantile, given covariates x, is
denoted by ¢, (x) = Fy (7 | x). We define ¢FF (x) = F; (7 | x) = inf{t : Fr(t|x) > 7}
as the estimate of the 7 quantile (the OOB estimate in the case where x represents
an observation from the training set).

BARF directly models the relationship between the coverage probabilities of RF-
based quantile estimates and the covariates. It then uses this fitted model as a basis
for correcting the ECDF and hence, the quantile estimates. The motivation for BARF
is driven by the fact that, by the probability integral transform, Fr(T|xg) is uniformly
distributed on (0, 1). Thus, if the ECDF at covariate value x¢ is unbiased, its distri-
bution can be approximated by a uniform distribution. Systematic departures from
the uniform distribution therefore provide an indication of bias in the ECDF.

To estimate potential bias in the ECDF at a given covariate value xg, we use the
OOB ECDFs associated with the observations in the training set to create pseudo-data
v(t;, x;) = FT(ti|xi), i.e., we compute estimated cumulative probabilities correspond-
ing to the observed responses. We then fit a second-stage model to these cumulative
probabilities. We primarily consider quantile regression models for this purpose. A
key point is that for the uniform distribution, the {-quantile equals (. Therefore, if
the ECDF is unbiased at xg, then the estimated mean cumulative probability at xq
based on the fitted second-stage model, ¥(xg), will lie at 7. We use the discrepancy
from 7 as the bias correction to the ECDF at xq (on the probability scale). In other
words, we define the bias-corrected ECDF at x¢ as the 0(xg)-quantile of the original
ECDF. For example, if we wanted to estimate the 0.9-quantile of the response at xg
and 9(x0) = 0.95, we would use the 0.95-quantile of the original ECDF at xo. We also
consider second-stage models that describe the mean of the cumulative probabilities
(e.g., beta regression models). In these cases, we rely on the fact that, if the ECDF is
unbiased at xp, then the mean estimated cumulative probability at x¢ will lie at 0.5.
Since the mean and median of a uniform random variable are equal, we can determine
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a bias correction for the median estimated cumulative probability at x (as described
above) and then apply it to the mean. The benefit of using a quantile regression model
over a model for the mean cumulative probability is that the former yields a 7-specific
bias correction for each 7 of interest, whereas the latter yields a single bias correction
(on the probability scale) based on the 0.5-quantile. As a result, the bias adjustments
to the ECDF based on quantile regression may be more accurate.

The BARF procedure for estimating a 7-quantile is as follows:

(I) Train the models.

i. Fit a first-stage model: Train a forest on {(t;,x;)},i=1,...,n.
ii. For each x;, compute v(t;,x;) = Fr(t;|x;).
iii. Fit a second-stage model using v(¢;,%;), ¢ = 1,...,n as responses. Choose

a suitable model (e.g., quantile regression for a specific 7, beta regression,
fractional logit, multiple linear regression, random forest, etc.) to describe
an attribute of v(T, x) as a function of x.
(IT) Compute and apply the bias adjustment for any covariate value xg.
i. Use the fitted second-stage model to obtain the estimated cumulative
probability 0, (xg).
ii. Use the fitted first-stage RF to obtain the associated estimated quantile at
Xg corresponding to probability 0, (Xo), Gs. (xo)(Xo0)-
ili. The final BARF estimate of the 7 quantile associated with xq is
GBARE (x0) = Gp,(x)(%0). The bias correction is therefore br(x0) =

GFF (%0) = Gs, (xo) (X0)-

Our procedure has several distinguishing features. First, BARF derives each
observation’s correction by using the OOB ECDFs to estimate bias directly on the
probability scale rather than on the response scale. Because this probability-based cor-
rection is bounded between 0 and 1, the resulting adjustments vary gradually over the
covariate space, mitigating the influence of outliers. Second, our second-stage model
is flexible, allowing the use of any model—including parametric models—that seems
well-suited to the data. The choice of model can be determined through, for example,
knowledge of the underlying data structure or exploratory analysis. (We discuss this
issue further in Section 4.5.) In our simulations, we have found that quantile regression
is usually a suitable choice due to its ability to tailor the bias correction according to
each quantile of interest.

