Supplementary Information
Bond Fracture Cascade Analysis of Defensive Networks in Elite Football:
A Statistical Mechanics Approach

This Supplementary Information contains five sections: parameter sensitivity analysis (S1), logistic regression convergence (S2), collinearity assessment (S3), per-competition hypothesis replication (S4), and software details (S5).
S1.  Parameter Sensitivity Analysis
[bookmark: _GoBack]The bond-fracture framework depends on three principal parameters: the equilibrium bond length r₀, the Gaussian width parameter σ, and the maximum bonding distance DMAX. Table S1 reports first fracture strength group differences and Mann–Whitney p-values under systematic variation of each parameter, holding the others at their baseline values (r₀ = 10.0 m, σ = 3.25 m, DMAX = 15 m).
	Parameter
	Value tested
	Goal mean (a.u.)
	Non-goal mean
	p-value

	r₀ (baseline 10.0 m)
	8.0 m
	−5.63
	−2.59
	< 10−110

	
	10.0 m ✓
	−5.90
	−2.73
	1.24 × 10−125

	
	12.0 m
	−5.71
	−2.68
	< 10−118

	σ (baseline 3.25 m)
	2.50 m
	−4.88
	−2.31
	< 10−108

	
	3.25 m ✓
	−5.90
	−2.73
	1.24 × 10−125

	
	4.00 m
	−5.97
	−2.78
	< 10−127

	Dₘₐˣ (baseline 15 m)
	10 m
	−4.21
	−2.06
	< 10−95

	
	15 m ✓
	−5.90
	−2.73
	1.24 × 10−125

	
	20 m
	−6.14
	−2.83
	< 10−129


✓ = baseline value used in the main analysis. All p-values two-sided Mann–Whitney U. The directional finding (goal possessions exhibit lower first fracture strength) is maintained across all parameter combinations, with p < 10−95 in every case, confirming that core conclusions are not artefacts of specific parameter choices.

S2.  IRLS Convergence and Numerical Stability
Logistic regression was estimated via Iteratively Reweighted Least Squares (IRLS) with a maximum of 150 iterations and convergence tolerance ε = 10−7 (maximum absolute parameter change between iterations). All models converged within 35 iterations.
Numerical stability was assessed by the condition number of the weighted design matrix XTWX. After removing collinear features (weakness gap, mean fracture strength; see S3), condition numbers for Model B were below 104, confirming stable matrix inversion. Standard errors were obtained from the diagonal of (XTWX)−1.

S3.  Collinearity Assessment
The following feature pairs exhibit high Spearman rank correlation (|ρ| > 0.85) and were not simultaneously included in regression models:
• First fracture strength and weakness gap: ρ = 0.97. Weakness gap is defined as first fracture strength minus mean fracture strength and is therefore a linear transformation of the former; the two are not independent predictors.
• Coordination number (n_bonds) and failure step: ρ = 0.98. Both scale with the number of active bonds; longer possessions generate more bonds and more cascade steps simultaneously.
• Attack damage and distance to goal: ρ =−0.85. The attack damage scalar is primarily a function of distance to goal via an exponential decay term.
Model B retains first fracture strength (not weakness gap), resilience index (not failure step directly), and DEI (which incorporates distance to goal via its log-sigmoid formulation). This feature set minimises collinearity while preserving the key structural predictors from each correlated pair.
S4.  Competition-Level Replication of Hypotheses H3–H12
Table S2 reports Mann–Whitney U test outcomes (two-sided) for each hypothesis in each competition separately. Significance thresholds: *** p < 0.001; ** p < 0.01; * p < 0.05; ns p ≥ 0.05. Colour coding: dark green bold = ***; medium green bold = **; amber bold = *; red = ns.

Table S2. Per-competition significance of hypotheses H3–H12 (Mann–Whitney U, two-sided). BL, Bundesliga 2023/24 (n = 23,905); E20, UEFA Euro 2020 (32,747); E24, UEFA Euro 2024 (33,583); WE22, UEFA Women’s Euro 2022 (14,232); WE25, UEFA Women’s Euro 2025 (15,668); WWC, FIFA Women’s World Cup 2023 (32,155); WC22, FIFA World Cup 2022 (38,442). No correction for multiple comparisons is applied within this table; Bonferroni correction (α = 0.001) is applied to the 12 hypotheses in the main pooled analysis.
	Hypothesis
	BL
	E20
	E24
	WE22
	WE25
	WWC
	WC22

	H3: First fracture strength
	***
	***
	***
	***
	***
	***
	***

	H4: Mean fracture strength
	**
	***
	***
	***
	**
	***
	***

	H5: Failure step
	***
	***
	***
	***
	***
	***
	***

	H6: Avalanche size
	***
	***
	***
	***
	***
	***
	***

	H7: Attack damage
	***
	***
	***
	***
	***
	***
	***

	H8: Distance to goal
	***
	***
	***
	***
	***
	***
	***

	H9: Resilience index
	*
	***
	***
	***
	ns
	***
	***

	H10: Coordination number
	***
	***
	***
	***
	***
	***
	***

	H11: DEI
	ns
	ns
	***
	**
	ns
	**
	ns

	H12: Weakness gap
	***
	***
	***
	***
	***
	***
	***



Notes on deviations from uniform *** significance
H4 (Mean fracture strength), BL and WE25: Both reach ** rather than ***. The effect is present in the expected direction (goal < non-goal) in both competitions; reduced significance reflects smaller goal-possession sample sizes (BL: n = 660; WE25: n = 600) relative to the pooled analysis.
H9 (Resilience index), WE25 ns / BL *: Women’s Euro 2025 is non-significant (p = 0.145); Bundesliga reaches * (p = 0.012). The mean resilience difference is below 0.012 in both competitions, consistent with the overall small pooled effect size (rank-biserial rrb = −0.096). The H9 effect is primarily driven by larger-sample international tournaments.
H11 (DEI) — significant in 3/7 competitions: DEI reaches significance in Euro 2024 (*** p = 2.6 × 10−4), Women’s Euro 2022 (** p = 0.003), and Women’s World Cup 2023 (** p = 0.001). In Bundesliga, Euro 2020, Women’s Euro 2025, and World Cup 2022 the within-competition difference is non-significant (p = 0.19––0.79). The pooled effect across all competitions is significant (p = 5.8 × 10−7) owing to the large combined sample (n = 190,732). DEI should be understood as a weak composite structural index whose per-competition discriminative power is limited.
S5.  Software and Reproducibility
Programming language: Python 3.11
Core packages:     NumPy 1.26, SciPy 1.11, pandas 2.1, matplotlib 3.8

Analysis scripts (in execution order):
 01_build_bonds.py     Constructs pairwise bond networks from defending-player coordinates
 02_morse_potential.py   Assigns Gaussian-attenuated Morse bond strengths; outputs weakest-bond statistics
 03_cascade_detection.py  Applies attack-damage model; computes cascade fracture metrics per possession
 04_network_resilience.py Computes resilience index, DEI, coordination number; runs logistic regression
 05_visualization.py    Generates all manuscript figures (Figures 1–7)

All computations are fully deterministic given the input data. No stochastic components are present in the analysis pipeline. Analysis code is available from the corresponding author upon reasonable request.
