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S1. QUASI-ELECTROSTATIC APPROXIMATION

The quasi-electrostatic (or high-k) approximation applies when the electromagnetic field
varies on a length scale much smaller than the free-space wavelength. This condition can be
written as

1 2T

N _ T 1
Vo~ o>k N (S1)

where [ is the characteristic length scale of spatial variation, defined by |E(r +1) — E(r)| ~
|E(r)|, and ko and \g are the free-space wavevector and wavelength, respectively.
To analyze the consequences of this condition, we introduce the scalar potential ¢ and

vector potential A,

10A
E=-Vp— -—— 2
VQO Cat, (S)
B=VxA. (S3)

Substituting Eqgs. (52) and (S3) into the Maxwell equation

41 0D
B=—— 4
V x g (S4)
yields
A—-_"°9
V x V x T (Vgp -, > (Sh)
Using the condition in Eq. (S1), we estimate the relative magnitude of the terms:
]A| 10,10A]
Al ~ FA|~
VXV xA|~ > k2|EA| ~ P TR (S6)

Thus, the term containing 9?A /dt* can be neglected in Eq. (S5), leading to the estimate
|A| ~ Kolle]. (S7)

Consequently,
Vel ~ 2L k211 ~ olAL (58)

which justifies neglecting the time-derivative term in Eq. (S2). In addition, from Eq. (S4) one
finds B ~ ko/D, implying B < E. Therefore, the electromagnetic field is fully determined

by the scalar potential,
E= -V, (S9)

and the problem reduces to an electrostatic one. The field distribution is then governed by
VEVy = —dmp, (S10)
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where p is the external charge density.
We now consider plane-wave solutions in this approximation. For a potential of the form

© = poe™ T the electric field reads
E = —Vp = —ipoke™™. (S11)

Outside the layer, the field is evanescent and takes the form

ks
E k, eIk, (S12)
ik + kD
while inside the anisotropic layer
ks
Eo |k, |, (S13)
k.
with the dispersion condition
k-ck=0. (S14)

S2. CLASSICAL SOLUTION

Here we consider electromagnetic modes in a biaxial layer within the quasi-electrostatic
approximation, i.e., assuming k = |k| > ky = w/c, where k is the in-plane wavevector,
w is the angular frequency, and c is the speed of light. In this regime, only the electric
field, E = —V, needs to be retained, while the magnetic field can be neglected. We
describe the material using the Lorentz oscillator model, which accurately captures the
optical response of polar dielectrics, including a-MoOj [1]. For simplicity, we retain a single
phonon resonance along each crystallographic direction. Owing to the narrow spectral width
of optical phonons, this approximation is valid in the frequency range of interest and ensures
that the dispersion can be treated as a single-valued function w = w(k).

We consider an anisotropic layer of thickness d, oriented perpendicular to the z-axis and
placed between two isotropic, non-dispersive semi-infinite dielectrics with permittivities e;

and €9, i.e., e(z > d/2) = 1 and (2 < —d/2) = 9. The optical response of the anisotropic
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layer is modeled as a set of anisotropic harmonic oscillators with mass tensor m, resonance-
frequency tensor wy, charge e, and concentration n. These oscillators are embedded in a
background medium with non-dispersive anisotropic permittivity €.,. The corresponding

parameters can be extracted from the measured dielectric function of a-MoOs [1], €

(S15)

where ¢ = x,y, 2. Since the permittivity tensor of a-MoOQOj is diagonal, we assume that all

tensors, including m, wg, and €., are diagonal in the same basis.