In applications where the RF is used for estimating a parameter other than a
quantile (e.g., the mean response), a single correction to the ECDF may suffice. In
that case, we could use a second-stage model that describes the mean cumulative
probability—which is equivalent to the median if Fr(T|xg) is uniformly distributed
on (0,1)—to obtain a bias correction for the median that could then be applied to
each T-quantile of the ECDF at x(. Alternatively, we could consider a grid of T values
and use quantile regression at the second stage to obtain 7-specific bias corrections to
the ECDF at x¢. However, the latter could result in an adjusted function that is not
a valid ECDF, e.g., a function that is not monotonically non-decreasing, and may be
undesirable for that reason.
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4 Simulation Study

In this section, we describe our simulation study, which we designed to compare bias-
adjusted quantile estimates produced by BARF both to the unadjusted estimates
(“Default”) and to those produced by two other RF-based bias correction methods.
We focus on quantile estimation because it allows us to examine biases that impact the
ECDF in different ways, as shown in Figure 2. The first of the existing methods, which
we call residual forest (“RES”), is a bias-correction technique that uses a two-stage
approach applied to residuals [5-7]. The second, which we call “ED”, was advanced in a
more recent paper and uses an estimate of the conditional prediction error distribution

8]

4.1 Comparator methods

The specific version of RES [5] that we consider requires that a random forest first
be trained on the data to produce OOB estimates of the conditional mean responses,
denoted by #(x;), for each training observation x;, i = 1, ..., n. Using these estimates,
the corresponding OOB residuals (or, more generally, realized prediction errors) are
calculated as

T(Xi) = ti — l?(Xl)

A second random forest is then fit to these residuals to capture any systematic devi-
ation in the initial predictions. The estimated bias of the conditional mean response
for any xq is bRES(xg) = —#(x), where #(xq) is a prediction of the residual error
based on the second-stage forest. The bias-corrected estimate of the conditional mean
response is then defined as

P (x0) = #(x0) — b5 (x0).

The authors do not propose a specific correction for quantile estimates, so we apply
bES to the initial quantile estimates. That is, we use §F7%(x) = ¢FF (x) — bRF5(x).

[8] propose a correction that makes use of the same OOB residuals in a much differ-
ent way. They define a conditional error distribution given x( consisting of probability
masses on 7(X;), = 1,...,n, where the masses depend on xg. Specifically, they define
the estimated conditional prediction error distribution at xq as

Fr(r|xq) = Zwi(xo) ]l(r(xi) < 7‘).

The weights w;(xg), ¢ = 1,...,n, are the same RF weights used to form the ECDF,
determined by the frequency with which xo and z; occur together in the same terminal
nodes. The resulting error distribution estimate captures the behaviour of prediction
errors for covariate values that are similar to xg.
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The bias of the estimated conditional mean response is estimated from the expected
value of the residual at xq:

BED(XO) /rdFR r | XO Zwl Xo t( ))

The bias-corrected estimated conditional mean response is given as

$FP (x0) = t(x0) — bP (x0),

and the bias-corrected estimate of the 7 quantile is
a7 P (x0) = 1(x0) + QE(x0),

where Q7,(x0) = inf{r : Fr(r|xo) > 7}.

These two comparator methods differ from BARF in the mechanism by which
their bias corrections are derived. RES involves fitting a second forest to the OOB
residuals and then subtracting predicted residuals from the estimated mean responses.
ED involves reusing the RF weights to estimate a conditional error distribution and
then obtaining bias estimates for desired quantities. In contrast, BARF involves using
each training observation’s OOB ECDF to estimate that observation’s location on its
ECDF |, fitting a second-stage model to estimate a quantile of those cumulative prob-
abilities from the covariates, and then inverting the original ECDF at those estimated
cumulative probabilities to derive a covariate-specific shift in the estimated quantile
function that can be applied to quantile or other estimates.

In our study, we compare the performance of these three bias-correction methods
when estimating quantiles.

4.2 Data-generating mechanisms

We tested each method on datasets simulated from 11 different data structures. For
all 11 settings, we used the same framework mentioned in Section 2.1, namely

11d

T =g(x)+e, (0,1),

where x = (z1,...,2,) were sampled as X ~ YU [0,1]7 with p = 10 unless otherwise
stated. Settings 1 3 are included because they are identical to the homoscedas-
tic additive-error settings tested by [8]; settings 4-11 represent additional, realistic
settings that probe different aspects of the RF distal and proximal biases.

Because the signal-to-noise ratio (SNR) was very low for some settings used by
[8], we used a higher SNR for settings 4-11 (approximately 1) so that differences
among values of g(x) are more clearly expressed relative to noise; keeping the SNR,
approximately constant across settings 4-11 reduces confounding from unequal noise
levels when comparing performance.

The settings were as follows:
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1. Linear 1: g(x) = 7.

2. Step: g(x) =10 L(z1 > 1/2).

3. Friedman [14]: g(x) = 10sin(7z122) + 20(z5 — 3)* 4 1024 + 5s.

4. Binary: g(x) = —x1 — 0.82z9 — 0.5z3 — 0.3z4 — 0.225 + 0.226 + 0.3z7 + 0.5zg +
0.829 + 710, where X 2 Bernoulli[0.5]".

5. Linear 4: g(x) = —2x1 — 1.4xs + 1.423 + 224, where p = 4.

6. Linear 10: g(x) = ¢(—1.5z1 — 1.2529 — x3 — 0.75x4 — 0.525 + 0.5x6 + 0.75x7 +

xg + 1.25x9 + 1.5x1¢), with ¢ = 1.03 to meet the target SNR.

7. Linear 10/5: g(x) = ¢(—1.521 — 22 — 0.5z3 + 0.75x4 + 1.25x5), with ¢ = 1.47 to
meet the target SNR.

8. Linear 10E: g(x) = ¢(—1.5x1 — 1.25x5 — x3 — 0.7524 — 0.525 + 0.5x6 + 0.75x7 +

xg + 1.2529 + 1.521¢0), with ¢ = 0.3, where X s Expl[1]?.
9. Elbow: g(x) = 7Tx1.
10. Quadratic: g(x) = c¢(z1 — 0.5)2, with ¢ = 13.5.
11. Exponential: g(x) = exp(3 * x1)/c, with ¢ = 5.15.

4.3 Error metrics

We simulated 1,000 training datasets per simulation setting. Each dataset consisted
of n = 200 observations, following both [5] and [8]. For each setting, we applied all
methods to a single test set of size 1,000. The covariate values in the test set, denoted
by {x; : i = 201,...,1200}, were generated once per setting (using the covariate
distribution for that setting) and kept fixed across all 1,000 training datasets.

For each setting, we computed four error metrics: the mean absolute conditional
bias (MAB) and mean squared error of conditional biases (MSE) for both the quan-
tile estimates and their coverage probabilities. To obtain coverage probabilities for
a given setting, we first computed the estimated conditional bias associated with
the 7-quantile estimate for each observation i in the test set, ¢-(x;) — ¢-(x;). Let
7. = Fr(§,-(x;)|x;) denote the true conditional coverage probability associated with
the method’s 7-quantile estimate. Then 7; — 7 is the bias of the conditional coverage
probability associated with the quantile estimate for covariates x;. Estimates of quan-
tile and coverage-probability bias were computed for each z; in the test set, and their
absolute or squared values were averaged across the test set to compute MAB or MSE,
respectively. For each prediction interval method we tested, at each x; in the test set,
we first computed the true conditional coverage probability between the method’s esti-
mated lower and upper interval bounds. We then calculated the proportion of these
interval coverage probabilities that were at least as great as the nominal level.