Within the continuous-medium description, we introduce the oscillator displacement field

X(r,t). The Lorentz oscillator equation of motion reads
mX(r,t) + MmO X(r,t) = eB(r, t) (S16)

where X(r,t) is the displacement from equilibrium. The polarization density is then
P(r,t) = enX(r,t), and the corresponding charge density is p(r,t) = —VP(r,f). In

the quasi-electrostatic limit, Maxwell’s equations reduce to
VD(r,t) = p(r, 1), (S17)

where the displacement field contains only the background permittivity, i.e., D = c0EoE
inside the anisotropic layer and D = ege;2E outside. The classical Hamiltonian of the
coupled oscillator—field system is therefore

n 2

H = /d3r (ZXI%X + §me0X —enpVX — EQOV(,D?OOVQD> . (S18)

We seek solutions of Egs. (S16) and (S17) in the form

(cpl coS k:zg + @9 sin kzg) eik(zfg), z > g
pr(r,t) = et w1 cosk,z + posink,z, —d <<t (519)
(901 cosk.d — pysin l{:zg) ek(“g)’ z< -4
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The corresponding electric field, Ey(r, z,t) = =V (r, 2, 1), is

—ik,
d : d ’L r— W
Ey(r, z,t) = (cpl CoS k:z§ + (g sin k:z2> —ik, kr—k(z—4)— t .
k

(S20)

—ik, (p1cosk,z + pasink,z)

Ey(r,2,t) = | —ik, (p1 cosk.z + pasink,z) elormivt, 3 <z< 5 (S21)
k. (p1sink,z — @ycosk,z)
—ik,
d d . . d
Ey(r, 2, t) = (gpl coS kz§ — o 8in k22> —ik, eZk'”k(”g)*m, 2z < —3 (522)
—k

The charge density distribution, p(r,t) = VD(r, 1), is

d
p(r,t) = €o (goozk?i + Eoo, ki + goozkg) (¢1cosk,z + pasink,z) (4 — 2) elkr—iwt
+&o 81/{3 @1 COS —— + ©2 sin — 500sz 1 Sl 52— zkr iwt
2 2 2
k

i

(S23)

. k.d k.d
—£0 |€00. k2 | 1 8in 3 ~+ (o cOS - )~ eok

where 6(z) is the Heaviside step function and §(z) is the Dirac delta function. The oscillator

displacement field is

% (p1cosk.z + @osink,z)
m UJO
—ie d2 i i
Xk(r,2,t) = ﬁ (prcosk.z + pysink.z) | 6 (4 — 22> eker—iwt, (524)
m woy—w
ek,

P (p1sink,z — g cosk,z)

my (wgz—w
Applying the condition p(r,t) = —VP(r,t) inside the layer yields
eoki + gkl + k2 =0 (S25)
where ¢; is given by Eq. (S15). At the interfaces, the boundary conditions become:

{ ek (901 cos k:zg + @9 sin kz%) =e,k, (gpl sin k:zg — (P2 COS kz%) (S26)

eok (gpl cos k:zg — (g sin k’zg) =¢,k, (gol sin kzg + (g Ccos k:%)



Solving system (S26) gives the relation between ¢; and ¢,

(9 —e1)k(1 + cos k,d)

_ 27
P2 9012€Zkz(1 + cosk.d) + (g1 + e2)k sin k,d (827)
and the dispersion relation
(61 + e2)e.k.k

tank,d = ——————. S28
o e2k2 — g1e9k? (528)

Equation (S28) has the explicit solution [2]
k= £ (arctan £ + arctan = + 7rl> , LeN, (529)

d €, I

where £ = \/ m, and ¢ is the in-plane angle defining the direction of k. In what

follows, we consider the solution with the lowest positive k, corresponding tol =0 or [ = 1.

A. Dispersion relation of canalized polaritons

Canalization occurs when the IFC becomes nearly flat, so that the group velocity, which
is normal to the IFC, is aligned along the canalization direction for all relevant modes.
In a single anisotropic layer, this direction must coincide with a principal crystal axis by
symmetry. Without loss of generality, we consider canalization along the z-axis. Ideally, the
IFC then consists of two straight lines perpendicular to the x-axis; in practice, it is sufficient

that k, = const(¢), as in Fig. 2 of the main text. Multiplying Eq. (S29) by cos ¢, we obtain

(arctan &1 + arctan e - Wl) , LeN, (S30)

ky = —
£, €08% @ + £, sin? ¢ £, £,

1 J —e, cos? ¢

If ¢, = 0, the prefactor becomes independent of ¢. In the idealized case € = —¢4, canaliza-
tion follows directly, and

wl [—e,
d\ e,

ky = 1=1,2, .. (S31)

In practice, however, the condition €; = —e5 cannot be satisfied exactly: a negative per-
mittivity always has a positive imaginary part, and even a nanometer-scale air gap between
the anisotropic layer and the substrate modifies the effective substrate response. Never-
theless, approximate canalization remains possible. If £; + £9 < 0, the fundamental mode
corresponds to [ = 1, and the canalization condition is approximately satisfied when both

arctangent terms are small enough to be neglected, recovering Eq. (S31). Since the tensor
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components of anisotropic materials are typically large, €,, . > 1, this requirement can be
fulfilled even for a substrate with |e5] ~ 1.