4.4 Implementation

All simulations were carried out using R, version 4.4.2. We fit RF's using version 0.17.0
of the ranger package in R. We used the package’s default tuning parameter values,
mtry = ,/p and nodesize=5. We used the forestError package to implement the
ED bias correction procedure proposed by [8]. We wrote our own R code to implement
the BARF and RES procedures.
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The default model for the second stage of our procedure was a quantile regression
model using the quantreg package, resulting in a procedure we refer to as BARF-QR.
We fit four additional second-stage models—a generalized additive model (GAM), a
RF, a fractional logit (FL) model, and a multiple linear regression (MLR) model—to
one dataset from each setting to determine whether another model gave much better
results. For the beta regression, FL, and MLR models, we included only first-order
terms; for the GAMs, we included only spline terms (no linear terms) for all numerical
covariates. We used logit link functions in the beta regression model, FL. model, and
GAM.

Because of the nonlinear relationship between bias on the quantile scale and bias on
the coverage scale, quantile estimates that minimize the former may not minimize the
latter. Therefore, in the cases where our goal was to produce quantile estimates with
accurate coverage—including for prediction intervals—we used a version of BARF-
QR that is based on adjusted values of 7 [15]. Specifically, we used the value 7,4; =
(1 —p/2n)(1 — p/n) suggested by [15] to correct the bias in the coverage probabilities
and obtain better-calibrated prediction intervals. [16] suggested some alternative bias
corrections that could be incorporated into BARF-QR, but in practice, we found
that the aforementioned transformation produced good estimates without the added
computational cost of these alternatives.

4.5 Results

Figures 3-7 display, for select settings, the average estimated conditional biases of
the T-quantile estimate for 7 € {0.1,0.5,0.9}, along with 95% confidence intervals
for the true conditional bias. We computed these quantities by fitting RFs to each
setting’s simulated training sets. When ¢(x) is a function of only one covariate, we plot
the estimated bias against that covariate. Otherwise, we plot estimated bias against
standardized g(x) (a surrogate for relative position in &X'). For all settings, we use
LOESS smoothing of both the estimated bias and the upper and lower confidence
limits, thereby producing smooth curves that emphasize trends across standardized
g(x). In Setting 1 (Linear 1), we found that using a beta regression model as the
second-stage model led to less biased estimates and used it in our BARF models. For
all other settings—including all the settings for which we display results—we used a
quantile regression model because it led to the least biased estimates. (See Appendix C
for one example of the results of this process.) Although our focus is conditional bias,
to summarize our results, we also report both MAB and MSE of the quantile estimates
and the coverage probabilities produced by each method in each setting. See Tables 3
and 4 for MAB and MSE associated with the 0.5-quantile estimates; see Table D2,
Table D3, Table D4, and Table D5 in Appendix D for those associated with the 0.1-
and 0.9-quantile estimates.

Across the full set of conditional bias plots (select examples shown here), BARF
usually produced 0.5-quantile estimates with the least absolute conditional bias. The
associated plots on the coverage probability scale (using BARF-QR with adjusted
values of 7) are very similar. For the 0.1- and 0.9-quantile estimates, BARF produced
the least biased estimates in the majority of the eleven settings and the second-least
biased estimates in the other three settings (where ED produced the least biased
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Fig. 3 Setting 2 (Step): Estimated conditional biases of bias-corrected and uncorrected RF quantile
estimates
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Fig. 4 Setting 3 (Friedman): Estimated conditional biases of bias-corrected and uncorrected RF
quantile estimates

estimates). On the coverage probability scale, BARF tail quantile estimates were the
least biased in most linear settings (4-8) and was only slightly less biased than the
best-performing method (usually either ED or RES) in the other settings. In all linear
settings, BARF bias curves for all three values of 7 lie close to zero, reflecting relatively
accurate quantile estimates over the range of g(x). Ultimately, BARF substantially
corrected the pronounced over-estimation of quantiles at the lowest values of g(x) and
under-estimation of quantiles at the highest values of g(x).

Table 3 shows that, overall, BARF achieved lower MAB for the 0.5-quantile esti-
mates than did all other estimators in all but one simulation setting (Quadratic),
often quite substantially so. In seven settings, BARF also produced either the lowest
or second-lowest MSE for the 0.5-quantile estimates. ED produced slightly less biased
estimates of the 0.5-quantile estimates than did RES in most settings. In the Step set-
ting, overall, ED and RES actually led to more biased 0.5-quantile estimates than did
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Fig. 5 Setting 6 (Linear 10): Estimated conditional biases of bias-corrected and uncorrected RF
quantile estimates
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Fig. 6 Setting 9 (Elbow): Estimated conditional biases of bias-corrected and uncorrected RF quantile
estimates

the default RFs; the ED estimates in the neighbourhood of x1 = 0.5 were particularly
poor. However, ED was much more likely to produce the least biased estimates away
from the neighbourhood of x; = 0.5. In all other settings, all bias-correction methods
improved upon the default 0.5-quantile estimates. On the coverage scale, the results
are very similar. Table 4 reveals that BARF attained the lowest MAB in all but one
setting, with values close to 0 for all linear settings.

For the 0.1-quantile estimates, BARF produced the lowest MAB in eight settings
(Table D2). For the 0.9-quantile estimate, it produced the lowest MAB in six set-
tings (Table D3). In the remaining settings, the 0.1- and 0.9-quantile BARF estimates
were the second-least biased. ED produced the least-biased estimates in these other
settings—typically only slightly lower than those produced by BARF. ED also was
most likely to produce 0.1- and 0.9-quantile estimates with the lowest MSE, while
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Fig. 7 Setting 11 (Curvature 2): Estimated conditional biases of bias-corrected and uncorrected RF
quantile estimates

MAB MSE
Setting Default RES ED BARF Default RES ED BARF
Linear 1 0.081 0.063  0.046 0.010 0.080 0.108 0.109 0.117
Step 0.145 0.185 0.215 0.095 0.314 0.368 0.477 0.412
Friedman 1.822 1.475 1.329 1.274 6.249 4.621 3.985 4.062
Binary 0.266 0.159  0.150 0.062 0.291 0.314 0.255 0.261
Linear 4 0.169 0.110  0.094 0.033 0.237 0.267  0.203 0.215
Linear 10 0.394 0.303  0.262 0.031 0.362 0.295 0.272 0.197

Linear 10/5 0.320 0.240 0.189 0.043 0.276 0.238 0.213 0.197
Linear 10E 0.380 0.298  0.265 0.043 0.404 0.344  0.333 0.212
Elbow 0.171 0.116  0.099 0.061 0.147 0.151 0.148 0.209
Curvature 1 0.784 0.783  0.787 0.787 1.026 1.107 1.150 1.123
Curvature 2 0.168 0.114  0.093 0.035 0.153 0.153  0.148 0.200

Table 3 Estimated MAB and MSE for the 7 = 0.5 quantile estimates produced by
default RFs and the three bias-corrected RFs. For BARF, QR was used as the
second-stage model for all settings but Linear 1, for which beta regression was used. For
each setting, the minimum error is highlighted red.

BARF led to estimates with MSEs that were either less (or only slightly greater) than
those produced by Default.

Prediction Intervals

Figures 8 and 9 display LOESS-smoothed curves for the estimated coverage of two-
sided, 80% prediction intervals produced by six methods for eight settings. The first
three methods (Default, RES, and BARF) all use QRFs [3] to obtain 0.1- and 0.9-
quantile estimates, which we use to form the interval bounds. The fourth, ED, uses
quantiles from the estimated conditional prediction error distribution, as discussed
in Section 4.1. The fifth and sixth are two additional residual-based alternatives: the