A different and experimentally relevant regime occurs for a substrate with large nega-
tive permittivity, e — —o00, as for a metallic substrate in the infrared and lower-frequency
ranges, which can be approximated as a perfect electric conductor. In this limit, the sec-
ond arctangent term approaches —m/2 and becomes independent of ¢. If, in addition,
V—€zE. > €1, the first arctangent term is negligible and canalization is achieved. The

resulting dispersion relation is

T 1 —&, B
k:x—d(l—2> =12 . ($32)

S3. PHONON POLARITON HAMILTONIAN

Note that X and nmX are canonical variables of the system described by the Hamiltonian

. We introduce bosonic annihilation and creation operators, ax and a;, satisfyin

S18). We introduce b i ihilati d ti t d a;, satisfying
(o, 0| = d(k — K), (S33)

and construct the displacement operator as

—ieky (p1(k) cosk,z + po(k)sink,z)

Mg (‘”(2)1 wa)

. a2k i ' 42 oy
X(r,z,t) = / — kjWQ (p1(k) cosk.z + pa(k)sink.2z) | 6| — — 22| axe™ ™ “'+h.c.
o | mu(wd,—«?) 4
ek,

(=) (p1(k)sink.z — po(k) cos k,2)

(S34)

where o (k) is determined by Eq. (S27), while ¢; (k) is fixed by the canonical commutation

relations. We assume 7 2(k) to be real and even functions of momentum, i.e., ¢;4(k) =
¢12(—k).

Because the layer is finite along the z-axis, the boundary conditions uniquely deter-

mine the out-of-plane field profile for a given k. The system is therefore effectively two-

dimensional: the in-plane wavevector k remains in momentum space, while the in-plane

position r is treated in real space. We integrate the commutation relation over the z-axis:

\wm

dz [X(r, ), niBX (', 2)| = ihé (r —1). ($35)
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Substituting Eq. (S34) into Eq. (S35) yields

p ((’02 N @2) nekiw ne’kiw ne*kw N
11+ ¥ P P 2
My (Wi, —w?)”  m, (wgy — oﬂ) m. (wg, — w?)
2 _ 2 2k2 nerQw 2]{32
AP nged | Yy y _CEY ok (936)
k 2 2)2 2 2 2)2
z mg (Wi, — w?) my (wgy - w2> m; (wWg, — w?)

In terms of the dielectric permittivity, this condition can be rewritten as

de de de sink.d (de de de 2h

2 2 793]{/,2 7?}]{2 721{/,2 2 2 z Jk2 7?!]{2_72]{:2 _ ="
(w1+w2)<dw kg k ) (e -ed) S (o k) =
(S37)

Equations (S37) and (S27) together determine ¢; and .

The operators §(r, z,t), p(r, z,t), and E(r,z,t) are constructed in the same way. In

particular,
, —iky
. d?k d d . d p i
E(r,z,t) = /ﬁ 0 (z — 2) (gpl cos k‘z§ + g sin k:Z2> —ik, |e k( 2)+
k
, —ik, (w1 cosk,z + @osink,z)
+60 <4 — 22> —iky (1 cosk,z + pasink,z) | +
k. (¢1sink,z — pgcosk,z)
—ik,
d d d L
+0 (—z — 2) <<p1 cos kz§ — (g sin kz2> —ik, F(=+5) axe™T % L he. (S38)
—k
The PhP Hamiltonian is then
fpp = [ dPx [ az (chfﬁfc + XK + - QE?OOE) . (39)
To carry out the integration over d?r, we use
/ PR T — 4725 (k + K/) (S40)
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Performing the integration over d’k’, we obtain

d

. 1 7 2 2 2 2
Hppp = /ko 3 / dz [50 (511@26 +€yk§ + 25oozk§) (@1 ;_ 72 + Ll 5 2 cos?kzz> +

d
2

2, 2 2 2 2k,
+ g0 (e, — 2600, ) K2 <g01 AL Sk & cos 2/{zz>] + ne’ks (¢ — 25) sin k,d—