18



MAB MSE

Setting Default RES ED BARF  Default RES ED BARF
Linear 1 0.031 0.024 0.017 0.004 0.012 0.015 0.016 0.017
Step 0.048 0.062 0.064 0.026 0.014 0.021  0.032 0.023
Friedman 0.322 0.285  0.269 0.248 0.166 0.153  0.145 0.144
Binary 0.095 0.056  0.054 0.007 0.036 0.038 0.033 0.032
Linear 4 0.061 0.039 0.034 0.012 0.031 0.034  0.027 0.028
Linear 10 0.139 0.108 0.094 0.010 0.043 0.037  0.034 0.026

Linear 10/5 0.116 0.087  0.069 0.016 0.035 0.031 0.028 0.026
Linear 10E 0.129 0.102  0.091 0.015 0.043 0.038 0.037  0.026
Elbow 0.064 0.043 0.037  0.020 0.020 0.021  0.020 0.027
Quadratic 0.243 0.236 0.234  0.229 0.084 0.084 0.084  0.089
Exponential 0.062 0.042 0.035 0.013 0.021 0.021  0.020 0.026

Table 4 Estimated MAB and MSE for the coverage probabilities of the 0.5 quantile
estimates produced by default RFs and the three bias-corrected RFs. For BARF, QR
with an adjustment to 7 (see Section 4.4) was used as the second-stage model for all
settings but Linear 1, for which beta regression was used. For each setting, the minimum
error is highlighted red.

out-of-bag interval (Res-OOB) method of [9] and the split conformal interval (Res-
SC) method of [4]. [10] suggested some additional methods in the context of achieving
accurate marginal coverage, but we focused on methods that have been studied in the
context of achieving accurate conditional coverage for the purpose of comparison with
BARF. We estimated coverage probability by averaging the true coverage probability
of each interval across all replicates.

These plots demonstrate that BARF intervals are clearly superior in the linear
settings (settings 4-8), the Step setting, and the Friedman setting. In all these set-
tings, the greatest improvements are seen at extreme values of g(x) or 1, representing
locations closer to the boundaries of covariate space. In the other two settings shown,
BARF produced intervals with slight under-coverage at extreme covariate values but
well-calibrated intervals elsewhere. In the Step setting, BARF intervals had the most
accurate coverage over the range of g(x). Moreover, only the QRF-based intervals
(BARF, RES, and Default) intervals were valid across the full range of g(x), while
other methods produced under-covered intervals, often drastically so at values of x
close to the discontinuity at z; = 0.5. In the Friedman setting, BARF intervals main-
tained validity over the widest range of g(x) values but was most conservative (reaching
coverage probabilities close to 1) for standardized values of g(x) close to 0. In the
Elbow and Exponential settings, most methods produced valid intervals at moderate
values of z1 but produced intervals with under-coverage at more extreme values. In the
linear settings (settings 4-8), BARF again produced intervals that maintained valid-
ity over the widest range of g(x) values. ED produced intervals with under-coverage
across the range of g(x) values in the Binary setting, and both ED and RES produced
intervals with under-coverage across the range of g(x) values in the Linear 4 setting.

In setting 1 (Linear 1; not shown in the figures), Res-SC intervals were valid across
most of the range of g(x), while most other methods produced intervals with slight
under-coverage. In setting 10 (Quadratic; also not shown here), all methods produced

19



Setting 2: Step

o
©

estimated coverage
o o o
o N o

o
3

2
IS

0.00 0.25 0.50 0.75 1.00 -2 -1 0 1 2 3
x1 a(x)

Setting 9: Elbow Setting 11: Exponential

o
©

=]
™

estimated coverage
o o
o N

o
o

=
IS

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
x1 x1

= BARF == ED ResOOB
Method
Default RES — ResSC

Fig. 8 Estimated conditional coverage probability of 80% prediction intervals using six methods in
settings 2, 3, 9, and 11. We again use LOESS-smoothed curves to emphasize trends.

intervals that were valid for only a small proportion of x; values, with severe under-
coverage for 1 < 0.4 and z; > 0.8.

5 Discussion

BARF was consistently successful at producing RF quantile estimates with the least
conditional bias for all three values of 7 in most settings we considered. Moreover, on
the coverage probability scale, BARF produced the least-biased 0.5-quantile estimates
in nearly every setting. BARF also produced the least biased tail quantile estimates
in nearly every linear setting and either the least or second-least biased tail quantile
estimates in the other settings. The BARF conditional bias adjustment frequently led
to prediction intervals that were valid across the largest range of g(x). Where under-
coverage persisted, BARF was usually among the methods that produced prediction
intervals with greatest coverage probabilities.

One reason for BARF’s relative success is that its bias adjustment at each covariate
value involves combining information on both the quantile and coverage probability
scales, exploiting the probability integral transform to produce an estimate of bias of
the whole ECDF. In contrast, both RES and ED compute bias adjustment entirely
on the response scale. Neither uses information about the true coverage probability
associated with each covariate’s OOB quantile estimate. BARF’s use of the coverage
probability scale may also be part of why it generally produced close-to-unbiased
quantile estimates on the coverage probability scale, especially in the linear settings
and in general for 7 = 0.5.
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Fig. 9 Estimated conditional coverage probability of 80% prediction intervals using six methods in
settings 4, 5, 6, and 8. We again use LOESS-smoothed curves to emphasize trends.

BARF’s success hinges on choosing a suitable second-stage model. Failure in this
regard—for example, by restricting the second-stage model to another RF when an
alternative model may be superior—can lead to biased estimates of the ECDF bias and
therefore quantiles. Indeed, RES was initially developed by [5], who used a RF to model
the residuals in the second stage. [6] later developed a very similar method using linear
regression rather than a RF for the second-stage model. Our exploratory work revealed
that quantile regression models with linear effects of covariates are a better default
choice for the second-stage model. However, with more complicated data structures
that have non-linear and/or interaction terms (like the Friedman function), we have
found that fitting a second-stage model that includes spline terms for covariates with
apparent non-linear effects produces even better bias-corrected estimates. Given the
complexity of the data-generating process in such settings, a more flexible second-stage
model is likely more appropriate than the simpler models we tried. See Appendix C for
a comparison of second-stage models in one setting. Though the flexibility in choosing
the second-stage model proved beneficial in our theoretical setting, choosing an ideal
second-stage model in practice could be difficult, particularly if the underlying data
structure is very complex.

Other forms of bias have been discussed in the RF context. For example, [17] and
[18] noted that the OOB sample may lead to biased estimates of error in classification
settings. [11] studied this issue in the regression context, where they developed an
estimator of a loss function to quantify error in quantile coverage. They found that
the bias of OOB estimates of the loss function was minimal.

Limitations of our work include the modest number of settings in which we tested
BARF. Moreover, BARF’s tail quantile estimates sometimes exhibited persistent bias
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in settings with more complicated data structures; in such settings, finding a suitable
second-stage model can be challenging. This latter result presents a future research
opportunity: an amended procedure that identifies an adequate second-stage model
that ensures that BARF produces close-to-unbiased quantile estimates.

Another avenue for future research involves understanding sources of bias in clas-
sification or censored data settings and developing techniques to reduce the overall
bias.

In summary, we have proposed a novel bias-adjustment procedure that shows
promise for correcting the conditional bias of quantile estimates and improving the
conditional coverage probability of prediction intervals.
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Appendix A Extracting and using the ECDF

Because the ranger package allows the user to extract estimated quantiles (but not
the probability masses that form the ECDF) from a fitted forest object, we had to
write code to construct the ECDF by inverting the estimated quantile function. To do
so, for each x; in the training data, we created a fine grid of OOB quantile estimates
using 7, = {0.01,0.02,...,0.99}, thus yielding an ECDF. Then we used this ECDF
to obtain the estimated cumulative probabilities ¢(¢;,x;). We used these probability
values as the response in the second-stage model in the BARF procedure.
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To implement the BARF procedure, we wrote a second interpolation function that
similarly uses a fine grid of quantile estimates to determine §j(x,)(X;), the quantile
corresponding to 0(¢;,x;) for each observation in the test set.