2 2 m, (Wi, — w?)

gomy (Wi, — w?)

d
oy ‘ 1 7 Ine2k2u2
X /dz [62]6(2;)} araxe 2t + /d2k {2 / dz [50 (@ckfc + ne 2/€$w 5 + 5yk§+

2ne’k2w? 2 2 2 _ 2 Imew?
Y 2—1—26002]{:2 <801‘5902+901 2902 cost;Zz>+€o< ne'w 5+ e

2 2 2 _ 2 2/€ d
—2e50.) K2 L Rk cos2k,z || + ne’k (i ?) sin k.d — egeak? | 1 cosk,——
2 2 m, (w3, — w?) 2

d\* ’
—gagsinkz2> /dz [e%(”‘é’)

—00

d
2

X

2 00
— goe1k? (gpl cos kzg + (g sin ng) /dz [e%(zg)
d

X axay + h.c. (S41)

d
where we have already used Eq. (S15) and the identity f2 sin (2k,z)dz = 0. Performing the
4

integration over dz and using Eq. (S25), we arrive at

2 2 2 2
Hppp = / ko%O [Ezk:z (93 — 03) sinkad — (1 + e2)k (9"1 ‘g L 5 2 cos kzd> -

, nek2w?
—(e1 — e9)kp1pa sin k. d] [akake’QMt + axay + h. c /d2 l( 5+
my (Wi, — w?)
L etk (dsffi’ R R R d) L etk (dﬁ +¢3
my (w(%y B w2)2 2 2k ) m, (w§. — W2)2 2

vt — ¥
_ 12k 2 ¢in l{:zd>1 [akalf + afgak} . (S42)

Substituting ¢y from Eq. (S27) and tan k,d from Eq. (S28), one finds that the first term in

Eq. (S42) vanishes, as required for a time-independent Hamiltonian. Using the commutation
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relation (S33) and shifting the zero of energy to the ground state, we obtain

ne?k2w? ne’kjw? ne*k2w?

g 3 2
my (Wi, —w?)”  m, (wgy - w2> m. (wg, — w?)

Hpnp = /d2k d (SO% + cp%)

2 2 2712, 2 2122 272, 2
Y1 — ¥ . ne“ksw ne‘kiw ne2k2w
L 2 gink,d z Y — £

k- my (Wi, — W2)2 My (wgy — oﬂ)z m, (w§, — w?)

5 || afax (S43)

Comparing Eq. (543) with Eq. (S36) finally gives the phonon-polariton Hamiltonian

Honp = / k() a. (S44)

S4. LOSSES OF POLARITONIC MODES

In a real system, material losses lead to attenuation of the modes, which makes the
dielectric permittivity complex:

ne’

i) = oo ¥ gom; (Wi — w? — i) (545)
This is equivalent to modifying the classical oscillator equation of motion as
MX (1) + §mX (1) + misgX (1) = eB(1). (946)

In the quantum description, such damping can be modeled by coupling the system to a bath

consisting of a continuum of harmonic oscillators.