To produce Figure 1, we selected the test observations with covariate values clos-
est to the three g(x) targets and extracted their corresponding averaged conditional
quantile estimates. For each observation in the test set, we first obtained estimated
conditional quantiles from each of the 100 RF's on the same fine grid of probabilities as
above. We then averaged those quantile estimates across the 100 RF's to form a single
averaged conditional quantile function per test observation. An approximate inverse
cumulative distribution function was then constructed by interpolating these quantile
estimates, yielding a continuous function with which to estimate the full distribution.
To visualize the RF-based density estimates, 10,000 observations were generated from
the estimated quantile function using the generalized inverse transform method.

Appendix B Linear predictors used in Section 2.3.1

The three complexity levels in Figure 2 are defined by the following linear predictors
in Table B1.

Complexity 3 vector

Low B, =0.48 x (5, 4, —2.5, —2.3)
Medium B,, =0.83x (5, 4, 2, —1.5, —2.5)
High B, =0.56 x (5, 4, —2.5, —4, —5, 0.5, 1.5, —3, 3, 2.5)

Table B1 Coefficient vectors for linear predictors used in Section 2.3.1 to produce Figure 2.

Appendix C Comparison of second-stage models

Figure C1 compares second-stage models for computing bias-adjusted quantiles using
BARF in Setting 7: Linear 10/5 for 7 € {0.1,0.5,0.9}. The five models considered
are quantile regression (QR), beta regression, generalized additive model (GAM), RF,
fractional logit (FL), and multiple linear regression (MLR). For the beta regression,
QR, FL, and MLR models, we included only first-order terms; for the GAMs, we
included only spline terms for all covariates. We used logit link functions for the
beta regression models, FL. models, and GAMs. We then computed the estimated
conditional biases of the T-quantile estimates produced by the five models—as well as
that of the default (uncorrected) RF estimates.

The plot demonstrates that quantile regression led to the least bias, followed by
beta regression and FL. The other models were not competitive. The other linear
settings led to similar results. Quantile regression models were also the best-performing
second-stage models in all other settings except the Linear 1 setting, in which beta
regression led to the least biased bias-corrected quantile estimates.
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Fig. C1 Comparison of the estimated conditional biases of bias-corrected RF quantile estimates in
Setting 7: Linear 10/5 using six different second-stage models: beta regression, QR, GAM, RF, FL,
MLR. We also include 95% confidence intervals for the true bias. As in Figures 3-7, we use LOESS
smoothing of both the bias and its upper and lower confidence limits.

Appendix D Additional results

MAB MSE
Setting Default RES ED BARF  Default RES ED BARF
Linear 1 0.101 0.085 0.063 0.054 0.114 0.141 0.136 0.164
Step 1.011 0.946  0.322 0.714 6.564 6.076  0.607 5.649
Friedman 3.809 3.716  2.140 2.017 21.033 19.121  8.010 7.944
Binary 0.340 0.254  0.175 0.127 0.382 0.370  0.336 0.383
Linear 4 0.223 0.175 0.129 0.152 0.314 0.328 0.272 0.313
Linear 10 0.510 0.445 0.294 0.107 0.557 0.481 0.326 0.340
Linear 10/5 0.445 0.387 0.221 0.117 0.450 0.401 0.259 0.343
Linear 10E 0.478 0.421  0.310 0.134 0.580 0.518  0.395 0.378
Elbow 0.333 0.284 0.112 0.119 0.364 0.333  0.188 0.392
Quadratic 0.792 0.798 0.801 0.785 0.999 1.030 1.130 1.296
Exponential 0.316 0.267 0.116 0.101 0.339 0.309  0.189 0.373

Table D2 Estimated MAB and MSE for the 7 = 0.1 quantile estimates produced by
default RFs and the three bias-corrected RFs. For BARF, QR with adjustment for 7 (see
Section 4.4) was used as the second-stage model for all but Linear 1, for which beta
regression was used. For each setting, the minimum error is highlighted red.
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