A. One-oscillator Hamiltonian

We begin with a single one-dimensional oscillator, whose homogeneous classical equation
of motion is

i(t) + i (t) + wiz(t) = 0. (S47)
For weak damping, wy > 7, the solution can be written as
z(t) = x(0)e” 3tHiwot, (S48)

so that the oscillator energy decays as e 7. In the quantum picture, this corresponds to

(h(t)| Ho|1h(t)) = hwoe ™, where Hy = hwoa™a and [4(0)) = |1) = a™|0).
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A Hamiltonian producing this behavior can be written as
H = hwoata + h7dw (wa:jaw + g(w)aa + g*(w)cﬁaw) . (549)
We seek the solution of the Schrodinger equation in the form
[(t)) = e(t)]1,0) + 7dwbw(t)|0, 1y)- (S50)
0
with ¢(0) = 1 and b,,(0) = 0. Introducing &(t) = c(t)e™* and b, (t) = b, (t)e™*, we obtain

= —@/dwg )b (t)e W wolt, (S51)

b (t) = —ig(w)E(t)e @0, (S52)

Integrating Eq. (S52) and substituting the result into Eq. (S51) gives

/dw|g |/dtc o ilwmwo)(t=t), (S53)

If g(w) = g = const, Eq. (S53) yields

00 t
&(t) = —|gI? / dw / AEE(H)e @0 o _rg?a(1). (S54)
0 0
Therefore, |¢(t)[2 = e 29t which reproduces the classical decay if we choose g = i,/ o

Using the standard expressions

mwol + 1P mwol — ip

= —— at = ———. (Sh5)
vV 2hmwy v/ 2hmuwyg
and analogous expressions for a, and a, the Hamiltonian can be rewritten as
2 Py | muwidy r i mwa? 7 wWoZoPw — wlwPo
H=—+ +/dw e e Y . (S56)
2m 2 2m 2 2m V/wwo

B. Phonon polariton non-Hermitian Hamiltonian

The simplest way to incorporate losses into the Hamiltonian (S44) is to assume that

phonon-polariton modes couple directly to a continuum of bath modes. The full Hamiltonian

12



then reads

* "
H= /dwd(b {ﬁwa:jqﬁaw@ + h/dwb (wba;ﬁbawb +1 M%aib—
’ m
0
"
. <¢>)] (s
m
where w”(w, ¢) is obtained from the classical dispersion relation.
The complex dielectric permittivity reads [1]
ne?
gi(w) = €oo, + =g, (w) +ig] (w), (S58)

gom; (wd; — w? — ivyw)
where €/(w) and €/(w) are the real and imaginary parts of the dielectric permittivity, re-
spectively, and w = w’ — iw” is the complex frequency. For weak losses, i.e., v; < wp; and

W < W', one may write

gi(w) = ej(w) + dei(w) <% - w”) : (S59)

The dispersion relation

eaks +eykl + e = =0 (S60)
can then be expanded to first order in the losses:
2
elkZ+ ¢ k2+szﬁ =0, (S61)
e, (W) (7a ,,> 2, dey(W) (7 del(w') (7 m?
) k2 B (y_ )k2 (_ ”)—o. 562
dr (2 )Rt g b \2 Y )@ (562)
From this, the imaginary part of the frequency is
k2 + day(“’ )kZ ds’ W) f}/
no__ - 2 Vx dw'  d2 1%
W' = 2 da/ k:2 k2 d’flw );‘; (S63)

S5. INTERACTION HAMILTONIAN

We consider a set of two-level systems (TLSs) with transition frequencies 2; and tran-
sition dipole moments d;, located at (r;, z;), where r; = (z;,y;) or, equivalently, in polar

coordinates, r; = (r;,60;). The full Hamiltonian of the system is
A 2 A
i = / Pkhw(K)afae + 3 hoF o7 + Hiny. (S64)
i=1
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where the interaction Hamiltonian is

2
Zfi B(r;, 2, 1), (S65)

and 611 =d; (6;“ +6; ) is the dipole moment operator of the ith emitter. From this point
on, we consider emitters placed in the upper half-space, z; = h; +d/2 > d /2, with vertically
oriented dipole moments, d; = (0,0,d;)”. In the calculations, we choose d; such that the

Wiy —, is of the order of 1 ns™" [3]; specifically,

free-space spontaneous-emission rate, I' = - o

we use d; = 10726 Cm, which gives I' = 1.74 ns~!. Within the rotating-wave approximation

(RWA), the interaction Hamiltonian takes the form

d*k k.d k.d , ;
Hipy = — / —k (@1 cos == + 2 sin 2) > die {ﬁrake’k'” + 6;aie”k'“} . (S66)
=1

A. Simplification for the thin layer limit

In this limit, we consider the | = 0 mode and assume that €,,, > €12 and d < 1/k.
Then, according to Eq. (527), va < ¢1, so we set o = 0. Equation (S37) then gives

h
Y1 = - de (867)
\J €od (Cﬁl: k + kz%)
The interaction Hamiltonian, therefore, reduces to
[A{ / d2k hk? Zd ; [ ik-r; + + lk~r} (868)
int = — e~ khi o; axe ' a y € ‘.
t 21 \| eod (k2 + rg2) 5 y

B. Simplification for the canalization condition

Canalization in a single anisotropic layer arises when €9 — —oco. In this case, the fun-
damental mode corresponds to | = 1, with k,d = 7/2 and ¢; = . Equation (S37) then
yields

h
Y1 = Y2 = .
J cod (k2 + Srf2 4 = )

dw ™Y dw 4d?

(S69)

Accordingly, the interaction Hamiltonian becomes

dw My T dw 442 ) =1

d’k 2hk? | e .
Hip = —/ \J deka Eypr o WQ) Zde hi {a aye k- i+ 0, Fae™ } (S70)
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C. Frequency-angle space

In some cases, it is convenient to parametrize the polaritonic modes by frequency w and
in-plane propagation angle ¢, rather than by the wavevector k. This is useful because the
dispersion relation, Eq. (S28), provides an explicit expression for k(w, ¢), Eq. (S29), whereas
the inverse relation w(k) is not generally available in closed form. The change of variables

under the integral is performed according to

/ F(K)d%k = / F(w, 6) det(Ji(w, ¢))dwdo. (S71)

where Jy(w, ¢) is the Jacobian of the transformation:

Oky kg Ok ¢og cos k sin 1 0k?
det(Ji(w, ¢)) = det [ 2+ 5 | = det 55 080 550080 — ¢ Ok~ (S72)
T B 2581ngz§ smgzﬁ—l—kcosgzﬁ T 20w

We introduce the creation and annihilation operators in the new variables, a, 4 and a;’ Y

while preserving the commutation relation in the form
(006,05 5| = 0(w = w)d(6 — &) (S73)

The new operators are therefore related to ayx by

Ay, = axy/det(Jx(w, @)). (S74)
The Hamiltonian becomes
/ hwa a, sdwd + Z Kot o + Hi. (S75)
=1

with

__ dwde k.d . k.d \/— N
Hipy = — o= k( 5 5 > det(Jk(w,gb));dze X

X [(ﬁcl;r,d;@*ik” s 070) 1 G7F ay, o€ (¢79i)]  (576)

where r; = |r;| and 6; is the in-plane angle of r;.
Under canalization conditions, the Jacobian determinant becomes
1 0k? g — 72 K& [ de, &g de,
20w Ow 82 (%z cos? ¢ + i—y sin? gb) T 8m2e, [\dw e, dw
d de,
+ (5?’ S >sin2 4 . (ST7)

dvo e, dw

det(Jx(w, ¢)) = ) cos” o+

Accordingly, the interaction Hamiltonian can be written as

dwd .
_ oy ¢ Zd efkh [O' al ¢€71kricos (p—0;) + &jaw7¢ezkri COS(¢*0¢):| ) (878)

f{int
47r2 €02 o4
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S6. RADIATION SPECTRUM

To further characterize the behavior of emitters coupled to phonon polaritons, we calcu-
late the radiation spectra for the three cases considered in the main text: a single emitter,
two emitters placed along the canalization direction away from the BIC condition, and two
emitters under the BIC condition. In the lossless case, the spectrum can be obtained by
summing the occupations of all modes at a given frequency after the emitters have fully

decayed. For a state of the form

|¢<t)> = Cl(t)|1v 0, O> + CQ(t)|Oa L, 0> + //de¢aw,¢(t)|07 0, 1w,¢>' (S7g>
The spectrum is
= [ dla..s(o0) (S80)

In the presence of losses, however, Eq. (S80) is no longer applicable because the polaritonic
modes themselves decay into the bath. Assuming that each polaritonic mode couples to its
own continuum of bath modes, the emitted spectrum can instead be extracted from the bath

population. We then consider the state vector

() = ey ()]1,0,0,0) +c2(t)\o,1,o,0>+//dwd¢ la,5(£)]0, 0, 1o, 4, 0)+
+ / b 6y (1)]0,0,0, 1y g0} | . (S81)

The spectrum is then given by
= [0 [ duplbu s (o), (S82)
0

where, according to Eq. (552),

//
Do, (00) = ﬂw”t\/ w ¢ /dt Ayt et (S83)

with d, 4(t') = a,4(t')e™?. Substituting these expressions into Eq. (S82) gives

/d¢ W §Z5 //dt/dt” t/ wd) // /dwbe i(w—wp) (' — t“)%

~ 2 / déw" (w, d) / / A dt"a, o (£)as, ,(£)3( — 1), (S84)
0 0
Finally, we obtain

W) =2 / Ao (w, b) / dt'|ag, 5 (1) 2. (S85)
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S7. BIC CONDITIONS DERIVATION

The time evolution of the system can be expressed in terms of the resolvent operator

G(E):

o

A , dE ;A , A , _jBe=t)
U(t—t):_/ o (G(B—i0) = G(B+i0)) e 577, (S86)
where
A 1
GE) = — . S87
(B)= = (587)

We consider an initial state corresponding to an excitation of the emitters, |1(0)) = |a) =

(c107 + 205)[0); |c1|* + |e2|? = 1. The state at time ¢ > 0 is then

() = — gfie—i’?é(E +i0)|a). (388)

— 00

The relevant matrix element of the resolvent is

R 1
Goo(E +10) = (a|G(E 4+ 10)|a) = - ) S89
( )= (alG( )| E — (a|Hola) — Xpa(E +i0) + 0 (589)
where ,
iy = / Pkhw(K)afax + > W0y oy, (S90)
i=1
and the self-energy correction is
(0l il 3)]
Yoa(E+1i0) =Y _ —. (S91)
5 £ — (B|Ho|B) +i0
Bound states are determined by the pole condition
Ep = (a|Hola) + Saa(Ep + i0). (S92)
For symmetric and antisymmetric emitter states,
1
+) = E(Uf +03)[0),
we obtain )
Ql + QQ ‘<i|HmtaI’0>‘
Bf = h 2 4 [ d . $93
B S E% — hw(k) +1i0 (593)
Substituting Eq. (S70) yields
: L2
Q Q d2k th d efkh1€zk-r1 + d efkhgezk-rg
Jor e B 2+/ . | ‘1 — L (S94)
2 By = hw(k) +i0 dn2eod (%ok2 4 Svk2 4 d=m)

dw Y dw d?

17



Without loss of generality, we set vy = (1/2,0)” and ry = (—1/2,0)”, which gives

kgl |2

Dt Pk R |die et dye e
2 p 2
2 Ep —hw(k) dn2eqd (k2 + Sk 4 da )

dw Y dw d?

Ez =h

kgl |2

./koth ‘dle*khlei% + dyeFh2e=i75
—1

dex 1.2 | dey 2 | des w2
47T€Od<dwkw+dwky+dw &

§(EE — hw(k)). (S95)

For a bound state in the continuum (BIC), the imaginary part must vanish. Since the
integrand is non-negative, this requires that the numerator vanishes for all k satisfying the

on-shell condition % = hw(k), yielding

kel
2

d1€7k21€i% :i: d2€7kz2€7i — O (896)

This condition implies identical emitters, d; = dy, and equal distances from the layer,
hy = hy = h, also, 1 £ cos(k,l) = 0. Thus,

2 2
k, = k. = const, Iy = W—i_kﬂn, I = ;m7

Since this condition must hold for all modes contributing to the integral, it requires canal-

n € N.

ization, i.e., a fixed longitudinal wavevector k, = k.. Consequently, the bound-state energy
is fixed by the canalized mode, £ = hw,.. Equation (595) then reduces to
D +Q N P/ : d’k k% (1 + cos k,l) die=2k"

2 —w(k) 272¢,d (%ngr%ngr%%)'

hw. = h

(S97)
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